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Last time we discussed a straight forward way for computing the connection
coefficients from the lagrangian for a free particle in an arbitrary spacetime
specified by the metric g. Namely we showed that if you start with the following
lagrangian:

L =
1

2
gµν

dxµ

dλ

dxν

dλ
(1)

then the Euler Lagrange equations will yield a form of the geodesic equation.
The geodesic equation is:

d2xµ

dλ2
+ Γµνρ

dxν

dλ

dxρ

dλ
(2)

where in both equations λ is some parameter which describes the trajectory.
So armed with this knowledge we can take this lagrangian described by a given
metric calculate all the euler lagrange equations, and then read off the nonzero
connection coefficients since those will be the terms involving two first deriva-
tives with respect to our parameterization. This time in class we discussed the
formalization of a few concepts.

Rotations in the x-y plane we know can be described by a matrix involving
the sine and cosine of theta the continuous parameter of the transformation,
but they can also be built out of a number of infintesimal rotations. This can
be done because we know how to approximate sine and cosine to first order.
As we recall from earlier we also said that rotations leave distances between to
points invariant, infintesimally this appears as follows:

dl2 = dx2 + dy2 (3)

where dl is the separation between two nearby points. If we wanted to write
this in any coordinate system, not just cartesian, we might say

dl2 = gijdx
idxj (4)

From this we also have a way to read off the metric coefficients in a given
coordinate system if we know how to specify infinitesmal separations. So in the
most trivial example of cartesian coordinates we have gij = δij . However for
polar cooridnates while forward, the metric is nontrivial. This is because as we
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know an infinitesmal change in theta causes a displacement proportional to the
radial distance from the axis of rotation. so in this case gij would be given by:

gij =

(
1 0
0 r2

)
(5)

and it will only get more complicated from there as our geometries become more
nontrivial. For lorentz boosts the infinitesmal separation which is left invariant
is the proper length. What singles out time from space in this case can be seen
most obviously when we write down this separation, namely the difference of
sign:

ds2 = −c2dt2 + dx2 (6)

Now for arbitrary displacements in a lorentz spacetime we see that ∆s2 can
take on any real value, where as in euclidian geometry the displacement was
always greater than zero for two distinct points. So then according to these
sign conventions we will attempt to classify the kinds of separations which can
occur in lorentzian geometries. In particular, for minkowski space we can have
space-like, time-like, or light-like (null) geodesics. With the sign convention
from above displacements which are negative will be time-like, positive will be
space-like, and displacements of 0 will be light-like (null).

Lastly we will consider wether or not the geodesic equation as derived ac-
cording to the path length, and the one derived as the equation for particles
moving in free fall are the same. We know that the differential equations are
the same, but if we right down an action functional for each we see that they
are actually quite different. For a particle we have:

S =
1

2
m

ˆ
gµν

dxµ

dλ

dxν

dλ
dλ (7)

whereas for the geodesic equation, as defined by taking the extremal path length,
we had:

S =

ˆ √
−gµν

dxµ

dλ

dxν

dλ
dλ (8)

The key difference is that under reparameterization the first action, the one for
particles, is only invariant if we change lambda linearly, whereas functional for
path lengths is invariant under any reparameterization. To see this requires
only the use of the chain rule. So for freely falling particles we find that we will
actually have to restrict our selves to affine parameterizations or in other words
ones where λ′ = aλ+ b.
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