Name:

Final Exam - PHY 4604 - Fall 2012
December 13, 2012
12:30P-2:30P, NPB 1002

Directions: Please clear your desk of everything except for pencils and pens. The exam is
closed book, and you are not allowed caleulators or formula sheets. Leave substantial space
between you and your neighbor. Show your work on the space provided on the exam. 1 can
provide additional scratch paper if needed.

Each exam question, (a),.. ., (d), is worth 5 points, and the entire exam is out of 100 points.
Some fornulas are given with the relevant question.



1. Short answer:

. {a) Write down the time dependent Schrodinger equation in one dimension.

b’%?_lﬁ = *£ ;"’fﬂ + V’ly
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(b) What are the energy eigenvalues of the hydrogen atom? Make sure to specify the
allowed values of the quantum number(s).
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{c) Write down the wave function for two identical Bosons where one particle is in
the state 1, (r) and the other is in state ¥3(r).

W(6,6) ‘“é (Wel Y, (1) + Py (7)) P ()

(d) State the uncertainty principle for position and momenturm.
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2. One Dimensioﬁal Schrodinger Equation:
Consider the potential

V(z) = Oforz<-—a
Vizg) = -VWfor —a<z<a
Viz) = Ofora<az,

where —V; < 0. In the following take the energy to be less than zero, £ < 0, and
counsider an odd wave function, ¥{—z) = —¥(z).

(a) What is the form of the physical solution to the time independent Schrodinger
equation for x > a7 Make sure to specify any wave vectors or other constants.
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{b) What is the form of the odd solution in the region —a < = < a? Again make sure
to specify any wave vectors or other constants.

Y(X)= Bsinkx ,where k= 2m (E+Vj)
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{c} Apply the boundary conditions at z = a to derive the condition for a bound state
solution. ‘

1P(a'§= Aé’-“/oa‘ = BS;’nh.a,
P(ar=-pAELT —RB coska
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{d} Solve the bound state condition graphically. Is there always an odd bound state?
' If not, what is the condition that there be at least one odd bound state solution?

Let z=ka. O0<z<ZmVe/H* aw=«
- tan(x) = —X
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3. Harmonic Oscillator:
The Hamiltonian of the one-dimensional harmonic oscillator is

N
Hm—'z—'ﬂ*’;dxg‘l—iw.t

Suppose state of system at £ =0 is

1 ]2
Mﬁ¢1 () + z\/;v,bz(x),

where ¥, (x) for n =0,1,2,... are the energy eigenstates of the Hamiltonian.

(a) What is the wave function, ¥(z, ), at time ¢ > 07 ) ,
~12.wb
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{b) Compute the expectation values of x and z? at time ¢, where
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<z F(r<f gt iz %mwi)(a’+a)
2mw
(, i)gwb;-wt_i_é/—" _mmwt i g,})
_./__—_ Zb((_zzwt a-buj“t,') P/_’ﬁtnfw‘f})/

<;z> (_-(21+§)+2-(22+ ?) {3

Zr??é:} Q,mu} 3

because (r,.+a-) = a’s +a* + ara- ta-a+
and <nfas@-+a-Qejnr> =2.n+1.
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(c) If an energy measurement is made on the ¥(z,t) from part (a), what are the
possible outcomes and their associated probabilities?
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(d) Construct a state which has an energy expectation value of 2hw and also has a
position expectation value of zero independent of time. (There is more that one
such state ~ just list one of them).
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4. Formalism:
The Pauli spin matrices are

o — 01 o = 0 —i oo = 1 0
TTRLI O Y+ 0 ) P8 1
In the following we consider the Hamiltonian for a spin 1/2 particle with H = ppBo,.

(8) At £ =0 the spin is in the —z direction, which means that it is in the eigenstate
of 5, with eigenvalue -fif2. What is column vector for [$(0))?

o4 ()

(b) At time £ > 0 what is ()7

-~z 8Bt /3
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{c) An S, measurement is performed at time £. What are the possible outcomes and
their associated probabilities?

outcome 55853enve,c Pobwbih'}%
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~ (d) Interpret your result of part (c) by sketch.mg how the spin is rotating in three

dimensions.
5 Note that <S> =
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5. Angular momentum:

(a) Compute the commutator [L_, (L4)??
[L-, Lf'j*":'[i—«-%“‘“?)’) L x ““?ii—yj
= i'[L%/ L)f] -2 D’)’/ L?"J = —ﬁﬁj,_%
EL‘”;(L"F)%] = DL.-,:Li-JL»j— Tl oL+l
= -2 (L%L‘f' + L+ Lz.)

(b) For j =2 and m = 1 what is the expectation value {j, m|(J.)? + (J;)?|7,m)?
T2 353+ 3 - T 7T
= <y, m| Ty + 3;1 U,m} = ’Fi?:) (J‘ 1) —Hm”
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(c) For the Hydrogen atom, how many states are there with an energy of F =
—13.6eV/4 and z-component of the anguluar momentum, L., of zero?

?h{SS@S*Faﬁ'@s have N =2 So ﬁ:@ v ﬁf-ﬂ_.
Both =0 L= cars have m= 0.
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(d) Determine the two missing elements in the table of Clebsh-Gordon coefficients for
41 = 3/2, ja = 1/2 shown below. Write down in Dirac notation an expression for
the 7 =1, m = 1 state.
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