
PHY4324–Electromagnetism II

Fall 2011

Final exam – 2 hours

Dec. 13, 2011

No other materials except calculators allowed. If you can’t do one part of a prob-
lem, solve subsequent parts in terms of unknown answer–define clearly. Do 4 of 6
problems, CLEARLY indicating which you want graded by circling the
problem number!. Each problem is worth 10 pts., for a maximum of 40 points,
which will be normalized to 30 on final score.

The following expressions may be useful:
ε0 = 8.85 × 10−12C2/N-m2; µ0 = 4π × 10−7 N/A2

For a conductor:

k̃ = k + iκ ; k = ω
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1. Electromagnetic waves in conductors.

(a) (3 pts.) A given material has a DC conductivity of σ = 5 × 105 (Ω-m)−1,
permittivity ε = 10ε0, and permeability µ = µ0. For ω = 5 × 1015 Hz,
compute the skin depth d

(b) (3 pts.) For the same material, find the index of refraction n.

(c) (2 pts.) Compute the numerical value of the reflection coefficient R assuming
the light is normally incident on the surface.

(d) (2 pts.) An EM wave of angular frequency ω traveling in a vacuum is nor-
mally incident on the surface of a material of conductivity σ, permittivity
ε and permeability µ = µ0. Find an analytical expression for the compex
wavenumber k̃ in the limit σ � ωε. From this, derive an analytical expres-
sion for the reflection coefficient R in this limit.

2. Gauge transformations:

(a) (3 pts.) The scalar and vector potentials for a charge at rest are given by
V = q/(4πε0r) and A = 0. To these potentials satisfy Coulomb gauge?
Lorentz gauge?

(b) (3 pts.) Transform the potentials in part (a) using the gauge function
λ(r, t) = qt/(4πε0r). What are the new potentials V ′ and A′.

(c) (2 pts.)Do the new potentials satisfy Coulomb gauge? Lorentz gauge?

(d) (2 pts.) Show that it is always possible to find a gauge where V = 0, but
not necessarily where A = 0.

3. Radiation from an electron bound to an infinitely heavy nucleus. Con-
sider an electron, charge −e, mass m, bound to a nucleus by a ”spring” with
spring constant k. Assume that the electron senses a complex electric field of
the form Ẽ(t) = E0e

iωt, and that a damping force Fd = −mγ dx
dt

acts on the
electron/spring system.

(a) (3 pts.) Write down the equation of motion of the electron

(b) (3 pts.) Assume a complex position x̃ = x̃0e
iωt. Solve for x̃(t) and the

complex acceleration ã(t).

(c) (2 pts.) Define the time-dependent dipole moment of this system.

(d) (2 pts.) Write an expression for the total, time averaged electric dipole
radiation power. Be sure to take the real part of the dipole moment operator
first.
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FIG. 1: Side view of 2 loops

4. A small circular wire loop (radius b) lies a distance z above the center of a 2nd
circular wire loop (radius a). You may assume a� b as indicated in the figure.

(a) (4 pts.) First, a current Ia runs through the large loop. Find the magnetic
field a distance z above the center of the circular loop on the z axis only.

(b) (4 pts.) Find the mutual inductance M between the two loops.

(c) (2 pts.) Now the current in loop a varies as Ia = I0 cosωt. Find the induced
E-field at loop b.

5. (Line charge) Consider an infinitely long, straight, infinitesimally thin line charge
which has charge density per unit length λ in its own rest frame.

(a) (3pts.) Write down the E and B fields in this frame, and construct the
electromagnetic field tensor F µν .

(b) (3 pts.) Construct the 4-current Jµ for this situation. Then, by explicit
Lorentz transformation, find the 4-current in the frame of a starship moving
with respect to that of part a) with velocity v along the wire.

(c) (2 pts.) By explicit Lorentz transformation, find the Ē and B̄ fields observed
by the pilot of the starship. Express the result in terms of the current Ī



observed by the pilot. Explain the physical meaning of your answers for the
fields.

(d) (2 pts.) Is it possible to find a frame where E=0 for this system? Why or
why not?

6. A t-dependent voltage V (t) = V0 cos(ωt) is applied to a capacitor, which consists
of two concentric conducting spheres of radii a and b (a < b).

a 

b 

c 

e1 
e2 

The space in between the spheres is filled with two spherical shells made of
different insulators, so that

ε =

 ε1 for a < r < c

ε2 for c < r < b.

(a) (4 pts.) Find the capacitance C.

(b) (4 pts.) Find the displacement current (direction and magnitude) in terms
of C.

(c) (2 pts.) Find the magnetic field produced by the displacement current.


