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The capacitance of mesoscopic samples depends on their geometryand physical properties, described
in terms of characteristic times scales. The resulting ac admittance shows sample to sample fluctu
Their distribution is studied here—through a random-matrix model—for a chaotic cavity capacit
coupled to a backgate: it is observed from the distribution of scattering time delays for the cavity, w
is found analytically for the orthogonal, unitary, and symplectic universality classes, one mode i
lead connecting the cavity to the reservoir and no direct scattering. The results agree with num
simulations. [S0031-9007(96)01262-8]
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The elementary notion of capacitance of a system o
conductors, as a quantity determined solely by the geome
try, has to be revised if the electric field is not com-
pletely screened at the surface of the conductors. In fac
the penetration distance of the field is of the order of
the Thomas-Fermi screening length, which may be appre
ciable for a mesoscopic conductor: the standard descrip
tion of a capacitor in terms of thegeometric capacitance
Ce (that relates the chargeQ on the plate to the voltage
U across the capacitor) gives way, in the mesoscopic do
main, to a more complex entityCm, the electrochemical
capacitance(that relatesQ to the electrochemical poten-
tial of the reservoirs), which depends on the properties o
the conductors [1]. This fact, in turn, has important con-
sequences for the ac current induced in the system whe
the electrochemical potentials are subject to a nonzero
frequency time variation [1].

The electrochemical nature of the capacitance ha
been relevant to a number of experiments [2] and ha
been discussed theoretically by several authors [1,3,4
Remarkably, it has been found that the resulting ac
admittance can be described in terms of characteristic tim
scales related to energy derivatives of scattering matri
elements.

It is well known that, as a result of quantum interfer-
ence, the dc conductance of mesoscopic structures sho
strong fluctuations as a function of the Fermi energy o
the magnetic field, as well as from sample to sample. A
statistical analysis of this phenomenon has been done, f
diffusive transport in disordered structures, using micro-
scopic perturbative and macroscopic random-matrix the
ories [5], and for ballistic microstructures—cavities in
which impurity scattering can be neglected so that only
scattering from the boundaries is important—whose clas
sical dynamics is chaotic, using semiclassical, field theo
retic and random-matrix approaches [6,7].

An extension of the above random-matrix studies to
include the ac admittance of mesoscopic structures is th
subject of the present investigation.
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In this Letter we shall confine our discussion to th
geometry shown in Fig. 1. In this system there is,
course, no dc transport, but there may be an ac curr
determined by the admittance [1,3]

gI svd 
gsvd

1 1 siyvCedgsvd
; 2ivCm 1 · · · , (1)

written in the Thomas-Fermi approximation and to lowe
order in the frequencyv. Here,gsvd, gI svd denote the
admittance for the noninteracting and interacting syste
respectively, the former being given, for zero temperatu
by

gsvd  2vie2

Ω
1

2pi
Tr

∑
SysEd

≠SsEd
≠E

∏æ
1 · · ·

 2ive2NtyD 1 · · · . (2)
Here,SsEd is theN 3 N scattering matrix for the system
formed by the cavity and the lead,N being the number
of propagating modes, or open channels, in the leadD

is the mean level spacing for the cavity (the inverse
the level density). Following [8], we have introduced th
dimensionless time delay

t 
D

2pN
≠u

≠E
, (3)

where expsiud  detS. We then writegIsvd of Eq. (1)
as

gI svd  2ivCea 1 · · · , (4)

FIG. 1. Mesoscopic capacitor: A cavity (thick line) i
connected via a perfect lead to reservoir 1 and capacitiv
coupled to a macroscopic back gate (thin line) connected
reservoir 2. The cavity is ballistic, and its classical dynam
is chaotic.
© 1996 The American Physical Society 3005
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where the dimensionless capacitancea is given by

a  CmyCe 
t

t 1 h
(5)

and

h 
Ce

Nse2yDd
. (6)

Notice that, for a macroscopic cavity,h ø 1, so that
a ø 1 andgIsvd ø 2ivCe.

