PHY 3101 Modern Physics L ecture Notes Spin1

Angular Momentum and Spin

Disdamer:  Theselecture notes are not meant to replace the course textbook. The
content may be incomplete. Some topics may be unclear. These notes are only meant to
be a study aid and a supplement to your own notes. Please report any inaccuracies to the
professor.

Magnetic Dipoles

Congder asmdl current loop: 7
A
B AL
\\ R
s

For distances R >> r (the loop radius), the cadculation of the magnetic field does not
depend on the shape of the current loop. It only depends on the current and area (as well

asRand q)
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Herel isthe current in theloop, A isthe loop area, Ristheradia distance from the center
of theloop, and q isthe polar angle from the Z-axis. Thefidd isequivaent to that from a
tiny bar magnet (amagnetic dipole).

Define the magnetic dipole moment to be a vector pointing out of the plane of the loop:
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When placed in an externd magnetic fidld, amagnetic dipole fedsatorque:
B
f=m B m

This cause the dipole to precess around B.

The potentid energy of amagnetic dipole in an externa magnetic fidd is
V =-mxB

The lowest energy configurationisfor ir and B pardld. Work (energy) is required to

reglign the magnetic dipolein aB field. B m B
Lowest energy Highest energy

Atomic Dipoles

An dectron “orbiting” an aom islikeasmal current loop. Let’'s condder first aclassica

modd of the atom, with the dectron in a circular orhit;
),
e

m vy

We can determine the magnetic dipole moment as follows:

But angular momentum is defined as:
L=rF"p

L =|L|=rp=mvr for circular orbits

Thisimplies
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The amazing thing is that this relation, which was defined dassicaly, also holdsin
guantum mechani cs when we replace the angular momentum vector with the angular
momentum operator. The details of the orbit are not important, only thet there is some
net angular momentum. An aom with an eectron in an orbit with angular momentum is
asmdl current loop, which impliesthat it is dso amagnetic dipole.

Now consider an atom immersed in an externa magnetic field goplied dong the z-axis.
The potentid energy is

V=-mxB=-mB

z

and the magnetic dipole moment is:

--¢
2m *
b (m) =é—n(i<Lz> where (L,)=m for the H atom
Thus, we have:
V=-nm,Bm,
_ & o105 _
Mg —H—SJQ 10" eV /T = Bohr magneton

This potentid energy must be added to the Coulomb potentia energy of the hydrogen
atom when solving the Schrodinger Equation. But if the externd field is held condtant,
and the H atom isin a definite orbit with fixed / and m,, then this term just adds or

subtracts from the energy levels of the H atom.

In other words, the ener gy degeneracy with respect to magnetic quantum number m,
of the H atom is broken with the gpplication of an externa magnetic field. It ispossible
to see the effect of the quantization of angular momentum, because the energy levels will

be split into 27 +1 different levels, and the line spectra, therefore, will be plit aso.

Thisis known as the normal Zeeman effect. It gives fine sructure to spectrd lines. The

energy Solitting between two levelsis given by: A

E
eh .
DE = m;BDm, =—B withDm, =1
2m ' DE m,=-1
3 =0

= m, = =

For a1 Tedafidd, thisspliting is 5.79° 10°° eV, n=2 wog 7t

S

whichisvery amdl.

n=1Lvyvvy m=0
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Spin and the Stern-Gerlach Experiment

The norma Zeeman effect is not aways seen. It turns out that orbital angular momentum
is not the complete story, and that there exigs intrinsic angular momentum.

Let's consider the Stern-Gerlach experiment of 1922. In that experiment, a neutral

atomic beam is passed through an inhomogeneous megnetic field. (We use neutrd atoms
because otherwise there will be a Lorentz force on each atom: F =-qv~ B). For sucha
field, there will be aforce induced on the magnetic dipole moment of each atom:

B
e ‘[Z
__—
—¥» m =0
—

where the field gradient is chosen to lie beam
adong the zaxis.

We thus expect to see the beam deflect depending on the value of 1r,. Recall that:

For the slver atoms used in the experiment, one would expect to see either no deflection,
or three lines, or five, etc. depending on the vaue of /¢ for the orbitd angular momentum
of each aom. (Actudly, Slver hasits outermost eectron in an s state, so one would
expect no deflection since /=0 for the atom). One would definitely not expect to see only
two lines, both of which are deflected from the sraight-through direction. Thisiswhat
was indeed seen, and something new must be going on.

In 1925, Goudsmit and Uhlenbeck propose that the electron itself must possessintringc
angular momentum. That is, the dectronislike asmal bar magnet! However, asfar as
we know from various measurements, the electron has no size. It isjust apoint. Sowe
cannot think of it as a current loop arising from one charged object orbiting another.

Thisintringc angular momentum is caled spin, and it is purely aquantum mechanica
effect. The spin of the eectron is apparently only Y%, because only two Sate are

observed: | |

N :25+1:2%+1:2

So we introduce two more quantum numbers for the hydrogen atom: sand m; (like
11

¢andm,), Wheres:1 andm,=- —,—
' 2 2 2
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Theintringc angular momentum operators are just like those for orbital angular
momentum:

&y =s(s+1ndy :%hzy
A /)
Sy =mgy :iEy

However, the magnetic dipole moment of the dectronis

- eh
M =—=m, =-2mm, =- gmm,

Thefactor g, the gyromagnetic ratio, is 2 for the eectron whereas it was 1 for orbital

angular momentum. It is predicted by the rdaivistic wave equation for the eectron: the

Dirac equation. In that equation, spin isanatura consegquence for eectrons, and one can
consider the m, quantum number arisng from the time coordinate in the equations (just

asm, arosefromthej dependence, ¢ from the q dependence, and n from ther

dependence of the non-rddivigic Schrodinger Equation). Recdl that in specid
relativity, timeis on an equd footing with the spatia coordinates.

Returning to the Stern-Gerlach experiment, each silver atom has ¢ =0, so the entire
magnetic moment of the atom comes from the outer eectron, which has s= %% Thus,
there are two possible values for the eectron' s magnetic dipole moment (naither of which
are zero), and two beams are deflected through the inhomogeneous field. The experiment
separates m,= ¥, from m,= -%4.

Spin s= % isnot the only posshility for particles. Although protons and neutrons so
have spin %, the photon has s = 1 (even though it is neutral and masdesdl), the pion has
s=0, andothershaves= 3/2,5/2,7/2, ... ors=2, 3, ...

We will see that spin has certain implications for the superposition of wavefunctions, and
that spin phenomena play a very important role in many aress of modern physics.
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