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Abstract
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1 Introduction

Quantum gravity remains an outstanding problem of fundameal physics. The bottom
line is we don't even know the nature of the system that shoulthe quantized. The
spacetime metric may well be just a collective descriptionfgome more basic stu. The
fact[T] that the semi-classical Einstein equation can be deed by demanding that the
rst law of thermodynamics hold for local causal horizons, ssuming the proportion-
ality of entropy and area, leads one to suspect that the metriis only meaningful in
the thermodynamic limit of something else. This led me at rsto suggest that the
metric shouldn't be quantized at all. However | think this iswrong. Condensed matter
physics abounds with examples of collective modes that bese meaningless at short
length scales, and which are nevertheless accurately tredtas quantum elds within
the appropriate domain. (Consider for example the sound dlin a Bose-Einstein con-
densate of atoms, which loses meaning at scales below thecalbed \healing length”,
which is still several orders of magnitude longer than the amic size of the fundamental
constituents.) Similarly, there exists a perfectly good pturbative approach to quan-
tum gravity in the framework of low energy e ective eld theary[Z2]. However, this is
not regarded as a solution to the problem of quantum gravitysince the most pressing
guestions are non-perturbative in nature: the nature and ta of spacetime singularities,
the fate of Cauchy horizons, the nature of the microstates aated by black hole entropy,
and the possible uni cation of gravity with other interactions.

At a shallower level, the perturbative approach of e ectiveeld theory is nevertheless
relevant both for its indications about the deeper questianand for its application to
physics phenomena in their own right. It leads in particulato the subject of quantum
eld theory in curved spacetime backgrounds, and the \backeaction" of the quantum
elds on such backgrounds. Some of the most prominent of trespplications are the
Hawking radiation by black holes, primordial density pertubations, and early universe
phase transitions. It also ts into the larger category of gantum eld theory (gft)
in inhomogeneous and/or time-dependent backgrounds of @h elds or matter media,
and is also intimately tied to non-inertial e ects in at space qft such as the Unruh
e ect. The pertubative approach is also known as \semi-clagal quantum gravity",
which refers to the setting where there is a well-de ned clagal background geometry
about which the quantum uctuations are occuring.

The present notes are an introduction to some of the essentiZand phenomena of
quantum eld theory in curved spacetime. Familiarity with quantum mechanics and
general relativity are assumed. Where computational stepme omitted | expect that



the reader can Il these in as an exercise.

Given the importance of the subject, it is curious that thereare not very many
books dedicated to it. The standard reference by Birrell an®avies[3] was published
twenty years ago, and another monograph by Grib, Mamaev, andostapanenkd[4], half
of which addresses strong background eld e ects in at spaatime, was published two
years earlier originally in Russian and then in English tengars ago. Two books with a
somewhat more limited scope focusing on fundamentals withnaathematically rigorous
point of view are those by Fulling[5] and Wald[B6]. This year BWitt[F] published a
comprehensive two volume treatise with a much wider scopetdncluding much material
on quantum elds in curved spacetime. A number of review arties (see e.g[ 8] 9,110,
17,[12,[18]) and many shorter introductory lecture notes (see.g. T4/ 15, 16]) are also
available. For more information on topics not explicitly réerenced in the text of these
notes the above references should be consulted.

In these notes the units are chosen witls = 1 but ~ and G are kept explicit. The
spacetime signature is (+ ). Please send corrections if you nd things here that are
wrong.

2 Planck length and black hole thermodynamics

Thanks to a scale separation it is useful to distinguish qué&mm eld theory in a curved
background spacetime (gftcs) from true quantum gravity (qg Before launching into
the gftcs formalism, it seems worthwhile to have a quick loo&t some of the interesting
issues that gftcs is concerned with.

