
PHZ 7608 Spring 2017

Homework #3, Due Wednesday, April 5

1. Working with h̄ = c = 1 in units of GeV (or convert to Kelvin at the very end), find

(approximately) the temperature or redshift at which:

(a) The radiation energy density is equal to the matter energy (mass) density.

(b) The rate of photon-electron scattering Γ = neσc is equal to the Hubble constant H for a

fully ionized universe.

(c) The hydrogen ionization fraction X is of order 0.5, or X2/(1 � X) = 1, taking the

equilibrium condition p+e−  ! H0γ to be npne/nHnγ = exp(�IH/T )

Take Ωm = 0.3, nb/nγ = 6 � 10−10, σT = 8πα2/3m2
e, me = 0.511 MeV, mp = 0.938GeV,

mPl = 1.2 � 1019GeV, IH = 13.6 eV. If you want, ζ(3) = 1.20206. For (b) and (c) assume

the universe is matter dominated.

2. An “empty” Robertson-Walker universe contains no matter, radiation, dark matter, or

dark energy.

(a) What is sign of the curvature parameter k? What is the behavior of the scale factor?

What is the Riemann curvature Rµν
αβ?

(b) If the curvature allows, find a change of coordinates from Robertson-Walker to flat

Minkowski space.

3. The expansion rate as a function of redshift depends on the contents of the universe,

H2 = H 2
0 [Ωm (1 + z)3 + Ωk (1 + z)2 + ΩΛ].

(a) Obtain an analytic expression for the product H0t0 for a universe determined by matter

and curvature. Obtain an analytic expression for the product H0t0 for a universe determined

by matter and cosmological constant. In both cases, expect to find a logarithm or an inverse

hyperbolic function. What do you obtain as Ωm ! 1? What do you obtain as Ωm ! 0?

Can you find such an expression including all three contributions?

(b) Obtain an analytic expression for the comoving distance a photon travels from redshift

z to redshift 0 for a universe determined by matter and curvature. Obtain an analytic

expression for the comoving distance a photon travels from redshift z to redshift 0 for a

universe determined by matter and cosmological constant. Can you find such an expression

including all three contributions?
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(c) Plot the distance modulus m�M as a function of (common) log redshift 0.01 < z < 10

for (i) a matter-dominated universe; (ii) an empty universe; (iii) an open universe with

Ωm = 0.3, and (iv) a flat universe with Ωm = 0.3 and ΩΛ = 0.7. Plot ∆m, the difference

after subtracting the empty universe.

4. A scalar field evolves in the quartic potential V (φ) = 1
4
λφ4.

(a) How many e-folds of inflation are needed to make the horizon as large as observed today?

How many e-folds of inflation are needed to make the universe essentially flat today? (Work

out your own numbers.)

(b) Compute the behavior of the scalar field φ and the cosmological scale factor a for V (Φ) =
1
4
λφ4 assuming the usual slow-roll φ̈� 3Hφ̇, 1

2
φ̇2 � V (φ). How large must the initial value

φ0 be to achieve sufficient exponential expansion? What are the corresponding values of the

slow-roll parameters ǫ, η?


