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We start with 2 manifolds M,N and a smooth mapping between them, φ : M −→ N , which
gives rise to a natural way to write coordinate functions of N in terms of those on M, yα(xµ) =
ψN (φ(ψ−1

M (xµ))) where the ψ are the coordinate chart mappings for their respective spaces.
Then for any mapping f : N −→ K, we can look at the action f pulled back from a function
on N, via the mapping φ, to a mapping on M. That is, the pullback of a function f will be a
function on M with action to just have been that of the mapping f on the image of M under
the smooth mapping φ, denoted:

φ∗f ≡ f ◦ φ : M −→ K ∀p ∈M, (φ∗f)(p) = f(φ(p)) ∈ K

Looking at the cases where K is just R, this just shows that for all differentiable functions on
N we can define the pullback of them which will be a differentiable function on M .
But then, as vector fields can be seen as derivative operators via the total derivative’s action on
them (for vector ζ we have a unique action as a derivative operator ζ(f) = df(ζ) where df is
just the exterior derivative of f any function on M), we can now define a prescribed action of
any vector field over M as a derivative operator on functions from from N to R. We define the
pushforward of a vector v ∈ TpM to be a vector φ∗v ∈ Tφ(p)N , such that (φ∗v)(f) = v(φ∗f),
which we know exists as φ∗f = f ◦ φ is a function from M to R and whence any vector in the
tangent space of M has a well prescribed action on it. Then we build up other pulled back
forms or pushed forward forms by using the rule that the pullback of a k-form α acting on a
vector ζ is the same as α acting on the pushforward of ζ.
Using our notion of the action of a vector on a function in a certain coordinate basis as well as
the chain rule, we can put this in a more easily understandable form by remembering that in
a coordinate base xµ of M and yβ of N we can use that the partial derivative with respect to
these form the coordinate basis, or rewriting the above

(φ∗ζ)β
∂f

∂yβ
= ζµ

∂φ∗f

∂xµ
= ζµ

∂f ◦ φ
∂xµ

= ζµ
∂f

∂yβ
∂yβ

∂xµ

or equating the two we have (φ∗ζ)β = ∂yβ

∂xµ ζ
µ. In a similar way we can show for one form ω on

N is (φ∗ω)µ = ∂yα

∂xµωα.
As an example, lets rename Φ : M −→ N is our smooth map, with

Φ(θ, φ) = (sin θ cosφ, sin θ sinφ, cos θ)
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Then we see the transformation linking the pushforward and pullback in quantities is ∂Φi

∂xj
or,

calling yi = Φi(xj), or

∂yi

∂xj
=

(
cos θ cosφ cos θ sinφ − sin θ
− sin θ sinφ sin θ cosφ 0

)
So that we see for a vector v in TpM and one form ω in T ∗Φ(p)N with components

vi =

(
vθ

vφ

)
ωj = (ω0, ω1, ω2)

Then we have

(Φ∗v)j =

cos θ cosφ − sin θ sinφ
cos θ sinφ sin θ cosφ
− sin θ 0

(vθ
vφ

)
(Φ∗ω)i = (ω0, ω1, ω2)

cos θ cosφ − sin θ sinφ
cos θ sinφ sin θ cosφ
− sin θ 0


Then we see that our statement (Φ∗ω)(v) = (ω)(φ∗v) as being where we group our parenthesis,

(Φ∗ω)(v) =

(ω0, ω1, ω2)

cos θ cosφ − sin θ sinφ
cos θ sinφ sin θ cosφ
− sin θ 0

(vθ
vφ

)

= (ω0, ω1, ω2)

cos θ cosφ − sin θ sinφ
cos θ sinφ sin θ cosφ
− sin θ 0

(vθ
vφ

) = ω(Φ∗v)

When Φ is a diffeomorphism so has a smooth inverse as well, then we can pushforward forms
and pullback vectors by using the inverse mappings pullback and pushforward respectively. As
each vector field is the generator of a family of integral curves (curves at each point in the space
with the tangent vector being the vector field at the same point) for each point and whence
diffeomorphisms along these. The derivative of the pullbacks and pushforwards of forms with
respect to these diffeomorphisms with tangent vector v is defined as the lie derivative of them
with respect to the vector field v. This is just the lie bracket for vector fields, Lvu = [v, u], and
for 1-forms we get Lvω = (dω)(v) + d(ω(v)), or coordinate wise these become

(Lvu)µ = vν∇νuµ − uν∇νvµ (Lvω)α = vν∇νωα + ων∇αvν

We can expand on this by using that the lie derivative acts by liebnitz rule on tensor products.
If this is zero on some quantity, then along the integral curves of v the quantity must not
change, giving the symmetry transformations of the quantity. The most important one is gµν ,
setting the equations equal to zero and using the commutation of the covariant derivative with
the metric one retrieves killing’s equation