2.1 Planck length

It is usually presumed that the length scale of quantum graty is the Planck length
Lp = (~G=c)*? 10 % cm. The corresponding energy scale is £0GeV. Recent
\braneworld scenarios", in which our 4d world is a hypersudce in a higher dimensional
spacetime, put the scale of quantum gravity much lower, at aund a TeV, corresponding
to Ltev = 10%Lp 10 7 cm. In either case, there is plenty of room for applicability
of gftcs. (On the other hand, we are much closer to seeing trug e ects in TeV scale
qg. For example we might see black hole creation and evapaaat in cosmic rays or
accelerators.)

Here | will assume Planck scale qg, and look at some dimensibanalysis to give a
feel for the phenomena. First, how should we think of the Plak scale? The Hilbert-



Einstein action is Sy = (~=16L 2) Rd“xjgj1=2R. For a spacetime region with radius
of curvature L and 4-volumeL* the action is ~(L=Lp)?. This suggests that quantum
curvature uctuations with radius less than the Planck lengh L < Lp are unsuppressed.

Another way to view the signi cance of the Planck length is aghe minimum lo-
calization length x, in the sense that if x <L p a black hole swallows the x. To
see this, note that the uncertainty relation x p ~=2 implies p = ~= x which
implies E > ~c= x. Associated with this uncertain energy is a Schwarzschildar
dius Rs( X) =2G M=c2 = 2G E=c¢, hence quantum mechanics and gravity imply
Rs( X) > L2= x. The uncertain Rg( x) is less than x only if x> Lp.

2.2 Hawking e ect

Before Hawking, spherically symmetric, static black holesere assumed to be completely
inert. In fact, it seems more natural that they can decay, site there is no conservation
law preventing that. The decay is quantum mechanical, and #rmal: Hawking found
that a black hole radiates at a temperature proportional to~, Ty = (~=2 ) , where

is the surface gravity. The fact that the radiation is therma is even natural, for what
else could it b& The very nature of the horizon is a causal barrier to informeon, and
yet the Hawking radiation emerges from just outside the haron. Hence there can be
no information in the Hawking radiation, save for the mass othe black hole which is
visible on the outside, so it must be a maximum entropy state,e. a thermal state with
a temperature determined by the black hole mass.

For a Schwarzschild black hole = 1=4GM = 1=2R, so the Hawking temperature
is inversely proportional to the mass. This implies a thermlavavelength y =8 2R, a
purely geometrical relationship which indicates two thing. First, although the emission
process involves quantum mechanics, its \kinematics" is sehow classical. Second,
as long as the Schwarzschild radius is much longer than theaRck length, it should
be possible to understand the Hawking e ect using only gftcd.e. semi-classical qg.
(Actually one must also require that the back-reaction is sall, in the sense that the
change in the Hawking temperature due to the emission of a gie Hawking quantum
is small. This fails to hold for for a very nearly extremal blek hole[17].)

A Planck mass (10 ° gm) black hole|if it could be treated semi-classically]|
would have a Schwarzschild radius of order the Planck length 10 32 cm) and a
Hawking temperature of order the Planck energy ( 10'° GeV). From this the Hawking
temperatures for other black holes can be found by scaling. golar mass black hole
has a Schwarzschild radiuRs 3 km hence a Hawking temperature 10 38 times



smaller than the Planck energy, i.e. 10° GeV. Evaluated more carefully it works out
to Ty 10 7 K. For a mini black hole of massM = 10'® gm one hasRs 10 3 cm
and Ty 10K 10 MeV.

The \back reaction”, i.e. the response of the spacetime métrto the Hawking
process, should be well approximated by the semi-classidaihstein equationG =
8 G hT i provided it is a small e ect. To assess the size, we can compathe stress
tensor to the background curvature near the horizon (not té&s , since that vanishes in
the background). The background Riemann tensor componerdse  1=R? (in suitable
freely falling reference frame), while for example the ergr density is  T3=2 ~=R%
Hence GHhT i ~G=R? = (Lp=Rs)?R,?, which is much less than the background
curvature provided Rg Lp, i.e. provided the black hole is large compared to the
Planck length.

