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We have developed computer programs to compare the relative importance of 

Stark and Doppler broadening mechanisms for a radiator in a plasma system.  By 

systematically varying the temperature and plasma density in our calculations, we will be 

able to identify parameter regimes in which one or both of the broadening mechanisms 

dominates.  If one mechanism can be neglected, run times for model calculations will be 

shortened.  This work will eventually lead to improvements in measuring the temperature 

and density of plasmas.  
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Many astrophysical systems are comprised of plasmas that emit radiation in the x-

ray range.  The x-ray emission can be gathered with a spectrometer connected to a large 

telescope.  By increasing our understanding of plasmas and their emitted line spectra, we 

will be able to better interpret the data and extend our knowledge of astrophysical 

systems. 

At the laboratory for Laser Energetics in Rochester, New York, plasmas are 

created by hitting a micro-balloon with 60 uniformly spaced laser beams of ultraviolet 

wavelength.  The micro-balloon is on the order of a micron thick and is filled with 

impurity-doped deuterium.  The laser beams ablate the outer surface of the micro-

balloon, causing inward pressure on the inner micro-balloon.  The result is a compressed 

sea of positive and negative charged particles, or plasma, inside the shell.  The resulting 

high-temperature, high-electron-density plasmas will emit radiation in the x-ray region.  

The high-nuclear-charge (Z) dopant is used as a diagnostic.  It will become highly 

stripped, losing all but a few bound electrons.  However, the bound electrons are 

important because they will emit x-ray lines, the shape of which will be largely 

determined by the temperature and density of the plasma.  By measuring line profiles of 

these x-ray lines using an x-ray spectrometer and comparing them to theoretical line 

shapes, we can obtain information about the plasma’s temperature and electron density. 

The spectral line that is gathered is not a sharp, single peak but rather a broadened 

line.  Four types of broadening --natural, pressure, opacity, and Doppler-- broaden the 

spectral line.  Natural broadening is an effect of uncertainty in an excited atom’s energy 

levels due to interaction between the excited atom and its own radiation field.  If the 

photon is emitted in a finite time, the energy of that photon cannot be exactly known due 
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to the Heisenberg uncertainty principle.  No time will be spent calculating natural 

broadening because it can be shown to be negligible compared to both pressure and 

Doppler broadening.  Pressure broadening arises from the density or pressure of the 

plasma around the radiator atom.  The form of pressure broadening which we are 

concerned with, Stark broadening, is a consequence of the interactions of the electric 

fields near the radiator.  Doppler broadening is caused by the thermal motion of the 

radiator shortening or lengthening the frequency of the photon emitted.  Opacity 

broadening refers to a phenomenon in which photons that are omitted are reabsorbed by 

the plasma and then re-emitted.  If the mean free path of the photon is greater than the 

radius of the plasma, then there is no need to account for this effect.  However, if the 

mean free path of the photon is equal to or less than the radius of the plasma, opacity 

broadening must be accounted for.  In our work, we are not accounting for opacity 

broadening. 

We will calculate both Stark and Doppler broadening for a plasma system.  Then 

we will run the model several times, varying the temperature and density of the 

surrounding plasma to determine the relative importance of Stark and Doppler 

broadening.  This procedure will tell us whether one of the two broadening mechanisms 

dominates at a specific temperature and density.  If one of the two mechanisms 

dominates, the other might be insignificant thus shortening the run-time for the models.  

If neither mechanism dominates, we will have confirmation that both are necessary to 

produce a good model. 
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Stark Broadening 

 The Stark effect, as I have already mentioned, is the broadening of spectral lines 

due to the interaction of electric field, called the micro-field, near the radiator.  The Stark 

effect can be directly calculated since they are an effect of pure Coulomb interactions [1].  

The shift of an electron energy level calculated in parabolic coordinates [2] for 

hydrogenic atoms is 

  ∆E= 3/2  (ao e / Z )  n  q  ε 

where Z is the nuclear charge of the radiator, n and q are the parabolic quantum numbers, 

ao is the Bohr radius, e is the charge of the electron, and ε is the value of the electric field.  

