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Local fluctuations in quantum critical metals
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We show that spatially local, yet low-energy, fluctuations can play an essential role in the physics of strongly
correlated electron systems tuned to a quantum critical point. A detailed microscopic analysis of the Kondo
lattice model is carried out within an extended dynamical-mean-field approach. The correlation functions for
the lattice model are calculated through a self-consistent Bose-Fermi Kondo problem, in which a local moment
is coupled both to a fermionic bath and to a bosonic bath~a fluctuating magnetic field!. A renormalization-
group treatment of this impurity problem—perturbative ine512g, whereg is an exponent characterizing the
spectrum of the bosonic bath—shows that competition between the two couplings can drive the local-moment
fluctuations critical. As a result, two distinct types of quantum critical point emerge in the Kondo lattice, one
being of the usual spin-density-wave type, the other ‘‘locally critical.’’ Near the locally critical point, the
dynamical spin susceptibility exhibitsv/T scaling with a fractional exponent. While the spin-density-wave
critical point is Gaussian, the locally critical point is an interacting fixed point at which long wavelength and
spatially local critical modes coexist. A Ginzburg-Landau description for the locally critical point is discussed.
It is argued that these results are robust, that local criticality provides a natural description of the quantum
critical behavior seen in a number of heavy-fermion metals, and that this picture may also be relevant to other
strongly correlated metals.
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I. INTRODUCTION

Non-Fermi-liquid properties have been seen experim
tally in a number of strongly correlated electron systems1–3

They pose fundamental questions about how electron co
lations lead to new electronic states of matter and new
ementary excitations. One mechanism for the breakdow
Fermi-liquid theory is quantum criticality. While the exte
to which an underlying quantum critical point~QCP! plays a
role in the non-Fermi-liquid behavior of high-temperatu
superconductors remains a subject of debate,4 the situation is
much clearer in heavy-fermion metals. Among the ma
heavy-fermion materials in which non-Fermi-liquid prope
ties have been seen,1,5–15magnetic QCP’s have been expli
itly identified in a number of stoichiometric or nearly st
ichiometric materials5–8 including CeCu62xAux , CePd2Si2 ,
CeIn3, and YbRh2Si2. In each of these systems, the zer
temperature magnetic ordering transition appears to be
tinuous. Non-Fermi-liquid behavior, usually seen in the te
perature dependences of transport and thermodyna
properties, arises near the QCP. For instance, the resistiv
linear ~or close to being linear! in T, and the temperature
dependence of the specific heat coefficientC/T is either
logarithmically singular or nonanalytic with a finite zero
temperature limit. Away from the quantum critical regim
there is a gradual recovery of Fermi-liquid behavior~albeit
still with a large effective mass!. These materials provide
controlled settings in which to study not only basic issu
concerning magnetism in heavy fermions, but also the ph
ics of QCP’s in strongly correlated metals in general.

Inelastic neutron scattering directly probes the criti
fluctuations at heavy-fermion magnetic QCP’s. Particula
detailed measurements have been performed
CeCu62xAux , which can be tuned from a paramagne
0163-1829/2003/68~11!/115103~19!/$20.00 68 1151
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metal to an antiferromagnetic metal by varyingx and/or an
applied pressure. The results16–19are striking in a number of
ways. ~1! The frequency dependence of the dynamical s
susceptibility displays a fractional exponent.~2! The same
exponent also appears in the temperature dependence
dynamical spin susceptibility hasv/T scaling.~3! This frac-
tional exponent describes the variation with frequency a
temperature not only at the ordering wave vector, but ess
tially everywhere else in the Brillouin zone.

The existence of the fractional exponent is a surprise. I
standard to assume20–25 that the critical theory for magnetic
QCP’s in metals is af4 theory, describing the long
wavelength fluctuations of the magnetic order parame
Landau damping makes the dynamic exponentz larger than
1. In the antiferromagnetic case,z52, so the effective di-
mensionality of thef4 theory, deff5d1z, is greater than
~equal to! its upper critical dimension for spatial dimensio
ality d53 (d52). Consequently, in the standard picture
the nonlinear couplings are irrelevant in the renormalizati
group ~RG! sense, the fixed point is Gaussian, and the f
quency exponent must take its mean-field value of 1.

Likewise, the existence ofv/T scaling is surprising. For a
Gaussian fixed point, the spin relaxation rate is determi
by nonlinear couplings that are irrelevant in the RG sen
This implies that the relaxation rate is superlinear
temperature,26 whereasv/T scaling can arise only for a lin
ear relaxation rate.

Both of these features, then, imply that the critical point
CeCu62xAux has to be an interacting one. What is the ne
physics that is responsible for the interacting part of the cr
cal theory? A clue is provided by the third feature of t
experimental data mentioned above. The fact that the f
tional exponent in the frequency/temperature dependence
curs also at generic wavevectors~far away from the ordering
©2003 The American Physical Society03-1
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wavevector! suggests that the origin of the fractional exp
nent lies in some type of local physics.17

Heavy-fermion metals undergoing a magnetic quant
phase transition should be well described by the Kondo
tice model of local moments interacting with conductio
band electrons. It is natural, therefore, to suspect that
local physics responsible for the anomalous properties
CeCu62xAux involves the magnetic moments. In Ref. 27, w
briefly reported an interacting critical point in Kondo lattic
systems.~See also Ref. 28 for more qualitative discussion!
Our analysis was carried out using an extended dynam
mean-field theory~EDMFT!, supplemented by Ginzburg
Landau considerations. Other approaches, based on a larN
formulation, have also been developed to study t
problem,29,30although they have yet to yield any new type
QCP’s. A scenario of three-dimensional electrons couple
two-dimensional Gaussian spin fluctuations6,19,31 has also
been proposed, but it does not address the local and o
non-Gaussian aspects of the critical dynamics.

The present paper describes in detail our microsco
analysis of the Kondo lattice. The interplay of local and sp
tially extended physics is treated using the EDMFT dev
oped in Refs. 32–34. The central result is the finding of t
types of quantum phase transition. The first, correspondin
the Gaussian picture, describes a transition of the usual s
density-wave~SDW! type, and is found to occur when th
underlying spin fluctuations are three dimensional in char
ter. We dub the other type of transition ‘‘locally critical,
because long wavelength and spatially local critical mo
coexist at the QCP. This type of transition occurs if the s
fluctuations are~quasi-! two dimensional. Near the locally
critical point, the dynamical spin susceptibility exhibitsv/T
scaling with a fractional exponent. By analyzing the gene
form of the interacting critical theory, we argue that the e
istence of two types of critical point is valid beyond th
approximations contained in our microscopic calculatio
The locally critical picture provides a natural description
the quantum critical behavior seen in a number of hea
fermion metals, and is argued to be of importance in
broader context of strongly correlated electron physics.

The remainder of the paper is organized as follows.
introduce the model and its EDMFT formulation in Sec.
The EDMFT equations have the content of a Bose-Fe
Kondo model supplemented by self-consistency conditio
In Sec. III, we present a detailed RG analysis of the Bo
Fermi Kondo model, when the bath spectral functions
assumed to take power-law forms. A critical point is iden
fied in the impurity model, and the spin correlation functio
near this critical point are calculated. Using this solution
the impurity model, we study in Sec. IV the self-consiste
EDMFT problem. Two types of QCP are identified, and th
zero-temperature dynamics are determined. The fin
temperature spin dynamics are studied in Sec. V.
Ginzburg-Landau analysis is presented in Sec. VI. Sec.
compares our theoretical results with experiments in hea
fermion systems. Section VIII contains concluding rema
and discusses the general relevance of critical local phys
Details of the derivation of the RG equations, of the det
mination of the separatrix between the two stable phase
11510
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the Bose-Fermi Kondo model, and of the calculation of c
relation functions at the critical point of the impurity mod
are given in Appendixes A, B, and C, respectively. Final
Appendix D presents the derivation of correlation functio
for the long-ranged one-dimensional spherical model with
interaction that decays with distance either as a pure po
law or with logarithmic corrections.

II. THE MODEL AND FORMALISM

A. Kondo lattice model

The Kondo lattice model is specified by the Hamiltonia

H5(
i j s

t i j cis
† cj s1(

i
JKSi•sc,i1(

i j

I i j

2
Si•Sj . ~1!

At each lattice sitei is located a spin-12 local momentSi ,
which interacts on-site with the spinsc,i of the conduction~c!
electrons. The tight-binding parameterst i j determine the dis-
persionek and, hence, the bare conduction-band density
states

r0~e!5(
k

d~e2ek!. ~2!

We will treat only cases where the average number of c
duction electrons is less than one per site. All the pha
described below are metallic.

Two processes oppose each other in the Kondo latt
First, each magnetic moment couples locally with stren
JK to the spins of the conduction electrons. We consider o
positive ~antiferromagnetic! JK values, which can lead to
Kondo quenching of the local moments. Second, the m
netic moments interact with each other through the nonlo
Ruderman-Kittel-Kasuya-Yosida~RKKY ! coupling I i j . In
Eq. ~1!, we have introduced an explicit RKKY interactio
term in addition to that induced implicitly by the Kond
coupling JK . This is done so that the dynamics associa
with the RKKY interactions can be incorporated into th
EDMFT.32–34 ~The EDMFT ensures that there is no doub
counting of the implicit and explicit RKKY interactions.32!
For the systems under consideration,I q , the spatial Fourier
transform of I i j , is most negative whenq is equal to the
antiferromagnetic wave vectorQÞ0.

