. Name:

Final Exam - PHY 4604 - Fall 2017
December 13, 2007
3:00P-5:00P, NPB 10602

Directions: Please clear your desk of everything except for pencils and pens. The exam is
closed book, and you are not allowed calculators or formula sheets. Leave substantial space
between you and your neighbor. Show your work on the space provided on the exam. I can
provide additional scratch paper if needed. '

Each exam question, (a)... ., {d), is worth 5 points, and the entire exam is out of 100 points.
Some formulas are given with the relevant question.



1. Short answer:
(a} Write down the time dependent Schrodinger equation in one dimension.

LRy _ RV
2t  a2m kiR VY

(b) For the one dimensional Schrodinger equation give an expression for the proba-
bility current.

)7 s (WY dyty )

- (¢) What are the allowed values of [ and for the n = 3 levels of the Hydrogen atom?

What are the allowed values of m for each of the [ values? Thus, how many m = 1
states are there for n = 37

p=2, -2,-1,0,1,2
2=1,m=-1,01

R =0, m=0

Two m=1 States or four vnclu d{ﬂg Spi!n_,

H

(d) If two operators commute, what can you conclude about their eigenstates?

One can find a set of states that
are eigenstates of both operators.



METHOD 1

2. One Dimeunsional Schrodinger Equation:
Consider the potential V{z) =V, > 0 for —a < z < a and V{z} = 0 elsewhere. In the
following take the energy to be larger than V,: F > V, > 0.

(2) What is the general form of the solutions to the time independent Schrodinger

equation for —a < x < a and for £ > a7 Make sure to define all wave vectors in
terms of the energy, F, and V.
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(b) Because V(z) = V(~), the solutions to the time independent Schrodinger equa-
tion may be taken to be even, ¥(z) = ¥ (—=z), or odd, ¥(z) = —¢(—z). In the
following look for an even solution. What is the general form of an even solution?
For this solution, write down the boundary conditions at z = a.

F@r ~-a<¥xla. Y-P(x’)::ACOSCk/;K)'
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{c) Match boundary conditions at z == a and solve {or the wave function of part {b)
up to an overall multiplicative factor.

A caj(h/a) = Bg}p‘“ B, --zlha,
?;EA an (R/Cb) - Bebkd"—' Bemziza
R ‘
— Bt - /4 (coska +2k sinka)

p
/-!‘126? _ h — z»P Siﬂ ka‘)
.Bg = A‘ ((05 @ .

T WEra) = fi eiktx“&D(cas ba+2€sinka)

k-
+A ébk[}cﬂa)(aas Ra - 1K sin Ka)
z -

— iP(x}a.):- A cosk(x-2) cosKa -Afis;ﬁ ]z(xwa)ga‘nh’/a.

W(-a<x<a) = Acos (k') From(b>

(d) If ¥(x) is proportional to cos(kzx + ) for = > a, what is tan{y)? What happens
to p as V, — 07

From above W(x>a) e« cos(kix-ad+©),
where “tan@© - f:+an]z’cz,)5’ince
R
Co5 (ot48) = cosm cosfB— Sim X B
/(0 ‘ (}_Q +ta )

l u,§:+anha+amkﬁa since h_.}zj



METHO D 2

2. One Dimensional Schrodinger Equation:
Consider the potential V{z} =V, > 0 for —a < z < a and V{z) = 0 elsewhere. In the
following take the energy to be larger than V,: E >V, > 0.

(a) What is the general form of the solutions to the time independent Schrodinger
equation for —a < 2 < a and for £ > a? Make sure to define all wave vectors in

terms of the energy, F, and V.

2m (E- Vo)

cqix<ai Acoskx + Asinkx  R=
/ﬁz
/.
Xra: Beoskx +B#nk*, k= [o2mE
/-%2-

(b) Because V{x) = V(—z}, the solutions to the time independent Schrodinger equa-

tion may be taken to be even, ¥(x) = ¥(—=x), or odd, ¥{x) = —tp(—z). In the
following look for an even solution. What is the general form of an even solution?
For this solution, write down the boundary conditions at z = a.

For —a<x<d since Wiseven, Wix) = Acoskx.

A may be faken 40 be recl drid therv

’LP(X> a)= [3cos (k%-+}0> tor real B (Zgﬂ),
| Z\d e vert B From, part (a)

— ~1I)Ca.) = A(;@_S héb = BC&S-(IZC?*F))
'Ir)?a) :_}2% S{n}z/&b :‘P\Bj’ibn(h@“"fﬂ)



(c} Match boundary conditions at z = a and solve for the wave function of part (b)
up to an overall multiplicative factor.

W(-a<y < o) = /4605(}2}9)

Y(x>a)= ECDSCRX+}9)

= A coSF Los(kxr )
C&.S(kaﬂO)

A LS +he @Vgralf Com8+dfﬂ"t'

Note that W(X<"'Cl) :BCO«S(‘IZX”?' 9‘9)
= Beos(rx-p).

