
Lecture note 10/20

Dipsikha Debnath

October 30, 2014

Gravitational Wave

The equivalence of gravitational and inertial mass leads to an understanding of gravity as the physical
manifestation of the curvature of space-time.Lets look at Einstein equation

Gµν = 8πGNTµν

where Gµν = Einstein tensor = Rµν − (1/2)gµνR− Λgµν
gµν = space-time metric
Tµν = stress-energy tensor of matter fields
GN = Newton gravitation constant
Rµν is the Ricci tensor
R = gµνRµν is Ricci scalar

So, there are 10 equations here.Now the Bianchi identity ∇µGµν = 0 gives 4 constrains on the functions
Rµν(x).So there are (10− 4) = 6 truly independent equations here.

There exists space time (exact solution) characterizing plane gravitational waves.But for more practical way,
we do not expect exact solution.We are interested in gravitational wave as a small perturbation from some
space time of interest.

As example,we can consider perturbation in flat space gµν = ηµν+hµν , where hµν is linearised gravitational
field.

Now we go back to the electromagnetism to find analogy.

∇µFµν = jµ ⇒ 4 equations

Restriction imposed

∇ν∇µFµν = 0 ⇒ ∇νjν = 0

Gauge transformation -

Aµ → Aµ + δAµ
if δAµ = ∇µφ and ∇µAµ = 0, where ∇2φ = 0

So,two kinds of gauge freedoms are present.

For gravitational wave, inserting the first order expansion of the metric tensor field and then we insert it
in Einstein equation , in terms of the perturbations hµν we get

Gµν = 0 + [Order(h)]µν

Gauge choice xµ → xµ + (δxµ = ξµ)

change of metric ⇒ change in perturbation hµν → hµν − (∇(µξν))
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δgµν = −∇(µξν)

the implication is δGµν(ξσ) = 0 does not make any change in Einstein equation.

One of the common gauge is ∇µ(hµν − (1/2)hgµν) = 0

For which we get ∇σ∇σh̃µν = 0 , where h̃µν = hµν − (1/2)hgµν

In flat space ∇σ∇σ is plane wave operator.

Now, we consider far away from source.

gµν = ηµν + h(φ)µν where φ = Newtonian potential
gµν = −(1− 2φ)dt2 + (1 + 2φ)(dx2 + dy2 + dz2)

φ ∼M/r
φ→ φ+ δφ

So perturbation includes change in mass

so the monopole moment is the mass of the source and it is constant.Since monopole moment does not
change with time, there is no monopole radiation.

And time derivative of dipole moment is momentum of the source which is also conserved.By the same argu-
ment there is no dipole radiation.

So,leading order radiation comes from time varying acceleration of the source’s quadrupole moment.
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