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duu P, §) =N e s fLAp+oFgcy] Ep Ay

Ceordivate covay:ance s vatural
because lhe mathewatics (nveolves the
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%) Yipo) = <pgl¥) = S<P,al%><xl~?>dm
¥ -.(9-00 p(p-
_ <%)qje _gs'_vo 5 P(d~%)/, W0 de

N n - ':.
fc%f [ a006"= Vheres) it bl

M. B. (-Q-Q'!‘ EP) l’)'L> =0
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awmxc'\na tious

(_{x 3 "T’Vﬁlxﬂ _((*x |r> EP [ o'r)%/*'xg
SQ( ¥53 >KG’)% \CLTM"XBAB?J&'/M{:

e.P. = lremal paths

~CTHA c.S (
[Z" € hcg mj ®'s 2V

[(, | T, ¢ SulP"s' Y
j c e qawt E@C‘l’)]
K;;%u e-z'r% \x'j‘ \/ /‘H’t "'S GJ 3 sx )A\‘
‘ J [ Ptr)+ L.Q.'XC‘TD




Qoa-ws d ffeventiaked by cuiTial /A:ual slope
Lineanged deviatious about extrewa! paths
9c+x—H,,(r+ﬁ,x+5Z> ) F+F=—Hyl P+P3"*g)

- H,v(nx) ? HX‘X- (Pa") %

gclu.'HOM
5221-)) _ [AlT) Bm)( xle) = )
P(T) o otry/]| Plo=!
X

Meaning ¢ multiple solutions

P

¢ Caustie ¢ X(T)=o
pseudoCaustle ¢ PCT) =0
NB., Can never hawne X(T)=oc and R(T=©

Cohevent state “se’ approxmation Cnvelves
¢

VIEBD vt amm]

ond overcowesg Pvoblewm of multiple sdutiong
N.B. j dp' (ncorporstes multiple extrewal pathg

Used in 0il exploration & iw

Under water de tectiown

e D
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3. QUANTUM CONSTRAINTS

The Role of Lagrawge Multipliers
height ; Fbxy)

extvemal: Py =0

/ onstramt; Phyy) =0
CWP&'CL’L L'[L‘t}l s ?f x ??

set of eguations s T?"Fb;ﬁ: A t'?'?(,;q)) PlyY) =0
Classical Mechauics with Constrints

1S3€T

T= [a¥-Hip-Xampldt  1ceca
Eam, éJ.-.-. %*A“:'%- 5 é’. =-2":""")‘“'-§%-f , P=0

79/
V= 93 HY +X {9}, 2, ) | E:{%, =0}
é’ = {6, HY+ 2L pe, B3 %
=0 m ()

Consistency regucre ment

9.:,0’,%) - {Q})H} "'>6{%u?p} =0
There ave Tlvo extrewe cases :

!.F'U'Lst class| stevt on €, sty on G freely
{CP“' ch} = Cuxsp Y R
{CP“/ H = fo ﬁcP/’
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@) C«p‘f nuwmbers : closed 4ot class (YM)
D Cea¥ funmctions s cpen tat class (ER)

NeB, 1} ave undetevmiuved by e.0m,
Muot choase {2} (“gauge *) o solve e.am,

stavt th,At‘az en & by force

C.q.) {?“'?k}¢o en C,a\\d has Cnvevse on 5

Aﬁ = —{CP‘!)?@}-'{CP‘) H}
MB. {>"} ave é_i‘bevmlne& by e€.0im,

® Ale MmcxXed Tatelass 3 2ndclass systeus

Ouartiza tion

le Quantize before neductiow
2. Reduce Dbefore %M\n‘ttyh‘cm

le Dévac
% lry) — E,.(Ra)
E Ny =0 , ¥R, CH
O [2,8,]1%.>=0 2, b) (o, Yy <00 &
Works fov Seme Aot class SysTews

2. Fadéw

%SLRY - Hing) - X% (p
%fe J %ﬂ%’ﬂs P



iy 3-3
=M J e%f Cr3—HABE ¢ oy Lp g

Most Ikely divevges — choae a Eymamicald Jge

?c"?re o;auu;:i’:;zt; x ) Yo }=4%
det (8%) #=O
[ A (Ce -
w(e*ILEd M2 g3 i op g
=w*fe:"rffl’§ 98- Hk{ﬁ’”]«’{gfﬂ‘&b&

e Do ‘buawh‘}a‘téon and veduction ecomwmute ?

