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Abstract

Binary black hole coalescences can produce a nonlinear memory effect besides emit-
ting oscillatory gravitational waves. The purpose of the paper is to present a simple
and general approach for calculating the Christodoulou gravitational-wave memory
waveform, along with some preliminary results. We compute memories based on the
oscillatory waveforms, which contain information of the energy flux of the wave. We
compare this approach with the minimal-waveform model.

1 Introduction

Albert Einstein’s general theory predicted that the asymmetric acceleration of mass pro-
duces gravitational waves. Plans to build ground-based interferometers for detecting grav-
itational waves started in 1960s. In the past two years, Advanced LIGO has detected
three gravitational wave signals from compact binary coalescences (CBC). These signals
oscillate at a slowly increasing magnitude in the inspiral phase, strengthen rapidly during
the merger, weakens in the ring-down, and then return to zero. However, in a more ac-
curate picture, the strain of the gravitational wave will not fall back to zero. Regardless
of its source, a gravitational wave not only oscillates, but also has a monotonic "memory"
component that builds up during the oscillation. In a detector (that consists of two free
masses), the memory, expressed by the term ∆hTTjk , results in a permanent change in the
distance between the test masses.
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Figure 1: The blue line (the one above) illustrates a GW with memory, while the black
line (the one below) shows a GW without memory.
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In the 1970s, gravitational-wave memory was discovered in its linear form (see references
in [8]), which arises from a net change in time derivatives of the multiple moments of
the system (for example, asymmetric supernova explosions and hyperbolic binaries). The
nonlinear memory, sometimes called the Chritodoulou memory, was discovered in the 1990s
independently by Blanchet & Damour [1] and Christodoulou [2]. It arises from the stress
energy of a gravitational wave burst. Therefore, we can say that the nonlinear memory is
produced by the GW.
A general expression for the linear memory is

∆hTTjk = ∆
N∑
A=1

4MA
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A

1− vAcosθA
)TT (1)

where N is the number of the gravitationally unbound systems in the source of the wave,
MA is the mass of the respective system, r is the distance from source to detector, vjA is the
velocity of the center of mass of the system, θA is the angle between vjA and the direction
from source to detector. [9] shows that the nonlinear memory can also be included in this
expression if each graviton is regarded as a system. This paper focus on the nonlinear
memory because it is dominant in the memories of CBCs, hence detectable.
The Christodoulou memory manifests the nonlinearity in general relativity (GR). Its de-
tection could provide a strong-field test of GR. [4] Although the memory affects the grav-
itational wave amplitude at leading (Newtonian) order, it is difficult for a ground-based
interferometer like Advanced LIGO to detect it, for a few reasons. The memory builds up
slowly, so high-frequency detectors are not sensitive to it. It is also a small fraction of the
total strain of a gravitational wave. In addition, while the detection of the oscillatory com-
ponent of gravitational waves favors face-on binaries, the memory component reaches its
maximum value with edge-on binaries with the scaling relation hmem ∝ sin2θ(17 + cos2θ)
(see Eq. 5 in [4]). Face-on binaries, on the contrary, do not have an observable memory
component.
While it is unlikely for aLIGO to directly detect GW memory, pulsar timing arrays [3] and
LISA [5] are capable of detecting memory signals from super-massive black hole binaries.
The GW group at Monash University is working on detecting the memory with aLIGO
from an ensemble of events using Bayesian statistics. [7] In order to conduct a mock data
challenge for the project, we need a fast and accurate way to generate memory waveforms.
The simulation of the Christodoulou memory is in its infancy. Favata’s work [4] in 2009
provides the first realistic estimate of the evolution of the memory that accounts for all
phases of binary black hole coalescence. Previous models only include the buildup of the
memory during the inspiral phase. Favata used an "effective-one-body" (EOB) approach
to model the Christodoulou memory, extending the range of validity of the Post-Newtonian
equations of motion to the nonadiabatic “plunge” region. EOB relies on a mapping of the
Post-Newtonian 2-body Hamiltonian to the Hamiltonian of a point mass in a deformed
Schwarzschild metric.[4]
Besides using an EOB approach, Favata also devised a fully analytic model for computing
memory: the minimal-waveform model. The model matches the leading-order inspiral mo-
ments to a sum of quasi-normal modes. See Eq. 9 in [4] for the equation used in the model.
The GW group at Monash University uses this model for its simplicity. When using this
model to compute hmem+ and hmem× , the only required parameters are: the masses of the
compact binaries, distance from detector to source, the inclination angle, the polarization
angle, and a time array.
This paper presents a more general approach to compute the Christodoulou memory. Com-
pared to the minimal-waveform model, which does not take the oscillatory component of
GW as parameter, our approach relies on the oscillatory part of a GW for dE

dΩdt . We then
integrate it over solid angle and time to calculate the memory. This approach allows us
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to compare the memories calculated based on different CBC waveforms, instead of using
one approximant. We can also identify the contributions from different (l,m) modes of
the CBC wave, to the memory amplitude. We can also compute higher-order memories,
which are, in other words, the memories generated by memories. The constraint is that
the input waveform needs to be pure in terms of (l,m) mode.
Our preliminary results are subject to further testing. We have not thoroughly tested the
robustness of the code due to time constraint.