The key to this calculation lies in the strength of the electric field ε.   In our plasma, the 

strength of the electric field is not constant causing the value of ∆E to differ for each 

transition.  This causes a broadening of the spectral line as many transitions take place. 

Our model, as described in Tighe’s paper [1], consists of a single radiator 

centered at the origin of a coordinate system, immersed in plasma.  The total power 

emitted by a quantum system in a spontaneous electric dipole transition from state a to 

state b is given by [3] 

 PE = ( 4/3 ω4 / c3 )  Σj | < b | exj | a >| 2  

where xj labels the three spatial coordinates, e is the electronic charge, and c is the 

velocity of light.  ω is the angular frequency of the emitted photon.  The spectrum 

emitted by the plasma is an ensemble average of this equation.  All possible transitions 

must be accounted for.  By averaging over all of the initial states of the radiator electron 

weighted by their probability ( ρa )and summing over the final states of the radiator 
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electron, the connection between the power equation and the gathered spectrum is made.  

The power equation now becomes [1] 

  PE1 = ( 4/3  ωab
4 / c3 ) I(ω) 

where  

  I(ω) = Σa,b,j δ(ω−ωab) | < b | exj | a >| 2 ρa 

is defined as the line shape function. 

 Through mathematical methods described in the Appendix, we arrive at 

  I(ω) = ∫0inf P(ε) J(ω,ε) dε 

where P(ε) is defined as 

  P(ε)=Q(ε) 4πε2, 

and is probability of finding an electric field ε at the radiator, and J(ω,ε) is the electron-

broadened profile emitted by the radiator in an external field ε. 

To model the plasma system, P(ε) and J(ω,ε) were calculated separately using the 

processes outlined in Tighe’s paper [1], and were then combined using a trapezoidal 

formula to allow numerical integration over all space.   

 The electron micro-field probability distribution function is defined by [1] 

  Q(ε) = z-1 ∫ … ∫ exp{ -β V(r1 ,…, rN) } δ( ε − Σi εi ) drN, 

where z is the configurational partition function, V(r1 ,…, rN) is the total potential energy 

of the N ions, and εi is the field at the radiator due to the ith perturber.  

P(ε) [= 4 π ε2 Q(ε)] was calculated in a subroutine called “pofe” by Tighe.  An explicit 

derivation of P(ε) was also given by Griem [4] in the notation of H(β) where 

β = ε / εο and εo is a reference value of the field.   



 6 

Calculating integrals within the program was done numerically using an altered, 

20, 40, or 41 point Gaussian quadrature [6] program written by Dr. Coldwell [7]  to 

calculate the value of the integral.  This method of calculating integrals was compared for 

accuracy to one written by the author of this paper that used a 1000-point trapezoidal 

rule.  The two methods differed by less than 1%.  The program written by Dr. Coldwell 

was chosen because of its time-efficient use of Gaussian quadrature. 

J(ω,ε), the electron broadened profile, is calculated through a series of steps 

outlined by Tighe [1].  The numerically computable form of this quantity is 

  J(ω,ε) = π−1 Σi,i’   Di’i  ( B + AB-1A )ii’
-1 ρi’  , 

where i and i’ represent the quantum states of the radiator, ρ is the ion density operator, A 

is a matrix with only diagonal terms that reflect the effects of the shift in the quantum 

energy level due to an electric field ε, D is an n2 x n2 matrix of the radiator dipole 

moment matrix elements, and B is an n2 x n2 matrix, each element of which is a sum over 

the dot-product of dipole matrix elements multiplied by a factor representing the effects 

of Bremmstrahlung radiation.   

