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Abstract

First observed in gold in 1934, the Kondo effect is characterized by a rise in electrical

resistivity at low temperatures. This effect was later discovered to be a many-body

quantum mechanical phenomenon arising from the scattering of conduction electrons

off dilute magnetic impurities. While the Kondo effect has been well understood for

decades, the models developed to describe the phenomenon have recently been revived

in the wake of advances in scanning tunneling microscopy (STM). STM has allowed

for unprecedented manipulation and imaging of materials at an atomic level. In this

study we have explored the Anderson model for an isolated magnetic impurity on a

metallic surface, using Wilson’s numerical renormalization group (NRG) to solve for

eigenenergies and eigenstates of the system. Matrix elements provided by the NRG

were then used to calculate the differential conductance that would be measured in

STM experiments. Future work will extend this study to analyze STM experiments on

heavy-fermion CeIn3, of interest for its unconventional superconductivity.

1



I. Introduction

Recent advances in scanning tunneling microscopy (STM) have helped lead to a resurgence of

research into magnetic-impurity systems and heavy-fermion materials. These systems possess

many interesting characteristics related to a phenomenon known as the Kondo effect, and

offer unique insight into many-body quantum mechanics and strongly correlated electron

systems. At zero temperature a quantum critical point can appear in these systems. Unlike

traditional thermal phase transitions, this critical point marks a quantum phase transition,

where the change in ordering of the states is due to quantum mechanical effects not thermal

energy. With possible applications in quantum computing this area is of high interest to

condensed matter physics.

The Kondo effect arises from the scattering of conduction electrons off local magnetic

moments. This was first observed in 1934 in gold that contained a very low concentration

of magnetic impurities.1 However, the same basic phenomenon occurs in heavy-fermion

materials which contain one or more magnetic impurities per unit cell. In either case, a local

magnetic impurity is created by the presence of an atom with nonzero overall spin.2 This

spin is typically modeled as s = 1
2
, although the spin can also take on higher values. At

high temperatures the interactions between the local moment and the metallic host can be

ignored because the interaction energy is negligible compared to the thermal energy, kBT .

However, as the temperature is decreased, the conduction electrons of the system become

strongly correlated with the impurity. This is due to spin flip transitions.2,3 Although

the impurity electron is classically bound to the impurity, quantum mechanics allows it to

tunnel though the retaining energy barrier into the conduction band, assuming that there

is no other electron with the same spin orientation in the immediate vicinity. (The Pauli

exclusion principle forbids two electrons with the same spin to be in the same location.) Soon

after, a conduction electron takes its place at the impurity site. The new electron may have

the opposite spin to the previous one, causing the spin of the impurity to effectively flip.3 It

is also possible for a conduction electron to tunnel into the singly occupied impurity state,
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so long as the new electron’s spin orientation is opposite to the existing impurity electron’s.

(Again this is due to the Pauli exclusion principle.) Soon after, one of the two electrons

tunnels back into the conduction band. If the original occupant tunnels out, the end result

is a spin-flip.

These tunneling processes lower the overall energy of the system. To maximize the

probability of this tunneling, the electrons align themselves to have a single conduction

electron at the impurity site with spin opposite to the impurity electron. Figure 1 shows

how the spins of the surrounding electrons align in an antiferromagnetic order to minimize

the overall energy. Once the impurity undergoes a spin flip, surrounding electrons with

the same (opposite) spin, are repelled (attracted) to the impurity. This causes surrounding

electrons to readjust collectively to form what is known as the Kondo screening cloud, which

is responsible for the low temperature characteristics of the Kondo effect. Below what is

referred to as the Kondo temperature, TK , the impurity spin is screened by the conduction

electrons and the impurity acts a spinless scatterer.