Conscder the ﬁ”owc’ng exawmple
g S'CF’% - 2P+ g~ e) ]dt
Guestion ¢ What E values Yield a guantigation’

e Dl:raC
(Pr@LB)l¥,, ) =0
Therefore  E € {E,}, set of eigenvalues, work

2, Faddeev . P

m(e'k S P3&8{¢‘-r3”-5}.&p.&3 @’%
gange ¢ X=-p.=o R {Z,?} = ‘-\g’

T=m 3 PO s0pl M, 44 S{pt5LE} £

=MW § (M ug’) S{eL €3 . d
() §>0: = wwit. 20 ; i) $20: T=0O
Result ¢ NO nestriction on E



befove Pproceeding we intvodue —
Awcther Properly of Coheveut StTates:
Reproducing Karnel Hilbert Spices

{l‘e)} y At of' continwugus vectoys that spans Pt

Turo elements ow a dense set of vectoys :

W) = 3« 145 . T<oo
|P) = Zkﬂuflao> , Koo
k=1

Funetional nrepvesentation:

Ple) = <2l = nZ:T i <2 | Luop

Tvnev fmduc't < -
(4,0 = <ble) = > = 4.l | Law)

[

Jyh=)
Complete space in morm (¥l = (o)™
N.B. All from Reproducing Kernel.s {e’la?
Critevca for a kernel H(£'34) to work:
1) C_ngtémz ty e A A
z).hg’ﬁ'*‘(k MH(L;34,) 20 2 T<®
L=
NB, Let M (e'34) = « XM(e;£), c>0
W ep) = Sot; M (85 8) = cY(L); B(8)=  FE)

(4,8) = S o8, Ll ;L) = c (¥®
Sawe space of funrctionss differet vimer Pred.
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Projection Opevafor Method

Quantize £irst : B lpew) —> E(RE)
focus on Z{g_"' and mote that

2 >=0 &> L& |¥,D=0
Extend the Divac Proceduve as follews:
Projection opevaters E = E2= g7 s Cheose
E=E(5& st = { ® e (5.82)

OHP,,”. =E N (negulayvczed by §%)
Fonal steps Reduce S appropréately 4

Three basic exawmples :

O E(J35T%T, s ¥a) = Ji=0 alk

@D E(PH@ sh) =P (@+iP) l¥p D=0
(¥ Pa @ lvreducible , E = lo)<o]

Rewmavlk Examp[es ®+ @ have epevators
with discerete opectrum

CDAPect‘rm includes 3evo (‘Lc't' clags consthant)
@ spectruw emeludes 3eve (2nd classconstramty)

@ Elq*=< 8’) , 3evo ch continuous specTtyuwm
SReteh ef (ssues ¢
<R E(GSSHIP) = S |269] dx ——> ©

35<PI E(0'¢s7) @) = —f | 20 dy —>le0f
pwvuled Plx) c::wtsuwus at gevo
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A wove caveful way To pProceed:
Use cCoherent states 1o ke oo

form limit

ot pa) = S<PRIE(R<SY P8
9((”13/ rg) = ool E(@<5%) | 0,05

_ S ,_‘ <pig'lx><x| B9 di
__S: $o,0| %)<x| 0,6 dx

Ay §> o0,

9(0(’;3:), re) = <p ¢ x=o><x=ol 18>
ool w=o)<lamo 10,0

Needs only a continueus £oducial vector 1) 61),

Heve, X, & a RK for a2 one-diwmensional
Physiecal Hflbert space o ﬂﬂy,

Rough graphical summary

© &
®

o (L



Av ofeﬁ'b\" cdent:ty ¢ T 'teg ra [
hepresents biou E

5(2£ <$?*)> fw e f A?ﬁ)fcu‘

t?&\) depcub en A , &>, aud § —"“'t:tu
congletely Cudependent of the seb £330

ROV

The entegral nepresentation cawbe woed Cw
th Cnéteqgral construectéons such as

g E et BT g (prgrs

=M\ e [ - Hop-Xemadt Bpds LRG)

valtd for Tt R 24d elass eonstraluts
COdeﬂ’n wmth Traditional Metheds

Cpevady
1 Hathed
e ffxivg No
Faddeev-%pr date & ?au-;e,
Grivevamblgutty w g
Auxiliavy ~raviakes Mo owxiliary
€., Ghests vaw ables
Mo weed +teo
® é AL
Dévac bratlets {dcmcw:e -
: Clags constraints

