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Stabilization of local moments in gapless Fermi systems
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Renormalization-group methods are applied to the Anderson model for a localized level coupled to a Fermi
system in which the density of states varies likf near the Fermi energye&0). This model withr =1 or
2 may describe magnetic impurities in unconventional superconductors and certain semiconductors. The
pseudogap suppresses mixed valence in favor of local-moment behavior. However, it also reduces the ex-
change coupling on entry to the local-moment regime, thereby narrowing the range of parameters within which
the impurity spin becomes Kondo screened.
[S0163-182606)51946-9

There exists a class of “gapless” Fermi systems which(ng)~1. This paper reports the systematic exploration of
exhibit a pseudogap in the effective density of statgsg at  local-moment formation in gapless systems. Poor man’s
the Fermi level, taken to be=0. For instance, the valence scaling® is applied to the Anderson impurity model,in
and conduction bands of certain semiconductors — includingvhich mixed-valence (&(ng)<1) and empty-impurity
Pb,_,SnTe at a critical compositioh,and PbTe-SnTe ({ng)~0) regimes compete with local-moment behavior.
heterojunctiond— touch in such a way that, for smdk|, ~ Concentrating on the case of a localized level which lies
p(e) is proportional to|e|%* in d spatial dimensions. The ywthln a pO\_Ner-Iaw pseudogap, we shpw that the reductlon
quasiparticle density of states in an unconventional supet! the density of states near the Fermi level has three main

conductor can vary likée| or | €2 near line or point nodes in  €ffects, .each of which grows more pronounced ras-
the gap® Heavy-fermion and cuprate superconductors ar&re_ases.(l) The mlxed.- valence region of parameter space
candidates for this behavior. Electrons in a strong magnetiéh”nks' and for=1 disappears altogethe2) The local-

field* and exotic phases of the Hubbard mddstk also pre- moment regime expandé3) The value of the Kondd on

) - : . . . .entry to the local-moment regime is reduced. Since the
dicted to exhibit a linear pseudogap in two dimensions. Fi- ; .

. . ; . thresholdJ for a Kondo effect rises with (see abovg these
nally, the single-particle density of states in the one-

) ) . . o results imply — at least in the cases of greatest interest,
dlm.enS|onaI.Lutt|nger model varies likke|“®, where « r=1 and 2 — that over a large region of phase space, the
ya:rles i cosr;tmuously with the strength of the bulk g temperature state has an uncompensated local moment.
interactions’

) ) This should be contrasted with systems having a regular den-
Recently there has been considerable intér&sin the sity of states, in which an Anderson impurity is always
behavior of magnetic impurities in gapless systems having guenched at zero temperature. Our perturbative results are
power-law density of statesp(e)=pg|e|. This scenario supported by numerical renormalization-group calculations

may be relevafit for Ni-doping experimenfS on  of (ny) and the magnetic susceptibility.
YBa,Cu;0;_ 4. Poor man’s scaling for the spi¢impurity We start with the Anderson mod#l,in the form
degeneracN=2) Kondo modeél and largeN treatments®

indicate that a Kondo effedt.e., quenching of a local mag-

netic moment at low temperatur@$ takes place only if the He 2 D deec!

antiferromagnetic electron-impurity exchangg) exceeds a = €€CeoCept 8N UNgiNa)

critical value, pgJ.~r; otherwise, the impurity decouples

from the band. A largN study of magnetic impurities in b —. 1

gapless superconductdrgields similar results, except that +U=§% 7Dde plet(ce,ds+ H.C). @)

for r<1 or N=2, any finite impurity concentration drives
J. to zero. Numerical renormalization-group calculations for
the N=2 case, both & and nea* particle-hole symmetry, The noninteracting conduction band is taken to be isotropic
show that‘]C_mo for all r>%' while for r<% the strong- in momentum Space and to extend over an energy range
coupling limit exhibits anomalous properties, including a*D about the Fermi energye0), while the operators
nonzero moment. Away from this symmetry, a finite value ofC., Obey{czg Cergr}=06(e—€") 6, ,». The impurity is de-
J. is recovered; ford>J; the impurity spin is screened at scribed by its energyy, and the Coulomb repulsion when it
T=0, but an electron phase shift af suggests that the im- is doubly occupiedU>0. We have assumed purely local
purity contribution to the resistivity vanishes, instead of tak-hybridization between the band and the impurity, and take
ing its maximal possible value as it does in the conventionat to be positive. In the cases of interesand|e 4| are smaller
Kondo effect! thanU andD.