2 Calculating the Christodoulou memory

The nonlinear part of a gravitational wave can be described using the following equation:

∆h+ + i∆h× =
2

r

∫ t

−∞
dt′

∫
dE

dt′dΩ′
(1 + cosθ′)ei2φ

′
dΩ′ (2)

which is adapted from Eq. 3 of [9]. Note that we use the unit system where c = G = 1. h+

and h× are the two polarizations of the memory. dE
dt′dΩ′ is the energy flux of the gravitational

wave. dΩ′ = sinθ′dθ′dφ′ is the solid angle, which we integrate over a sphere centered at the
detector, with the radius equal to the distance between the source and the detector. The
time integral starts from negative infinity, because the amplitude of the nonlinear memory
is dependent on the entire past history of the GW source. The equation cannot be used
directly for our purpose though, because it assumes a specific geometry.
For practical computation, we use Eq. 12 in [5], which is a reformulation of (2):

∆hTTjk =
4

R

∫ TR

−∞
dt′[

∫
dE

dt′dΩ′
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′
k

1− n̂′ · N̂
dΩ′]TT (3)

TR is the retarded time. ~N = (sinιcosψ, sinιsinψ, cosι), and ~n = (sinθcosφ, sinθsinφ, cosθ),
where ι and ψ are the inclination angle and polarization angle for the observer of the mem-
ory.
For the plus polarization, n′j = n′k = cosθ′, hence

h+ =
4

R

∫ TR

−∞
dt′

∫
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cos2θ′
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dΩ′ (4)

For the cross polarization, n′jn
′
k = (sinθ′sinφ′)cosθ′, hence

h× =
4

R
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−∞
dt′

∫
dE

dt′dΩ′
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Information of dE
dt′dΩ′ is contained in the oscillatory part of a GW. To calculate dE

dt′dΩ′ , we
use

dE

dt′dΩ′
=

r2c3

16πG
−2Ylm(Ω)−2Y

∗
l′m′(Ω)

∑
ll′mm′

ḣlmḣ
∗
l′m′ (6)

[5] where r is the distance from the GW source to the detector and −2Ylm(Ω) is the spin-
weighted spherical harmonics with spin weight = −2. ḣlm is the time derivative of the strain
of the (l,m) mode of the gravitational wave (simulation), expressed as a complex number,
the plus polarization being the real part and the cross polarization being imaginary.
We do not consider the cases where (l,m) 6= (l′,m′), so the equation becomes

dE

dt′dΩ′
=

r2c3

16πG
|−2Ylm(Ω)|2|ḣlm|2 (7)
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If the CBC waveform is the angle-dependent (observed from a certain direction Ω0 =
(θ0, φ0)), then we identify the input waveform with hlm(Ω0, t) = −2Y

∗
lm(Ω0)hlm(t). In this

case we need to divide the result by |−2Y
∗
lm(Ω0)|2.

In summary, we use (4), (5) and (7) to compute the memory contribution from the (l,m)
mode, hmemlm , based on the time derivative of hlm.

3 Preliminary results

3.1 Generating memory waveforms

We use 3 different tools

1. SXS (Simulating Extreme Spacetimes)

2. a tool based on the surrogate models in [6]

3. IMRPhenomP(v2) waveform in LALSimulation

to generate CBC waveforms, from which we calculate the Christoudoulou memory compo-
nents of the waves.

3.1.1 Using CBC waveforms from SXS

Using numerical relativity CBC waveforms (with GW150914 parameters) from SXS, we
generate memory waveforms with inclination angle ι = π/2 and polarization angle ψ = 0.
SXS provides waveform with different (l,m) mode, from which we calculate each mode’s
contribution to the memory amplitude. The modes we use are h22, h21, h33, and h44.
The following plot, which is on a log scale, clearly shows that the h22 mode (which has
the largest amplitude among the modes we choose in the CBC waveform) contributes the
dominant part of the memory. In fact, hmem22 almost overlaps with the total memory strain.
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Figure 2: Memory waveforms of different modes, calculated from SXS waveforms.

We compare the sum of the memories from these 4 modes to the memory (with param-
eters m1 = 36M⊕, m2 = 29M⊕, r = 410Mpc, and the same inclination and polarization
angles as we use) calculated by Favata’s minimal-waveform model.
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Figure 3: Memory waveform calculated from SXS CBC waveform, compared with the
minimal-waveform model. The two lines are aligned at the beginning.

We observe that in Figure. 3, the two memory waveforms arrive at the same magnitude.
However, they differ significantly in the inspiral phase. There are various factors that can
contribute to the discrepancy. The four modes that we use to calculate memory waveform
do not account for the entire memory although the 22 mode is the dominant one. Besides,
we have not checked if the masses we used to generate the minimal-waveform memory are
the exact same as the ones in the SXS waveforms. We need to rule out these possibilities
before investigating why the memory waveforms do not agree.