(Lvg)µν = ∇µvν +∇νvµ = 0
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Now we look at gauges. Suppose we have a smooth mapping Φ from one space-time with
minkowskian metric Mb, called our background space, to our physical space Mp with metric gµν .
We define the perturbation to the flat metric Mb as the difference of the pulled back physical
metric with the minkowski metric on Mb, or

h0
µν = (Φ∗g)µν − ηµν

Now consider the 1-parameter group of diffeomorphisms on Mb generated by some vector field
vµ, or in other words the 1-parameter group of diffeomorphisms Ψt (just a recap, these are the
families of integral curves of v, being the identity at t=0, (a group under action on t, Ψk ◦Ψs =
Ψk+s, note that this means Ψ−1

t = Ψ−t), or in other words that for any function f : Mb −→ R we

have v(f) = vµ∂µf = ∂f◦Ψt
∂t |Ψ−t(p) = f ′Ψt(x)(Ψt)

′
Ψ−t(x) = ∂µf

∂xµ

∂t , or in other words setting the

two sides of the equation equal we see this is any Ψt(p) a curve in Mb for all t (since for each fixed

x Ψt(x) : t −→ Ψt(x) are just 1-d curves) that have ∂Ψt(p)
∂t = ∂(Ψt(p))µ

∂t = vµ|Ψt(p), which is what
we mean by integral curves of v; those curves with tangent vector at any point the vector v at the
same point). Since these are diffeomorphisms, we similarly may define a new perturbation that
is the perturbation to the transformed base space Ψt(Mb) = Mb for t very small, or to order of
ε (so amounting to choosing parametrization Ψεt, but we will leave in original form and assume
t ∝ ε ≤ 1), the new perturbation hεµν = ((Ψ∗t (Φ

∗g))µν−ηµν = (Ψ∗t (h
0 +η))µν−ηµν = Ψ∗t (h

0)µν+

Ψ∗t (η)µν − ηµν = Ψ∗t (h
0)µν + ε

Ψ∗
t (η)µν−ηµν

ε = Ψ∗t (h
0)µν + ε(Lvη)µν = h0

µν + ε(Lvh0)µν + ε(Lvη)µν
were we have taken this in the limit as ε −→ 0. But assuming that that we have a very small
initial perturbation, h0

µν ∝ ε, then the lie derivative of h0 will be of order ε so that the second

term is of order ε2 −→ 0, so we can neglect this to finally get

hεµν = h0
µν + ε(Lvη)µν = h0

µν + 2ε∇(µvν)

to first order in ε. As our choice of base space was arbitrary, any such hεµν is just as reasonable a
perturbation from the flat space metric, so we have a gauge freedom associated with our ability to
add to any perturbation h0

µν any additional term of the form 2ε∇(µvν), which as mentioned from
the reparametrization Ψt −→ Ψεt will correspond to the infinitesimal change xµ −→ xµ + εvµ.
We find the corresponding perturbation to the Riemann tensor is unchanged for any choice of
gauge, through which we can show that it won’t impact the Einstein equations. We compare
this to the electromagnetism case Aµ −→ Aµ + ε∂µΛ such that the corresponding change to F ,
δF ε, is zero. Either way we get that the perturbation to the Einstein tensor under such gauge
changes is zero. We can see that in fact the vanishing of the covariant derivative contracted
with the stress-energy tensor can be shown simply through the diffeomorphism invariance of
the action in relativity. Looking at our total action and assuming it can be decomposed into
the hilbert or geometric action plus a matter action term,

S =
1

16πG
SH [gµν ] + Sm[gµν , κ

i]

with κi matter fields, then because the total action action is diffeomorphism invariant, and the
hilbert action is also diffeomorphism invariant, then automatically we must have Sm[gµν , κ

i]
must be diffeomorphism invariant. Whence under any such diffeomorphism, using that the
variation with respect to the matter fields must independently go to zero (and since we are using
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a diffeomorphism, not independently varying the fields), we end up with
δSm[gµν ]
δµν

δgµν = 0 as

well. But calculating the matter action under such a change then yields, with δgµν ∝ 1/2∇(µvν)

gives us, after using that the metric is symmetric so we can neglect the symmetrization and
assuming the perturbation vanishes at infinity:

0 =

∫
δSm
δgµν

∇µVνd4x =

∫ √
−g∇µ

(
vν

1√
−g

δSm
δgµν

)
d4x−

∫
vν
√
−g∇µ

(
1√
−g

δSm
δgµν

)
=

∫
∂R4

dx3Surface− terms−
∫
vν
√
−g∇µTµνd4x

= −
∫
vν
√
−g∇µTµνd4x

where we used that the perturbations vanish at infinity to ignore the surface term. But v was
arbitrary, so that for this to be zero we must have ∇µTµν = 0 so that in fact diffeomorphism
invariance we see implies the vanishing of our stress energy tensor.
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