The Kondo model presupposes the existence of a local Pure power-law density of state¥/e first consider the
moment, i.e., an impurity level having an average occupancyensity of states introduced in Ref. 7:
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pol€/D|", |e|<D; It is instructive to consider the behavior implied by Eqgs.
(2 (5—(7) as the bandwidtiD is progressively reduced. For
Do=D=U, all four impurity configurations are active, and
Here,r can take any non-negative value, with-0 repre-  the impurity susceptibilityyiy, satisfied® TXimp=1/8. Once
senting a constant density of statéa/e will later examine a D=U, the doubly occupied impurity becomes frozen out,
more realistic case, in which the power-law variation is re-and the system enters thvalence-fluctuatiorregime. Real
stricted to the vicinity of the Fermi level. charge fluctuations between the remaining impurity states

In order to understand the behavior of Hd) at low yield Tyn,=1/6, ande4 begins to scale according to E®)
temperatured, we apply poor man’s scaling.In this ap-  or Eq. (7).
proach, electronic states with energie$>T are progres- Scaling can continue until eithél/D or |e4|/D grows to
sively integrated out, yielding an effective description of theof order unity. At this point perturbation theory breaks down,
problem in terms of fewer degrees of freedom. Consider firsand there is a crossover to one of three regimes in which real
an incremental reduction of the bandwidth frod to  charge fluctuations are frozen out:

D’'=D(1+8InD)<D. The aim is to represent the same (1) Local-momentegime. Ife4/D reaches—1, the im-
physical system by an effective Hamiltonian of the form of purity acquires a spin, an@iyiy, rises to~1/4. The scale
Eqg. (1) and a density of states given by H@), but with D D for this crossover satisfid3 y=—e4(Du)-

replaced byD’ in both equations. This requires the couplings (2) Empty-impurityregime. If, insteadey/D becomes
entering Eq(1) to be adjusted to account for the states whichequal to+1, the localized level is completely depopulated
have been eliminated. Provided théD, ¢4, andt remain  andT x;n, drops rapidly to zero.

small compared tdD, these renormalizations can be com- (3) Mixed-valenceregime. Finally,I'/D may become of
puted within perturbation theory. The band reduction carorder unity, at a bandwidti,,,=I'(Dyy). In this case,
then be iterated, leading to differential equations for the couT xin,—0, but even aD=0 the value ofng) departs sig-
plings as functions of the effective bandwidth. nificantly from both 0 and 1.

In previous implementations of poor man’s scaling for the There are a number of notable differences between the
Anderson model with a constant density of stdfelit was  scaling behavior for =0 and forr>0. First, a pseudogap
found that eliminating all states with energiBs <|e|<D markedly inhibits the renormalization of the impurity energy.
produces a leading correction Consider, for example, the maximum possible shiftsip
5 From Eq.(6), £4(0)—&3=(Tqu")/(7r), whereas for =0

deq=—p(D)t°8IND = —(I'/m)4InD, (3 this quantity is unbounded. For £ (say andT'y<|e{), it is
whereI = 7p,t2. The corrections tdJ andt enter at higher @ reasonable approximation to neglect the renormalization of
order in small couplings, and can be neglected. &4 altogether.

For a power-law density of states, an additional correction Second, as increases from zero, the crossover scale for
is required because the coupling entering @gis nott, but  the mixed-valence regime is pushed down:
Vp(e)t=\T]e/D|". ReplacingD by D’ in Eq. (2) increases
p(€) by afactor of D/D’)". " must be reduced by the same
factor so that the physical coupling remains unaffected by
the change of variable, i.e., we requirE|e/D|" =(T
+6T')|e/D’|", which gives

ple)= 0, otherwise.

