
PHY 6246 Graduate Classical Mechanics

Mid-term Exam

Thursday October 26th, 1995

5:30pm-7:30pm

Read and answer all questions carefully. All questions are of equal weight. Good luck
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1 Consider the following ‘complete’ solution to some Hamilton-Jacobi equation:
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a) Identify the momentum p conjugate to x and find the Hamiltonian, showing fully your procedure.
What mechanical system does this Hamiltonian describe.

b) Solve the dynamical equations completely, for both x and its canonical momentum, clearly iden-
tifying all the quantities you need to define.

c) Identify ! and "S/"! in terms of the initial data for x and p, and comment on your findings.
How would you argue that there is su!cient information to interpret S as the value of an action
for some boundary data?
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2 Unstretched, a certain (presumed massless) spring has spring constant k and length l. The
spring is allowed to hang vertically in a uniform gravitational field, and a wieght of mass M is
attached to the lower end.

a) Write out the Lagrangian describing this system, and obtain the equation of motion.

b) Show from the equations of motion that there is a state of stable equilibrium in which the spring
has reached a new extension. Calculate the new length of the spring, and the energy stored in
the system at equilibrium, assuming zero initially.

c) Write out the equations describing small oscillations about this new equilibrium, and find their
frequency. Is this what you would expect? can you think of some approximation being used in
the formulation of this problem which might not hold in practice?
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3 Some conscientious Physics graduate students were quietly eating their lunch one day in the
cafeteria when they overheard a subdued conversation taking place at the next table between
two students from the newly State-mandated Explosives Department. The two students were
apparently intending to seriously disrupt one if their future classes by taking an amount of material
and allowing it to self detonate in such a way that two identical remnants would depart from
the scene of the interaction at 81% of the speed of light. Realizing that the conservation of
relativistic momentum and energy would govern the event, and fondly remembering Einstein’s
famous relationship between mass and energy, the Physics students anticipate that there will be
some rather unsuspected outcomes to the explosion.

a) Show how the physics students could use the relativistic conservation of energy to find that the
two remnants will each comprise just 5% of the original mass of material.

The explosive students become aware of this result and decide to change the specification of their
explosion to have one remnant exactly half the original mass, and to up its velocity to 90% of
that of light. They now understand from the Physics students that the second remnant cannot
have the same mass as the other, and they still cannot figure out how to calculate its velocity so
they decide to ask for further help.

b) By using the conservation of energy again, show that it will be impossible for the explosion to
eject a remnant of half the original mass with a velocity exceeding

"
3c/2.

It is obvious that even for this extreme case, relativistic momentum cannot be conserved.

c) Write out the equation for the conservation of linear momentum and, without solving for the
unknown velocity of the other remnant, use this together with the conservation of energy to show
that the final velocity of the remnant with half the original mass must be less than 60% of the
velocity of light.
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4 A certain physical system is described by the following Lagrangian:

L = !BĊ ! V (C) ! B2

2
.

a) Calculate the canonical momenta for B and C and show that the system is governed by the two
constraints:

"1 = PB = 0, and "2 = PC + B = 0.

b) Show that transformation to the new variables:

Q1 = B + PC , P1 = PB , Q2 = C + PB, P2 = PC

is canonical and that, in terms of these new variables, the canonical Hamiltonian depends only
on the second pair when the constraints are satisfied.

c) For the new Hamiltonian:

HT = V (c) +
B2

2
+

"V

"C
PB ! B(PC + B),

show, by the equations of motion it gives rise to, that PB and PC + B both remain zero if they
start out zero, and that the equation for C and PC is as would follow in part b) above.
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