The competition between the Kondo effect and the RKK
interaction is expected to lead to a magnetic quantum ph
transition.35,36 Traditionally, it is assumed that the local mo
ments are quenched, not only on the paramagnetic side
also through the transition. In this picture, the quantum ph
transition corresponds to an SDW instability of heavy qua
particles produced by the quenching, and the quantum c
cal behavior is necessarily that of a Gaussian fixed point.
contrast, our analysis makes no prior assumption that Ko
resonances are fully developed. It should be stressed—
discussion at the end of Sec. IV A will make clear—that t
critical point is always reached by tuning just one parame
the ratio of the effective RKKY interaction and an effectiv
Kondo coupling.
3-2



te
n

on

f-
n

o

s

rd
no
o

n
m
a

32
se

D
.

r t
i
in

t-
ing

e

am
;
ti

th
pli

r to

be
ice

al

e-
l-

lo-
th

pa-
s
the

the
eld

r of
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B. Extended dynamical mean field theory

In the EDMFT,32–34 all the correlation functions of the
Kondo lattice can be calculated in terms of a self-consis
Kondo impurity model. The EDMFT generalizes the sta
dard dynamical mean-field theory37 in that it incorporates the
quantum fluctuations produced by any intersite interacti
in the Kondo lattice model~1! this is the RKKY interaction.
A key quantity introduced in the EDMFT is the ‘‘spin sel
energy’’M (v), in terms of which the momentum-depende
dynamical spin susceptibility can be written

x~q,v!5
1

M ~v!1I q
. ~3!

~More specifically, the spin self-energy is defined in terms
an effective spin cumulant that isI irreducible.32! The
conduction-electron Green’s function is, as usual, expres
in terms of the conduction-electron self-energyS(v):

G~k,v!5
1

v1m2ek2S~v!
. ~4!

A crucial advantage of the EDMFT is that, unlike standa
RPA approximations, the damping of spin fluctuations is
restricted to take place via decay into quasiparticle-quasih
pairs. Instead the~dynamical! solution of the problem will
dictate the nature of the low-energy many-body excitatio
and the associated form of the spin damping. At the sa
time, it is important to bear in mind the central approxim
tion made in the EDMFT, namely, bothS andM are taken to
be momentum independent.

Details of the formalism have been published in Ref.
Here we stress that the EDMFT can be adopted as a con
ing resummation of diagrams for finite-dimensional system
As discussed in Ref. 32, the diagrams retained in the E
MFT form an infinite series, which is illustrated in Fig. 1
~Note that standard Feynman diagrams can be used fo
Kondo lattice model once the spin of the local moment
represented in terms of pseudofermions without a constra
one such representation suitable for the spin-1

2 case we are
considering is the Popov representation.38!

The spatial dimensionalityd and other aspects of the la
tice structure are encoded in the form of the tight-bind
parametert i j and the RKKY interactionI i j . In particular, a
quantity that will play a crucial role in our analysis is th
‘‘RKKY density of states’’

r I~e![(
q

d~e2I q!. ~5!

For any finite-dimensional system,I q is nonzero only over
a finite range. In other words, the support ofr I(e) is
bounded. This ensures that there is a finite region of par
eter space over whichx(q,v) is positive and nonsingular
hence, a stable paramagnetic solution exists. An alterna
construction of the EDMFT, also given in Ref. 32, scales
intersite parameters such that the nearest-neighbor cou
goes asI ^ i j &}1/Ad, and then takes the limitd→`. In this
11510
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case, a special choice of lattice has to be made in orde
obtain a stable paramagnetic solution.

C. Extended dynamical mean-field equations for
the Kondo lattice

The EDMFT equations for the Kondo lattice model can
expressed in terms of an effective action for a single latt
site ~the ‘‘impurity’’ site!:

Simp5Stop1E
0

b

dtJKS•sc2E
0

b

dt

3E
0

b

dt8F(
s

cs
†~t!G0

21~t2t8!cs~t8!

1
1

2
S~t!•x0

21~t2t8!S~t8!G , ~6!

whereb51/kBT, Stop describes the Berry phase of the loc
moment, andG0

21 andx0
21 are Weiss fields.

Equivalently, the effective impurity action can be repr
sented in terms of the following effective impurity Hami
tonian:

Himp5JKS•sc1(
p,s

Epcps
† cps1g(

p
S•~fW p1fW 2p

† !

1(
p

wpfW p
†
•fW p . ~7!

This is the Bose-Fermi Kondo Hamiltonian, describing a
cal moment coupled not only to the spin of a fermionic ba
(cps), as in the usual Kondo problem, but also to a dissi
tive vector-bosonic bath (fW p). Physically, the vector boson
describe a fluctuating magnetic field generated via

FIG. 1. Single-site, two-site, and three-site diagrams for
Luttinger-Ward potential in the extended dynamical mean-fi
theory. A dashed line represents an intersite interaction; this isI i j

for the Hamiltonian given in Eq.~1!. A blob contains all the on-site
diagrams, with the associated~fully dressed! fermion Green’s func-
tion. The series extends to diagrams involving an infinite numbe
sites.
3-3
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SI, RABELLO, INGERSENT, AND SMITH PHYSICAL REVIEW B68, 115103 ~2003!
RKKY interaction by the local moments at all other lattic
sites. The dispersionsEp and wp , as well as the coupling
constantg, are such that integrating out the two baths in t
Hamiltonian representation yields the effective action~6!.
Specifically,

g2(
p

2wp

~ inm!22wp
2 52x0

21~ inm!,

~8!

(
p

1

ivn2Ep
5G0~ ivn!,

wherenm andvn are bosonic and fermionic Matsubara fr
quencies, respectively. In the following, we will interchan
between the two representations based on notational co
nience.

The self-consistent procedure goes as follows.
~1! Put in trial forms forx0

21( inm) andG0
21( ivn).

~2! Solve the impurity Kondo problem to determine th
impurity correlation functions

x imp~t![^TtS
x~t!Sx~0!& ~9!

and

Gimp~t![2^Ttcs~t!cs
†~0!&. ~10!

This step also determines the spin self-energy throug
Dyson-like equation for the impurity problem

M imp~ inm!5x0
21~ inm!1

1

x imp~ inm!
, ~11!

and a conduction-electron self-energy

S imp~ ivn!5G0
21~ ivn!2

1

Gimp~ ivn!
. ~12!

~3! Determine the parameters in the trial forms
x0

21( inm) and G0
21( ivn) by demanding self-consistenc

The self-consistency conditions

x imp~v!5(
q

x~q,v!,

~13!

Gimp~v!5(
k

G~k,v!,

amount to the requirement that each local correlation fu
tion is equal to the wave-vector average of the correspond
lattice correlation function. The lattice spin susceptibility a
lattice Green’s functionx(q,inm) and G(k,ivn), respec-
tively, are given in Eqs.~3! and ~4!.

~4! Once self-consistency is achieved, identify the imp
rity quantitiesx imp and Gimp with the corresponding loca
~on-site! quantitiesx loc andGloc of the lattice problem. Like-
wise, identifyM imp andS imp with the corresponding lattice
quantitiesM and S, and hence use Eqs.~3! and ~4! to cal-
culate the lattice dynamical spin susceptibilityx(q,inm) and
the lattice Green functionG(k,ivn).
11510
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The derivation of Eqs.~3!, ~4!, and~11! has been given in
Ref. 32. For notational simplicity, in the remainder of th
paper we will not differentiate between impurity quantiti
and local quantities. In particular, the impurity spin-spin co
relation function determined from the Bose-Fermi Kon
model will simply be calledx loc .

III. SOLUTION OF THE IMPURITY PROBLEM

Our goal is to determine the universal low-energy beh
ior of the effective impurity problem generated by the E
MFT. For this purpose, we choose trial forms for the We
fields such that the density of states of the fermion bath n
the Fermi energy is a nonzero constant

(
p

d~v2Ep!5N0 , ~14!

while the spectral function of the fluctuating magnetic fie
has a sublinear power-law dependence on energy at s
ciently low energies

(
p

d~v2wp!5~K0
2/p!uvug for uvu,L, ~15!

with g,1. Equivalently—through Eq.~8!—the imaginary
part of the Weiss field takes the form

Im x0
21~v1 i01!5Cuvugsgnv, ~16!

where

C5~K0g!2. ~17!

Equation~15! also defines the cutoff parameterL. The self-
consistency of our trial forms for the Weiss fields will b
established in Sec. IV, where the solution forg, C, L, and
N0 will also be given.

