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Preliminary evidence for non-equilibrium phase transitions is found numerically in a one-
dimensional superlattice by examining the redistribution of charge density as the bias across the
system is varied. A tight-binding model is used to describe elastic interactions in the superlattice.
Analytical results for simple, special cases are presented, but general solutions have yet to be found.

I. INTRODUCTION

In recent years, nanotechnology has given many scien-
tists hope for advancing the capabilities of modern tech-
nology. Quantum circuitry could greatly reduce the size
of current devices, with quantum wires—possibly in the
form of carbon nanotubes—replacing today’s conducting
wires. Many groups are perfecting the production of car-
bon nanotubes and other novel carbon compounds. With
the rapid rate of expansion of production aspects in this
area, many researchers have begun to explore the prac-
tical aspects of using quantum wires and to characterize
their properties.

Recently, Rogozia et al. [1] have experimentally inves-
tigated a weakly coupled semiconductor superlattice with
a bias at dc voltages. They found that an accumulation
of charge could shift with or against the current, in ac-
cordance with previous theoretical work [2]; this theoret-
ical work involved a discrete drift-diffusion model. Under
the guidance of Selman Hershfield, I attempted to find
charge redistribution within a simpler system, namely a
tight-binding model, than those used by Carpio et al. [2]
Besides relative ease of implementation, I tried a simpler
system because, if the same phenomenon was observed,
its mechanism would be more obvious and the physics
more transparent.

However, even if the system simulated in this project
does not replicate systems of earlier projects, it may still
be useful as a model for others. As electronic devices be-
come smaller, wires become better approximated as one-
dimensional. In such approximations, the model studied
here might be used to find qualitative properties of these
systems before more difficult quantitative inquiries are
initiated.

In Section II, I develop the formalism of Green func-
tions; Green functions form the base of the calculations
performed, so the theoretical basics are given in order
to explain the derivation of the numerical implementa-
tion. Section III presents charge density, current density,
and transmission probabilities in the context of quantum
mechanics on a lattice. Section IV derives several exact
results for one-dimensional systems. The answers found
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in that section were used to check the numerics, and there
was perfect agreement between the two. The final section
presents preliminary findings. The appendices consist of
the MATLAB code written and used as a part of my
research.

II. THEORETICAL BACKGROUND: THE
METHOD OF GREEN FUNCTIONS

A. Full (Infinite) Space

I model an electrical lead as a perfect lattice. Let
H be the Hamiltonian for an electron in the lead; the
Hamiltonian is diagonalized in wavevector space, so the
Schrödinger equation of the lead is

H|k〉 = Ek|k〉, (2.1)

where k is the wavevector characterizing the state. Let
|z〉 be the wavefunction localized at lattice site z. The
Schrödinger equation has the solution

|k〉 =
∑

z

eikz|z〉. (2.2)

My simulations were based on the tight binding model,

H =
∞∑

i=−∞
(−W |i〉〈i+ 1| −W |i+ 1〉〈i| + U |i〉〈i|) ,

(2.3)
where W represents the (assumed constant) hopping am-
plitude between sites and U is the potential energy at
each site. When projected into the position representa-
tion, H may be written,

〈z′|H|z〉 =




−W, z′ = z ± 1
U, z′ = z
0, otherwise.

(2.4)

= −Wδz′,z+1 −Wδz′,z−1 + Uδzz′ . (2.5)

where δab is the Kronecker-delta: δab = 1 if a = b, and
δab = 0 if a 6= b. From Eq. (2.2), Eq. (2.5), and the
normalization condition 〈k|k′〉 = δkk′ , we find the energy
of a state |k〉, Ek, to be

Ek = 〈k|H|k〉 = −2W cos k + U. (2.6)
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With the Hamiltonian and the energy of each state
known, we may define the Green function in the usual
way:

G0 ≡ 1
E −H ± iη

, (2.7)

where E is the energy of the system, the subscript 0 is
used to indicate that the system is unperturbed, η is a
positive infinitesimal quantity, and plus (minus) is used
for the retarded (advanced) Green function. I used the
retarded Green function. The space representation of the
Green function is G0(z, z′) = 〈z|G0|z′〉, which represents
the probability amplitude for an electron to go from a
state |z′〉 to a state |z〉—i.e., to move from z′ to z. The
explicit expression for G0(z, z′) is

G0(z, z′) = 〈z| 1
E −H + iη

|z′〉 (2.8)

=
∫ π

−π

dk

2π
eik(z−z′)

E + 2W cos k − U + iη
. (2.9)

This integral is done most easily as a contour integral
around the unit circle after the substitution x = e±ik,
where the plus (minus) sign is for z > z′ (z < z′) [3].
Performing the integral, we find the general Green func-
tion may be written as

G0(z, z′) =
eik|z−z′|
2iW sin k

, (2.10)

provided Im(k), Re(k) > 0.