Iy (Fo/Dg)7", 0=r<1;
Dw= 0

8
r=1. ®
For r=1, the ratioI'/D always decreasesunder scaling,
which completely rules out mixed-valence behavior; instead,
ST =rT8InD. (4)  the system must eventually enter either the local-moment
) ) o regime or the empty-impurity regime.
The novel behaviors of an Anderson impurity in gapless sys- The depression of the mixed-valence sc@lg, and the
tems all stem from this correction 10, which has no coun- \yeakened renormalization ef; both tend to widen the re-
terpart for a constant density of states. . gion of parameter space exhibiting local-moment behavior.
~ Equations(3) and(4) can be integrated to give the effec- T4 quantify this trend, letd, be the greategteast negative
tive couplingse4(D) andI'(D) at an arbitrand in terms of  pare impurity energy which flows to the local-moment re-
the initial bandwidth D, and the bare couplings gime. This energy is given implicity by the equation

eg=24(Do) andl'o=T"(Do): Dy =D,y . Using Egs.(6) and(8),
F(D):ro(D/Do)r, (5) 1 Four
Se=l=-1 - : 9)
Ty Cdx | 7y MV
_ 0, “Yrir_ r
sa(D)=eqt ar [W=(D/Dor] (r=0). © The plot of&l, /T in Fig. 1 clearly shows the expansion of

the local-moment region with increasimg (In reality, 3,

describes not a sharp boundary between the mixed-valence

and local-moment regimes, but rather a narrow crossover

region in which both—E andI" become large.

At the point where the system enters the local-moment
_ .0 _ regime, the Anderson model can be mapped via a Schrieffer-
ed(D)=eqt (T'o/m)In(uDo/D)  (r=0). @) Wolff transformatiort® onto the Kondo model with an effec-
Note thatU does not renormalize significantly for any tive exchange coupling

[The quantity u=min(1U/D,) appears because, strictly
speaking, Eq(3) applies only in the rangD <U; the scaling
of g4 is negligible forD=U.] For a constant density of
states, by contrast, only, renormalizes?
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_FIG. 1. Boundary of the local-moment regérﬂedo*I vs T, for FIG. 3. Average impurity occupatioqng) at temperature
different values of . Any bare impurity energy <eq, eventually  t_10-6p plotted vse? for different values ofr. The lines are
leads to local-moment behavior. provided as a guide to the eye. Inset: Comparison of the scaling
prediction(solid line) and numerical datécircles for the boundary
2T 2 Dim\" of the local-moment regimés®, | vsr.
pol= o 0 LM) (10) gimee g, |
7Dy m(U—Dypy)

