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Overview of plan

3" of several lectures on kinematic fitting

Focus in this lecture on vertex fitting theory

Plan of lectures
* Lecture 1: Basic theory
» Lecture 2: Introduction to the KWFIT fitting package
» Lecture 3: Vertex fitting
» Lecture 4: Building virtual particles

References

o KWFIT
http://www.phys.ufl.edu/~avery/kwfit/ or
http://w4.Ins.cornell.edu/~avery/kwfit/

» Several write-ups on fitting theory and constraints
http://www.phys.ufl.edu/~avery/fitting.htmi
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Theory

Equations of motion in solenoidal field
Written as function of arc leng#h the path of the particle is a helix:

= Px COSPS— Ryy SINP'S
Py = PoyCOSPS+ Ry SINP S
Pz = Poz

X = X 0% pOX X ginps— pay (1- cosos)

Y= Yo +%8Inp3+ pgx (1- cosps)

Poz

Z= 7+
ZOP

wherea = —0.299792498Q andp =a/ p.
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Creating the constraint equations

Suppose we want to forecetracks to come from a common space
pointx. Assume further that the vertex has some “prior information”,
l.e., itis a beam spot &t with covariance matri¥/, . (If the vertex

Is completely unknown, we can just set the diagonal elements to
large values.)

The condition that trackpass through the vertex generates 2
constraints: (1j—pand (2)z

0= Py — Bildx =% (7 + A7)

0=Az —%sin"l[aq(puﬂx +RidY) (B + 5;')]

where a =-0.299792458Q
Q = charge
AX = X, — %, etc.

Forn tracks, there arenfpparameters anchZonstraints
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The XZ includes contributions from the track parametersertex
parameterg and the constraintd(a,x) =0:

x2=(a-ay) Vys(a-ay) <«——|Tracks

Hx=%g)' Via(x —xq) <+ | Vertex

+2\T(Dda +Edx +d)  «—— | Constraints

a has length i
X has length 3
A has length 2

o =a -0, (expanded around ,)
X=X—-Xp (expanded aroun,)

Dis 2nx 7n (coefficient of track parametets; =dH, / da;)
Eishx3  (coefficient of vertex parametekg = oH /0% )
dis2ahx1  (constantterndi = H (0 ,Xa))
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The crucial fact about the vertex constraint is that the constdonts
not mix tracks

This fact vastly speeds up the calculation for the solution because the
matrices that need to be inverted can be reduced to block diagonal
form.

T
Dlvl 0 Dl

.
DoV, D5

T
DnVnO Dn
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The solution folx andx can be written (see CBX 98-37 for a
detailed discussion)

30 =30 —VyD A

X =0y~ VyoE A=V, Vo5& o-V.E A
A =Ag+VpE&

Ao =Vp(Doa,+d)

Vo =(OVaP)”

whereda =a —a , anddx = X —X , are the deviations of the
parameters from their expansion points.

The covariance matrices are

v, = (Vi +EVeE)

- T
Vo =Vao~Vad® VPVaotVaP VEVE VPV 44
cov(a ,x) = -V, D "VEV,

and thex? is given by
X2 =N (Vo' +EV,E A =AT(D &g +E & o +d)
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This solution requires that we invert the following
-1 _
Vp =(DV4D ') n 2 x 2 matrices

_ T -1 -
Vy = (Vo +E 'V E) a 3x 3 matrix

.
DyVioD1

.

DoVs D5

T
DnVnO Dn

So we have found an efficient solution.
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Comments About Solution

Vertex covariance matrix

The vertex covariance matnix, is an average of original covariance
matrix and a sum over track info

v, = (Vi +EVeE)

= Vb1
E, Vb2

-1
Vy =[v;é+ > E' Vb, E]

Note that when the initial vertex is totally unknown, we mékg as
large as possible, so thaf3 — 0. In that case

Vi =[Z E' Vb, E]_l
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Track correlations

Note the structure of the updated track covariance matrix

Vo =VaoVaP VIPVaoV P VEVE VBV 40

\

Improvement due to fit Worsening due to “wiggle’
to fixed vertex point. of vertex point.

Term 2 does not cause track - track correlations, 8/ggeD and

Vp are block diagonal. Equivalent to fitting each track separately
though the same fixed space point.

Term 3 causes track-track correlatiamdy through the “tiny” & 3
V, matrix. Track-track correlations can thus be calculated by saving

some of the intermediate matrices.
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Vertex Fitting as a Kalman
Problem

Track fitting problem

Want to find 5 helix parametecssand 5x 5 covariance matrix, by
adding in the information from measurements.

Method is to move to measurement point, then average the
measurement (usually a 1 dim. quantity) with the track to get
improved track parameters and covariance matrix. This is repeated
until all measurements are included.
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« Letay, V,q be the old track parameters & covariance matrix.
* LetAy, V, be the measurement deviation & its covariance matrix.

» LetArepresent the derivative of the measurement with each of the
5 track parameters.

Then the new track parameters and covariance matrix are
oa =da g +Vy, AT\ Ay

Vo =(Vea+ ATEAT

= ao_VaoAT(\{/+ A¥ o A)

1
A¥o
Note that only a X 1 matrix has to be inverted at each step.

If the track does not have to be moved or modified between
measurements, then all the measurements can be added at once, at t

cost of inverting am x n matrix.
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Vertex fitting

Want to find 3 vertex parametersaind 3x 3 covariance matri¥x/,
by adding information fronm tracks.

Each track “measurement” consists of 7 parametgasid a & 7
covariance matrix/, o

Method is to average the vertex with the track to get improved vertex
parameters and covariance matrix. This is repeated until all tracks are
included.

The only difference from the track fitting problem is that a constraint
IS used to average the track info with the vertex information.

Paul Avery 13 Vertex fitting



Let the indeX refer to track. Assume we have a vertgy with
initial covarianceV, , to which we want to add trackThe following

equations update the vertex parameters, covariance matrszand

&% = Vy (Vg o = B Vi B )
Ve=(Vig +ETViE)
Ax? =(Boi + Ei5X)TVDi(.30i + EdX)

wherefy; = Doa g +d. Repeat until all tracks are added.

It is also possible to make a quick algorithm where tracks can be
included or discarded. Only 3 sums needed:

1. Vector of length 3 z EiTVDi,BOi
i

2.3 x 3 matrix Z EiTVDi E
i

3. Scalar ZAXiZ as described above
i

A track can be removed easily from the sums iAj:t§ contribution

Is too large. This process is similar to that used for removing hits
from a Kalman fit.
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