B. Semi-Infinite Space

I used the main result of Section IIA, Eq. (2.10),
to find the Green function for the one-dimensional half
space, which represents a lead in a physical situation.

Let the sites of our semi-infinite lattice occupy the
points z = 0,−1,−2,−3, . . . . The Hamiltonian for the
system may now be written as

H =
−∞∑
i=0

(−W |i〉〈i− 1| −W |i− 1〉〈i| + U |i〉〈i|) . (2.11)

Therefore, the lead is shielded from every point z′ > 0:

G0(z ≤ 0, z′ > 0) = 0. (2.12)

This condition suggests the use of the “method of im-
ages” (see, e.g., Jackson [4], Chapter 2). LetG0,full(z, z′)
be the Green function for the full space, Eq. (2.10). By
applying the method of images to Eq. (2.12), we arrive
at the solution

G0(z, z′) = G0,full(z, z′) −G0,full(z,−z′ + 2). (2.13)

Therefore, for our half-space, we have

G0(z, z′) =
1

2i sin k

(
eik|z−z′|−eik|z+z′−2|

)
. (2.14)

C. Perturbed Green Functions

Much of the content in this section is based on conver-
sations with Selman Hershfield [5].

I then examined the propagation of current across a
lead-site-. . . -site-lead system. As it is currently written,
electrons cannot propagate across the system, because
the Green function from the left lead to the sites is zero
[Eq. (2.12)]. In order to allow current, a perturbation
must be added to the Hamiltonian. The effect of this
perturbation on the Green function is discussed below.

Let H0 be a known Hamiltonian which is exactly solv-
able, and let HI be a perturbation upon H0. The total
Hamiltonian, H, is then

H = H0 +HI .

LetG be the Green function of this full Hamiltonian, G =
(E −H + iη)−1. Using Eq. (2.7), and tacitly assuming
all necessary convergence properties, G is found to be

G =
1

G−1
0 −HI

= G0

(
1

1 −HIG0

)

= G0 +G0HIG. (2.15)

This is Dyson’s equation, an iterative prescription for the
Green function of a system. The space representation of
the Green function may be written directly from Dyson’s
equation:

G(z, z′) = G0(z, z′)+
∑
i,j

G0(z, i)〈i|HI |j〉G(j, z′). (2.16)

D. Calculational Aspects of Perturbed Green
Functions

The previous section contains all the necessary Green
function formalism. To make progress beyond this point,
we must choose an interaction Hamiltonian. I assume
that the system had leads at z < 1 and z > N ; to first
order, the leads should be uncoupled from the intermedi-
ate sites— G0(z ≤ 0, z′ > 0) = G0(z > N, z′ ≤ N) = 0.
The analysis of Eq. (2.16) is simplest if the sites between
the leads are also uncoupled to first order among them-
selves: G(1 ≤ z ≤ N, 1 ≤ z′ 6= z ≤ N) = 0. Therefore,
as a simplest possible guess, I took the total interaction
Hamiltonian to be

HI =
N∑

i=0

(−W |i〉〈i+ 1| −W |i+ 1〉〈i|) , (2.17)

which represents nearest-neighbor hopping.
Assuming Eq. (2.17) makes Eq. (2.16) computation-

ally simple. One may see this by examining a partic-
ular pair of neighboring sites: z = 1 and z = 2, say.
By combining the Green functions for each case [using
G0(1, 2) = G0(2, 1) = 0],

G(1, z′) = G0(1, z′) −WG0(1, 1)G(2, z′)
G(2, z′) = G0(2, z′) −WG0(2, 2)G(1, z′), (2.18)
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we arrive at the solution

G(2, 2) =
1

G0(2, 2)−1 −W 2G0(1, 1)
. (2.19)

By noting that there is nothing intrinsic to the points
z = 1, 2, the immediate generalization to any site is:

G(i, z′) = G0(i, z′) −WG0(i, i)G(i− 1, z′), (2.20)

G(i, i) =
1

G0(i, i)−1 −W 2G0(i− 1, i− 1)
. (2.21)