Having specified the parameters of the impurity mod
we now proceed to solve this model. Our strategy is first
construct the RG equations for the coupling constantsJK and
g. We then show that a phase transition exists as the r
g/TK

0 is varied.@Here we parametrize the Kondo couplingJK

using the single-impurity Kondo temperature

TK
0 '

1

r0~m!
e21/r0(m)JK, ~18!

wherer0(m) is the bare conduction-electron density of sta
at the chemical potentialm.# The critical value ofg/TK

0 is
determined to linear order in 12g. We then calculate the
correlation functions at the critical point, also to linear ord
in 12g. This (12g) expansion was first introduced to th
Bose-Fermi Kondo model by Smith and Si39 @following an
earlier (12g) expansion for a spinless Bose-Fermi Kon
model33# and by Sengupta.40 It was subsequently used t
study a Bose Kondo model with an interacting bath by Voj
Buragohain, and Sachdev.41

Both the construction of the RG equations and the cal
lation of correlation functions require a proper handling
3-4
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LOCAL FLUCTUATIONS IN QUANTUM CRITICAL METALS PHYSICAL REVIEW B 68, 115103 ~2003!
the spin operators. Following Smith and Si,39 we adopt the
Abrikosov representation of the spin in terms of pseudf
electrons42

S5(
ss8

f s
† tWss8

2
f s8 , ~19!

wheret x,y,z are the Pauli matrices. To stay within the Hilbe
space for the spin, we assign an energyl to the f-electron
level and calculate any correlation function (D) involving
the spin from the corresponding correlation function in t
f-electron representation (D̃) using

D5 lim
l→`

1

2
eblD̃. ~20!

Here the prefactor12 ebl is introduced to compensate th
Boltzmann weighting factor for the singly occupied subspa
in the pseudofermion basis. Wick’s theorem applies toD̃
since it involves only canonical fermion operators.

Figure 2 shows the diagrammatic representation of
bare propagators

Gf
b~ ivn!5

1

ivn2l
~21!

for the f electron,

Gb~p,ivn!5
1

ivn2Ep
~22!

for the conduction electrons, and

Gf
b ~p,inm!5

2wp

~ inm!22wp
2 ~23!

for the vector bosons.Gf
b (p,inm) is the Fourier transform o

Gf
b (p,t)[2^Tt(fW p1fW 2p

† )(t)•(fW p1fW 2p
† )(0)&/3.

In the pseudofermion representation, the Hamilton
terms describing the Kondo interaction and the lo
moment-vector boson interaction take the forms

HJ5
JK

4 (
ss8

ss8 f s
† f scs8

† cs81
JK

2
~ f ↑

†f ↓c↓
†c↑1H.c.!,

~24!

FIG. 2. Bare propagators of the impurity problem defined by
Hamiltonian~7!, with the spin of the local moment represented
terms of~pseudo! f electrons.
11510
e
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Hg5
g

2 (
s

s f s
† f sfz1

g

A2
~ f ↑

†f ↓f21H.c.!,

where s,s8561, fW 5(p(fW p1fW 2p
† ), and f65(fx

6fy)/A2. HJ andHg are shown graphically in Fig. 3.

A. RG equations

We first determine the bare scaling dimensions of the c
plings JK and g. S(t) is dimensionless because whenJK

5g50, ^S(t)•S(0)&0 is a constant.fW (t) has the scaling
dimension oft2(11g)/2, andsc(t) that oft21. Therefore,JK
is marginal, whileg has scaling dimension (12g)/2, i.e.,g
is marginal forg51 and relevant forg,1.

We now calculate theb function to cubic order in the
coupling constants. To do so, we first calculate the pertur
tive contributions to thef-electron self-energy, and the pe
turbative corrections to the vertices shown in Fig. 3.~The
self-energies of the fermionic and bosonic baths are of or
1/Nsite and vanish in the thermodynamic limit for the bat
or, equivalently, when the bath spectra are continuous.! De-
tails of the calculation are given in Appendix A.

Consider first thef-electron self-energy. The relevant dia
grams for the perturbative corrections are given in Fig.
The result is

S f~v1l!52F3

8
~N0JK!21

3

4
~K0g!2Gv ln

W

v
, ~25!

whereW is a running cutoff energy. IntroducingGf through

Gf~v1l!5Gf
b~v1l!Gf~v!, ~26!

we have

Gf~v!512F3

8
~N0JK!21

3

4
~K0g!2G ln W

v
. ~27!

Next consider the corrections to the Kondo couplingJK .
Due to spin-rotational invariance it suffices to examine j
the spin-flip processes, say. Also, we set the energy of
externalf electrons tov1l and that of the external conduc
tion electrons tom. The diagrams that lead to singular co
rections to the full vertexGJ(v) are given in Fig. 5. We write
the full vertex as

e

FIG. 3. ~a! Kondo coupling between the spin of anf electron and
the spin of a conduction electron;~b! coupling between the spin o
an f electron and the vector-boson field.
3-5
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GJ~v!5JKgJ~v!, ~28!

and find that

gJ~v!511FN0JK2
1

8
~N0JK!22

1

4
~K0g!2G ln W

v
.

~29!
Finally, consider the corrections to the coupling const

g. The diagrams contributing singular corrections to the c
responding full vertexGg are given in Fig. 6. Writing

Gg~v!5ggg~v!, ~30!

we have

FIG. 4. Diagrams for thef-electron self-energy.

FIG. 5. Perturbative corrections to the Kondo coupling vert
11510
t
r-

gg~v!512F1

8
~N0JK!21

1

4
~K0g!2G ln W

v
. ~31!

We are now in a position to construct the RG equatio
Lowering the cutoff energy fromW to W8 produces the
coupling-constant and wave-function renormalizations

Gf ~v,W8,JK8 ,g8!5zf Gf ~v,W,JK ,g!,

gJ~v,W8,JK8 ,g8!5zJ
21gJ~v,W,JK ,g!, ~32!

gg~v,W8,JK8 ,g8!5zg
21gg~v,W,JK ,g!,

where

JK8 5zf
21zJJK , g85zf

21zgg. ~33!

This leads to the RG equations

dJK

dl
5JKFN0JK2

1

2
N0

2JK
2 2K0

2g2G ,
~34!

dg

dl
5gF12g

2
2

1

2
N0

2JK
2 2K0

2g2G ,
wherel 5 ln(W/W8).

To linear order in 12g, theb functions given in Eq.~34!
yield an unstable fixed point located in theJK-g plane at

~K0g* !25N0JK* 5~12g!/2. ~35!

A separatrix passes through this critical point and through
origin, JK5g50: to its left ~right! in theJK-g plane the RG
flow of JK is towards infinity~zero! ~see Fig. 7!. For small
JK andg, the position of the separatrix, expressed in the fo
gc(JK), can be determined by iterating the RG flow. Th
calculation, the details of which appear in Appendix B, giv

~K0gc!
252~12g!expS 2

12g

N0JK
D . ~36!

B. Correlation functions at the critical point

Consider first the local spin autocorrelation function

x loc~t![^TtS
x~t!Sx~0!&5 lim

l→`

1

2
eblx̃~t!, ~37!

where.

FIG. 6. Perturbative corrections to the vertex describing the c
pling of the local moment to the vector bosons.
3-6
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x̃~t![
1

2
^Tt f ↓

†~t! f ↑~t! f ↑
†~0! f ↓~0!&, ~38!

which can be calculated using diagrammatic techniques.
correlation functions along the entire separatrix specified
Eq. ~36! are asymptotically the same as their counterpart
the fixed point described by Eq.~35!.

As usual, given that 12g is treated as an expansion p
rameter, the correlation functions at the critical point can
calculated via perturbative expansion in the couplingsJK and
g, at the end replacing these couplings by their fixed-po
valuesJK* andg* , respectively. The low-order diagrams a
shown in Figs. 8~a!–8~g!.

BecauseJK* is of order 12g, the corrections tox loc from
the Kondo couplingJK @Figs. 8~e!, 8~f!, and 8~g!# are of
higher-than-linear order in 12g. The calculation of the re-
maining contributions is given in detail in Appendix C. Dia
gram 8~a! contributes to zeroth order in 12g:

x loc
(a)~t!51/4. ~39!

Three diagrams contribute to first order in 12g. The singu-
lar correction from diagram 8~b! is

x loc
(b)~t!52

1

8
~K0g* !2ln

sin~pt/b!

p/Lb
. ~40!

~Here we consider 0,t,b.! The singular contributions
from diagrams 8~c! and 8~d! sum to

x loc
(cd)~t!52

3

8
~K0g* !2ln

sin~pt/b!

p/Lb
. ~41!

Collecting all these contributions, noting that (K0g* )25(1
2g)/2, and following the procedure of the standa
e-expansion,43 we end up with the following form for the
local spin correlation function at the critical point:

x loc~t!5
1

4 S p/Lb

sin~pt/b! D
12g

. ~42!

In the zero-temperature limit, this gives, for 0,g,1,

FIG. 7. Schematic RG flow of the Bose-Fermi Kondo mod
Note the unstable fixed point at finiteJK andg.
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x loc~v!5
1

2L12g
G~g!sin

p~12g!

2
~2 iv!2g, ~43!

whereG is the gamma function, and forg50,

x loc~v!5
1

2L
ln

L

2 iv
. ~44!

Now we turn to the conduction-electron Green’s functio
The leading nonvanishing contribution to the conductio
electron self-energy is given in Fig. 9. SinceJK* is of order
12g, we conclude that

S5O@~12g!2#, ~45!

.