Although a tiny e ect for astrophysical black holes, the Hawing process has a pro-
found implication: black holes can \evaporate". How long des one take to evaporate? It
emits roughly one Hawking quantum per light crossing time,dncedM=dt Ty =Rs
~=RZ  ~=G*M?2. In Planck units ~= ¢ = G = 1, we havedM=dt M 2. Integra-
tion yields the lifetime M3 (Rs=Lp)?Rs. For the 10 gm, 10 ¥ cm black hole
mentioned earlier we have (189)?210 **cm = 10?” cm, which is the age of the universe.
Hence a black hole of that mass in the early universe would bgpéosively ending its
life now. These are called \primordial black holes" (pbh's) None have been knowingly
observed so far, nor their detritus, which puts limits on thepresent density of pbh's (see
for example the references in[l18]). However, it has been gagted[1B] that they might
nevertheless be the source of the highest energy 8 10°° eV) cosmic rays. Note that
even if pbh's were copiously produced in the early universeeir initial number density
could easily have been in ated away if they formed before imtion.

2.3 Black hole entropy

How about the black hole entropy? The thermodynamic relatio dM = T,dS =
(~=8 GM )dS (for a black hole with no angular momentum or charge) implieSgy =
4GM 2=~= A =4LZ, where Ay =4 R % is the black hole horizon area. What is this
huge entropy? What microstates does it count?

Whatever the microstates may beSgy is the lower bound for the entropy emitted
to the outside world as the black hole evaporates, i.e. the nmimal missing information
brought about by the presence of the black hole. By sending engy into a black hole
one could make it last forever, emitting an arbitrarily largg¢ amount of entropy, so it



only makes sense to talk about the minimal entropy. This loweébound is attained when
the black hole evaporates reversibly into a thermal bath at semperature in nitesimally
below Ty . (Evaporation into vacuum is irreversible, so the total entopy of the outside
increases even mofe[l®Pemied  (4=3)SgH .) This amounts to a huge entropy increase.
The only way out of this conclusion would be if the semi-clagsl analysis breaks down
for some reason...which is suspected by many, not includinge.

The so-called \information paradox" refers to the loss of iformation associated with
this entropy increase when a black hole evaporates, as wedl @ the loss of any other
information that falls into the black hole. | consider it no mradox at all, but many
think it is a problem to be avoided at all costs. | think this viewpoint results from
missing the strongly non-perturbative role of quantum graty in evolving the spacetime
into and beyond the classically singular region, whether byenerating baby universes or
otherwise (see section 6.3112 for more discussion of thisnpp Unfortunately it appears
unlikely that semi-classical qg can \prove" that informaton is or is not lost, though
people have tried hard. For it not to be lost there would haved be subtle e ects not
captured by semi-classical qg, yet in a regime where semasdical description \should"
be the whole story at leading order.

3 Harmonic oscillator

One can study a lot of interesting issues with free elds in eued spacetime, and | will
restrict entirely to that case except for a brief discussianFree elds in curved spacetime
are similar to collections of harmonic oscillators with tire-dependent frequencies. | will
therefore begin by developing the properties of a one-dimganal quantum harmonic
oscillator in a formalism parallel to that used in quantum dd theory.

The action for a particle of massn moving in a time dependent potentialV (x;t) in

one dimension takes the form
Z

S= dtL L = %mx_z V(x;t) (3.1)

from which follows the equation of motionmx = @V (x;t). Canonical quantization
proceeds by (i) de ning the momentum conjugate tx, p= @L=@= mx, (ii) replacing
x and p by operatorsx*and p, and (iii) imposing the canonical commutation relations
[R;p] = i~. The operators are represented as hermitian linear operasoon a Hilbert
space, the hermiticity ensuring that their spectrum is reabs be ts a quantity whose



classical correspondent is a real numbérln the Schredinger picture the state is time-
dependent, and the operators are time-independent. In theopition representation for
example the momentum operator is given bp 2 i~@. In the Heisenberg picture the
state is time-independent while the operators are time-depdent. The commutation
relation then should hold at each time, but this is still redly only one commutation
relation since the the equation of motion implies that if it lolds at one initial time it

will hold at all times. In terms of the position and velocity,the commutation relation(s)

in the Heisenberg picture take the form

[X(1); x(1)] = i~=m: (3.2)

