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Abstract: 

LISA is a joint mission between ESA and NASA in order to detect gravitational waves 

using interferometry. It requires laser-stabilization systems in order to suppress inherent 

laser noise. Arm-locking is a promising method for noise suppression. This paper 

investigates the development of a simulated arm-locking system with the addition of a 

cavity reference. It is shown that laser frequency can be stabilized in this model with 

frequency feedback. Low-pass and feedback controllers are shown.     

 

Introduction 

The Laser Interferometer Space Antenna (LISA) consists of an arrangement of three spacecraft 

(SC) with an approximate separation of 5 x 109 m as seen in Fig 1. This arrangement will form a laser 

interferometer to measure the distance between SC in order to detect modulations caused by gravitational 

waves (GWs). This mission may supply some answers to open questions concerning Einstein's Theory of 

General Relativity, as the mission studies the mergers of supermassive black holes, probes the early 

Universe, and searches for GWs—the primary objective [1].  

As the first dedicated space-based gravitational wave observatory, LISA will detect waves 

generated by binaries within our Galaxy, the 

Milky Way, and by massive black holes in 

distant galaxies. Although GW searches in 

space have previously been made, they were 

conducted for short periods by planetary 

missions that had other primary science 

objectives. Some current missions are using 

microwave Doppler tracking to search for 

GWs [2]. LISA will be able to directly detect 

the existence of GWs, rather than inferring it 

from the motion of celestial bodies, as has 

been done previously. LISA will use an 

advanced system of laser interferometry for 

detecting and measuring GWs. Interferometry works on the principle that two waves that coincide with the 

same phase will amplify each other while two waves that have opposite phases will cancel each other out, 

assuming both have the same amplitude. Additionally, LISA will make its observations in a low-frequency 



band that ground-based detectors cannot access. Note that this difference in frequency bands makes LISA 

and ground detectors complementary rather than competitive. This range of frequencies is similar to the 

various types of wavelengths applied in astronomy, such as ultraviolet and infrared. Each provides different 

information [3]. 

In the theory of General Relativity, Albert Einstein explained how mass affects space-time. Space-

time can be seen as a bending fabric when masses are placed on top of it. The GWs are often described as 

ripples in space and time, like from a rock dropped in a pond or a moving boat in the sea. These are 

produced by compact masses orbiting each other such as two neutron stars, or the merging of two black 

holes at the center of galaxies [4]. These GWs are highly energetic but space-time is very stiff. Considering 

this fact, there is a need to develop more sensitive instruments to detect GWs’ small phase variation in 

space-time. As noted before, a good way is through interferometry; however, lasers provide a high inherent 

noise. This noise needs to be suppressed, via laser-stabilization techniques, to be able to detect the small 

fluctuations of the GWs. 

One possible method to suppress laser noise is arm-locking. Arm-locking provides a means of 

noise suppression by using one of the LISA arms as a reference. The motivation for locking to the arm 

length itself comes from the high relative length stability of the arm length in the gravitational wave signal 

band [5], approximately ∆ l/l = 10-20 Hz-1/2, enabling a theoretical minimum achievable frequency noise 

level of approximately 3 x 10-6 Hz Hz-1/2 in the infinite gain limit.     

Arm-locking has been studied with time-domain simulations using phase as a model variable [6]. 

In this paper, we report a model that has an adjustable laser frequency, improvement in modeling of phase 

meter, and filters. Also, this model is the product of the development of a more realistic arm-locking 

simulation, utilizing mixed model variables such as frequency, phase, and amplitude.  

 

Arm-locking 

In LISA, the arm locking error signal is obtained from the beat note between the light from the 

local SC (Eq. (1)) laser and the incoming light from the far SC (Eq. (2)) [7], which can be modeled as a 

reflector.  The phase meter, shown as PM in Fig. 2, measures the phase difference (Eq. (3)) of the prompt 

(local SC), and the delayed (far SC) signals. 

EL α sin (ωt + φ(t))                                                                            (1) 

EF α sin (ω(t-τ) + φ(t) – φ(t-τ))                                                         (2) 

p(t) = φ(t) - φ(t-τ)                                                                             (3) 

Here ω is the carrier frequency of the laser, τ is the time delay for LISA (33s), and φ(t) is the instantaneous 

laser phase. The phase difference can be expressed in the Laplace domain as  

P(s) = Φ(s) [1- exp(-sτ)]                                                                   (4) 

where s= σ + 2πίf is the complex frequency, the bracketed term is the transfer function of the arm, and Φ(s) 

is the Laplace transform of φ(t). The total system transfer function (Eq. (5)) is the product of a laser 

frequency actuator and the arm transfer functions [6]. 



Tsys(s) = s-1[1- exp (-sτ)]                                                                 (5) 

The total open loop transfer function is the product of the Tsys, and the controller transfer function, H(s). 