Eqs. (2.21) and (2.20) provide a method to calcu-
late the Green function between any two sites. Given
the Green function at the end of the first lead—which is
given exactly by Eq. (2.14)—we may recursively move to
any other site, thus allowing the calculation for any two
points. The method is depicted schematically below:

Eq. (2.21) : G(0, 0)
→ G(1, 1)
→ G(2, 2)

...
→ G(N,N)

Eq. (2.20) : G(N,N) → G(N − 1, N)
→ G(N − 2, N)
...
→ G(1, N)

→ G(N,N − 1) → G(N − 1, N − 1)
→ G(N − 2, N − 1)

...
...

The translation of the schematic into code provides the
critical component in the simulation of any system. Any
quantity which may be written in terms of wavefunctions
may be written in terms of Green functions, and every
system must have its Green functions calculated.

III. CHARGE DENSITY, CURRENT DENSITY,
AND TRANSMISSION

An important equation in many branches of physics is
the continuity equation:

∂

∂t
A+ ∇ · B = 0.

With appropriate parameters A and B, it may represent
the conservation of mass, particle number, probability,
or (in this work) electric charge.

In order to derive the continuity equation for the one-
dimensional tight-binding model, one begins with the
Schrödinger equation in discrete form [3]:

(~ω − V )ψ(x) +Wψ(x+ 1) +Wψ(x− 1) = 0. (3.1)

This becomes the time-dependent Schrödinger equation
after making the correspondence ω → i ∂

∂t :

i~
∂

∂t
ψ(x)−V ψ(x)+Wψ(x+1)+Wψ(x− 1) = 0 (3.2)

The continuity equation is obtained by the familiar pro-
cedure of multiplying Eq. (3.1) from the right by ψ∗(x)
and subtracting from this the complex conjugate of Eq.
(3.1) with ψ(x) multiplied from the left, giving

0 =
i~

W

∂

∂t
|ψ(x)|2 + ψ(x+ 1)ψ∗(x) − ψ(x)ψ∗(x+ 1)

+ ψ(x− 1)ψ∗(x) − ψ(x)ψ∗(x− 1). (3.3)

Discretizing the gradient operator as

∇ψ(x) → ψ(x+ 1) − ψ(x)
∇2ψ(x) → ψ(x+ 1) − 2ψ(x) + ψ(x− 1),

we may identify Eq. (3.3) as the continuity equation,

∂ρ

∂t
+ ∇ · j = 0,

where

ρ = |ψ(x)|2 (3.4)

j =
W

i~
[ψ(x+ 1)ψ∗(x) − ψ(x)ψ∗(x+ 1)] . (3.5)

From elementary quantum mechanics, we know that
the transmission probability, T , for a current from the
left is

T =
∣∣∣∣jtrans

jinc

∣∣∣∣ , (3.6)

where ‘inc’ stands for incident, and ‘trans’ for transmit-
ted. The transmission probability is related to the con-
ductance, G, through the Landauer formula [6]:

G =
2e2

h
T. (3.7)

IV. ANALYTIC SOLUTIONS

In order to have confidence in the results obtained nu-
merically, we derived several analytic solutions for simple
cases. Doing so occupied much of the project’s time, but
it was a necessary step in verifying the validity of the
numerical results.

In a region of constant potential, current flows unim-
peded, and we represent the wavefunction by travelling
waves moving in both directions:

ψ(z) = C1e
ikz + C2e

−ikz, (4.1)

where the C’s are constants.
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A. Boundary Value Conditions

As in quantum mechanics on a continuous space, a
wavefunction must be continuous:

ψ>(z) = ψ<(z), (4.2)

where ψ>(z′) is the wavefunction for z′ > z, and sim-
ilarly for ψ<(z′). Now, however, instead of demanding
the continuity of the wavefunction’s space derivative, we
instead require that Schrödinger’s equation,

(ω − V )ψ(z) +Wψ(z + 1) +Wψ(z − 1) = 0, (4.3)

hold everywhere. Continuity and Schrödinger’s equation
impose two constraints on each site in the system, but
we only need the information these contraints provide at
points where the potential is different relative to neigh-
boring points. In particular, they give boundary values
that must be satisfied at potential barriers.

