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In clean metallic superconductors, 100% of the mobile carriers participate in the condensate, so that 
the London penetration depth (which measures the electromagnetic screening by the superconductor) 
indicates charge densities comparable to those inferred from the free-carrier plasma frequency. In the 
cuprates, this is not the case, even though penetration depth measurements have shown a good correlation 
between superfluid density and superconducting transition temperature in the underdoped-to-optimally- 
doped part of the phase diagram. Optical measurements, which permit independent determination of the 
total doping-induced spectral weight and the superfluid density, show that in optimally doped materials 
only about 20% of the doping-induced spectral weight joins the superfluid. The rest remains in finite- 
frequency, midinfrared absorption. In underdoped materials, the superfluid fraction is even smaller. This 
result implies extremely strong coupling for these superconductors. 

1. I N T R O D U C T I O N  

When the cuprate superconductors are doped, 
spectral weight or oscillator strength is transferred 
out of the 1.5-2 eV charge-transfer transition into 
the low-energy regime. [1-4] When the material is 
superconducting, some of' this low-energy spectral 
weight appears in a zero-frequency delta function, 
while the remainder is at finite frequency. (The  
delta function represents the infinite dc conduc- 
tivity of the superfluid; via the Kramers-Kronig 
relations it leads to a finite-frequency inductive 
response, and electromagnetic penetration depth.) 

Infrared measurements of these spectral 
weights on a variety of cuprates are described 
here. The results show that a relatively-small frac- 
tion (~ 20%) of the spectral weight appears in the 
zero-frequency delta function. In this, the cuprates 
differ from clean metallic superconductors, where 
essentially every conduction electron participates 
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in the T = 0 superfluid.[5,6] In the latter materi- 
als, the penetration depth, corrected for nonlocal 
effects, gives about the same electron density as 
the free-carrier optical plasma frequency a~p, i.e., 
AL 2 = 4 r r n s e 2 / c m  * = c o p ~ / c  with Wps ~ cJp. Here, 
AL is the London value for the penetration depth, 
n s  is the density of superconducting electrons and 
m* their effective mass. 

2. O P T I C A L  T E C H N I Q U E S  

We measured the near-normal-incidence, po- 
larized reflectance ~. using a Bruker IFS-113v 
Fourier-transform spectrometer in the far-infrared 
and midinfrared region (80-4000 cm -1) and a 
modified Perkin-Ehner 16U grating spectrome- 
ter in the near-infrared and ultraviolet (2000- 
33,000 cm-1). We used wire grid polarizers in 
the far-midinfrared and dichroic polarizers in the 
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near infrared-ultraviolet .  Low-temperature mea- 
surements (10-300 K) employed a continuous-flow 
cryostat.  

We measured spectra at each temperature  for 
both the sample and for a reference A1 mirror. 

Their ratio gives a preliminary reflectance of the 
sample. After completing these measurements at 
each temperature  for each polarization, we mea- 
sured a final room temperature  spectrum, coated 
the sample with 2000 /~ of Al, and remeasured 
this coated surface. The ratio of the spectrum 
from the uncoated sample to the reflectance of the 
coated surface was multiplied by the known re- 
flectance of A1 to give the most accurate result for 

the room-temperature reflectance. This result was 
then used to correct the reflectance da ta  measured 
at other temperatures  by comparing the individual 
room-temperature spectra taken in the two sep- 
arate runs. This procedure compensates for any 
misalignment between the sample and the mirror 
used as a temporary reference before the sample 
was coated, corrects for interference in the cryo- 
stat  window, and, most importantly,  provides a 
reference surface of the same size and profile as the 

actual sample. 

The uncertainties in the absolute value of 
the reflectance are in the order of ±1%. This 

uncertainty is in good agreement with the repro- 
ducibility found from the measurements of different 

samples[7] and leads to an uncertainty in the con- 
ductivity which varies with frequency, equal to 
± 1 % .  ~(w)/{l - [~(~)]~}. 

3. K R A M E R S - K R O N I G  A N A L Y S I S  

We used Kramers-Kronig transformation of 
the reflectance data[8] to obtain the optical con- 
ductivity and other optical "constants." The low- 
and high-frequency extrapolations were done in 
the following way. We extended the low-frequency 
da ta  using a Drude-Lorentz model, dominated at 
the low frequencies by the free-carrier (Drude) 
form. In the superconducting state, the reflectance 
is expected to be unity for frequencies close to 
zero, and we used the same Drude-Lorentz model, 

but with the Drude scattering rate set to zero. 

We used da ta  from the literature, where avail- 
able, to extend the high-frequency end, and then 
used ~ . (~ )  ~ ~ - s  up to a crossover frequency w/ 

and ~ . (~)  ,-~ ~;-4 (as appropriate for free elec- 

trons) thereafter. The exponent s is a number 
that  typically lies between 0 and 4; we used 

s ,-~ 1. The crossover frequency was chosen to 
be ~ 1,000,000 cm -1 (125 eV) We observed some 

dependence of the results on the choice of s and 
w/ for frequencies close to the highest frequencies. 
For frequencies below 20,000cm -1, however, the 

effects of this choice were insignificant. 

