Statistical Analysis of Data (Addendum)

Experiment AA-P

To prove that
(a) = a (1)
where
a=[X]"'Y (2)

first note that in taking the expectation value only the y; are relevant. Because [X] (or its
inverse) is independent of the ¥;, it can be factored out of the expectation value giving

(@) = [X] 1Y) (3)

The expectation value for the Y vector is
<) 1>
Y) = 4

Yy — 3 Yifm@d) (5)
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The defining equation for Y, is

Taking its expectation value gives

(You) = <Z el Z§xi>> > P2 (6)

)

Recall that y; is a sample from a Gaussian pdf of mean given by the fitting funnction u; = F'(x;)
or

pi = o fr(x:) + o falxs) (7)
Substituting in Eq. 6 {y;) = u; in this form gives
N .
V) = 3 0w 1 oot )
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— Oél;flm + Qaom Z (10)
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which is simply the component form of the equation

(Y) = [X]a (11)
Using this in Eq. 3 gives
@ = [X]"'[X]e (12)
= « (13)
thus completing the proof.
To prove that
X] " = [a7] (14)
it will be notationally convenient useful to define the row vectors a’, a®, Y7
aT = ( a; do ) (15)
aT — ( a1 Qo ) (16)
Y' = (v %) (17)

The ordered product of a row vector and its corresponding column vector is then a scalar
quantity (inner or dot product). For example,

a’a = (oq &2)(0&1) (18)
= &+ al (19)

while the ordered product of a column vector and its corresponding row vector is a square
matrix (outer product). For example,

aa’ = (al)(al @ ) (20)
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- ag (658 %)
o ( sy O ) (21)
The defining equation for [o2] is given explicitly by
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((a1 — a1)(az — a2)) {((a1 — 041)2>

Then, bringing the expectation value outside the matrix and expressing the matrix as an

( (a1 —on)?) «m—am@—am) 23)

outer product of a column vector a — a and its corresponding row vector al’ — a!’ gives
g7l = (a-a)@ —ah)) (24)
= (aa’) —{a)a’ — a(a’) + aa’ (25)

— (aa’) — aa” (26)
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To get from the second to third line we have used Eq. 1 (a) = « and its equivalent for row
vectors {(al) = al. But we still need to calculate (aal)
The transpose of the defining equation for a (Eq. 2) is

T YTX] (27)

where use has been made of the fact that [X] and its inverse are symmetric and thus [X]| ™! is

equal to its transpose. Thus,
aa’ = [X|'YY'[X]! (28)

Factoring the [X]~! matrices from the expectation value gives
(aa’) = [X]7H{YY")[X]|™! (29)

Now, of course, the expectation value (YYT) is needed. It has the explicit representation

YYT) = ( gg;; gﬁgi ) (30)

Using Eq. 5, the expectation value of the element (Y;,Y,,) becomes

() (254

Z

Converting the product of the sums into two sums, one containing direct terms y? and one
containing cross terms v;y;, @ # j gives

2 .
YY) <Z Y; fin (i) fo(22) 19 Z ylyjfm(mz>fn(xj) > (32)
o} o 0707
The expectation value can now be taken term by term
Z {y7 fm(xl)fn(xz 12 Z {yiy; fm(%)fn(x]) (33)
=1 g; i#£7 Jl UJ

The expectation value (y?) = u? + o2 and, since the y; are independent, the expectation value
(y:y;) = wipej. Making these substitutions gives

(YY) = g: 115+ 07) frn (@) fr () +2zﬂzﬂgfm(l’i)fn($j) (34)

2 2
o} oy 0;0;

il 331 fn Z L fm(xl)fn(xl T 22 Mzujfm(xi)fn(xﬁ (35>

o2
i i#j 9i0;

Z

Z
= i fulw) () (iM) &MJ (36)
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where in the last line, the final two sums have been put back together as the product of two
sums (the reverse of taking them apart as in going from Eq. 31 to Eq. 32 but now with y;’s in
place of the y;’s). The first term is the definition of x,,,, and when Eq. 7 is used to substitute
for u; each of the sums in the product become

Nt fo () B N (anfi(w) + oo fol@:)) ful@:)
L7 4 = @
= QTinp T+ Qo (38)
Thus
(Yo, Y0) = Ton + (01T 1m + aoom) (121, + cox2n) (39)

which is the simply the component form of the equation

(YY") = [X] + [X]e [X] (40)
Using this in Eq. 29 gives
(@a”)y = (X7 ([X]+ [X]ea [X]) [X] ! (41)
= [X]'+ aa” (42)
Finally, using this in Eq. 26 gives
o2l = [X] (43)

completing the proof.