FIG. 8. Perturbation series forx̃ loc , defined in Eq.~38!, showing
terms entering at zeroth~a!, first ~b!–~d!, and higher~e!–~g! order
in 12g.

FIG. 9. Leading nonvanishing contribution to the conductio
electron self-energy.
3-7
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SI, RABELLO, INGERSENT, AND SMITH PHYSICAL REVIEW B68, 115103 ~2003!
i.e., the conduction-electron Green’s function is unrenorm
ized to linear order in 12g. Note that this stands in marke
contrast to the strong-coupling Kondo phase, whereS has a
pole.44

To summarize, for a fixedJK , the impurity model dis-
plays a QCP at a critical couplinggc(JK) specified by Eq.
~36!. The static impurity spin susceptibility diverges asg
→gc

2 , as illustrated in Fig. 10~a!. At the QCP, the dynamica
susceptibility is given by Eq.~43!. Associated with this criti-
cal point is the vanishing of a local energy scaleEloc* , re-
flecting a critical slowing down. This is shown schematica
in Fig. 10~b!. For g,gc , Eloc* is finite and serves as an e
fective Fermi energy scale.

Subsequent to the work reported here, the RG analys
the Bose-Fermi Kondo model has been extended45,46 to
higher orders in 12g. An unstable fixed point has bee
identified not only in the spin-isotropic model consider
above, but also in the presence of anisotropy. In both ca
the exponent of the local spin correlation function at t
critical point turns out to be 12g to all orders in 12g, in
agreement with Eq.~42!.

We note that power-law behavior of local spin-correlati
functions has also been discussed in impurity models
arise in the context of quantum spin-glasses.40,47–49There, it
is associated with astablefixed point ~i.e., a phase! of the
impurity model. By contrast, what we have discussed ab
is anunstablefixed point ~a critical point!.

IV. SELF-CONSISTENT SOLUTION

We must now address the following two key questio
Can the critical point associated with the local problem
incide with the magnetic ordering transition? What can ca

FIG. 10. ~a! Static local spin susceptibility as a function o
g/TK

0 . For g,gc , the susceptibility is finite and the local mome
is completely quenched. The divergence of the susceptibility ag
5gc signals that the dynamics of the local moment have beco
critical. ~b! The local energy scaleEloc* as a function ofg/TK

0 . Eloc*
vanishes atgc , reflecting a critical slowing down.
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the fluctuating magnetic field to have a sub-ohmic spectr
(g,1)?

The answer to both questions lies in the self-consiste
requirement. The determining factor turns out to be the fo
of the RKKY density of states defined in Eq.~5!. The sig-
nificance ofr I(e) is that it characterizes the way the RKK
interaction enters the self-consistency condition. Inde
combining Eq.~5! with Eq. ~3!, we can rewrite the first equa
tion in the self-consistency condition~13! as

x loc~v!5E de
r I~e!

M ~v!1e
. ~46!

We consider two types of RKKY density of statesr I(e):
The first type increases from the lower band edge~at e
5I Q) with a jump, as shown in Fig. 11~a!. The second type
increases from the lower band edge in a square-root fash
i.e., asAe2I Q. This is illustrated in Fig. 11~b!.

The jump and square-root onset at the lower edge
characteristic of magnetic fluctuations in two dimensions a
three dimensions, respectively. This can be seen, for
stance, by comparing the form of the RKKY density of sta
for nearest-neighbor real-space coupling on a~two-
dimensional! square lattice, whereI q5I (cosqxa1cosqya),
and a~three-dimensional! cubic lattice, whereI q5I (cosqxa
1cosqya1cosqza).

In the remainder of this section, we describe the quant
critical behavior for the two types of RKKY density of state
The quantum phase transition takes place as the ratio o
RKKY interaction to the Kondo coupling

e
FIG. 11. ~a! An RKKY density of states with a jump at the lowe

edge e5I Q , characteristic of two-dimensional magnetic fluctu
tions.~b! An RKKY density of states with a square-root onset at t
lower edge, characteristic of three-dimensional magnetic fluc
tions.
3-8
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LOCAL FLUCTUATIONS IN QUANTUM CRITICAL METALS PHYSICAL REVIEW B 68, 115103 ~2003!
d[
uI Qu

TK
0

, ~47!

is tuned through some critical valuedc , which labels the
QCP. We expectdc , the ratio of energy scales characterizi
the competing interactions that give rise to the transition
be of order unity.

The QCP is signaled by the divergence of the static s
susceptibility at the peak wave vectorQ. The peak suscepti
bility is related to the spin self-energyM (v) via Eq. ~3!:

x~Q,v!5
1

M ~v!1I Q
. ~48!

This implies that at the QCP

M ~v→0!52I Q . ~49!

A. Self-consistent solution in two dimensions

With a jump in the RKKY density of states, the sel
consistency equation Eq.~46! can be written as

x loc~v!5E
I Q

I Q1L0
de

r I~e!

M ~v!1e
1E

I Q1L0

de
r I~e!

M ~v!1e
,

~50!

whereL0 is defined such that, foreP(I Q ,I Q1L0), r I(e) is
approximately equal to its value at the lower edger I(I Q).
For instance, ifr I(e) is flat, thenL0 is equal to the separa
tion between the upper and lower edge of the flatr I(e). For
a genericr I(e), L0 is of the order of the RKKY interaction
as parametrized by, say,uI Qu. Given Eq.~49!, the first term in
Eq. ~50! is singular; the second term, on the other hand
nonsingular and can be neglected. The self-consistency e
tion then becomes

x loc~v!5r I~ I Q!ln
L0

M ~v!1I Q
. ~51!

Equation~51!, when combined with Eqs.~48! and ~49!,
leads to the conclusion that the local susceptibilityx loc(v
→0) becomes singular at the same value ofd where the
peak susceptibilityx(Q,v→0) becomes singular. As usua
the singularity inx(Q,v) signals the emergence of a critic
mode associated with the long-wavelength fluctuations of
order parameter. However, from Sec. III B@see the discus
sion concerning Fig. 10~a!#, we know that the divergence o
x loc(v) signifies the emergence of critical but spatially loc
modes; thus, the fluctuations of the local moments are
critical. The corresponding energy scaleEloc* vanishes@Fig.
10~b!#. This reasoning leads to one of our key conclusio
concerning the quantum critical behavior of the Kondo l
tice in two dimensions: as we increase the parameterd, spa-
tially local critical modes emerge simultaneously with t
usual long-wavelength critical modes.

We now determine the detailed dynamics at the QCP,
ginning with the conduction-electron self-energy. Since
effective impurity model is at its own critical point, our re
sult of the previous section@Eq. ~45!# implies thatS vanishes
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to linear order in 12g. This shows that the fermion-bat
density of states, assumed to beN0 in Eq. ~14!, is indeed a
nonzero constant and is, in fact, equal to the b
conduction-electron density of states@see Eq.~2!# at the
chemical potential

N05r0~m!. ~52!

Let us turn to the dynamical spin susceptibility. Combi
ing Eq. ~51! with Eq. ~11! yields

x0
21~v!1

1

x loc~v!
5M ~v!52I Q1L0expF2

x loc~v!

r I~ I Q! G .
~53!

Inserting Eqs.~16!, ~36!, and~43! into Eq.~53!, and demand-
ing a power-law form for the frequency-dependent part
the spin self-energyM (v), we reach the following self-
consistent solution for the parameters introduced in E
~15!–~17!:

g501, L5C/p5
2

p
TK

0 , ~54!

whereTK
0 is defined in Eq.~18!. The specific form for the

spectral function of the vector-bosonic Weiss field is

Im x0
21~v1 i01!5pLS ln

L

uvu D
22

sgnv, ~55!

while the local susceptibility is

x loc~v1 i01!5
1

2L
ln

L

2 iv
. ~56!

The spin self-energy is given in terms ofx loc through the
second equality of Eq.~53!. The result is

M ~v!52I Q1L0~2 iv/L!a, ~57!

where the exponent is

a5
1

2Lr I~ I Q!
. ~58!

The parameterL is determined by the Kondo coupling, a
shown in Eq.~54!. The parameterr I(I Q), introduced earlier,
is the RKKY density of states at the lower edge@Fig. 11~a!#.

We note that the local susceptibility at the critical poin
given in Eq.~56!, is universal. The exponenta for the spin
self-energy, on the other hand, depends on the prod
Lr I(I Q). Since the QCP is reached through competition
tween the RKKY and Kondo interactions, we expect that t
product is close to unity, resulting in ana that is not too far
from 1

2 . The precise value of this product, however, is no
universal: it depends on which point of the phase bound
in the two-dimensional (uI Qu-TK

0 ) parameter space is crosse
as the system is tuned through the quantum phase trans
~see Fig. 12!.

The phase boundary can, in principle, be located by
serting Eq.~49! into Eq. ~53!. Recognizing that 1/x loc(v
→0)50, one obtains the condition
3-9
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x0
21~v→0!52I Q . ~59!