The A matrix is defined as [1] 

  Aii’  = δii’  { ∆ω −3/2 ao e/(2π/h Z) n qi ε }   

where n and q are the parabolic quantum numbers and Z is the nuclear charge.  The B 

matrix is defined as [1] 

  Bii’  =-(2π/h)2 ΓIM(∆ω) Σi’’  Rii’’  • Ri’’i’   

where Rii’  is the integral over all space of Ψ∗zΨ where ψ is the wave function in 

parabolic coordinates, and z is the z direction operator in parabolic coordinates [2].  The 

many particle function, ΓIM(∆ω), is defined as 
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  ΓIM(∆ω>0) = −( 2ne4/3 ) ( 8πm/k/T )1/2 [ 2π/(θR 3
1/2)] ∫0

inf { exp 

                         (-K1
2/ θR) K1 Gff ( K1,X1 )} dK1 

  ΓIM(∆ω<0) = exp ( -| ∆Ω | / θR ) ΓIM(∆ω>0) 

where n and m are the parabolic quantum numbers, kT is the temperature expressed as an 

energy, ∆Ω and θR
 are the frequency and temperature in Rydberg units respectively, and 

X1 is defined as 

  X1
2 = | ∆Ω | + K1

2 . 

The term Gff( ) is called the free-free gaunt factor and is calculated in the appendices of a 

paper by O’Brien [8]. 

 The D matrix is defined as[1] 

  Dii’ = < i | ez | 1 > • < 1 | ez | i’ > , 

where 1 is the ground state. 

 After obtaining P(ε) and J(ω,ε), and the line shape I(ω) was calculated, we varied 

the temperature and electron density of the plasma and plotted the line shape. 

Doppler Broadening 

Calculating the Doppler broadening of a spectral line is much simpler than 

calculating the Stark broadening.  If a Maxwellian distribution is used to describe the 

velocity of the radiator, the Doppler line shape becomes [1] 

 ϕ Doppler (ω) = 1/ ( β π1/2 )  exp [ - (ω − ωο)2 / β2 ] 

where  

  β = 2 k T / ( M c2 ) ωο
2 

with kT being the kinetic temperature of the radiator in energy units, M the mass of the 

radiator, and ωο the frequency of the unperturbed transition.   
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 After calculating the line shape ϕ Doppler (ω) and the line shape I Stark (ω) 

separately, they can be convoluted to give the total line shape [1] 

  I (ω) = ∫−inf
inf  ϕ Doppler (ω − ω’ )  I Stark (ω’ ) dω’ 

Enhancements needed 

 Many simplifying approximations were embedded into the Stark broadening code.  

First we assumed that our plasma had no temperature or density gradients.  This is not 

true in a real plasma, where temperature and density are lower around the outside edges 

of the plasma.  However, near the middle of the micro-balloon spheres produced in 

Rochester, the temperature and density are almost constant. 

 Gradients also appear in the calculation of the electric micro-fields that surround 

the radiator.  Compensation for the gradients was not added to the code and would 

improve the broadening profiles. 

 The free-free gaunt factor calculated in the B matrix also needs improving.  The 

calculation of the free-free gaunt factor is the most time consuming portion of the code.  

Due to slow convergence of its power series, the free-free gaunt factor was calculated 

using an interpolating function from nine actual values.  These values were compared to 

previously accepted values and agreed within the error. 

 The convolution of the Doppler line broadening and the Stark broadening to 

obtain the total broadening remains to be completed. 

Results 

 The Stark broadening profile and the Doppler broadening profile were calculated 

successfully.  Tests comparing the two profiles were run on a system using boron ( Z=5 ) 

as the radiator dopant.  Temperatures ranged from 50eV to 400 eV and the electron 
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density ranged from 1x1018 to 1x10 24 electrons per cm3 were used in the models.  The 

Stark broadening gave us a central peak with broadened wings.  Stark broadening 

dominated over Doppler broadening with increasing deviation from the unperturbed 

frequency.  However, Doppler broadening cannot be neglected since it greatly affects the 

central peak of the overall line broadening.  As the temperature rises, the Doppler term 

has increasing effects with deviation from the unperturbed frequency.  Figures 1 and 2 

show a Stark-broadened profile and a Doppler-broadened profile for the Lyman α 

transition of Boron, respectively.  