TOL(s) = H(s) ·s-1· [1- exp (-sτ)]                                                        (6) 

The closed loop transfer function describes the laser stabilization by the feedback and can be seen as  

TCL= 1 / (1+ TOL)                                                                       (7)  

 

Fig.2. Schematic sketch of the arm-locking system. CF is the control filter, PM is the phasemeter and LTT 
is the light travel time 

 
        Fig 3. Bode plots for Tsys. Containing the                 Fig 4. Bode plots for the H controller. With zeros&               

   phasemeter and the time delay                                    poles  From 10Hz every factor of 10 until 10 kHz.                                                               
ranging from 30Hz to 30kHz. A decrease of f-1/2 

 
A bode plot of Tsys is plotted in Fig. 3, which shows zeros at frequencies f = n/τ,  n = 1, 2, …. This 

means that the function repeatedly passes through 180°, indicating a zero phase margin, which is the 

theoretical instability boundary of the closed-loop system. A stable control loop requires a 30° phase 

margin or more [7]. In other words, a controller needs to provide a phase advance in the n/τ frequency 

regions. The controller bode plot in Fig. 4 shows a phase margin of about 40° and a stable decay at the 

frequencies mentioned before, providing stability for the closed loop system.   

  

Time-Domain Simulation 

To compare the frequency analysis done in the arm-locking section, we present a time-domain 

simulation of the arm-locking system. In order to simulate this system, we created a computer model 

utilizing Simulink. To recreate the laser, we use an oscillator that produces Eq. (1). Then this signal is split 

and delayed, producing Eq. (2).  Fig. 5 shows the developed Simulink model that simulates the arm-locking 



system in the time domain. It includes a local oscillator, a time delay, a phasemeter, and a controller. This 

model consists of a carrier frequency signal (fcarrier=100 kHz) that runs through the local oscillator. And 

then sends a signal which is delayed 0.02s. These signals are passed through the phasemeter. The model 

phasemeter consists of a multiplication and a lowpass filter with a pass band edge frequency of 40 kHz. 

The multiplication is the product of the prompt signal and the delayed signal. The product of these two 

signals produces one with half the amplitude 

A ~ (1/2) [cos{ωτ + φ(t) - φ(t-τ)} – cos{2ωt – ωτ +φ(t) + φ(t-τ)}]                               (8) 

This mixed signal (Eq. 8) is then filtered by a lowpass Butterworth filter which suppress the twice the 

carrier frequency term, and leaves us with half the phase difference of Eq. 3. This phase difference can be 

represented in the Laplace domain in the form of the Eq. 4, by adding a multiplication factor of 1/2. This 

phase difference is passed through a controller that adds an overall gain and closes the loop by providing 

feedback. The total open loop transfer function is the product of the Tsys, the controller and the phasemeter 

transfer functions. 

TOL(s) = 2π·B(s)·H(s)·(1/2)·s-1·[1-exp(-sτ)]                                                   (9) 

where B(s) is a 5th order Butterworth analog filter and H(s) is the gain factor. This signal is then run 

through a feedback filter with zeros at 10.3, 103, 1030, and 10300 Hz; poles at 30, 300, 3000, and 30000 

Hz; and an overall gain of 25000. In order to achieve arm locking, the feedback signal is sent back to the 

starting point to repeat this sequence. 

 
Fig 5. Simulink model. The delay block has a time delay of 0.02s. The arm-locking controller has zeros and 
poles ranging from 10 Hz to 30 kHz and a gain of 25000. The low pass filter has a pass band edge 
frequency of 40 kHz. 

 

The simulation has a frequency sampling of 1MHz and a running time of 5 seconds, which 

consists of 250 round trip times. This referrs to the amount of feedbacks applied in the simulation. The time 

series of the phase meter in Fig. 5 shows the time series of the laser locking to its arm. In Fig. 6, there is a 

comparison of the Simulink model, with two feedback responses: an instantaneous feedback to the laser 



and a one with quadratically ramping the gain for 0.016s after the delay. The second response with ramping 

gain showed an improvement in reducing transients (see Fig. 7), and in consequence, achieving a faster 

stabilization.   

 
Fig. 6. Time series for phase meter. The green trace             Fig 7. Gain time series. The green trace 
shows the time series of the phase laser noise. The               shows no gain feedback. The red trace shows  
red trace shows closed loop response for the                        the instantaneous gain feedback. The blue trace 
instantaneous feedback. The blue trace shows the                 shows the delayed gain feedback.   
closed loop for the delayed gain feedback.                                                     
 

The feedback implementation in the time series can be seen in Fig. 7. It shows the ramp gain, 

slowly quadratically increasing after the delay until 0.2 s. Meanwhile, the other two feedbacks do not apply 

a gain (green), which consists of a constant value of zero, or it abruptly implements the gain after the delay 

(red), which looks like a step function from zero to one at the time delay.   