In this paper we have carried out an asymptotic low-ene
analysis of our dynamical equations. By contrast,x0

21(v
→0) depends~through the Kramers-Kronig relation! on the
solution at all energies. Therefore, the determination of
phase boundary and, hence, the value of the exponena,
requires a complete~numerical! treatment of the problem
Recently, such a treatment has been carried out for a Ko
lattice model with Ising RKKY couplings.50,51A locally criti-
cal quantum phase transition was identified,50 with a near-
universal exponenta50.7260.01. Extension of such nu
merical work to the isotropic case considered in the pres
paper remains an important problem for the future.

Figure 12 also illustrates the important point that, in
given system, there is only one parameter that must be tu
to drive the system through criticality. The dashed line re
resents such a tuning trajectory.

Two additional remarks are in order. First, the se
consistent Weiss fieldx0

21, given in Eq.~55!, has a logarith-
mic dependence. In~imaginary! time, this corresponds to a
interaction with an algebraic component 1/t multiplied by a
logarithmic correction. On the other hand, the self-consis
solution for the spin-spin correlation function at the critic
point, given by Eq.~56!, corresponds to 1/t, with no loga-
rithmic correction. Within the (12g)-expansion carried ou
in Sec. III, the logarithmic corrections to the range of t
interaction do not affect the critical exponent forx loc , which
remains algebraic without any logarithmic corrections. W
believe that this remains true beyond the (12g) expansion,
since the spin-spin correlation functions at a critical point
in general algebraic and admit no logarithmic correctio
For the particular form of the self-consistent Weiss fieldx0

21

used here, we can demonstrate this point explicitly in
spherical model with a long-range interaction specified
x0

21 ~see Appendix D!.
Second, the self-consistency equation~53! dictates that, at

the critical point, the imaginary part of the spin-self-ener
Im M (v) is subleading compared to both Imx0(v) and
Im x loc(v). In principle, we should allow a subleading ter
in x0(v), and determine both the leading and the sublead
terms for the criticalx loc(v). Calculating the subleading
terms of x loc(v) is, however, beyond the scope of the
2g) expansion. What we have done, instead, is to take
vantage of the freedom to choose the Weiss field such

FIG. 12. Phase diagram of the Kondo lattice in theuI Qu-TK
0

parameter space. The solid line is the phase boundary. The da
line shows the tuning trajectory through the quantum phase tra
tion for a given system.
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the self-consistency equation is satisfied; Eq.~53!, then, al-
lows us to determineM from the leading term ofx loc(v).

B. Self-consistent solution in three dimensions

If the RKKY density of states increases at the lower ba
edge in a square-root fashion

lim
e→I Q

1

r I~e!}Ae2I Q, ~60!

the self-consistency equation~46! can again be written as in
Eq. ~50!, the difference being thatL0 is now defined such
that the square-root form applies foreP(I Q ,I Q1L0).
Again, for a genericr I(e), L0 is of the order of the RKKY
interactionuI Qu.

The second term on the right-hand side of Eq.~50! is
finite, just as in two dimensions. In three dimensions, ho
ever, the first term—when combined with Eqs.~49! and
~60!—also yields a finite value

E
I Q

I Q1L0
de

r I~e!

M ~v!1e
}AL0. ~61!

Thus, self-consistency dictates that in the thre
dimensional case, the local susceptibilityx loc is finite at the
QCP. Hence, from Sec. III B@see the discussion concernin
Fig. 10~a!#, we know that the dynamics of the local mome
are not yet critical. Equivalently, the local energy scaleEloc*
is finite at the QCP.

We now proceed to extract the critical behavior. To
concrete, we work with a semi-circular form for the RKK
density of states

r I~e!5
2

pI 2AI 22e2 ~62!

for ueu<I . Solving the self-consistency equation~46! yields

M ~v!5S I

2D 2

x loc~v!1
1

x loc~v!
, ~63!

which, when combined with Eq.~11!, gives

x0
21~v!5~ I /2!2x loc~v!. ~64!

The local physics is noncritical at the QCP, so the ima
nary part of the spin self-energy should reflect the decay
spin fluctuations into particle-hole excitations and, hen
should be linear in frequency. We can quantifyEloc* using the
definition28

Im M 21~v!5v/~Eloc* !2 for uvu,Eloc* . ~65!

Combined with Eq.~49!, which now readsM (v→0)
5I , this implies that

M ~v!5I 2 i ~ I /Eloc* !2v1O~v2!. ~66!

The precise value ofEloc* can be determined using a tec
nique that is applicable to the strong-coupling regime of

hed
si-
3-10
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LOCAL FLUCTUATIONS IN QUANTUM CRITICAL METALS PHYSICAL REVIEW B 68, 115103 ~2003!
Bose-Fermi Kondo Hamiltonian~7!; one such method is
slave-boson mean-field theory.44

Combining Eqs.~63! and~66! leads to the following form
for the local susceptibility:

x loc~v1 i01!5
2

I
2

2

Eloc*
A2

I
A2 iv22iv/~Eloc* !2

1O~v3/2!. ~67!

Using Eq.~64!, the Weiss field is

x0
21~v1 i01!5

I

2
2

2

Eloc*
S I

2D 3/2

A2 iv22i ~ I /Eloc* !2v

1O~v3/2!. ~68!

We should stress that Eqs.~67! and ~68! are compatible.
In other words, for a given Bose-Fermi Kondo Hamiltoni
@Eq. ~7!# and given bath dispersions@Eqs.~14! and~15! with
g51/2], the solution will yield an impurity dynamical spi
susceptibility whose imaginary part is proportional
uvu1/2sgnv. While the correlation functions on the stron
coupling side of the Bose-Fermi Kondo model are n
accessible within the (12g) expansion~and are in genera
difficult to determine except for certain large-N limits!, we
note that the above is consistent with the bound set by G
fiths’ theorem.52 The correlation functions in the parama
netic phase of the one-dimensional long-ranged sphe
model provide additional support for this conclusion; see A
pendix D.

V. DYNAMICAL SPIN SUSCEPTIBILITY
OF THE LOCALLY CRITICAL POINT

AT FINITE TEMPERATURES

We now return to the locally critical point that occurs
the two-dimensional case. Inserting ourT50 solution for the
spin self-energy~57!, into Eq.~3!, we arrive at the following
result for the momentum-dependent dynamical spin sus
tibility at T50:

x~q,v,T50!5
1

I q2I Q1L0~2 iv/L!a , ~69!

whereL0 is defined right after Eq.~50!. We emphasize once
again that the local susceptibility, given in Eq.~56!, is uni-
versal. On the other hand, the exponenta is not universal, as
discussed after Eq.~58!. It should also be noted that, forq
;0, Eq. ~69! is expected to be valid only if the total spin
not conserved; in heavy fermions, this is the case as a re
of the strong spin-orbit couplings. In the conserved case
would be important to keep track of the momentu
dependence of the spin self-energy for smallq.

At finite temperatures, the self-consistent solution still h
g501. From Eq.~42!, we have

x loc~t!5
1

4

p/Lb

sin~pt/b!
, ~70!

yielding
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x loc~v1 i01,T!5
1

2L F ln
L

2pT
2cS 1

2
2 i

v

2pTD G , ~71!

wherec is the digamma function.
The corresponding spin self-energy can be found us

the second equality of Eq.~53!. The result is

M ~v1 i01,T!52I Q1L0~2p/L!aTaM~v/T!, ~72!

where

M~v/T!5exp@ac~1/22 iv/2pT!#. ~73!

The momentum-dependent dynamical spin susceptibility
finite temperatures follows from inserting Eq.~72! into
Eq. ~3!:

x~q,v,T!5
1

I q2I Q1L0~2p/L!aTaM~v/T!
. ~74!

VI. GINZBURG-LANDAU THEORY

A. Gaussian critical point and its instability

In the picture of theT50 SDW transition, there is only
one type of critical degrees of freedom, namely, the lon
wavelength fluctuations of the magnetic order parameter.
Ginzburg-Landau~GL! action is an extension of the standa
f4 theory for a classical phase transition to allow for ord
parameter fluctuations that take place not only in space
also in ~imaginary! time.20,21,26,53The temporal fluctuations
can be thought of as addingz dimensions, wherez is the
dynamic exponent. In the antiferromagnetic case (Q being
nonzero!, z52 and the action takes the form

SSDW5Slw@m~q;Q,v!#

5E dqE dv@r 1~q2Q!21uvu#@m~q,v!#2

1u)
i 51

4 E dqiE dv idS (
i

qi D dS (
i

v i D @m#4

1•••. ~75!

The effective dimensionality isdeff5d1z. For d52 or
d53, deff equals or exceeds the upper critical dimension
4, so the critical point is Gaussian. TheT50 dynamical spin
susceptibility assumes the mean-field~RPA! form

xG~q,v!;
1

~q2Q!22 iv
, ~76!

where the linear-in-frequency dependence comes from L
dau damping~decay into particle-hole pairs!. All the nonlin-
ear couplings are irrelevant, so the corresponding relaxa
rate is superlinear, leading to a violation ofv/T
scaling.21,26,54,55~This is very different from QCP’s in insu
lators in two dimensions,56,57where the dynamic exponent i
usually z51 and the correspondingf4-theory is below its
upper critical dimension.!
3-11
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It should be noted that for two-dimensional magnetic flu
tuations, the local~i.e., q-averaged! dynamical spin suscep
tibility associated withxG(q,v) is, in fact, singular:

x loc
G ~v![E dqxG~q,v!; ln

1

2 iv
. ~77!