P
&
»
»
°



"Cub advanced exowmples 3-7
@ Classical
T=(Cri- ¢’ (a-8d 12

=0, p=-3)4 G- + 2> , ¢’G-9)=0

Selutiownn of €.Om.
glt)= 9l , Flo)=2o,2 stnce RB-4)=0

ple) = flo) - 3%‘(’0) (- 3@)‘()&*,)“/
+ 900 ff)tt')at'
& =0 , POO= plod w'k‘en 3l0)=o0
Gu)= 2, PI= PRI+ S [awne of 30=2

The ‘Physical, veduced classical phase
space ¢S
@e)= (> + ChD
mB. p for (Ro) v 93uge endePendent
P foy (B2 (s gauge dependenl

N.B., The comstraint at @¢=2 (s called 2

"n_au\av c,ousmtwt)- +he constyaiut at
g=0 ¢s Called an Cyrequlay coustraiut

Quantum

E( 6*a-6) €5 = E(-§< & (2-&) $8)
= E(-8§< @%2-6><8) , o <8 <<

=E(-§<a@<8) + E(-5<8(-0)<S )
= B, (~5<R<8)+ E,(2-5,€B<2+46,)

wheve § = (512" S, = $/¢

?
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Use cohevent state watyix elements —tv
‘make [Reproducing Kernels

Hrip's09) = <PyIE IR + <pl¢'| ELP2D
=H,(ne'sng) + H.(no'5re)
The Ract that E,E, =0 leads to
§9.Cre s ned Ma(Rg 5 Py 97D dulre)

=<r}y'| €, E. K9 =O
Tutroduce the fuwetion ( a>»0, b>o)

Alrgspe) = Va 2elre’i8e) , - Xalosns)
V<¢°'Eo \ o,o) J<°az' E-',lo,z)

and defive the mew~ Repreducing Wevnel

A
M8 r’;e‘>5f AlP85n9) K(P3; B, §) ACR,5 5 Bp?)
x dulRY) dulP,§)
=o SULIE gD  \ SHPIEIPI9D
<epol E, LG6) <e2| E \e2>
Mw, take limit §—0 To yleld awther RK
Ky'spis) = o Belu=d mllyd | <Pix=20Gea) pp?
. <epo ’x-—o><'x=o,qd>* . <o,2| =) x=2)0,2)
which. defives a tup—dimensioval QH”, "




S-10
SFQM‘&(C}Q o ]
o> = e Pre 8oy (euiloy=o
which |eads to

W - C?”:- 301)/2*
ﬁ(f, $;n8V= € . .
o AP Y e-[( 92> + (g-2) N/t

MB, T, first term ‘@=0", in second term ‘§=2"

Observables (v ‘Physfcal’ Hilbeyt space
Obosevvable (& obeys E C9, E] =0

Observable Pvt of &, Gf= EGE
Observible Momentuw ¢ coordiunate

P*°= EPE , @&F=F@QE
Classical ("& -augmented”) momentum

P‘Znsst>= o oSRBIEPE| A8) + b<p8l Ea PE; B> _ P
S alpy E \n9> + b<lrgl E\P2)

. P .
e r(ﬁ%): ;e;*; fP(p,Bs'h) =P

meanivg that the Nange of the variable
ptr.g) & the some as p ce, allof R

Class tcal (“h-augmented) coovdivate

%?P,‘bs‘ﬂ = dura o(AsIEQE P 8D + b<AB TG E
0 alpglE,|png) + b<ngl E.lpg>




e 3=/
‘%pfr. g5%) = ape (Y%

ae % 4o (/5

To ebtaiw True classical Liw 't

3 \
‘5(ha)=,f;;‘t?nasﬁ>= {O > <
X 5, 4>

and L_'{C Yecovey ‘tl'\e_?’fgt'ua\ ‘&zs}ca I)

neduced phase space :