Figure 1: Schematic of Kondo screening cloud surrounding a magnetic
impurity. The impurity, the central gray circle, is shown here with spin up.
The immediately surrounding electrons are oriented to have the opposite
spin. The next layer have spin up again. This shows the alternating spin
orientations caused by the impurity. Once the impurity undergoes a spin-
flip transition, the surrounding area also readjusts to align to the new
spin.
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In this study, we have applied the single-impurity Anderson model (SIAM) and Wilson’s

numerical renormalization group to solve for the differential conductance measure when an

STM tip is moved over a magnetic impurity located on a metallic surface.

II. Methodology

For our research we have used a simple model to describe a single magnetic impurity located

within or on the surface of a metallic host material. The SIAM can be written in second

quantized notation as

H =
∑

k,µ=↑,↓

εknkµ + εfnf + Unf↑nf↓ +
∑

k,µ=↑,↓

(Vkfc
+
kµfµ +H.c). (1)

The first term in this equation describes the conduction band where nkµ counts the number

(0 or 1 due to the Pauli exclusion principle) of electrons with wave vector k, spin µ, and

energy εk. The second and third terms describe the impurity site, with nfµ giving the

number of localized electrons (nfµ = 0 or 1) with spin µ, and nf = nf↑ + nf↓ is the total

occupancy of the impurity level. When the impurity site is empty, in the state denoted |0〉,

its energy is 0. If the impurity is singly occupied, in state |↑〉 or |↓〉, its energy becomes

εf . If the impurity becomes doubly occupied, in state |↑↓〉, it experience Coulomb repulsion

between the electrons and its energy becomes 2εf +U . In the cases of greatest interest where

εf < 0 and U > 0, it becomes energetically favorable for the impurity state to have only one

electron, as shown in Figure 2. The fourth term in equation (1) is the hybridization term.

This describes the tunneling of an electron between the impurity and the conduction band

with matrix element V . The operator fµ describes the annihilation of an electron in the

impurity with spin µ, c+kµ describes the creation of an electron in the conduction band with

wave vector k and spin µ, and H.c is the Hermitian conjugate of the previous term. When

εf < 0 and U > 0, two consecutive application of the hybridization term can produce the

spin-flip scattering that gives rise to the strange characteristics of the system.

Although equation (1) looks simple, it is actually very difficult because every time one
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Figure 2: The energy levels of an isolated magnetic impurity described by
the Anderson model with V = 0. The empty state has zero energy. When
singly occupied the energy is εf . If the state becomes doubly occupied its
energy jumps to 2εf +U . For the cases we are interested in, where εf < 0
and U > 0, the singly occupied state is energetically favorable.

conduction electron causes the impurity to flip its spin, all other conduction electron must

readjust in order to minimize their energy. In the 1970’s Kenneth Wilson developed the first

reliable method to solve the problem. Wilson’s NRG allows for reliable computation of many

physical properties of the system. The first step of the NRG is to take the continuous con-

duction band of width 2D and discretize it. Wilson’s method of logarithmically discretizing

the band proves to be most effective,4,5 and can be seen in Figure 3. This is done in terms

of a parameter Λ > 1 so that the band spanning energies −1 < εk/D < 1, where εk = 0

is the Fermi level, is broken into discrete intervals [±Λ−n,±Λ−n+1] where n = 0, 1, 2, 3, ....

This allows for greater accuracy at lower energy scales which dominate the low-temperature

behavior, an dis key to allowing a non-perturbative solution.4

Figure 3: The conduction band shown in light gray is logarithmically
discretized by the parameter Λ > 1 allowing for greatest accuracy near
the Fermi level.
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Next, a single average electron state is chosen from each interval having energy.

ε±n = ±1

2
Λ−n(1 + Λ−n). (2)

It can be shown that these states are localized the closest to the impurities, and are the

only ones that couple directly with it.4 This means the rest of the states in each interval

of the band can be effectively ignored and the calculations of the impurity properties will

remain accurate.