Within the SDW description@Eq. ~75!#, the nonlinear terms
couple only the long-wavelength modes, so this singularx loc

G

is inconsequential. However, when local degrees of freed
play a central role from the outset—as is the case for
local moments in heavy fermions—this singularity can ca
important nonlinear effects in the dynamics of the local o
jects. The preceding sections amount to a microscopic an
sis of these nonlinear effects.

B. Ginzburg-Landau action for the locally critical point

We now address the important question of whether
locally critical point is internally consistent beyond the m
croscopic~EDMFT! approximations. The defining feature o
a locally critical point is the coexistence of local and lon
wavelength critical modes. The long-wavelength modes
usual, capture the divergence of the correlation length
space. They reflect the fact that there is a broken symm
in the antiferromagnetic metal, and the order parameter
responding to this broken symmetry vanishes continuou
as the critical point is approached from the ordered side.
local critical modes are additional critical modes. They ar
from a subtle ‘‘ordering’’ on the paramagnetic metal sid
which also disappears continuously as the critical poin
approached from the paramagnetic side. The ‘‘ordering’
associated with the formation of Kondo singlets, a proc
which yields Kondo resonances and makes the local
ments part of the electron fluid. It is reflected in the form
tion of a ‘‘large’’ Fermi surface, which encloses a volum
that counts both the number of conduction electrons and
number of local moments.44 The strength of these Kond
resonances is captured by a quasiparticle residueZ, associ-
ated with the states on such a large Fermi surface. Unlike
SDW case, at the locally critical pointZ goes to zero over the
entire large Fermi surface.

The GL action, then, has to be the sum of three parts

SLCP5Slw@m~q;Q,v!#1Sloc1Smix . ~78!

Here,Slw is the same as in Eq.~75!, Sloc describes the cou
plings among the local critical modes alone, andSmix takes
into account the coupling between the local and spati
extended degrees of freedom.

The notion that local fluctuations are part of the quant
critical theory is at first sight surprising, especially view
from what is known about classical~finite-temperature!
phase transitions. The universality class of a classical crit
point is entirely determined by statics.58 ~Real-time dynamics
are considered only after the statics have determined the
versality class.59! Static fluctuations can be energetically f
vorable only if they occur at long distances. The universa
class of a QCP, by contrast, depends on statics and dyna
~quantum fluctuations! on an equal footing. The mixing o
11510
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statics and dynamics opens the door for local fluctuation
have low energies, provided that their fluctuations in~imagi-
nary! time are slow.

We are now in a position to address the robustness of
locally critical point. In the microscopic analysis, we a
sumed that the spin self-energy and the electron self-en
are independent of the wave vectorsq andk. Allowing a k
dependence in the conduction-electron self-energy will
affect our analysis, since we are away from half-filling a
the conduction-electron density of states is expected to
main finite. We now argue that allowing aq dependence in
the spin self-energy leaves the locally critical point inta
provided thata,1 ~as is the case observed in CeCu62xAux
and YbRh2Si2). Consider first the contribution to the spi
self-energy from the nonlinear couplings withinSlw . The
effective dimensiondeff5d1z5212/a still exceeds 4, so
all the nonlinear couplings withinSlw must be irrelevant in
the RG sense. Theq dependence of the spin self-energy w
then be at most (q2Q)2. Consider next the contribution to
the spin self-energy fromSmix . Since the spin modes ar
coupled to the local modes, the corresponding contribut
cannot have a singularq dependence, either. As a result, th
spatial anomalous dimensionh takes the valueh50, and
the zero-temperature, zero-frequency spin susceptibility
q;Q goes as

x~q!;
1

~q2Q!2 . ~79!

The corresponding local susceptibility remains singu
Therefore, the local criticality is robust.

We emphasize that the locally critical point is no
Gaussian because the appropriate field theory isnot just the
usualf4 theory, but instead has the form given in Eq.~78!
above. Each of the three parts making upSLCP contains non-
linear couplings which flow under the RG transformatio
Slw ~the f4 theory! contains nonlinear couplings purely be
tween long-wavelength modes. Since the effective dim
sionality satisfiesdeff5d1z.4, all these couplings are ir
relevant, and they will contribute to the spin relaxation rat
term that is superlinear inT.21,26However,Sloc andSmix con-
tain nonlinear couplings involving the local modes. Some
these couplings are relevant, and will generate a linear-iT
contribution to the spin relaxation rate. The total relaxati
rate will be dominated by this second type of contributio
and will be linear inT, giving rise to v/T scaling in the
dynamical spin susceptibility. Our microscopic theory pr
vides a specific prescription for determining this relaxati
rate, as well as the universal scaling functions.

We close this subsection with a brief comment on t
general validity of the EDMFT analysis of quantum critic
behavior in metals. We have seen that, for the EDMFT
sults to be valid, it is crucial27 that the critical point has a
mean-field exponent for spatial fluctuations, i.e.,h50. ~The
temporal fluctuations are allowed to have an anomalous
ponent.! This requires the nonlinear couplings among t
long-wavelength modes to be irrelevant, a condition tha
relatively easy to satisfy at aT50 transition in a metallic
system. The results presented above serve as a concret
3-12
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LOCAL FLUCTUATIONS IN QUANTUM CRITICAL METALS PHYSICAL REVIEW B 68, 115103 ~2003!
ample where the spatial fluctuations are Gaussian but
temporal fluctuations are non-Gaussian. For critical po
where hÞ0, by contrast, the EDMFT is not expected
describe the correct critical properties. For instance, at fin
temperature transitions~whereh is in general nonzero!, the
EDMFT yields a first-order transition.51,60–63 However,
quantum critical dynamics—including those at fini
temperatures—are controlled by the QCP atT50, and are
correctly captured by EDMFT calculations.

VII. COMPARISON WITH EXPERIMENTS

We now compare our conclusions with existing expe
ments in heavy-fermion metals, and also make several
dictions that can be tested in the future.

A. Inelastic neutron scattering, magnetization, and NMR
relaxation rate

Our theoretical result for the dynamical spin susceptibi
near a locally critical point@Eq. ~74!# can be rewritten

x~q,v,T!5
1

f ~q!1ATaM~v/T!
, ~80!

where A5L0(2p/L)a, and f (q)5I q2I Q vanishes at the
peak wave vector (q5Q) but is finite at other wave vectors
Equation~80! implies that the dynamical spin susceptibili
at the peak wave vector satisfies anv/T scaling

x~Q,v,T!5
1

ATaM~v/T!
, ~81!

where the scaling functionM(v/T) is given in Eq.~73!.
Equation ~81! is consistent with the inelastic neutron
scattering results16,17 on CeCu62xAux at the critical concen-
tration xc'0.1, where it is found that the exponenta
'0.75. (v/T scaling was reported14 earlier in UCu52xPdx
for x51 and 1.5. This system, however, seems to con
strong disorder, the effects of which remain a subject
debate.14,15,64,65! The scaling function used to fit the exper
ments is (12 iv/aT)a, which behaves very similarly to Eq
~73!. The neutron-scattering results16,17 at generic wave vec
tors have also been fitted to the form of Eq.~80!, with the
same exponenta'0.75.

In our theory, the locally critical picture arises if the ma
netic fluctuations are two dimensional. Within experimen
resolution, f (q) goes to zero along lines in the thre
dimensional Brillouin zone, implying that the magnetic flu
tuations in the quantum critical regime are two dimensio
in real space in the frequency and temperature ranges
have been studied to date.16,18,19It should be noted, however
that the magnetic ordering forx.xc is three dimensional. To
properly address the finite-T magnetic ordering transition, i
will be necessary to incorporate the~small! RKKY coupling
in the third dimension.66 Whether dimensional crossove
eventually takes place at lower temperatures in the quan
critical regime is a question that should be addressed in
ture experiments. We hope that our work will provide
stimulus for this kind of~challenging! experiment. It is also
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desirable that neutron scattering be carried out at a Q
where the magnetic fluctuations are genuinely thr
dimensional. In this regard, we note that a violation ofv/T
scaling has been reported9 in Ce12xLaxRu2Si2.

It also follows from Eq.~80! that the static and uniform
spin susceptibility,x[M /H, has a modified Curie-Weis
form

x~T!5
1

Q1BTa , ~82!

where Q5I q502I Q and B'L0L2a(2p)aexp@ac(1/2)#.
Equation ~82! fits well16,17 the magnetization data in
CeCu62xAux .

There are indications that the modified Curie-Weiss s
ceptibility describes several other heavy-fermion metals n
a QCP.1 One such material is YbRh2Si2,67 which exhibits
thermodynamic and transport properties very similar to th
of CeCu62xAux , and has a layered structure that sugge
the possibility of~quasi-! two-dimensional magnetic fluctua
tions. These characteristics make YbRh2Si2 a promising can-
didate for local criticality. However, inelastic neutron scatte
ing has yet to be performed in this system.

The local susceptibility given in Eq.~71! leads to a non-
Korringa NMR spin-lattice relaxation rate

1

T1
;const. ~83!