(pp)= (PO & (P2 , PR
(Obs-e-rn that
2b

P o
2 Cp)= f:;o‘b(auﬁ =  a+b

holds enly for a set of measuve 3evo Lh
the ovigina) classiea) phase spPdce )

© Aw exawple wuvth aw Vawowmaly
Classteal: Three exawples in pavallel
D Fo= Fre = Ean Pedu = O
{3'k)7.1.§= Ehew 1.\-\ ‘Ini'daSS (Cln.leé)
b) P =n,=F7 =0 , F= (Dt (BN
{n-n.,ﬁz}: EpamFP,, Tatclos CaPe“)
& Bz 4,= 3du=0,9=0- 3%)-*-/3[(—"';'—“1)-0- (.5%3!‘)]

{oh,ﬂx.}: Lpam(BPDAm At class (open)
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Guantuw ¢ Three exawmples in pavellel

B —> T = v PeG=H 0 e

N= alQ.= M+ Nt N,
fF — F= Vr2t (14N , LR T.])=0
g — & = 1 +2(RN+N)Y , [6,T] #0
MmEB. [N, T]=LCNFl =0CN 6l =0
Restyiet stuly te N=2 svbspace

\2>°:°7) lo,2,06 , 10,0,25
\o,1atD 5, 1L,0,t2 5, L1,1,0)

o) E(Z Istg %) = (OJ'><OJ" ) z 3;:"03):0
[03-) 4 lz,o,o) -+ \o,z,o) o lo,oﬂ.)
w E (ZR:’ F’ZJT:S 3=/ RXOl> 2 P:|OR)= o
|6e) = ‘O‘J'> - ‘2)0)°>"‘ \0,2,97 *\0)0/">

Both ZT "+ ZRE ave ot clas guantum
constraluts because Speetvuwm has 3evo

¢) Sp= (GT + &)

E(S52<#) = Vos><o;|

TS2 05> = (B2 A%+ o) 10>
for O<B <<| ., 2nd cless

10¢ ) o¢ (1=28+ ) [2,80% +(1=f+)|022) +16,02)
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“4. QUANTUM GCRAVITY

Electyo magnetism , classical
Gravity (s @ gause theovy somewhat [ihe SN
T= (CAu, P+ 1E, P Td%
F—;:y:_ s Prpyn— AT v

et Ee Foc R Rl o gi—zfa'k.F‘:)_
T2 ([-B%; -4 (E°E+ BB - A ES Jdket

@u.‘au'tum (* "l)

tpevators : L Ex), Auly)l= : % St
C-Mwb"f,‘: e QT 'f'e‘_ p) V'fr—o YXQL

N~ A~

& = A+ +2L , Y- 0.7-=O=Z>14L

laalie e"ffa E-e. 43]4’ o>

. . :
&e'leiad= e %o Cevd - over 1o
T ’ ’ ~ ¥/ /
e 2, {{ \BEE ley—ér\‘}d"‘
Uee L=Uxa=ux@,=br, '@ =F ", w=lkl

Ih'fvoduce d)’ nawm'es Plus Co'ns"t'vat mt
& Lerale Ml i ([erav - g srwldn
<°P[ £l °a°>
HE‘_.,[:)— e ,,cx,-c)] [Q,lp)-c -,ls.t)] +[§-,- G- b,égf)] [k,(y)-b u,eﬂ}
454 Vg 4 2D
_;S{C (- & (‘J) Cm e (’)}'Jkég
x-9* (x-y)*>
NeB, ef&), a.fle), bt evolve with cdasgiea( dynamtes

Qa.
T
“&




“-a
Classical gvavity
cY

s S (FFRGIN T

Fiyst ovdey form (Palatt wt)

g\j_gwr_,w, —r:w.y"' r"( u,c ,u,s ]‘l}‘

Vary 94” get Ruy = £3.R=0

Vavy r/‘: necevey Je{-‘n tlon of r"{ (8)

Make 3t| split of “space® plus “time" (ADM)
/(,VSO,I,?—,’ y ';J;k: [,1)3

r_

> { . "

