_ Solb{,‘h-orb

Name:

Exam 2 - PHY 4604 - Fall 2011

November 16, 2011

8:20-10:20PM, MAEA 303

Directions: Please clear your desk of everything except for pencils and pens. The exam is
closed book, and you are not allowed calculators or formula sheets. Leave substantial space
between you and your neighbor. Show your work on the space provided on the exam. I can
provide additional scratch paper if needed.

All parts of the exam are worth 4 points for a total of 100 points.

1 /1

2V 7w
-1 /3

> -2?’64"."0’81119

1 /3

51/"7;'0089

1/3 )

o DR 1~ R

5\ 5m e sin #
115 5, . 9
1V 5 e sin® 8

-1 /15 .
I Bl - I o
7\ 57 ¥ .sinf - cos

1[5 y
Z\/;-G}cos f—1)

1 /15 .
3 %-e““"’-sinﬁ-cosﬂ

T\ e - sin?



1. Short answer section
(a) I (flg1) = L+ and (flg2) = 1, what is {g1 + g2|f)?

<9'+39«H’?=<Hg,+9z7"‘ = <1"19.>*+<161g,,7*
-1 + 1 =2-12

——
—

(b) What is the completeness condition for a set of states |1,)?

4 =2 1Pa>< P

or any W) can be writherw in the formw
l"f)) = % Crv"l-sz
(¢c) What is (xp)’? Is the operator (zp) Hermitian?

(xpY = plat= px
Sl‘nce pPx # ¢PJ (;(,F;) 1S not Hermmtan

(d) How many m values are there for j = 5/27
=-2 -3 .11 2 5 _5 ¢values

2z ) —2-—:; Z/Z) ‘7_:)‘5:

{e) What is the energy in eV of the second excited state (n = 3) for the hydrogen

atom?

-"13-641\//32’ xz ~1.5V



2. Eigenvectors and eigenvalues
The Hamiltonian of a two state system is represented by the matrix

Hm( > “@).
M —VH =2
Hw

(a) What are the energy eigenvalues?

dc‘t({z-) L'5)=O=—4+>\2‘5——}/\=—t
"5 -2- )
E=*3%hw

{b) What are the normalized energy eigenvectors?

E =%hew E=-2%w

(2-3 a/’j‘)(c.)_ (.2+3 /5 (c. 0
\=w5 -2-3 /\Cy c2/5 -24—3) Cz)-—

2 -G *tw50C =0 — -i/5¢,+ C =0
— __f_(i,\/? .._'_( ’)
vé \ I Yo \iv5
————— S st
| 3k |-3%w)



(¢) At t = 0 the system is in state

A1)

What is the expectation value of the energy at ¢ = 07

<E7=— ('-i)’hw(_f’ ”‘/— f_( )

= hw (1 -i)/3-/F - fw
2 b(z+f)) (3-75 - (2+f_))
--f"l»‘w

(d) What is the expectation value of the energy at time ¢ > 07

<E) = ~/E i Since does not change w/-Hmz
for a Hme independent H.

{e) What is the state of the system at time ¢ > 07

L5 )Ly 1 (1-Y5)
Ve 5' \)/5;(6)" 1z

\/-é:-(x -zﬁ)-’.(i): (1+/5

V2,

Py = LlvE) T &4




3. Measurements
Three Hermitian operators have eigenvalues, A and eigenvectors given below

1 1
g, operator : Azlwithm(l) andA=—1with————( 1 )

V21 v2 \ -1
L. 1 (1 oy 1 1
oy operator : A =1 with —\/—i ; and A = —1 with ——\/E i
o, operator : A= 1 with ( (1) ) and A = —1 with ( (1} )

(a) At t =0, the state of the system is given by

(4fs)

If a 0, measurement is made at ¢ = 0, what are the possible outcomes and their
associated probabilities? -

outcome Probabilh‘}/

' L =) (X5 )P (34 HY
+1L lr;z ’ (%/5)[ "% 25  To
-1 Lo i)/35\ Pl By L

Ifz '11,/5)/ 2 25 50

(b) In all of the following, assume that o, was found to be +1. What is the state of
the system immediately after the measurement? '

L (1



{¢) The hamiltonian of the system is given by H = hwo,. Using the result of the
measurement at ¢t = 0 in part (b), what is the state of the system at time ¢ > 07

f z—-i»wt'
V2 (‘./ &‘LW‘L )