~We have assumed that the hyperfine constant is not stro
q dependent.! This prediction might be tested using NM
measurements on the Cu sites in CeCu62xAux or the Si sites
in YbRh2Si2.

B. Fermi surface properties, Hall coefficient,
and other transport properties

On the paramagnetic side of a magnetic ordering QCP,
coherence energy scale (Eloc* ) is finite. This signals44 the for-
mation of heavy quasiparticles, whose Fermi surface
‘‘large’’ in the sense that its volume counts both the condu
tion electrons and the local moments. In the case of an S
transition,Eloc* remains finite through the QCP, and the Fer
surface remains large on the antiferromagnetic side~except
for the folding of the Fermi surface due to a broken trans
tional symmetry!. By contrast,Eloc* vanishes at a locally criti-
cal point, and the Fermi surface is ‘‘small’’ on the antiferr
magnetic side,68 i.e., its volume and topology are such th
the single-electron excitations come entirely from the co
duction electrons. Thus, the topology of the Fermi surfa
differentiates the antiferromagnetic metal phase on the
dered side of the locally critical transition from its counte
part for an SDW transition. Experimental probes of t
Fermi surface, such as de Haas–van Alphen measurem
both inside the antiferromagnetic metal phase and clos
the QCP, may be used to distinguish between the two ty
of quantum phase transition.

As a consequence of the large change in the Fermi-sur
volume across a locally critical point, the Hall coefficient
zero temperature is expected to undergo a large jump a
QCP. This provides another potential test of the locally cr
3-13
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SI, RABELLO, INGERSENT, AND SMITH PHYSICAL REVIEW B68, 115103 ~2003!
cal picture.~A more general discussion of the behavior of t
Hall coefficient can be found in Ref. 54; see also Ref. 69!

Finally, we consider the longitudinal resistivity. At an a
tiferromagnetic SDW critical point, only certain hot spots
the Fermi surface are affected by the critical fluctuations
the clean limit, then, the resistivity is expected to retain
Fermi-liquid T2 form.31,70 At a locally critical point, on the
other hand, the entire Fermi surface is affected and the re
tivity will have a non-Fermi-liquid form.

The change of the Fermi-surface volume is also expec
to be manifested in the behavior of the residual resistivity
a function of the tuning parameter. This is best studied
using pressure or a magnetic field as the tuning param
~By contrast, tuning by chemical doping would also induc
significant change in the amount of disorder.! We note that
the residual resistivity does seem to show dramatic chan
across the pressure-driven QCP in CeCu5Au ~Ref. 71! and
the field-driven QCP in YbRh2Si2 ~Ref. 72!.

VIII. CONCLUSIONS AND OUTLOOK

In this paper, we have identified a new class of quant
critical point in Kondo lattice systems. We have carried o
an EDMFT analysis of the Kondo lattice model and fou
that, when the magnetic fluctuations are two dimensiona
locally critical point arises. Here, critical local modes coex
with the long-wavelength fluctuations of the order parame
We have also argued that the locally critical point is rob
beyond our microscopic calculations.

Our results explain the salient features of the experime
in several heavy-fermion systems. In particular, we ha
made comparisons with the existing experiments
CeCu62xAux and YbRh2Si2. We have also made a numb
of predictions concerning the NMR relaxation rate, t
Fermi-surface volume, and the Hall coefficient.

The crucial ingredient of local criticality is the presen
of spatially local critical modes. This contrasts with the sta
dard critical theory, in which the only low-energy modes a
long-wavelength fluctuations of the order parameter.
heavy fermions, the emergence of such critical local fluct
tions can ultimately be traced to the fact that, as a resul
the microscopic Coulomb blockade, local moments are ‘‘p
formed’’ at intermediate energies.73 At an SDW transition,
the local moments disappear at sufficiently low energ
their quenching by the conduction-electron spins leaves o
electronlike excitations~Kondo resonances!. At a locally
critical point, on the other hand, vestiges of the local m
ments persist to asymptotically low energies. Such loc
moment physics is neglected in the SDW treatment of m
netic quantum critical points.

For Mott-Hubbard systems, the microscopic Coulom
blockade is responsible for the formation of the Mott insu
tor. One is therefore led to speculate that low-energy lo
modes may well play a key role in metals near a Mott tra
sition. This issue is becoming increasingly important due
the observations of~nearly! quantum critical behavior in
transition-metal oxides,74 as well as the apparent scaling b
havior in high-temperature superconductors.3,4,75,76
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APPENDIX A: DERIVATION OF THE RG EQUATIONS

In this appendix, we present the derivation of the R
equations~34!, following a procedure outlined in Ref. 39
Consider first the pseudo-f -electron self-energy. There ar
two contributions, as specified by Fig. 4. The contribution~a!
is given by

S (a)~ iv f !52
3

8

JK
2

b2 (
p,p8

(
iv1

(
iv2

Gf
b~ iv1!Gb~p,iv2!

3Gb~p8,iv f1 iv22 iv1!. ~A1!

Here the factor of 3 comes from summation over the th
spin components. Carrying through the summation overiv1
and iv2, settingiv f5v1l, and using the fact thatl→`,
we have

S (a)~v1l!5
3

8
JK

2 (
p,p8

f ~ep!@12 f ~ep8!#

v1ep2ep8

52
3

8
~N0JK!2F2D ln 21v ln

D

v
1O~v!G ,

~A2!

where D is the half bandwidth, and the Fermi factorf (e)
5(ebe11)21. Note that in the second line we have setT
50, since our purpose here is to construct the RG equati

Similarly,

S (b)~ iv f !52
3

4

g2

b (
p

(
iv1

Gf
b~ iv1!Gf

b ~p,iv2 iv1!.

~A3!

To linear order in 12g, we can setg51 in Gf
b and the

corresponding spectral function is

Af~e![2
1

p
Im(

p
Gf

b ~p,e1 i01!5K0
2e for ueu,L.

~A4!

We then have

S (b)~v1l!5
3

4
g2E deAf~e!

11nB~e!

v2e

52
3

4
~K0g!2FL1v ln

L

v
1O~v!G , ~A5!
3-14
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LOCAL FLUCTUATIONS IN QUANTUM CRITICAL METALS PHYSICAL REVIEW B 68, 115103 ~2003!
where the Bose factornB(e)5(ebe21)21. The constant
parts can be absorbed in a shift ofl. The v ln v parts are
retained in Eq.~25!, where we have replaced the cutoffs b
the running cutoffW.

We now turn to the corrections to the Kondo coupling,
given in Fig. 5. We set the external frequencies of the c
duction electrons to 0, and those for the pseudo-f -electrons
to iv f . The contribution from Fig. 5~a! is

GJ
(a)~v1l!52

JK
2

2b (
p

(
iv1

Gb~p,iv1!

3Gf
b~ iv f1 iv1!u iv f5v1l

52
1

2
JK

2 N0E de
f ~e!

v1e
5

1

2
JK

2 N0ln
D

v
,

~A6!

where, in the second equality~and at similar places in the
equations to follow! we takel→`. The contribution from
Fig. 5~b! is

GJ
(b)~v1l!5

JK
2

2b (
iv1

(
p

Gb~p,iv1!

3Gf
b~ iv f2 iv1!u iv f5v1l

52
1

2
JK

2 N0E de
12 f ~e!

v2e
5

1

2
JK

2 N0ln
D

v
.

~A7!

The contribution from Fig. 5~c! is

GJ
(c)~ iv f !52

JK
3

8b (
iv1

xc~ iv f2 iv1!@Gf
b~ iv1!#2,

~A8!

wherexc( iv) is the bare local conduction-electron suscep
bility, which has a spectral function

Axc
[

1

p
xc9~e1 i01!5N0

2e. ~A9!

The result is

GJ
(c)~v1l!52

1

8
JK

3 E deAxc
~e!

11nB~e!

~v2e!2

52
1

8
JK

3 N0
2ln

D

v
. ~A10!

The contribution from Fig. 5~d! is

GJ
(d)~ iv f !5

g2JK

4b (
iv1

(
p

Gf
b ~p,iv f2 iv1!@Gf

b~ iv1!#2.

~A11!

Using Eq.~A4!, we have
11510
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GJ
(d)~v1l!52

1

4
g2JKE deAf~e!

11nB~e!

~v2e!2

52
1

4
JK~K0g!2ln

L

v
. ~A12!

Finally, we consider the corrections to the coupling co
stantg. We set the external frequency for thef propagator to
0, and that for each pseudo-f -electron propagator toiv f .
Then

Gg
(a)~v1l!52

gJK
2

8b (
iv1

xc~ iv f2 iv1!@Gf
b~ iv1!#2u iv f5v1l

52
1

8
g~N0JK!2ln

D

v
~A13!

and

Gg
(b)~v1l!5

g3

4b (
iv1

Gf
b ~ iv f2 iv1!@Gf

b~ iv1!#2u iv f5v1l

52
1

4
g~K0g!2ln

D

v
. ~A14!

Settingv5W8 in Eq. ~32! leads to

zf511F3

8
~N0JK!21

3

4
~K0g!2G ln W

W8
,

zJ511FN0JK2
1

8
~N0JK!22

1

4
~K0g!2G ln W

W8
,

~A15!

zg512F1

8
~N0JK!21

1

4
~K0g!2G ln W

W8
.