B. Single Barrier (Equilibrium Case)

The first and simplest case is a system with the leads
and all the sites being at the same potential, except a
single site which forms a barrier. The former statement
means the system is in equilibrium: UL = UR. The po-
sition of the barrier is taken as z = z0. The system is
divided into two regions by the barrier, so the wavefunc-
tion may be represented as

ψ(z) =
{
Aeikz +Be−ikz, z ≤ z0
Ceikz +De−ikz, z ≥ z0.

(4.4)

The system is constrained by two equations, but there are
four constants in the solution (A,B,C,D). On physical
grounds, we may eliminate the De−ikz term: there are no
left-travelling waves in the right lead. We may eliminate
the constant A by solving for the ratios of all quantities
relative to A. We redefine B/A, C/A as B, C, giving

ψ(z) =
{
eikz +Be−ikz z ≤ z0
Ceikz z ≥ z0

(4.5)

For this particular system, the boundary conditions
are:

eikz0 +Be−ikz0 = Ceikz0 (4.6)
(ω − V+ W eik)eikz0C

= −Weik(z0−1) −We−ik(z0−1)B.
(4.7)

This set of equations may be solved by elementary
methods, but solving them as a matrix equation gives a
method more easily generalized to larger systems—such
as those with two barriers, and thus twice the number of
boundary conditions (Section IV C):[

1
−We−ik

]
=

[ −e−2ikz0 1
We−ik(2z0−1) (ω − V +Weik)

] [
B
C

]
.

(4.8)

By inverting the coefficient matrix in Eq. (4.8), one
finds

C =
2i sin k

ω − V + 2Weik
. (4.9)

By the methods of Section III, it follows that

T = |C|2 . (4.10)

C. Double Barrier (Equilibrium Case)

The next simplest case when working with systems in
equilibrium is the case of two barriers. The positions
of the barriers were taken as z = z1 and z = z2. The
wavefunction in three regions may be written

ψ(z) =



eikz +Be−ikz, z ≤ z1
Ceikz +De−ikz, z1 ≤ z ≤ z2
Eeikz, z ≥ z2,

(4.11)

where the left-moving wave in z ≥ z2 and the coefficient
of the right-moving wave in z ≤ z1 have been eliminated
by the same arguments given in single barrier case.

Our boundary conditions at the barrier sites are

eikz1 +Be−ikz1 = Ceikz1 +De−ikz1

Ceikz2 +De−ikz2 = Eeikz2
(4.12)

from Eq. (4.2), and

(ω − V+ W e−ik)eikz1 + (ω − V +Weik)e−ikz1B
= −Weik(z1+1)C −We−ik(z1+1)D

(ω − V+ W e−ik)eikz2E
= −Weik(z2−1)C −We−ik(z2−1)D

(4.13)
from Eq. (4.3). Again,

T = |E|2 .
By inverting the matrix of coefficients formed by

Eqs. (4.12) and (4.13), one finds

E =
e2ikz1(e2ik − 1)2W 2

∆
, (4.14)

where

∆ = e2ik(z1+1)(V 2 − 2W 2) + e2ik(z1+2)W 2

+ e2ikz1W 2 + 2eik(2z1+1)VW

− 2eik(2z1+3)VW − e2ik(z2+1)V 2. (4.15)

The transmission is plotted as a function of energy in
Fig. 1.

In principle, one could derive analytic expressions for
the transmission through any number of potential bar-
riers; however, the effort involved quickly exceeds the
benefits gained therefrom. At this point, I used numerics
to simulate any system with more than two barriers.
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FIG. 1: Transmission probability as a function of energy for a
double barrier system. The barriers are four units apart (d =
4) for the top set and six units apart (d = 6) for the bottom
set, and have heights of V = 4 (left) and V = 102 (right). The
circles on the ω-axis denote the theoretical prediction for the
location of perfect transmission in the case of infinite barriers,
kd = nπ.

D. Single Barrier (Non-Equilibrium Case)

Systems not in equilibrium were the subject of my last
analytic work. Away from equilibrium, Uz=1 6= Uz=N .
Because current can gain energy as it moves through a
potential drop, its wavevector becomes a function of po-
sition:

ψ(z) = C1(z)eik(z)z + C2(z)e−ik(z)z. (4.16)

I considered a single barrier (taken at z = z0), with the
potential on both sides constant. With this restriction,
the wavefunction takes the form

ψ(z) =
{
eikLz +Be−ikLz, z ≤ z0
CeikRz, z ≥ z0.