Here and from here on the hats distinguishing numbers from epators are dropped.
Specializing now to a harmonic oscillator potentiaV/ (x;t) = %m! 2(t)x? the equation
of motion takes the form
x+ 1 2(t)x =0: (3.3)

Consider now any operator solutiorx(t) to this equation. Since the equation is second
order the solution is determined by the two hermitian operairs x(0) and x(0), and since
the equation is linear the solution is linear in these operats. It is convenient to trade
the pair x(0) and x(0) for a single time-independent non-hermitian operatoa, in terms
of which the solution is written as

X(t) = f(tH)a+ f (t)a’; (3.4)
wheref (t) is a complex function satisfying the classical equation ohotion,
+ 1 2(t)f =0; (3.5)

f is the complex conjugate of , and & is the hermitian conjugate ofa. The commutation
relations (32) take the form

H;fifa,a@]=1; (3.6)
where the bracket notation is de ned by
i, gi =(im=~) f@g (@f)g : (3.7)

1In a more abstract algebraic approach, one does not requiretahis stage a representation but
rather requires that the quantum variables are elements of a algebra equipped with a star operation
satisfying certain axioms. For quantum mechanics the algetaic approach is no dierent from the
concrete representation approach, however for quantum eais the more general algebraic approach
turns out to be necessary to have su cient generality. In these lectures | will ignore this distinction.
For an introduction to the algebraic approach in the context of quantum elds in curved spacetime see
[6]. For a comprehensive treatment of the algebraic approdctto quantum eld theory see [20].
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If the functions f and g are solutions to the harmonic oscillator equation[{3l5), tbn
the bracket (31) is independent of the timé at which the right hand side is evaluated,
which is consistent with the assumed time independence af

Let us now assume that the solutiorf is chosen so that the real numbehf;f i is
positive. Then by rescalingf we can arrange to have

H;fi=1: (3.8)
In this case the commutation relation [36) becomes
[a; @] =1, (3.9)

the standard relation for the harmonic oscillator raising ad lowering operators. Using
the bracket with the operator x we can pluck out the raising and lowering operators
from the position operator,

a= Hh;xi; &= hf;xi: (3.10)

Since bothf and x satisfy the equation of motion, the brackets in[[30) are e
independent as they must be.

A Hilbert space representation of the operators can be builty introducing a state
jOi de ned to be normalized and satisfyingajOi = 0. For each n, the state jni =
(1= n!)(a))"j0i is a normalized eigenstate of the number operat®t = a’a with eigen-
value n. The span of all these states de nes a Hilbert space of \exaiions" above the
state jOi .

So far the solutionf (t) is arbitrary, except for the normalization condition (3.
A change inf (t) could be accompanied by a change ia that keeps the solutionx(t)
unchanged. In the special case of a constant frequericft) = ! however, the energy is
conserved, and a special choice Dft) is selected if we require that the statgOi be the
ground state of the Hamiltonian. Let us see how this comes alto

For a generalf we have

H = m>%2+ sm! 2x2 i (3.11)

m (f2+12f2aa+ (f2+12f2) aa’ + (jf4° + ! 3jf j?)(ad + @’a) (3.12)

NI N

Thus
HjOi = %m(f_2+ I 2f2) avaYjoi + (jf42 + ! 3jf j2)j0i; (3.13)

10



where the commutation relation [ID) was used in the last tem. If jOi is to be an
eigenstate ofH, the rst term must vanish, which requires

f_=ilf: (3.14)
For such anf the norm is
: 2m! .,
hfi= —jfj% (3.15)

hence the positivity of the normalization condition [3B) slects from [3I}¥) the minus
sign. This yields what is called the normalizegositive frequencysolution to the equation
of motion, de ned by r

f(t) =

up to an arbitrary constant phase factor.
With f given by (37I6) the Hamiltonian [37IR) becomes

o € it (3.16)