The Anderson model Hamiltonian, Eq. (1), is then mapped into a semi-infinite chain

with each successive chain site adding the next orbital to the system. The Hamiltonian is

truncated to N + 1 sites. The matrix is then diagonalized iteratively starting at N = 0

with only the impurity and closest conduction state, with one additional chain site added

at each subsequent iteration N = 1, 2, .... Each iteration uses a basis of states formed

from the eigenstates from the previous iteration multiplied by a basis state (|0〉 , |↑〉 , |↓〉 ,

or |↑↓〉) from the new end site, causing the overall dimension of the Hamiltonian matrix to

quadruple at every iteration. Each chain site adds lower energy degrees of freedom. This

method allows for properties of the system to be calculated at a temperature of T ∼ Λ−N/2.

Therefore longer chains, i.e. more iterations, allow for properties to be calculated at lower

temperatures.6 However, since the size of the Hamiltonian matrix grows by a factor of four

at every iteration, eventually we can only retain the lowest-energy eigenstates in order to

keep the computation size feasible. Physical properties such as the magnetic susceptibility

can then be calculated at these temperature scales. Other physical properties, such as

resistivity, thermoelectric power, thermal conductivity can also be calculated as functions of

temperature once the system has been solved via the NRG.6,7

In order to solve for the differential conductance, the tunneling coefficients between the

STM tip and surface must be accounted for. Electrons tunnel to (from) an STM tip from (to)

a linear combination of the impurity level and the conduction band immediately surrounding

the impurity. A schemtic representation of this can be seen in Figure 4. The current produced

is proportional to the rate of this tunneling. Specifically, the differential conductance, or the
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Figure 4: Schematic of tunneling process of an STM tip located above
an impurity. Electrons tunnel from the STM tip to both the impurity,
with tunneling matrix element tf , and the conduction band immediately
surrounding the impurity, with matrix element tc. Due the wavelike nature
of electrons, these two paths can cause interference seen in differential
conductance measurements done in STM experiments.

change in current with respect to the bias voltage applied between the STM tip and the

sample, is

G(V ) =
dI

dV
=

2πe2

h̄

∑
m,n,µ

| 〈m| tff+
µ + tc

∑
k

c+kµ |n〉 |
2δ(En − Em − eV ), (3)

where |m〉 and |n〉 are eigenstates of the current NRG iteration with energies Em and En

respectively, tf is the tunneling matrix element between the STM tip and the impurity, tc is

the tunneling matrix element between the STM tip and the conduction band immediately

surrounding the impurity, and δ(x) is the Dirac delta function. NRG calculations give

the matrix elements 〈m| fµ |n〉 and 〈m| ckµ |n〉. We can not determine the values tf and

tc applicable to any particular experiment. However, |tf |2 + |tc|2 can be absorbed into the

prefactor C of the differential conductance, allowing us to vary tf/tc to attempt to reproduce

the measured voltage variation of G(V )/C.

III. Results

For our calculations the parameter Γ = πρ0V
2 was used to describe the hybridization width

of the system, where ρ0 is the density of states of the conduction band for −D < ε < D,
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and V is the hybridization matrix element from equation (1). Henceforth all energies and

temperatures are expressed in units where D = kB = e = 1. Three representative impurity

configurations were studied in this work. Two of them described the Kondo regime, −εf , U+

εf >> Γ, where the impurity is singly occupied a low temperatures. In the symmetric case,

U + 2εf = 0 causing the empty and doubly occupied states to be degenerate, whereas in

the asymmetric case U + 2ε 6= 0. We also consider a representative case from the mixed

valence regime −εf << Γ in which the impurity has a fractional occupancy 0 < nf < 1 at

low temperatures. For all of our calculations we chose U = 0.1 and Γ = 0.02. Then we chose

εf = −0.05,−0.03, and −0.01 to represent the symmetric Kondo, asymmetric Kondo, and

mixed valence regimes, respectively. The NRG calculations were performed with Λ = 3 for

300 iterations of N , with the lowest 500 energy states kept after each iteration. This kept

computation time to a minimum without compromising the accuracy of the calculations.