(4.17)

The boundary constraints of this system are

eikLz0 + Be−ikLz0 = CeikRz0 (4.18)
(ω− V +WeikR)eikRz0C

= −WeikL(z0−1) −We−ikL(z0−1)B. (4.19)

These linear equations may be solved in the same man-
ner as in Section IV B. The result is

C =
2iW sin kL

ω − V +W (eikR + e−ikL) + 2iW sin kL

eikLz

eikRz
.

(4.20)
A difference from the equilibrium case arises when the

transmission is calculated. From Eqs. (4.17) and (3.6),

T =
sin kR

sin kL
|C|2 . (4.21)

V. RESULTS FROM NUMERICAL
SIMULATION

Unfortunately, the results of my investigation are not
as abundant as I would have hoped. The main reasons
for this are: (1) the time required to learn and to imple-
ment effectively a new programming language; (2) the
effort devoted to running consistency checks and deriv-
ing analytic solutions [some of which are presented in
Section IV]; and, (3) the time necessary to run the ac-
tual simulations, which scaled as the square of the size of
the system. Nevertheless, several important preliminary
results are presented. Hereafter, we set ~ = 1.

As mentioned earlier, I was looking for changes in the
charge distribution in the sites of the system. The ana-
lytic expression for the number density of charges at any
particular site is simple:

ni =
∫

dk

2π
(ρi(L→ R)f(εkL

− µL)

+ ρi(R→ L)f(εkR
− µR)) , (5.1)

where the first (second) term represents electrons coming
to a site from the left (right), and f(ε− µ) is the Fermi-
Dirac distribution, present in order to account for the
statistics of the electrons. I took the system at zero tem-
perature, so the Fermi-Dirac distribution serves to select
the states with energy less than the chemical potential.
With ρ = |ψ|2 and the interpretation of the Green func-
tion as the probability amplitude to move between sites,
the number density may be written as

ni =
∫
dω

2π
[G(i, 1)G∗(1, i)2W sin kLf(ω − µL)

+ G(i,N)G∗(N, i)2W sin kRf(ω − µR)] .
(5.2)

As the current flows through the system, charge accu-
mulates at the sites according to Eq. (5.2). By electro-
static repulsion, the charges interact with one another.
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FIG. 2: Charge density change for system with the following
parameters: barrier height=3, UL = 0.1 → 0.11, UR = 0,
µL = 1.1 → 1.11, and µR = 1.

Therefore, the total potential acting on any charge is a
combination of electron-background (e-b) and electron-
electron (e-e) iteractions:

U = Ue−b + Ue−e.

Ue−b is fixed, determined by potential of the sites them-
selves. Normally, Ue−e would be given by solving Pois-
son’s equation, ∇2Ue−e = −ρ/ε, where ε is the dielectric
function. However, in my case, for simplicity it was as-
sumed that Ue−e = αρ, for some parameter α.

With a given background potential, the current will
accumulate at the sites, which establishes a new poten-
tial, which causes charge to rearrange, the new distri-
bution of which causes a new potential, which causes
charge to rearrange, etc. The charge density may find a
state at which iteration gives the same distribution; this
state is called the final state. In order to look for phase
transitions one would iterate two systems separately un-
til their final states are determined, then compare their
charge distributions. I have found some drawbacks of
this method: I know of no ab initio method of knowing

the number of iterations necessary for convergence, and
the great computational time and resources needed for
each iteration.

Fig. 2 gives a set of charge densities and a change
therein after a slight change in potential at two levels
of iteration. There are two features to notice about
these pictures. First, there are sites which have nega-
tive change and sites which have positive change, thus
tentatively confirming the presence of phase transitions
(smaller changes in potential need to be investigated be-
fore definitive affirmation may be claimed); second, even
after 100 iterations, ∆ρ has not converged.

VI. CONCLUSION AND FUTURE

In summary, my project numerically analyzed a one-
dimensional superlattice using a tight-binding model.
Several special cases, including single-barrier trans-
mission (equilibrium and non-equilibrium) and double-
barrier transmission (non-equilibrium), were solved ex-
actly in order to verify the robustness of the code.

From a practical standpoint, the next step in this
project would be to translate the numerical program
into a compiled language, so that simulations run more
quickly. During this project, the code was written in an
interpreted language because of its easy implementation,
but speed was sacrificed for this luxury. From a physical
standpoint, the next steps are to incorporate Poisson’s
equation into the electron-electron interactions, instead
of the linear model used here; and to introduce inelastic
scattering for simulations at finite temperature.
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