(d) If ¥(x) is proportional to cos{kx + ) for £ > a, what is tan(p)? What happens
to @ as V, —» 07

k tank’a = k tan(kRa+p)
- }0 ——ka -+ &H‘an (%{ +a_nk/a—>

'[361”}0~~'f'anka. + L '/’anka— —?0 as =0

| --_}{mﬁm tank’a since k=R,
r.
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3. Harmonic Osciliator:
The Hamiltonian of the one-dimensional harmonic oscillator is

2 1
+ ol

H=—o i@ ™3

Suppose state of system at t =0 is

¥(z,0) = arho(z) + Be¥n(x),

where ¥,(z) for n = 0,1,2,... are the energy eigenstates of the Hamiltonian. The
constants a, A3, and ¢ are real, and the wave function is normalized because o+ 5% = 1.

(a) What is the wave function, ¥(x,t), at time ¢ > 07
' w 2z ‘fﬁz

IP(tr> = e FElo> + e e T 2y

- (b) Compute the expectation values of z and p at time ¢, where

T = \/%(M +a.)

. [hmw
o= {ay —a_).

(LPH:?!%HP(‘ED>=O becawse a_,.ga,_
<WWIp IWHEI>=0 ) do not cornect lo>& 12>~
| <Y()ad Yty =0
<yie) la-1yer> =9



{c) Compute the expectation values of z° and p” at time £.

zlzi (af+af + ard- ta- 61+)
Zmw

Pzzzhmw (,_,Qf' _d% + a_;.a.. + Q- a .+ )
2

ol lo>=VZ 12), aZla> =vzlo> , (ara+ a_as)Imp=(Zn+)in

__?<1P'752,,lp7=i (o(?f- 5/5‘:-"/20(/@ (éézu)t&b?-}-— ZZZwT:é:-LP))

“.12557

CPIP P> =B (4% 567 — /ot (e 4o 2P )

.ZCas(Zwt -P )

(d) Compute the uncertainty principle product AzAp. At what time(s) is this a
minimum? What is the minimum value of AzAp for this wave function in terms
of o, 3, p? I you are allowed to vary a and 8 such that o? + 3% = 1, what do
you think the minimum value of AxAp will be and why?

Since <x>=0 ard <p>=0, AxZ/GZ5 ¢ Ap= Jips,

AxAP + f¢;+5/5 )"— Eor ﬂcoﬁ(was P)

2-—?— (o(2+_5ﬁ2) — BB

As o> 1 |, B>0,|v>— [0y aﬁdA%AP“*fﬁ

which s 4he minimum value.
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4. Formalism:
The Pauli spin matrices are

01 0 —2 1 0
Gy = 10 y Oy = i 0 y Oz = 0 -1 .

(a) At t = 0 a measurement of S, = (k/2)o, yields h/2. What is the state of the
system? .

¥ /o —i\/a) ie, -
H(0ONE)-£(E) =, el

1)

{b) After the measurement, the system evolves under the Hamiltonian, H = ugBo,.
What are the eigenstates and eigenvalues of this Hamiltonian?

afge:h\/aluGS 6?3@:*1\/2 ctors
J I
e B »72:(1) |
AL L
vz \—i



(c) What is |4{f)) using the results from parts {(a) and (b)?

. /{'{-j-z:
[P (£)> = 52*/%5’%:_1(,:),‘_(; DEWIE

) z
ale e
e -2
' i /IN[_La-1) /1] 2
—+ @Z/Z(BB%ECPE)-.E( 6(?:)/

Using ™M —U+id/z anad &= (-3 )7,
- ) o . . ‘
lYar>= %35*/%6@%%(;/)+69,455;/;@..;%; (’z’)

7 1Y = (605 (s B/ 47/4))
~¥ $in(up Bt/ ~T4)

Chgch: For t=0 )1P(t)>:_(_<-05(—7r/4) 1/
“vsinl~wvh)/ vz (1; )/

{(d) A measurement of S, is made at time ¢ > 0. What are the possible outcomes and

the associated probabilities of this measurement? Interpret your result in terms
of a what you know about a spin in s magnetic field.

Outcomes *Pi’of?ab”fﬁ@s
6 B cosusBY4 %)
ff/é(BB 5;1’)?%55{’/%’%)‘




5. Angular momentum:

(a) Compute the commutator [(L,)% + (L.)?, (L.)*].

el -l

[Lz— Ij—x JL?‘—)LJT-' O

_ {b) What is the maximum total angular momentum quantum number, j, that a spin
5/2 atom and a spin 3/2 atom (j; = 5/2 and j» = 3/2) can produce? Write down
this state in terms of the product states: {1, m1} ® |j2, ma).

Jmax =2 +Z='t



{c) Letting j be the maximum total angular momentum quantum number from (b),
express the state |, 7 — 1) in terms of the product states.

IR =B (e - fy- 14,30 = 0B, 3>
(I’ii—j—’i)m Ll7 %f "H) 5[ ‘)lzzz 2
FEE )220 5% ,—;—)

%I%,37:\/§,)§)g 2’2_) /’[; 3}%}

~ (d) What is expectation value {j, j — {(J2 + J2)|j, 5 — 1) for general j, where J, and
Jy are the £ and y components of the angular momentum operator, J7

2 2__ 2 .2
J—?ﬁ Tj;'“j’\j.z

— <G TR g = H )~ G
= 5 (g +2j-1)
:(30'__1)%2-
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