The one-energystatistical distribution of theS matrix
for ballistic cavities larger than the Fermi wavelength h
been modeled successfully through an “equala priori
probability” ansatz (known as a “circular ensemble
[6,7], when the classical dynamics is chaotic and dir
processes though the microstructure can be neglecte
that, as a result, the averagedS vanishes,S  0. It
is clear, through, that the time delayt of Eq. (3) is a
two-energyfunction and thus requires more informati
for its statistical study. The distribution oft, wstd, has
been studied for a one-dimensional disordered sys
within the invariant imbedding formalism in [9]. I
another approach, an underlying Hamiltonian descri
by a Gaussian ensemble was assumed and the pro
analyzed using supersymmetry techniques: the two-p
correlation function for theS matrix elements was derive
in [10]; phase-shift times for unitary symmetry,N andS
arbitrary were studied in [11]. Reference [12] finds
approximation towstd. We concentrate, in what follows
on wstd for arbitrary symmetry (orthogonal, unitary, an
symplectic, identified asb  1, 2, and 4, respectively)
N  1 andS  0: we show that this case can be trea
using an old conjecture by Wigner [13,14]. We belie
that the simplicity of the argument is appealing and gi
an interesting perspective to the problem and a un
point of view for arbitrary b. We also remark that
for ballistic cavities, the case of just one open chan
N  1, is very relevant from an experimental point
view, since cases of smallN have been realized in th
laboratory [15]. We find below

wbstd 
sby2dby2

Gsby2d
e2by2t

tsb14dy2 , (7)

where 0 # t , `. For b  2, this result agrees wit
that of Ref. [11]. The main result of the present pap
i.e., the b dependent distribution of the dimensionle
capacitancea [a is related to the ac admittance v
Eq. (4)], then follows as

pb,hsad 
sby2dby2

Gsby2d
s1 2 adby2

hsb12dy2asb14dy2 e2bs12ady2ha ,

(8)
for 0 # a # 1. A plot of p1,hsad for various values
of h is presented in Fig. 2. For a macroscopic cav
h ! 0 and pb,hsad ! ds1 2 ad. We now derive the
distribution of time delays, Eq. (7).

We write S for N  1 as
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SsEd 
1 1 iKsEd
1 2 iKsEd

 eiusEd. (9)

For pure resonance scattering theK function can be given
the sum-over-resonance form [13,14]

KsEd 
X
l

Gl

El 2 E
, (10)

where the “widths”Gl for a given symmetry classb can
be written in terms of real amplitudesg

sid
l as

Gl 
bX

i1

fgsid
l g2. (11)

The quantityu0sEdy2  hsEd was studies extensivel
by Wigner [13,14]; it is called the “invariant derivative,
because it remains invariant under the transformation

Kf 
K 1 tan f

1 2 K tan f
, (12)

f being constant; sinceK  tansuy2d, (12) takesuy2
to uy2 1 f, and henceS to eifSeif. Both K and its
transforms have the formK  tan

RE
c hsEd dE, c being

different for different transforms. Starting from one po
E1 of K , one can obtain the next one by determining
abscissaE2 so that the area underhsEd betweenE1 and
E2 is p . Moreover, at a poleEl we haveGl  1yhsEld.
These relations are shown in Fig. 3. The levels a
widths of the transforms ofK can be obtained by a simila
construction, starting at another abscissa.

From (9) and (10) we find the energy average ofSsEd
as

SsEd  SsE 1 iId 
1 2 t
1 1 t

, (13)

where I ! ` [16] and t  pGyD. For SsEd  0 [cir-
cular ensemble, invariant under (12)], we havet  1. In
this case (referred to in Refs. [13,14] as that of a “n
malized”R function) Wigner proposes the conjecture:the

FIG. 2. The probability density ofa —the ratio of the elec-
trochemical to the geometric capacitance—for the orthogo
case [Eq. (8)], for a number of values ofh.
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FIG. 3. The invariant derivativehsEd. The El are the poles
of KsEd and theGl the corresponding widths. Replicas
K with the same width distribution (according to Wigner
conjecture) are generated via the transformation (12) and
to subdivide the area between successive levels inton strips.

statistical distributions of level spacings and residues
invariant under the transformation(12).

The above statement is a “conjecture,” not a “theore
and it is not clear,a priori, for what distributions, if any,
it is fulfilled. Wigner, in his papers, proposes it for “mo
statistical distributions.” The conjecture, in relation w
the residue distribution, was verified numerically for t
case in which the energy levels entering Eq. (10) are c
structed from a Gaussian orthogonal, unitary, or symple
ensemble, and theg

sid
l of Eq. (11) as independent Gaussi

variables: the residue distribution was found to rem
invariant, within the statistical error bars of the nume
cal simulation. On the other hand, the conjecture
seen, in our numerical studies, to be violated for a sp
trum of statistically independent energy levels following
Poisson distribution.