H

11 (aa¥ + @a) (3.17)
= (N D), (3.18)

where the commutation relation [3.D) was used in the last gte The spectrum of the
number operator is the non-negative integers, hence the nmmum energy state is the
one with N = 0, and \zero-point energy" ~!= 2. This is just the statejOi annihilated by
a as de ned above. If any function other than [(316) is choserotexpand the position
operator as in [34), the state annihilated bya is not the ground state of the oscillator.
Note that although the mean value of the position is zero in # ground state, the

mean of its square is
hOjx?j0i = ~=2m!: (3.19)

This characterizes the \zero-point uctuations" of the postion in the ground state.

4 Quantum scalar eld in curved spacetime

Much of interest can be done with a scalar eld, so it suces fo an introduction.
The basic concepts and methods extend straightforwardly ttensor and spinor elds.
To being with let's take a spacetime of arbitrary dimensiorD, with a metric g of
signature (+ ). The action for the scalar eld' is

Z

p—_1
s= d°x g5 9 @@ (m?*+ R)' % ; (4.1)

11



for which the equation of motion is
+m?+ R ' =0; = joi TP@jgi* g @: (4.2)

(With ~ explicit, the massm should be replaced byn=~, however we'll leave~ implicit
here.) The case where the coupling to the Ricci scalarR vanishes is referred to as
\minimal coupling”, and that equation is called the Klein-Gordon (KG) equation. If
also the masan vanishes it is called the \massless, minimally coupled seal. Another
special case of interest is \conformal coupling” withn =0 and =(D 2)=4(D 1).

4.1 Conformal coupling

Let me pause briey to explain the meaning of conformal coupig since it comes up
often in discussions of quantum elds in curved spacetime,rimarily either because
Robertson-Walker metrics are conformally at or because khtwo-dimensional metrics
are conformally at. Consider making a position dependentanformal transformation
of the metric:

g = *(X)g ; (4.3)

which induces the changes
g = X9 ; jg™7= "(ig"% i@ = ° *(Nid'Pg ; (4.4)
R=g R = 2R 20 1) In (@ 1O 2g (n).(n). : (45)

In D = 2 dimensions, the action is simply invariant in the massless minimally coupled
case without any change of the scalar eldS[;g ] = S[; g]. In any other dimension,
the kinetic term is invariant under a conformal transformaton with a constant if we ac-
company the metric changel{413) with a change of the scalarleg 'e = @ P)='  (This
scaling relation corresponds to the fact that the scalar @ has dimension [lengtif P)=2
since the action must be dimensionless after factoring ounaoverall ~.) For a non-
constant the derivatives in the kinetic term ruin the invar iance in general. However
it can be shown that the action is invariant (up to a boundary erm) if the coupling
constant is chosen to have the special value given in the previous pgraph, i.e.
S[9]= S[e g]. In D =4 dimensions that value is =1=6.

12



4.2 Canonical quantization

To canonically quantize we rst pass to the Hamiltonian des@ption. Separating out a

time coordinatex?, x = (x%x"), we can write the action as
Z Z

S= dx°L; L= d° xL: (4.6)
The canonical momentum at a timex® is given by

(x) = >t - jgi*?g °@" (x) = jhj**n @ (x): (4.7)

@ (x)

Here x labels a point on a surface of constant®, the x° argument of' is suppressed,
n is the unit normal to the surface, andh is the determinant of the induced spatial
metric h; . To quantize, the eld ' and its conjugate momentum' are now promoted
to hermitian operators and required to satisfy the canonical commutation relation

[ (x); WI=i~" *x;y) (4.8)

It is worth noting that, being a variational derivative, the conjugate momentum is a
density of weight one, and hence the Dirac delta function orhé right hand side of
) is a density of weight one in the second argument. It iseched by the property
d® ly P Y(x;y)f (y) = f(x) for any scalar functionf, without the use of a metric
volume element.
In analogy with the bracket (31) de ned for the case of the hanonic oscillator, one
can form a conserved bracket from two complex solutions to ¢hscalar wave equation