(d) A measurement of ¢, is next made at time ¢ > 0. What are the possible outcomes
and associated probabilities?

outcome probabili++,
o - b Y
i1 l_r_n Ot (a";fji),”_ P Pedd
V2 vz \ve - D
l& LT/, 1.W‘b+ —‘bu)‘b, _ !¢i[wf*qtr)+ é-i[wt+$)"

}
4
= Cos*(wt *"‘) --—— (l - Sin(zwt))
_ z,wif 2 .
= I\/‘(‘ D (Fiws )| = sint ot )
’-‘i"(' +Sin(2wt)

{e) In the answer for part (d) are there any times, ¢, for which the outcome is known
with 100% certainty? If so, how can one explain 100% certainty in quantum
mechanics?

Yes, when [W(4)> is an efganS‘l‘wf‘e of o,



4. Angular Momentum

(a) Compute the commutator [L,, L,L,] .
- L-/L.;c LZ— + L/ L>< Lz—
= ﬁ_x,L/]L;{ t L)/ [LXJ L,g]

2

=ikl -kl

(b) Compute the matrix element (2,1{L,|2,0).
Lz=7 (L++L-)
Orvl}/ L+ links 12,0> 40 12,17 So

<2,11L«12,0> =5’-(2,1)L.+12,0>
.-.-al_l_zh J2(2+1)—0(0+)
“fe= 2k
2
(c) Compute the matrix element {2, 0|LZ|2,0}.

<2,0lL12,0) = L<z0l(Ly+ LY 12,0>

m._!... (220’ L_‘!.L._ + [ - L--f' l2)07

'
1.
_-;{-\fZ(ZH)-—o-(0+l)\/27(2+1)-!(|~11) . o
T Lt First | second - Z{_ﬁf_ (V)

H i 0lo-1) 2l )10

L- first L+ Secon.d
7

5h



(d) An L? measurement is performed on a wavefunction P(r,8,¢) = f(r)sin*(0).
What are the possible outcomes?

SIiN"B = |- cos®0 = 3-cos*® -2
ey

S
@ Y ach}o

2,0

Outcomes: H°2(2+1) , %0
6h* o

() An L, measurement is performed on a wavefunction ¥(r,8,¢) = f(r)sin®(8).
What are the possible outcomes?

: LO-
Outcome: O) Since ¢ ;0



5. Radial Schrodinger Equation
In this problem use the potential in spherical coordinates

Vir) = coforr<a
Vir) = —Vofora<r<b
V({r) = Oforb<r

with V5 > 0. We are going to look for the bound states for —15 < E < 0.

(a) Solve the radial Schrodinger equation for u in the region a < r < b. Given that
u(a) = 0 because the potential is infinity for 7 < a, what is the general form of
the solution in this region?

sl duw #2000+ 0 \u-Ew
2m dr¥ 2mr? °
—7 -d—-gg- =__~—-2m (E+Va)bb =~k2u/ )k._—, ZM(E"!'V;)

wir)= Asin (k(r-«)

=0
(b) Solve the radial Schrodinger equation for,u in the region r > b. Given that
. we want the wave function to be normalizable, what is the general form of the
solution in this region?

éli?- = -ZmE L ::l'(/ap(,{ ) l‘{,'—»“ ZM(-E)
df /%2' _ /Ez

ucr)=RBe rer




(c) Match the boundary conditions at r= = b and derive a equation for the bound
states.

u(b) = As:'n([z(b_a,))_:Ba—K/b
W(6) =R A cos (R(b-a)) =-K B HP

5| Reotlk(b-a)) =-K

Since n"m"-—-z%_g /Zm%) kY = -k cotk(b-a)

and [(Zm¥io-a)y Lk (o-a)” = - k (b-e) cot (R(p-00)

(d) Derive the condition on Vj for there will not be a solution (bound state) for
Vo < F < 0.

BT e solution
! | [ |
S T 2w 3 2mV(b-a)” < T
/ ll ; ,k(/b-a-) (O Z
[ !’ | '
( o

R ( b-a) \/QM\G b-a)¥
L
(e) Derive the condition on V5 for there to be one solution (bound state) for —Vj <
E < 0.

omsolwh'orv-' L </2m\/. (b-a')q, < 3m
2 = 2

10