Figures 5, 6, and 7 show differential conductance for the symmetric Kondo, asymmetric

Kondo, and mixed valence regimes, respectively. Each figure plots G(V ) for several different

choices of tf/tc. For each impurity configuration, as tf/tc approaches ∞, the differential

conductance has sharp peak characteristic of the Kondo effect. When tf/tc = 0 there is a

complementary dip in the differential conductance. In both these limits, the width of the

peak is proportional to the Kondo temperature., whose value (noted in the captions of Figs.

5-7) increases as the impurity level energy εf decreases in magnitude. It is interesting to

note that as tf/tc approaches 1 from below, a local minimum located at negative bias voltage

disappears. The differential conductance also approaches the tc = 0 limit quickly as the ratio

tf/tc is pushed further above 1.

Near V = 0, the differential conductance as a function of x = eV/kBTK (where V is

the tip-surface bias voltage and TK is the Kondo temperature defined in Sec. I) can be

approximated using a Fano resonance function

G(V ) = g0 + a
q2 − 1 + 2xq

1 + x2
, (4)

where g0 is the background conductance for |eV | >> kBTK , a is a constant, and q is the Fano
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Figure 5: The differential conductance for the symmetric case εf = −0.05,
where TK = 2.4 × 10−3. Top: values of tf/tc � 1. Bottom: values of
tf/tc = 0.9 and greater.
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Figure 6: The differential conductance for the asymmetric case εf =
−0.035, where TK = 2.8 × 10−3. Top: values of tf/tc � 1. Bottom:
values of tf/tc = 0.9 and greater.
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Figure 7: The differential conductance for the mixed valence regime, εf =
−0.01, where TK = 7.5× 10−3. Top: values of tf/tc � 1. Bottom: values
of tf/tc = 0.9 and greater.
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Figure 8: The Fano fit calculated for the εf = −0.05 symmetric case with
tf/tc = 0.1. The NRG calculation deviates from the fit at larger energies.
This is to be expected since the NRG is inherently less accurate at higher
temperature.

asymmetry parameter. The value of q gives the Fano resonance its basic shape and is the

most interesting parameter resolved in the fitting process, since it determines the location

x = 1/q and −q of the peaks in G(V ).

Figure 8 shows the fit of G(V ) to the Fano resonance form for the symmetric case εf =

−0.05 and tf/tc = 0.1. A value q = −1.5 was found to fit the data at low voltages. The

NRG data and the Fano fit function diverge at larger energies. This is to be expected as the

NRG calculation is inherently less accurate at higher energies. The low energy accuracy is

especially apparent on a logarithmic scale also shown in Figure 9. The NRG is calculated on

a logarithmic energy scale and is specifically designed to assess properties at low energies;

the Fano fit offers a good approximation at these scales.
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Figure 9: The Fano resonance fit plotted on a logarithmic scale for both
positive (top) and negative (bottom) bias voltages. The NRG and Fano
fit diverge at higher energy scales. However, on the logarithmic scale it is
easier to see the accuracy of the fit at low energy scales, where the NRG
is designed to be more accurate.
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IV. Discussion

We have used an accurate method to calculate the differential conductance when an STM tip

is placed over a single magnetic impurity on a metallic surface. We found that the differential

conductance is highly dependent on local impurity parameters (εf , U,Γ) as well as the ratio

tf/tc of tunneling matrix elements. We have shown that at low energies, this conductance can

be fitted using a Fano resonance. In the future we would like to apply this model to the lattice

of local magnetic moments found in CeIn3 using the periodic Anderson model and dynamical

mean field theory. However, this is not an easy task and will require extensive modification

of the computer programs used to generate results found this study. The application of

this method can be useful in interpreting experimental data as well as understanding the

fundamental models used to describe quantum impurities and heavy-fermion materials.
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