 

Fig. 8. Time series of laser offsets. The green trace          Fig 9. Simulated free running and closed loop  
shows the time series of the frequency laser noise.           frequency noise. The green trace shows the free                                          
The red trace shows closed loop response for the             running frequency noise increasing with                                                                      
direct feedback. The blue trace shows the closed              frequency. The blue trace shows at the                                                                     
loop for the delayed gain feedback                                    beginning marked peaks at every 1/τ and a    
                                                                                            bump at the unity gain frequency. 

 

The time series for the laser frequency noise in Fig. 8 shows the frequency response in the block 

of laser offsets in Fig. 5. The time series of Fig. 8 supports results of Fig. 6 of transients reduction of the 



laser, as the gain is ramped up for the first 0.02s instead of abruptly adding the complete gain factor to the 

feedback signal. On the other hand, Fig. 9 shows noise suppression with the closed loop on, of more than 

one order of magnitude compared to the free-running laser noise, at low frequencies. Also, we can see the 

unity gain frequency is reached at ~104 Hz.  

 
                                                            

 

Fig 10. Comparison between the analytical and the Simulink model obtained closed loop transfer functions    

 

The analytical and simulated traces agree one with each other. Fig. 10 shows the distinct peaks at 

n/τ (n=1, 2,..). In Fig. 10, the analytical model also validates the Simulink results for the closed loop 

transfer function. Similarities in the morphology of both traces indicate the same conditions in both models 

and the suitable working of the simulation. The transfer function of the closed loop is found by dividing the 

laser offsets in Fig. 5 output for the system, with a feedback on and feedback off, making a comparison 

with Equation (7) taking as the open-loop response Equation (10).    

 

Cavity 

In LISA a set up of laser stabilization techniques will be employed along with arm-locking. 

Another stabilization technique is using a cavity as a reference for noise suppression. Cavity noise 

suppression works on the principle of reduced laser frequency noise with the cavity resonance mode. In the 

previous pages, all the simulations were done assuming a pre-stabilized laser. In order to create a more 

realistic model, we added a cavity as a pre-stabilization technique for LISA’s lasers. In this pre-stabilization 

we have a frequency ouput to the oscillator of the form 

δfL = δfF – P(s) [ δfL- δfC]                                                          (10) 

where δfL is the frequency noise of the laser, δfF  is the frequency noise of the free-running laser noise, δfC is 

the cavity frequency noise, and P(s) is the overall gain for the laser pre-stabilization. After some algebra, 

we conclude that the closed loop transfer function for the cavity pre-stabilization is 

TCL= [1 /(1+P(s))] + [δfC /δfF] · [P(s)/(1+P(s))]                                      (11) 



 

Fig 11. Simulink model. With cavity pre-stabilization system added (left side of  model), and a controller of 
a single pole at 3Hz.    

 

Adding the cavity in our developed model consists in adding to the laser a cavity noise block, and 

locking the laser noise to this cavity noise. In measurements, we report noise suppression of more than one 

order of magnitude at low frequencies as Fig. 12 shows.  

 

Fig.12 Simulated free-running noise of the laser          Fig 13. Comparison for the Simulink-obtained (blue) 
(red), the cavity suppressed noise (blue) and                     and the analytical cavity transfer functions (red) 

the cavity noise (green).                          
 

On the other hand, Fig. 13 shows the similarities for the cavity results and the expected 

measurements with the analytical model of Eq. (11). The transfer function for the closed loop of the cavity 

reference is calculated by dividing δfL/δfF, in the Simulink model, compares well to Eq (11) verifying that 

the simulation works.  

Combining the arm locking with the cavity method provides a noise suppression of almost 3 

orders of magnitude from the free-running laser noise (Fig. 14) compared with just ~1.5 orders of 

magnitude with the arm locking by itself (Fig. 9) or the 1.5 orders the cavity by itself shows (Fig. 12).   



 
Fig. 14 Simulated fre- running noise of the laser (blue), cavity-suppressed noise(green) and the cavity with 

the arm-locking suppressed noise(red)                                                                                                                     
 

Conclusion 

This analysis, has assumed a perfect transponder response from the far spacecraft. Agreement was found 

between the analytical and the Simulink model, after a comparison beween the two models, showing a 

successful Simulink model operation and analytical representation of the arm-locking system. Noise 

suppression at low frequencies was also shown. This simulation was proposed at a 100 kHz carrier 

frequency while LISA’s lasers will carry a frequency in the order of 300THz, but the frequency that 

concerns us is the beat note frequency which is in the order of 20 MHz. Also another difference is the 

detection frequencies in LISA will be on the order of mHz; meanwhile, this model shows detection at the 

Hz region. One reason for this discrepancy is that simulating the high frequencies of LISA’s lasers becomes 

quite slow. We have outlined a laser-stabilization technique that can be applied to the LISA mission and 

experimental development of laser stabilization, along with a pre-stabilization technique. As future work, a 

more sophisticated cavity model can be added, along with transponder locking. This model shows a method 

for noise suppression, using high gain on the feedback controller that brings noise reduction at many 

frequencies. Also creating a model with mixed variables, as a set up in real life would have, would be an 

advantage over simulating with just phase as a model variable.  
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