4. O P T I C A L  C O N D U C T I V I T Y  

The optical conductivity at two temperatures 

for the a-axis of a Bi2Sr2CaCu2Os single crys- 
tal is shown in Fig. 1. In the normal state 
(100 K), the low-frequency optical conductivity 
extrapolates reasonably well to the dc conductiv- 
ity. The temperature  dependence[7,9] agrees with 
the T-linear resistivity and there is a character- 
istic narrowing of this far-infrared portion of the 
spectrum. In contrast, al(w) does not show much 
temperature variation at high frequencies. Below 
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Fig. 1. Optical conductivity for the a-axis of 
Bi2Sr2CaCu2Os. 
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T~, the low-frequency conductivity is considerably 
reduced. The "missing area" in the far-infrared 
conductivity appears as the zero-frequency delta- 
function response of the superfluid. 

5. S U M  R U L E  A N A L Y S I S  

Infrared spectroscopy may be used to esti- 
mate the doping-induced spectral weight, using 
the part ial  sum rule for the optical conductivity.[8] 

/: m 2mVcell tyl(W,)dw, (1) 
Neff(w) m---: = ~e 2 

where e and m are the free-electron charge and 
mass respectively, m* the effective mass, and Vcon 
the volume occupied by one formula unit. For 
simplicity, we will take rn* = m in this section 

and consider Neff(a;) to represent the effective 
number of carriers per formula unit part icipating 
in optical transitions below frequency w. Figure 2 
shows as the upper (solid) curves Neff for the a- 
axis of a single-domain Bi2Sr2CaCuzOs crystal at 
T = 100 K.[9] The curve rises, begins to flatten out, 
and then increases slope a,t the onset of the charge- 
transfer band. The short dashed line is obtained 
by subtract ing from al  (w) the contributions of the 
charge-transfer and higher-lying bands (obtained 
by a fit of the da ta  to a Drude-Lorentz model) 
before integration. The value at which the 100 K 
dashed line saturates is a good estimate of Nely. 
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Fig. 2. Partial sum rule for the a-axis of 
Bi2Sr2CaCu2Os. 

To estimate the superfluid density, Ns, one 

may evaluate Neff(w) for T < Tc. The da ta  ta- 
ble for al(w) naturally omits the zero-frequency 
infinite dc conductivity; thus the numerical inte- 
gral misses the delta-function contribution, and 

the "missing area" in Nefj(w) below Tc gives the 
superfluid density. Figure 2 shows (as the long 

dashed curves) Neff at 20 K for the a-axis of 
a single-domain Bi2Sr2CaCu2Os crystal.J9] The 
20 K data  are nearly parallel to the 100 K data; 
the dotted line is the difference between them, and 
is an estimate of Ns. 

6. D I S C U S S I O N  

Figure 3 shows the results for single crystals 

of a number of materials. The left panel shows 
a "Uemura plot," [10] displaying Tc as a function 
of the ab-plane superfluid density. (The super- 
fluid density is expressed as carriers per copper 
atom in order to allow for the differing number of 
Cu layers and differing interlayer spacing in the 
materials studied; however a plot as a function 
of 3-dimensional carrier density looks very simi- 
lar .I l l ])  The typical linear increase of Tc with 
superfluid density is clearly seen. 
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Fig. 3. Left panel: Tcas a function of the 
superfluid density. Right panel: Tc as 
a function of the total doping-induced 
spectral weight. The lines are least 
square fits to the data for optimally 
doped crystals. 
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The right panel shows Tc as a function of 
the total doping-induced carrier density, NeZ. A 

linear increase of Tc with total  carrier density 
is clearly seen. The difference between the two 

panels is that  the horizontal scale of the right- 
hand plot is five times that  of the left-hand plot, 
implying that  only about 1/5 of the doped-in 
carriers join the superfluid. This ratio holds quite 
closely for all optimally-doped materials, from Tc = 
40 K La2CuO4+5 to Tc = 110 K T12Ba2CaCu2Os. 
It even works reasonably well for the b axis of 

YBa2Cu307 (represented by the stars in the figure) 
for which we have assumed 3 coppers per formula 

unit. For underdoped materials the ratio Ns/Ne.ff 
becomes smaller and smaller as the doping level 
decreases from the opt imum amount. 

We interpret this result as evidence for ex- 
tremely strong coupling in these materials. The 
electrons in the superconducting condensate have 
an enhanced effective mass on account of the in- 
teractions among them. These strength of these 
interactions is described by a dimensionless param- 
eter, /k, which also determines the mass enhance- 
ment: m* = (1 + )~)m, where rn is the band mass. 
The oscillator strength of the condensate's delta- 
function response is decreased by this same factor, 

m so that  (~--z)N~ff becomes smaller as A becomes 
larger. At the same time, the interaction moves 
oscillator strength to finite frequencies via the Hol- 
stein effect,[12] so that  the sum rule is satisfied. 
The reduction of the superfluid density by a factor 
of 5 which we observe implies therefore that  A = 4, 
an extremely strong- coupling value. Note that  
this result is not consistent with the value )~ = 0.3 
inferred from the temperature  or frequency depen- 
dence of 1/T(W, T).[9,13,14] The resolution of this 
conflict is not obvious at the present time. 
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