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Abstract  

Numerical renormalization group calculations have shown that any nonzero RKKY coupling between a pair ofspin-~ 
impurities destroys the zero-temperature critical point responsible for the marginal-Fermi-liquid behavior of the 
single-impurity, two-channel Kondo model. Here we report recent progress on calculating the low-temperature 
properties of the two-impurity model. 

I. Introduction 

The multichannel Kondo Hamiltonian has received 
much recent attention as a possible description of a num- 
ber of physical systems. The most intensive study has 
gone into a possible two-channel description [ l ]  of cer- 
tain uranium- and cerium-based compounds which ex- 
hibit anomalous (non-Fermi-liquid) behavior at low tem- 
peratures [2, 3]. While some properties of these systems 
seem to be well described by the two-channel Kondo 
model for a single impurity, several features cannot be 
accounted for within this framework. These include an 
up-tnrn in the specific heat below 0.2 K [2], the sup- 
pression of the specific heat in an applied magnetic field 
[3], and the linear temperature dependence of the resis- 
tivity at temperatures T much below the Kondo temper- 
ature [2]. One factor which may contribute to these 
behaviors is interaction between impurities. The I / T  di- 
vergence in the single-impurity spin correlation length 
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[4] hints at the importance of such interactions at low 
temperatures. 

The simplest model that can be used to explore the 
competition between magnetic ordering of the impurities 
and the formation of a Kondo critical state around each 
impurity is one containing two impurities. In this paper 
we discuss ongoing work to understand the physical 
properties of this model. 

The two-impurity, two-channel Kondo model is de- 
scribed by the Hamiltonian t 

H -- ~" ~d3k+:k,,¢'~+,,ck~,,- J ~,, s+(ri)'Si, (1) 
7'+ r , i  

where S~, i =  1, r, represents the "'left", "'right" spin-~ 
impurity, located at position r,, and .s,,(r}, c = 1, 2, repres- 
ents the spin of channel-c conduction electrons at posi- 
tion r. We are interested in negative values of J. 

Assuming the conduction bands to be.isotropic, and 
utilizing the symmetry of the model, the Hamiltonian can 

t Summation over repeated spin indices is assumed throughout. 
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be rewritten in one-dimensional form, 

( ,  

HID = Y'/de, ec~¢t,,,c,:~p, 
¢'. p ~O 

+ r o l E .  ' * )c~.:~.~o..]=¢.. . .(S, + &) 

+ I r~ (g ,  ' ) C tcett C c 'cou , 

+ C,.(~', * ~)c..,c~..,,.]=o,,,, . (&- &)},  (2) 

where e, is the reduced energy, measured from the Fermi 
level in units of D, the conduction half-bandwidth, and 
the operators * c ~ , ,  p = e, o, create states of even, odd 
parity about the mid-point between the impurities. The 
dimensionless couplings F~, Fo and Fm depend on J/D, on 
the separation between the impurities, and on the con- 
duction band density of states evaluated at the energies 

and g'. 

2. Solution of the particle-hole-symmetric problem 

Following a previous treatment of the two-impurity, 
one-channel Kondo Hamiltonian I-5], the couplings 
entering Eq. (2) can be averaged over their energy argu- 
ments, thereby reducing the problem to one with just 
three parameters, F~, Fo and F.,,. In this "energy-indepen- 
dent couplings approximation" the Hamiltonian is par- 
ticle-hole symmetric. 

The parameters F~, Fo and Fm can be replaced by an 
equivalent, but more intuitive, set: (i) the Kondo temper- 
ature, TK, the characteristic energy scale for the single- 
impurity Kondo effect; lii) the RKKY coupling strength, I, 
the coefficient of the effective Hamiltonian - IS~.  S, ob- 
tained by perturbatively integrating out all electronic de- 
grees of freedom in Eq. (2); (iii) ~ = ( F~ - 1-o)/( F~ + Fo), the 
relative asymmetry between the coupling of even- and odd- 
parity combinations of electrons to the net impurity spin. 

lngersent et al. [6] used Wilson's numerical renormal- 
ization-group (NRG) method [7] to solve the par- 
ticle-hole-symmetric version of the model. Figure 1 pro- 
vides a schematic phase diagram for cases where the 
RKKY interaction is antiferromagnetic the situation of 
greatest relevance to heavy-fermion compounds. The 
three-dimensional parameter space has been collapsed 
onto two dimensions by plotting the ratio I/TK versus ~. 
The NRG results can be interpreted in terms of the 
renormalization o f l /Tk  and ~ from their "bare" values as 
the temperature T--, 0. There are four types of stable 
zero-temperature ground states: 
(a) Eren-parity Kondo: For F~ > Fo and weak anti- 

ferromagnetic RKKY interactions, the impurity spins 

• - ~  0 ( - 1 )  0 

Fig. 1. Schematic renormalization-group phase diagram for the 
particle-hole symmetric version of the two-impurity, two-chan- 
nel Kondo Hamiltonian, parametrized by I/TK, the ratio of the 
interimpurity coupling to the single-impurity Kondo temper- 
ature, and ~, the fractional difference between the coupling of the 
total impurity sp'~ to even- and odd-parity conduction states. 
Only the quadrant corresponding to I ~< 0, :~ I> 0 is shown. Thin 
curves represent renormalization-group flows. Thick lines de- 
marcate distinct regimes of low-temperature behavior. Circles 
indicate Fermi-liquid fixed points, and a square marks the fixed 
point corresponding to noninteracting impurities. 

are completely quenched by even-parity conduction 
electrons, while odd-parity electrons near the Fermi 
energy are totally decoupled from the impurities (i.e. 
Fc renormalizes to infinity, Fo renormalizes to zero). 
The low-energy behavior can be described by local 
Fermi-liquid theory with the even [odd-l-parity elec- 
trons undergoing a phase shift 6o = rr/2 [60 = f,j at 
the Fermi surface. 

