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Abstract 

The author provides the basics of notation in quantum computing, the RSA 

algorithm, the Quantum Fourier Transform (QFT), and level repulsion.  The author 

proceeds to describe the process of building matrix representations for the Quantum 

Fourier Transform and subsequently finding their eigenvalues.  The histograms for the 

arguments of the eigenvalues generally show exponential behavior.  Thus, the author 

concludes that the QFT does not have level repulsion. 

 

 

 



I. Introduction 

 Quantum computers are devices that, like classical computers, use physical 

entities called “bits” to store and retrieve information.  Whereas classical computers use 

ideas from classical physics to store and retrieve information, quantum computers use 

quantum physics.  A quantum bit is commonly referred to as a “qubit.”  Although actual 

quantum computers are still likely decades away from realization, physicists have 

developed much of the theory underlying how these devices should work.  Quantum 

computers are generally composed of two “registers,” or a collection of qubits.  The “left 

register” is the leftmost set of qubits (as written on paper), and the “right register,” the 

rightmost.  The left register stores an integer “x,” written in binary with “0” 

corresponding to a spin-up state and “1,” spin-down.  Similarly, the right register stores 

an integer “z.”  Mathematically, the combination of a left and right register is written as 

x z   [1]. 

 Quantum computers are interesting largely due to their ability to break codes 

encrypted by the RSA algorithm.  In this algorithm, an encoder, “Bob,” chooses a large 

number N such that N = pq, where p and q are prime.  He then makes N public, and a 

member of the public, “Alice,” selects a message, represented by a number “a” such that 

a is coprime to N.  (Two numbers are said to be coprime if their greatest common 

denominator is 1.)  Alice then encodes the message by selecting a number “c” such that it 

is coprime to (p-1)(q-1), computes ac, and sends the message to Bob.  Bob retrieves the 

original message by raising the encoded message to the d-th power, where cd = 1 (mod 

(p-1)(q-1)).  However, one can break the code by determining the order r of a, or 

equivalently, the order of ar.  (The order of a number is the number of times one must 



multiply a number by itself for the result to equal 1.)  Classical computers cannot solve 

this problem in a realistic time scale, though quantum computers should. 

II. The Quantum Fourier Transform 

 Dr. Peter Shor developed an algorithm for use in a quantum computer to 

determine the order of the encoded message [1-4].  The algorithm is a two-step process: 

The first step is to act on a quantum system 0x  by a unitary transformation UF such 

that 

                                        0 x
FU x x b=  ,                                            (1) 

where “b” is a positive integer coprime to the choice of N from Section I.  Then the 

Quantum Fourier Transform (QFT) operator UFT  acts on the left register of the new state, 

where the QFT operator is defined by the following: 
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(The “r” in Equation 2 is the number of qubits in the left register, not the “r” mentioned 

in Section I.)  

 The research presented in this paper differs from the above discussion in that the 

initial state is chosen to be x z , with z=0, 1,…,2p, where “p” refers to the number of 

qubits in the right register.  This allows for the QFT to be represented by a matrix, with 

matrix elements given by ' ' FTz x U x z .  In general, I would like to represent UFTUF 

as a matrix: 

.               ( )' ' mod mod2x p
FTz x U x b N z+   .               (3) 



 The resulting 2r + p x 2r + p matrix is solved for in a numerical analysis software program 

such as Matlab or Octave. 

 The matrix for ' ' FTz x U x z  is a block diagonal matrix, consisting of 2p 

blocks of identical 2r x 2r matrices.  The matrix representations for UFTUF are column 

permutations of this block diagonal matrix. 

 This matrix is diagonalized using Octave’s “eig” function.  The eigenvalues are 

complex, since the matrices are generally not Hermitian, and they have a unit modulus 

because they are eigenvalues for a unitary matrix.  Therefore, I would like to represent 

them in polar form: ie α .  The arguments “α” for each eigenvalue are easily found by 

Octave’s “arg” function or by a user-defined function that ensures the arguments have 

values on the interval [0, 2π).  Thus we have a set of numbers representing the 

eigenvalues of the matrix.  

 

Fig. 1.   Case for N=21, r=4, p=5, and b=4.  This distribution is clearly exponential. 

 



III. Level Repulsion 

 The Poisson distribution describes a sufficiently large collection of data chosen by 

a classically random process, such as the differences between randomly generated 

numbers from 0 to 1.  However, many quantum random processes do not yield a Poisson 

distribution because their energy eigenvalues obey level repulsion, which is caused by the 

interaction of the states of a system.  (Refer to the appendix.) 

 The histograms for the matrices show whether level repulsion is present or not.  I 

list the arguments in ascending order with Octave’s “sort” function, and then I compute 

the differences between neighboring arguments.  I then find the average difference and 

divide the actual differences by that average.  Finally, I use MATLAB’s “hist” function 

to plot the histograms.  (Octave’s “hist” function is inaccurate.)   Figure 1 shows the 

histogram for the case N=21, r=4, p=5, and b=4.  Compare to Figure 2, where b=11.  

Both clearly go as exponentials and are thus Poisson distributions. 

 

          Fig. 2.   Case for N=21  r=4, p=5, and b=11.  This distribution is clearly exponential. 

 



 

IV. Conclusions 

 Not one of the 12 histograms corresponding to the possible choices in b exhibits 

level repulsion.  For the nine graphs where the order of b is greater than two, the 

histograms clearly display exponential behavior and are thus Poisson distributions.  For 

b=1, 8, and 13, where the order of b is two or one, there were strong peaks for the x-axis 

value of 0, which shows a strong tendency for repetition of eigenvalues—the exact 

opposite of level repulsion!   I therefore conclude that the QFT does not exhibit level 

repulsion, which implies that the system is not strongly interacting. 
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Appendix 

 Below is an example of a Poisson distribution, found by taking the differences 

between 512 adjacent randomly generated numbers.  The distribution is then normalized 

so that the average difference is unity. 

 

 Below is an example of the Wigman-Dyson distribution, which shows level 

repulsion [5,6].  It is found in this example by taking the difference between eigenvalues 

for a random 512 x 512 Hermitian matrix.  The distribution is then normalized as above. 

 

Note in particular the behavior of the distribution for differences between 0 and ~0.5. 