3.1.2 Using CBC waveforms by surrogate models

Using the surrogate models in [6], we can generate CBC waveforms with specified param-
eters. Again, we include the h22, h21, h33, and h44 modes.
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Figure 4: Memory waveforms of different modes, generated using surrogate models.

From Figure. 4, we can see that the memory from h22 is larger than the contributions
from the other modes by 2 orders of magnitudes. We note that the line showing the
memory from h21 is not smooth, which results from the bumps in the h21 CBC waveform.
The quality of the memory calculation depends on that of the CBC waveforms we use.

Figure 5: The two polarizations of the h21 mode of a gravitational wave, generated using
surrogate models. The lines are not smooth close to the merger.

We compare the memory calculated from the surrogate waveforms with the one gener-
ated using the minimal-waveform model.
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Figure 6: Memory calculated from surrogate waveforms, compared with the minimal-
waveform model. The two lines are aligned at the beginning.

Similar to Figure. 3, in the inspiral phase, the memory that we generated is larger
than the one calculated with theminimal-waveform model. We observe another difference
in Figure. 6: the memory waveform generated using the new approach arrives at a larger
magnitude than that of the minimal-waveform model. We have not yet fully understood
the discrepancies.

3.1.3 Using IMRPhenomP waveforms

We use a third tool, IMRPhenomP(v2) waveform in LALSimulation, to generate a CBC
waveform using GW150914 parameters. IMRPhenomP(v2) allows the user to specify the
spins of the binary black holes, which we set to be 0. By decomposing the generated
waveform, we find that the CBC waveform consists of the (2, 2) mode and the (2,−2) mode.
We have not confirmed this information by checking LALSimulation’s documentations.
In order to extract the h22 mode of the CBC waveform, we set the inclination angle for
the observer of the wave θ0 = 0. Since −2Y2,−2(0, φ0) = 0, this technique should make the
(2,−2) mode vanish. We then identify the CBC waveform with the (2, 2) mode and then
calculate its contribution to the memory.
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Figure 7: Memory calculated from IMRPhenomP waveform, compared with the minimal-
waveform model. The two lines are aligned at the beginning.

Figure 7 shows how the memory compares with the one calculated by the minimal-
waveform model using the same parameters. Aside from having a larger amplitude in
the inspiral phase, the memory waveform generated with the new approach reaches a
significantly lower final value. This contradicts our prediction. Although the h22 mode
is the only one we use to generate memory waveform, it should yield a memory with an
amplitude close to the total.
Comparing Figure 7 to Figure 3 and 6, we conclude that we probably applied IMRPhenomP
improperly. If not, we need to understand how the IMRPhenomP waveform differs from
those generated by SXS and the surrogate models.

3.2 Extension: Memory of memory

The Christodoulou memory arises from the energy emitted by a GW burst. The memory
itself, as a part of the GW, should also produce a second-order memory with a lower am-
plitude. Identifying the memory waveform with the (l,m) = (2, 0) mode, we can generate
waveforms for the second and higher orders of memories in a recursive manner. It is not
realistic for the higher-order memories to be detected in the near future, but it is nonethe-
less interesting to study them.
Using the (1st order) memory generated based on the surrogate waveforms, we generate the
second and third order memories. The SXS waveform yields a similar result. We do not
use the IMPhenomP because (see 3.1.3) it leads to a memory with a wrong magnitude.
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Figure 8: Plot 1: a memory generated based on the surrogate waveforms; Plot 2: the
second order memory; Plot 3: the third order memory.

We observe that the higher order memories have lower amplitudes and rise more quickly,
as expected.
For comparison, we use a memory waveform from the minimal-waveform model to gener-
ate higher-order memories, as shown in Figure 9. The second and third order memories
from the minimal-waveform memory are larger than the ones in Figure 8. This is another
indication that our approach produces results different from Favata’s. But as an analytic
approximation, the minimal-waveform model might not be a good choice for computing
higher-order memories, so the discrepancy between the two figures is not surprising. Fa-
vata’s Effective-One-Body (EOB) approach would be a better fit for this purpose.
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Figure 9: Plot 1: a memory generated using the minimal-waveform model; Plot 2: the
second order memory; Plot 3: the third order memory.

4 Conclusion

To study the Christodoulou gravitational wave memory, we need a fast and accurate way
to generate memory waveforms. Applying Eq. 3 in [9], we generate memories based on
ḣlm of their parent GWs. The general approach that we take allows us to compute higher-
order memories. Compared to Favata’s minimal-waveform model, our approach tends to
overestimate the memory in the inspiral phase. The memories that we generate based on
surrogate waveforms arrive at a lower magnitude (than the minimal-waveform model) and
the ones based on IMRPhenomP reach a significantly lower value.
At the present time our results are all preliminary. Further study is needed for under-
standing the discrepancy between our approach and that of Favata. We also need to learn
more about the CBC waveforms we use to generate memories. In the future, we hope to
build a pipeline for generating memory waveforms.
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