?/uv = 90; N ] ) 5 9‘!‘_
LN - . ) Hc,s>o

Lk A ETY ("Pro% = %g s 3"’)38'333

Lﬁ/— Ry = [ [- TV H -V H] -@

. b-— (N N
?ab Tr’ = p)
Hq="'a1Td-blb =0
H = ‘T.Lé.[w;frg_gﬂ:ntj* Ve R =0
Fundawental Podlsson brackets

e, §eatw} =0 = W69, T}
{9000, W9} = L(S5584+ 82 85) Sl y)




Cons tracnt brockets

g

{ H 69, Ho(w} =8, (ny) Hule)=$, ,054) HalO
{Hut0), HipY= 8,0 (m) Hoe)
| {Hew, HlD} = &40 3 %) Ho 6

Leads To open Tetclass constraint sYstem

16 = (b+b+H) C’uaﬂov\s of motion For /e
Javiables ( % ﬂ-ab/ N“, N)

Houevey NN are Mot determived by €.00m,

They weed o be chosew <o find dolution

F-'t.'\ténq N‘)/\/ awounTy . c‘\oa.ﬂug fu'fure
Coovdivnate Systew

One fossibility isto veduce to physical vaviables.
So solve constraints for 4 variables

(awmeng Fan /ﬂ“') ) +then Cmpease ‘‘coerdcnate
conditions? (e, dynamical qauge fring
— the X¥=0 of Faddecvj)‘"b elimenate

H wove leaving G+b-H-H=H4= 2p+29
vaviables, A difficult monlinear Problew s

besides the remaiuing 2P,28 ave uullhely %o
be Cavtesian., A majov “voad block™)

Kinematics |

Profection opevator method cusists on no

neductiow before guantization. Cue Mmust
A X A, .

Quantize aly Fes—>9e; 5 e —>» i |

subfect o {6,;,-})0) and ‘t_i_'_\j_ neduce




YA

Adarat standard commutaTion relations:
08,00, %)) = £(8552+ 8280 )86n )

Cnfiuctely many wnctardly cneguwvalent,

Crve ducellte vepresex tatious
However , all Yepresentations imply Thet

p = . ~ab 3
e S 02003, 3., 0% e-..fu‘., mwe gy
= 5“(,:).,;- WUeytt) E é\q“ s No lon!er E:.ddz

HEBLP from 2 single degree of freedom

Re call affine variables
E’Qi P]= ¢ p) >0
e':“'PQe'c“p:: @+uw : no longe~ pos.deh

selutton [@,Pl@ = [&,D]=t& ,8>0

D"i(@fPQ)) e':u'DQe":uD= e'®@ »o @

H
E
L
P

Sugqgests reflacing T4 6c) by
ML) = %) G 60D

0.59.) Yower" one b‘ndcx onn mementum

Motx) s Called momentric { momentum « V\\e'tvcc)
WAAANIN Wrdiws

Leadgs to new classical Pocssen brackets:
{1260, Mt} =2 [Sems o) = ST 60 ] SO0y
190660, T3t} = £(529. 60 + §§ Guu 1] 860
10000, futw}=0 | {3.,60% > ©
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New~ lassccal 2+ aycables are s good as
©viginal vavidbles because

T €0y = gh‘(x) mex)
Vew [®isson brackets elece o Lte’ algebra
Let us guautize Mew Vandbless " PPN | pr
Buantuw commutators

(7eeo, ﬁj z.,)] = £]§ < oo — $OTYS6) ] S0
[4.00,fist]= £[815, 0+ 51 5as0] 609
L[-’a\o.uc’o) aca (")] i 1 %ab(’o} >0 J

Dinect algebrale consezueunce

fsiTbd3y A _e[yafre
8‘[ b a 3} gqcﬂ)e IYEWCJ’,

- {e*""/‘j ge f°‘7{ m)/z}, @

wrhieh waiwtalus positive defiuite property
and \eads ‘t'o self-adjeint nepvescn‘tatuous

NB. Treeeo ="3B° by 2604 1260550
tS et an ofera'to‘v- (even after SNea'w.nc;5

Affine gYovp algebra derives fyom

UCTy] = o S quLady o [T hpdy

and liveay combinations, of Swicoth functions
wee « ¥ of, €4, compact support.



v rNIT

Cheose a represenlatiom

Theve exist cufRinitely many umctavily
ineguivalent, (rreductble vepresentations.
ng‘.val-eut te choesing M) and defFining