(b) Odd-parity Kondo: A region analogous to (a) is ob- 
tained by exchanging even- and odd-parity labels. 

(c) Free-electron: For large antiferromagnetic RKKY in- 
teractions, the impurity spins undergo no Kondo 
effect. The low-energy electrons completely decouple 
from the impurities, corresponding to a local Fermi 
liquid with phase shifts 6~ = 60 = 0. 

lrll Mar,,,h, al" The lhroe regions (a)-(c) surround 
a fourth, within which the low-temperature behavior 
is not that of a Fermi liquid. Each set of initial 
conditions within the marginal region seems to flow 
to a distinct fixed point. The RKKY interaction and 
the asymmetry between the coupling of even- and 
odd-parity electrons to the impurities act as margin- 
ally relevant operators connecting these fixed points. 

The fixed point corresponding to two completely inde- 
pendent impurities lies at I = 0, :t = 0, on the border 
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between the marginal region and the even- and odd- 
parity Kondo regions. Thus, there is no finite domain of 
stability for single-impurity behavior [8]. 

3. Low-temperature properties 

The local deviations from any stable Fermi-liquid fixed 
point can be expressed in terms of an effective Hamil- 
tonian of the form 

= T D "a'rj Heft{T) Ho + ~ c,( / ~ Oi, 13) 
i 

where operator Og respects all symmetries of the full 
Hamiltonian but breaks the higher symmetry of the 
fixed-point Hamiltonian Ho. The exponents 2: are posit- 
ive, i.e. all the operators 6~ are irrelevant in the renormal- 
ization-group sense. At temperatures T <~ D, only the 
leading irrelevant operators - those with the smallest 
exponents - are physically important. The coefficients c~ 
vary with the bare parameters TK, I and c<. 

The NRG Hamiltonian can be solved exactly at any 
Fermi-liquid fixed point, and expressions obtained for 
the eigenenergies in terms of the coefficients of the lead- 
ing irrelevant operators. The ci's can be extracted by 
fitting energies obtained numerically. The resulting coef- 
ficients can then be inserted into analytical (perturbative) 
expressions for thermodynamic quantities in the vicinity 
of the fixed point. 

For the present problem we have identified seven lead- 
ing irrelevant operators that preserve the full spin, axial- 
charge [7] and Sp (4) [9] symmetries of the two-channel 
Kondo Hamiltonian. Two of these are simple operators 
that allow for hopping of electrons on and off the impu- 
rity sites. The remaining five operators mix channels 
l and 2 in a nontrivial way, e.g. 

6 , : l s a p + s 2 p l  z, p : e , o ,  (4) 

and 

Om=(Ste+Szo)'(S~o+S:o), 

where &p is the net spin of channel-c, parity-p conduction 
electrons localized about the impurity sites. 

For the particle-hole-symmetric version of the prob- 
lem, most of the coefficients ci entering Eq. (3) diverge as 
the bare parameters I/TK and ~< approach the borders of 
the marginal region. This is to be expected, since the 
m~:rginal region is non-Fermi-liquid-like and hence can- 
not be related perturbatively to any Fermi-liquid fixed 
poi~at. 

2" 

free-electron 

1" ~ , b ~ ,  

-00 

I -Impurlly 

marg!nal 

- ?  m 

'R 

I/TK 
o 

Fig. 2. The Wilson (or Sommerfeld) ratio as a function of I/Tg, 
the ratio of the interimpurity coupling to the single-impurity 
Kondo temperature, calculated for :c = O. Errors in R accumu- 
late rapidly as l/Tg approaches the border of the marginal 
region. (Within the interior of this region, R cannot be calculated 
via the method described in the text.) A cross marks the value of 
R for noninteracting impurities. 

One thermodynamic quantity of interest is the Wilson 
(or Sommerfeld) ratio, R. For single-impurity Kondo 
models, R is a universal quantity, taking the values 2 and 
8/3 for one and two channels, respectively. Figure 2 
shows the variation of R with I/TK in the free-electron 
regime. The plot is for • = 0, but similar results are 
obtained for nonzero ~ throughout the free-electron re- 
gime. For large antiferromagnetic RKKY couplings, 
R tends to unity, the value appropriate for a free-electron 
gas. As the bare parameters approach the left boundary 
of the marginal region in Fig. 1, the Wilson ratio de- 
creases. However, since calculation of R involves taking 
the small difference of diverging coefficients, errors grow 
rapidly in this region of the parameter space. Further 
work is in progress to determine R more accurately all 
round the borders of the marginal region. 

In the particle-hole-symmetric version of the two- 
impurity, one-channel Kondo model, there is an unstable, 
marginal-Fermi-liquid fixed point reached from one criti- 
cal value of I/Tr, on the antiferromagnetic side of the 
phase diagram [7]. This fixed point is completely wiped 
out by potential scattering [113]. It is natural to ask 
whether the same is true for the marginal region of the 
two-channel model. Calculations are presently being 
carried out to address this question. 

A more general treatment of Eq. 12) is also under way. 
This involves the reformulation of Wilson's NRG pro- 
cedure [7] to permit an essentially exact solution of 
Eq. (2) without relying on the energy-independent 
couplings approximation for an isotropic, but other- 
wise arbitrary, electronic dispersion. 
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