Call Qshd the probability density of the invers
widths hsEld  hl and Pshd the probability density
of h across the energy axis, irrespective of whet
we are at resonance or not;Pshd is related towstd as
wstd  spyDdPsptyDd. Assuming the above conjec
ture, Ref. [14] shows that

Pshd 
p

hD
Qshd . (14)

This relation can be understood by means of a very sim
argument. Consider, for one givenK, the followinglevel-
average:

kfshdll 
1
m

mX
l1

fshld , (15)

for an arbitrary functionf. From Fig. 3 we see that w
cannot replace the sum in this equation by an integ
However, using the transformation (12) we can constr
f
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“replicas” of K , all having the same distribution ofhl; we
do thisn times, in such a way that the area between t
successive levels is subdivided inton strips of areapyn
each. Now we have a fine mesh, the sum over which
be approximated by an integral, using a densitynhyp,
since the base of one of the above strips, at the p
where h is the local value of the curve, ispynh. We
then arrive at the above relation (14).

If we use, in (14), the variableu  pyhD (and denote
the distributions with a hat), we have

P̂sud  uQ̂sud . (16)

On the left-hand side (LHS)u can be thought of in terms
of t of Eq. (3) asu  1yt; at resonance,u takes the value
ul  pGlyD, which is the relevant variable on the righ
hand side (RHS) of Eq. (16). Thus, knowing the dist
bution of widthsQ̂sud, Eq. (16) allows findinĝPsud [17].

For the three universality classesb  1, 2, 4 and in
dependent Gaussian variablesg

sid
l , the distributionQ̂sud

is the x2 distribution function withb degrees of free-
dom,

Q̂bsud 
sby2dby2

Gsby2d
usb22dy2e2sby2du ; (17)

Eq. (16) then giveŝPsud, from which we find the distri-
bution of time delayswbstd of Eq. (7). We notice the re
markable fact that, whilewbstd certainly depends on th
distribution of widths,other characteristics of the spec
trum become lumped together in the invariance prope
contemplated in Wigner’s conjecture.

A numerical verification (using the simulation ex
plained above in relation with Wigner’s conjecture)
wbstd of Eq. (7) is shown in Fig. 4 for the three sym
metry classesb  1, 2, 4: in all cases the agreement
seen to be very good.

To summarize, we have found the statistical distrib
tion of capacitancespb,hsad, Eq. (8),a being defined in
Eqs. (4) and (5), for the system shown in Fig. 1, who
essential element is a mesoscopic capacitor. The p
coupled to the back gate is a chaotic cavity; the exp
mentally relevant situation of one open channelsN  1d
is considered and the possibility of direct reflection by t
cavity is neglected. The essential ingredient that is nee
is the statistical distributionwbstd, Eq. (7), of time de-
layst associated with the scattering from the cavity. It
shown thatwbstd can be obtained in a very simple wa
from a conjecture by Wigner, whose validity, in turn,
verified numerically for the three symmetry classes:
thogonal, unitary, and symplectic. The resultingwbstd
compares very well with the results of numerical simu
tions, for the three classes. The statistical analysis of
admittance of mesoscopic conductors provides additio
information on such systems not contained in the inv
tigation of dc transport properties, and thus points to
interesting avenue of future research.
3007



VOLUME 77, NUMBER 14 P H Y S I C A L R E V I E W L E T T E R S 30 SEPTEMBER1996

l
o
tt
s
b
te

A

s.

,
n,
.

in.
er,

r,

.

.

-
o

-

FIG. 4. The distributionWbstd of time delays for one channe
and in the absence of direct processes, for the (a) orthog
(b) unitary, and (c) symplectic universality classes. The do
curves are proportional to the theoretical probability den
given by Eq. (7). The points with the finite-sample error
are the results of the numerical simulation described in the
200-dimensional matrices were used in the three cases.
agreement is excellent.
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[12] P. Šeba, K.Życzkowski, and J. Zakrzewski, Report No
chao-dyn/9603005.

[13] E. P. Wigner, Ann. Math.53, 36 (1951); Proc. Cambridge
Philos. Soc.47, 790 (1951).

[14] E. P. Wigner, Ann Math.55, 7 (1952).
[15] See, for instance, M. J. Berryet al., Surf. Sci. 305, 480

(1994); I. H. Chanet al., Phys. Rev. Lett.74, 3876 (1995).
[16] H. Feshbach, inReaction Dynamics(Gordon and Breach,

New York, 1973).
[17] The integral of the LHS of (16) is 1 from normal

ization; the fact that the integral of the RHS is als
1 meanskulQ̂  1, which is consistent witht  1, as
required right after Eq. (13). Similarly, from the nor
malization ofQ̂sud, Eq. (16) shows thatk1yulP̂  1, and
hencektlw  1.


