. Name:

Exam 2 - PHY 4604 - Fall 2017

November 15, 2017

8:20-10:20PM, NPB 1002

Directions: Please clear your desk of everything except for pencils and pens. The exam is
closed book, and you sre not allowed calculators or formula sheets. Leave substantial space
between you and your neighbor. Show your work on the space provided on the exam. I can

provide additional scratch paper if needed.

Unless otherwise noted, all parts (a), (b), ... are worth 5 points, and the eatire exam is

100 points.
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1. Short Answer Section

(a) What is the condition for a set of states to be complete in the Dirac bra-ket
notation?

j_ = Z“’Pf:‘,\}‘<wmf

(b) What is the definition of the adjoint, A, of an operator A?

<GIAF > =< Alg 1+ >

- {c) What is the generalized uncertainty relation for fwo operators, 4, and B, that do
not commute? ‘

For a parHc:u,far* I’q)?
AAAB 3 | L<y|[A, BIP>|

(d) What are the allowed values of the angular momentum quantum pumbers, I, for
the Hydrogen atom eignenstates with energy —13.6eV/n??

A=0, (25, ]



2. General properties
Counsider the Hamiltonian

0 E, 0O
H=(En 0 E’o). (1)
0 E, 0
(a} What are the eigenvalues of H?
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(b) What are the eigenvectors for these cigenvalues?
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(c) Consider the operator

0140 '
Pa=|100]. (@)
001

Prove whether or not it is possible to find simultaneous eigenvectors of P and
H. If there are simultancous eigenvectors, list them.
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(d) Finally consider the operator

00 1
Pa=|010]. (3)
100

Prove whether or not it is possible to find simultancous eigenvectors of Pj; and
H. If there are simultaneous eigenvectors, lisi them.
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— [HEsl=0 — Simwltaneous eigevectors

From (6), 19, ¢ E=0 and A=-1 for Ps
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3. Measurements

The eigenvectors and eigenvalues of hamiltonian are

[We) = 513 +12)+13) + ) with Fg= B, @)
) = 30 +il2) ~13) ~ ile)) with By = 0 Q
Y = 5 (12— j8) +il1)) with E.=0 ©)
e = 51~ 12)+13) ~ 1)) with B, = —E,, (7

where [1}, {2}, |3}, [4) are an orthonormal basis of the system.

(a) Suppose the state of the system is - —5([1} -+ 12)) right before an energy measure-
ment is mace. What are possible outcomes of the energy measurement and their
associated probabilities?

--[@Pal-’-(u;ww)f'f/gﬁff =L outcorne  prob.
(”4);,1(@!?“2?)[‘;{-'.:3—» L = /2
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(b) Suppose the state of the system is at ¢ = 0 is [1(0)) = E(Il) +{2}), but instead
of making an energy measurment right away, the system evolves in lime (without
making an energy measurement). What is the state of the system at time ¢,

l(6))?
lp(o)y = .é ..

Wy = L Bt -z Loy,
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(¢) Au energy measurment is now made using (1)) from part (b). What are the
possible outcomes and their associated probabilities?

Same as for ()

. (d) Suppose that the energy measured is E,. What is the state of the system imme-
diately after the measurement?

Ve 7



4. Angular momentum

(a) What is the commutator [L2, L2]?
[brtel=lntily, Led=it(-L, +iLs)
::'ﬁ (‘"Lx _— L}/): —'i: L‘f'

E‘L’*J Lﬁ—.] L—“f‘ L Kl-—-‘f-'L‘z L"f‘ + L?“L?Z—-f‘ - L;. L_Q—;-

= Lallaled +[tn L]y
= -245 L = - 26 (Lp+ily )

(b) What is the matrix element (3, g]LiI%;— )7




(c) Evaluate the non-zero matrix elements of (3, m|L; |2, m)

(d) In spherical coordinates e wave function has the form ¥(r,6,¢) = R(r)cos®(8).
If a total angular momentum, L?, measurement is performed on this state, what
are the possible outcomes and their associated probabilities?

,Y;;_o(@)p) = I}L\/Tré (3 cos’@ - !/

\(0 (9/50>"" -:-,_L\/_!‘:r_i:—
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5. Radial Schrodinger equation

A particle moves in the radial potential given by V(r) = —V, for r < a and Vir)=
for r > @ with V, > 0. In the following take the encrgy to be in the range ~V, < £ < Iﬁ,,
and . take the angular momentum to be zero, ! = 0.

(a) What is the solution to the u(r) radial equation for r < a with -V, < E < V,
and [ = 0?7 Eliminate any unphysical solutions as r — 0.
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(b) What is the solution to the u(r) radial equation for r > g with —V, < E < V,
and ! = (? Eliminate any unphysical solutions as r — co.
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(c) Derive the boundary conditions for these u(r) at 7 = a.

ey = Asinfray= B, Ka

- K-
u"(a) =k A cos (ha_,}~:~!<5€

~> R Cot(kaH =K

Cot (ka) = =K or fun(Ro)= -k
e K

(d} Solve the boundary conditions graphically. What is the minimum value of V, so
that there is at least one solution for —V, < E < V,?

R+ K2 = zwmf + Im\e . 4m Vg
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