 Systems with greater Z’s still need to be modeled varying both the temperature 

and density, comparing the Doppler broadening to Stark broadening.  Also the 

convolution must be calculated to see the overall affects of the combination of the two 

broadening mechanisms. 
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Appendix: Derivation of the Stark Broadening  

 The Fourier transform of the Stark-broadened line shape I(ω), ϕ(t) reduces to [1] 

  ϕ(t) = Σa,b,j exp(-iωabt) | < b | exj | a > | 2 ρa 

where the notation is the same as in the main text.  Since ϕ(t) = [ ϕ(t) ]∗ we may write 

  I(ω)=−π−1 Re  ∫0inf exp(iωτ) ϕ(t) dt . 

After adding the Einstein formula for ωab , computing the squared term in Dirac notation, 

and defining the time-development operator T(t), we have [1] 

  ϕ(t) = Σa,b < b | d | a > • < a | T(t) ρd T+(t) | b > 

where d is the electric dipole moment of the total system and 

   T(t) = exp( -2iHtπ/ h) 

and T+(t) is read “T dagger.”  The summation over the states a and b give us a trace and 

the expression becomes [1] 

  ϕ(t) = Tr { d • Τ(t) ρd T+(t) }. 

By factoring the ρ matrix into its radiator, ion, and electron elements through 

  ρ = ρrρiρe 

and re-plugging ϕ(t) back into the expression for the line shape I(ω) we get [1] 

  I(ω) = −π−1 Re  ∫0
inf exp( iωt ) Tr { d • Τ(t) ρrρiρed T+(t) } dt. 

We now introduce the quasi-static ion approximation.  This approximation assumes that 

there is no movement in the position of the positively charged ions in the plasma. The 

quasi-static ion approximation allows for the electric field that creates the non-degenerate 

electron energy levels to be static, and therefore much easier to calculate. This 

approximation is justified since most of the ions have a characteristic time τi greater than 



 11 

the critical time τr which is the time of a transition to take place.  A full discussion of this 

may be found in Tighe’s paper [1].  The quasi-static ion approximation only applies to 

ions; electrons within the plasma move much faster and cannot be approximated as being 

static. 

 One effect of the quasi-static ion approximation is that we may now factor the 

time development operator into ion and electron-radiator components [1]: 

  T(t) = Ti(t) Ter(t) 

Also ρi now commutes with ρr and Ter(t).  With this we get 

  I(ω) = −π−1 Re  ∫0
inf exp( iωt ) Tr { ρi d • Τer(t) ρrρed Ter+(t) }dt . 

We insert δ( ε − εi ), integrate over ε, and obtain the line shape function  

  I(ω) =∫  Q(ε) J(ω,ε) dε = ∫0
inf P(ε) J(ω,ε) dε, 

where Q(ε) is the probability of finding an electric field ε at the radiator, P(ε) is 

Q(ε) multiplied by 4πε2, and J(ω,ε) is the electron broadened profile emitted by the 

radiator in an external field ε defined as [1] 

  Q(ε) = Tri { ρi δ( ε − εi ) }, 

  J(ω,ε) = −π−1 Re ∫0
inf exp( iωt ) Trer {  d • Τer(t) ρrρed Ter+(t) }dt . 
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Stark Broadened Profile of Boron 

 

Figure 1.  Stark-broadened Lyman α line of boron in a plasma.  Temperature 
ranges from 50eV to 400eV and electron density ranges from 1x1018 to 1x1024.  
I(ω) is graphed using a semi-log scale on the y-axis.  The x-axis varies ω in units 
of Rydbergs from –1.0 to 1.0.  The unperturbed frequency is centered at x=0.  
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Doppler Broadened Profile of Boron 

 
 Figure 2.  Doppler-broadened Lyman α line of boron in a plasma.  Temperatures  
 range from 50eV to 400eV. 
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