‘ 7~ ' (o
Imy> s Mty -Bwmnds |,y
Basiec properties ot ["'O

NN %80l = 35,60 fexes topology amd
asywpTletic mMmature of 4pacelihe svrfoce,

Gl Te6oln> =0

Alqe bratle consequewnces

@3\ Go 600 m) = $€PMG o UL = Fauo)
<oy I’Ff:oo\ﬂ‘,o = W%, .00 = T 6e)
HELP ‘FVo\u 2 stugle degvee ot fveedowm

'P'%>=eCF@e-f&a($)Dl.,L> , Q>c>) 850
<NRS =1, <lblnd>=o

<pol@lrgd=2 , <ntlblry>= Pt
[N z’
<r}\r%n/p:%.>= { 5‘-‘1 g % R— }
C4(f+ 4 + 25 (P - &)

Save fvy numerater, expression g AWV

avalytie Function of §'+ @p) P
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Fwll cohevent state oveviap Fuuction

ey |\myY'D> =
-afscol ] et Sy 1] [0 v0)
» dt {¢" B4 % det £ 9""6:)} - |

={mg" | T ¢

1) e DePendS em 0< blx)<oo J scaler dewsity
wih dunewstoms L3
oDt {fevent b&) covves poud te ivequivalent
feld opevator vepresewte tioms
* Eypect blx) will d s appeav when constratuts
ave Fu\\r enforced awnd fivwal opevater
vepresewtation s attaived

2) Owly depends on ?ab&) awd net on T, 6l

3) Iwvariant under spatial coovd nate
trausfor wa tions

CunCtional (nteqva( hepresentaTion

HELP frowm 4 sivqle degree of fveedom

Evevy functioma( nepresevtative
'Y)(P)S )= <P) 3[ "P>
£s analytee cw 3+ (e p WP e 3 Fcter:

BY(po) = [i4 0+ (+ '8 99 1 ¥7,8) =0
(called 3 “polaviza tion* )

R
E
L
P



OrMXx

-8
[et AE';_‘FBTB 20 5 “then A‘P(P,ﬁ)_—:o

f.f;, ( e—yTA) SC-r)S(3-9)= TT(p, g 50r]8")
6 prejection Revwel on 3eve Sthspace of A
But- <pgle 9> s propevtienal e thes
sawe kevwel , thevefove T < <egly/s?

Tnvoke Feynwman— Wac~ Stvateuovich
hepresentation to leavn That

I, p . -if?l‘d"',:{:jl?' YT
(ot g™ = :f:;)?'fe 7P N”@j‘_r

= Liw 2wl £1&%[ €I dwinp)
V=9go

Gravity case

rr

Grign|wg
-0 e ‘ﬁ'f‘"d%#
= Aw my{e /o f? b
iy SPTR, be ol o = 3
- "iv*j[wbu&a"“”d* 55"’3 § ga»?fd]d"df
xe
LAl bdﬂ'dbégt)claa‘[xﬂ]

%t  ag

Tutegraxion devadw limited o { 9,50} >0

Note siwilariEies with stugle degree of
fveedew case !
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@uawtuw constvaiuts

Halx) —> M, &) diffeomphism congtracuts
H) —> Hb) Ttemporal Comstraiut

Tdeally (Pirac):
Ho W =0 , & | Ypue? =O

Coustraint cowumutators:

(4,80, 7, (431 = L5, 4,6 = §, 0 ]

e

(060, Hey)] = Eh S, lg) HOD

_EH("’)) R, | (‘j’j = % 5,46:,9) [aafbx))ffx)'f)"[x)g ‘h(k’j
The »Fac't that (Qtneval(y )
3% | Ve ¢

wmeaus that ‘the constwicnts have becowme
partaally secvd class (C.F.) Ql%):o )Plup');o 5

.t"us EQI P]“‘Pp)r L*\\PP)— oi‘kt ce "‘Pp) _O)
This s called aw “anemaly " At this poiut
haS‘t WYkCV‘ "C'ha“?e 't"]e 1[\QOYY ”‘l

Projection operotor wmetho d has mo

feay of second class conctraints , and
atcepts the guawtum constyaliuts as given .

E
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IMTWC(“CC omplete set of evthenormal”
fnetioug {'&*&)}:o such tThat
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