From Eq.~33!, we have

JK8 5JK1JKFN0JK2
1

2
~N0JK!22~K0g!2G ln W

W8
,

~A16!

g85g2gF1

2
~N0JK!21~K0g!2G ln W

W8
.

APPENDIX B: DETERMINATION OF THE SEPARATRIX
IN THE JK-g PLANE FROM THE RG FLOW

Our starting point is the RG equations~34!, which yield
the RG flow shown in Fig. 7. We imagine approaching t
separatrix from the local-moment side. The separatrix
identified when the initial parameters are such thatN0JK no
longer flows to zero but instead is renormalized to its fixe
point valueA(12g)/2.

Consider the separatrix near the origin. Provided that
work either on the local-moment side or on the separa
itself, (N0JK)2 is at most of the order of (12g)2 during the
3-15
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entire flow and can safely be ignored inside the brackets
the right-hand sides of both flow equations~34!. ~This is not
the case on the Kondo side.! With this approximation, and
the shorthand notation

a[N0JK , b[~K0g!2, ~B1!

the RG equations simplify to

da

dl
5a~a2b!, ~B2!

db

dl
52bF12g

2
2bG . ~B3!

These equations have an unstable fixed point at

a* 5b* 5
12g

2
. ~B4!

Solving Eq.~B3! yields

b5
12g

2
@11~c021!e2( l 2 l 0)(12g)#21. ~B5!

Here

c0[
12g

2b0
, ~B6!

andb0 and l 0 ~as well asa0 , z0, andy0 used below! are the
initial values of the corresponding parameters.

We can now proceed to solve Eq.~B2!. Let us write

a5zy, ~B7!

where the factorz is defined as satisfying

dz

dl
52bz. ~B8!

When combined with Eq.~B5!, Eq.~B8! can be easily solved
to give

z5z0F c0e2( l 2 l 0)(12g)

11~c021!e2( l 2 l 0)(12g)G1/2

. ~B9!

The other factor,y, satisfies the differential equation

dy

dl
5zy2, ~B10!

which, when combined with Eq.~B9!, leads to

y5y0F12
a0

12g
Ac0A~ l !G21

, ~B11!

where

A~ l ![E
1

e( l 2 l 0)(12g) dl

lAl1c021
. ~B12!

Using82
11510
nE dx

Ax~a1bx!
5

1

iAab
ln

a2bx12iAabx

a1bx
for ab,0,

~B13!

and recognizing that, for parameters near the origin,c0[(1
2g)/(2b0)!1, we obtain the following asymptotic form in
the limit l 2 l 0@1/(12g):

A~ l→`!'
1

Ac0

ln~4c0!22e2( l 2 l 0)(12g)/2. ~B14!

Combining Eqs.~B7!, ~B9!, ~B11!, and ~B14!, we arrive at
the asymptotic solution fora:

a~ l→`!'
a0Ac0e2( l 2 l 0)(12g)/2

B1
a0Ac0

a*
e2( l 2 l 0)(12g)/2

, ~B15!

where

B512
a0

12g
ln~4c0!. ~B16!

It is now clear that whenB is positive,a( l 5`)50. In
other words, the system falls in the local-moment regime.
the other hand,a( l 5`)5a* whenB50, i.e., when

a0ln~4c0!512g. ~B17!

This condition specifies the separatrix. Written in terms
the original variables, through Eqs.~B1! and ~B6!, this be-
comes Eq.~36!.

For completeness, we also write down the equation for
separatrix when the conditionc0@1 is not satisfied. In this
case,a( l ) still has the asymptotic form specified by E
~B15!, but Eq.~B16! is replaced by

B512
a0Ac0

~12g!Ac021
ln@2c02112Ac0~c021!#,

~B18!

and Eq.~B17! is modified accordingly. It is straightforward
to check that the choice (a0 ,b0)5(a* ,b* ) satisfies the con-
dition B50. In other words, the unstable fixed point is pa
of the separatrix, as it should be.

APPENDIX C: SPIN-SPIN CORRELATION FUNCTION
AT THE CRITICAL POINT: „1Àg… EXPANSION

Here we calculate the spin-spin correlation function

x loc~t![
1

2
^TtS

2~t!S1~0!&5 lim
l→`

1

2
eblx̃, ~C1!

wherex̃ is calculated in the pseudo-fermion representatio

x̃~t!5
1

2
^Tt f ↓

†f ↑~t! f ↑
†f ↓~0!&. ~C2!
3-16
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It turns out to be convenient to calculatex̃ in terms of

Gf
b~t!5e2lt@~ f ~l!21!Q~t!1 f ~l!Q~2t!#. ~C3!

The contributions tox̃ are given in Fig. 8. Note that an
diagram containing more than one isolatedf-electron bubble
vanishes once the limitl→` is taken. Figure 8~a! yields

x̃ (a)~t!52
1

2
Gf

b~t!Gf
b~2t!. ~C4!

In the following, we will restrict 0,t,b. Then

x̃ (a)~t!5
1

2
e2bl. ~C5!

The contribution from Fig. 8~b! is

x̃ (b)~t!5
g2

8 E
0

b

dt1E
0

b

dt2Gf
b ~t11t2!Gf

b~t1!Gf
b~t2!

3Gf
b~2t12t!Gf

b~2t21t!, ~C6!

and those from Figs. 8~c! and 8~d! sum to

x̃ (cd)~t!52
3g2

8 E
0

b

dt1E
0

b

dt2Gf
b ~t2t12t2!Gf

b~t1!

3Gf
b~t2!Gf

b~t2t12t2!Gf
b~2t!. ~C7!

Anticipating thatg2 is of order 12g, to linear order in 1
2g we can use Eq.~A4!, which corresponds to

Gf
b ~t!5E deAf~e!

1

b(
ivn

1

ivn2e
e2 ivnt5K0

2S p/b

sin~pt/b! D
2

~C8!

over the range

utu@
1

L
and ub2tu@

1

L
. ~C9!

We then have

x̃ (b)~t!52
g2

8
e2blE

0

b2t

dt1E
0

t

dt2Gf
b ~t11t2!

52
1

4
e2bl~K0g!2lnS sin~pt/b!

p/bL D , ~C10!

where the factorL appears due to the fact that Eq.~C8! is
valid only in the range specified by Eq.~C9!. Similarly,

x̃ (cd)~t!5
3g2

4
e2blE

0

t

dt1E
0

t2t1
dt2Gf

b ~t2t12t2!

52
3

4
e2bl~K0g!2lnS sin~pt/b!

p/bL D . ~C11!
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APPENDIX D: LONG-RANGED ONE-DIMENSIONAL
SPHERICAL MODEL WITH A LOGARITHMIC

CORRECTION TO ITS RANGE

Consider a spherical model, defined on a chain ofM sites,
with a reduced Hamiltonian

Hsp52
1

2 (
i j

v i j sisj . ~D1!

Here,si is a scalar variable constrained by the condition

(
i 51

M

si
25M , ~D2!

with M being taken to infinity at the end of the calculatio
The couplingv i j represents a long-ranged interaction who
Fourier transformv(p)[( jv i j e

2 ipRi j is, for smallp, either

v~p!5v2v1upux with 0,x,1 ~D3!

or

v~p!5v2
v1

ln~1/upu!
; ~D4!

in either case,v andv1 are positive constants.
The long-range interaction corresponding to Eq.~D3! has

the form

v~r !;
1

ur u11x . ~D5!

The solution to this problem is known.77 An unstable fixed
point separates a paramagnetic state from an ordered s
The spin-spin correlation function at the critical point b
haves as

xcri~r !;
1

ur u12x
, ~D6!

while that on the paramagnetic side varies as

xpara~r !;
1

ur u11x
. ~D7!

Equation ~D7! implies that on the paramagnetic side, t
exponent of the spin-spin correlation function saturates
bound set by Griffiths’ theorem.52 The result is also consis
tent with those for the paramagnetic side of any generic o
dimensional classical spin models with power-law lon
ranged interactions.78–80

We now consider the problem with a long-range intera
tion specified by Eq.~D4!. In real space,v(r ) has a 1/ur u
dependence with a logarithmic correction. We expect that
the critical point, the spin-spin correlation function shou
have a pure power-law decay without any logarithmic c
rection. In the following, we show that this is indeed th
case. Standard manipulation77,81 leads to the following form
for the free-energy:
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F/M5l02
1

2E dp lnS l02v1
v1

ln~1/upu! D , ~D8!

where the Lagrange multiplierl0 introduced to enforce the
constraint~D2! is determined by minimizingF:

1

2E dp

l02v1v1 /ln~1/upu!
51. ~D9!

The critical point occurs when the solution is such thatl0
5v, corresponding to

1

2E dp
ln~1/upu!

v1
c

51. ~D10!
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Note that the integral on the left hand side is infrared co
vergent, establishing the existence of a phase transition.
correlation function at the critical point is given by

xcri~p!;
1

v1
c ln

1

upu
. ~D11!

In real space, this corresponds to

xcri~r !;
1

ur u
~D12!

without any logarithmic correction, which is what we set o
to establish.
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