Figure 3 plots the low-temperature impurity occupancy as
For given impurity parameters:f, U, andT'), the Kondo  a function ofe]. The range ok satisfying an operational
J for r>0 is reduced compared to that for a regular densitydefinition of mixed valence (0.25(ny)<0.75) narrows dra-
of states, due both to the depressiorl’oind to the weaker matically asr increases. The inset compares the boundary of
renormalization ok 4. A lower bound on the reduction fac- the local-moment regime obtained using this criterion with
tor, obtained by neglecting the renormalization &f, is  the scaling result in Eq(9). The alternative definitions of
|e§/Do|". This effect is illustrated in Fig. 2, which plots &, are qualitatively equivalent, although there is a small
pod as a function ok, for U=, T'y=0.1D,, and several shift between the two data sets.
values ofr. Forr<1 pOJ rises to reach 2f (the dashed line Figure 4 shows numerical results for the impurity sus-
in Fig. 2 at s3=¢9, , the boundary of the local-moment ceptibility Three curves are plotted for=0.2: For
region; whereas for>1, p,J decreases instead. Note that 3= —0.1D,, Tximp falls monotonically (with decreasing
only for the r=0 and r=1/4 curves is the condition temperaturgfrom its valence-fluctuation value of 1/6, i.e.,
poJd=r for the existence of a Kondo effect satisfied over anythe system flows to mixed valence, a conclusion that is
great range of3. This observation extends to other valuesconfirmed by the low-temperature valyey)=0.63. The
of 'y andU. curve for sd=—0 3D, rises monotonically, indicating that
Poor man’s scaling neglects higher-order correctionghe local-moment regime is entered, and furthermore that the
which conceivably could accumulate to become important aeffective exchange) falls short of the critical valuel,
low energies. However, the scaling picture presented aboveecessary for a Kondo effect, so the impurity moment de-
is supported by nonperturbative renormalization-group calcouples from the conduction band @s-0. The rise and
culations, similar to those for the Kondo model reported insubsequent fall of theegz —0.18, curve (for which
Ref. 11. All the data presented here were computed folim;_ (ny)=0.85) shows that in this case>J., meaning a
U= andl'(=0.1D,,. Kondo effect does take place.
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FIG. 2. Kondo couplingpgJ on entry to the local-moment re- FIG. 4. Impurity susceptibilityl xin, vs T/D,, for two different

gime, plotted visg| for different values of . power-law densities of states defined in E2).
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The two curves for =1 show that foreJ=—0.037, the
system flows to the empty-impurity regime, whereas for
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Finally, we note a parallel between our results and find-
ings that an Anderson impurity in a Luttinger liquid has an

£0=—0.039 it exhibits an unscreened local moment. Thus&xPanded local-moment regim® This similarity appears
the mixed-valence and Kondo-quenched regimes have essefHrprising, since in an interacting one-dimensional electron

tially vanished, as predicted above.
Restricted power-law density of statds: most gapless

systems, the power-law variation of the density of states doe

not extend over the entire band in the manner assumed in E
(2). We therefore repeat the preceding analysis for a densit

of states which rolls over to a constant outside a pseudoga\

of width A, i.e., p(€)=po|€e/A|" for |e|<A, but p(€)=pg
for A<|e|<D.

At energies much greater than scaling should proceed
very much as for a constant density of states. It is quit
possible for the system to pass out of the valence-fluctuatio
regime before the pseudogap can have any real effect. Ho
ever, we are more interested in valuess@fand 'y which

gas, independent fermionic excitations are replaced by col-

lective bosonic modellt seems, though, that bulk interac-
jons affect the valence-fluctuation regime of the impurity
nly by generating a power-law spectrum of one-electron
tates which hybridize with the localized level. The similar-

with the noninteracting case does not extend into the
cal-moment regime: there is no threshold valueJofe-
quired to achieve a Kondo effect in a Luttinger liqéid.

In summary, we have investigated local-moment forma-

tion in Fermi systems having a density of states which van-

shes age|" near the Fermi energy. The pseudogap strongly
Q_uppresses hybridization between conduction electrons and

Yin impurity level, and weakens the renormalization of the

impurity energy. These effects in turn expand the range of

are sufficiently small that the bandwidth can be scaled intGy5 e jmpurity parameters that lead to localization of a spin at

the rangeD<A, where Egs.(3) and (4) must apply. The
subsequent renormalization bf and e is identical to that

the impurity site, but reduce the value of the Kondo ex-

change coupling of this spin to the band, thereby decreasing

for a system having a pure power-law density of states, bufa jikelihood that the moment will be Kondo screened at

with a bare bandwidtlA and a bare impurity energyy(A)
given by Eq.(7). The qualitative effects of the pseudogap

low temperatures.

should therefore be the same as those found above, although We thank P. Hirschfeld for useful comments. Portions of
the magnitude of these effects will certainly decrease as ththis work were carried out while one of (i.1.) was visiting
width of the pseudogap becomes smaller. The local-momernhe Institute for Theoretical Physics, Santa Barbara. This re-

regime will still expand, and the Kondd will be reduced
relative to the case=0 by a factor of at leasts 4(A)/A|".
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