E2), ,
hgi= d j; j (f9)=(i=9jg"?g f@g (@f)g : (4.9)

This bracket is sometimes called th&lein-Gordon inner product, and H;f i the Klein-
Gordon norm of f. The current density j (f;g) is divergenceless@j = 0) when the
functionsf and g satisfy the KG equation [Z2), hence the value of the integkan (E£3) is
independent of the spacelike surface over which it is evalted, provided the functions
vanish at spatial in nity. The KG inner product satis es the relations

M,gi= hT. gi = hg:fi; H; Ti =0 (4.10)

Note that it is not positive de nite.
2See footnoteL.
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4.3 Hilbert space

At this point it is common to expand the eld operator in modesand to associate
annihilation and creation operators with modes, in close atogy with the harmonic
oscillator (34), however instead | will begin with individual wave packet solutions. My
reason is that in some situations there is no particularly naral set of modes, and none is
needed to make physical predictions from the theory. (An iistration of this statement
will be given in our treatment of the Hawking e ect.) A mode deomposition is a basis
in the space of solutions, and has no fundamental status.

In analogy with the harmonic oscillator case[(3.10), we dee the annihilation op-
erator associated with a complex classical solutidn by the bracket off with the eld
operator' :

a(f)=H;" i (4.12)

Since bothf and' satisfy the wave equationa(f ) is well-de ned, independent of the
surface on which the bracket integral is evaluated. It follws from the above de nition
and the hermiticity of ' that the hermitian conjugate of a(f ) is given by

()= a): (4.12)

The canonical commutation relation [4.B) together with thede nition of the momentum

(#) imply that
[a(f ); @(9)] = M gi: (4.13)

The converse is also true, in the sense that iE{4]13) holdsrfall solutions f and g,
then the canonical commutation relation holds. Using[{4])2 we immediately obtain
the similar relations

[a(f);a(g)] = hf; gi; [2(f);@(g)l = hfgi (4.14)

If f is a positive norm solution with unit normH;f i = 1, then a(f ) and & (f ) satisfy
the usual commutation relation for the raising and loweringoperators for a harmonic
oscillator, [a(f ); @(f )] = 1. Suppose now thatj i is a normalized quantum state satis-
fying a(f )j i = 0. Of course this condition does not specify the statg, butather only
one aspect of the state. Nevertheless, for eaghthe statejn; i = (1= nD)(@(f))"j i
is a normalized eigenstate of the number operat® (f ) = a¥(f )a(f ) with eigenvaluen.
The span of all these states de nes a Fock spacefefvavepacket \n-particle excitations”
above the statej i.

If we want to construct the full Hilbert space of the eld theory, how can we proceed?
We should nd a decomposition of the space of complex solutis to the wave equation

14



S into a direct sum of a positive norm subspac8, and its complex conjugateS,, such
that all brackets between solutions from the two subspacesamish. That is, we must
nd a direct sum decomposition

S=S, S (4.15)

such that
H:fi > O 8f 25, (4.16)
;g =0 8f;g 2 Sy (4.17)

The rst condition implies that each f in S, can be scaled to de ne its own harmonic
oscillator sub-albegra as in the previous paragraph. Theamnd condition implies, ac-
cording to (£.13), that the annihilators and creators forf and g in the subspaceS,
commute amongst themselvesa(f );a(g)] = 0 =[ a(f ); a¥(g)].

Given such a decompostion a total Hilbert space for the eldheory can be de-
ned as the space of nite norm sums of possibly in nitely may states of the form
a¥(f1) @(fn)j0i, wherejOi is a state such thata(f )joi = O for all f in S,, and all

position (@I%), and in general is not the ground state (whicis not even well de ned
unless the background metric is globally static). The repeentation of the eld operator
on this Fock space is hermitian and satis es the canonical gonutation relations.

4.4 Flat spacetime

Now let's apply the above generalities to the case of a massigcalar eld in at space-
time. In this setting a natural decomposition of the space afolutions is de ned by
positive and negative frequency with respect to a Minkowskime translation, and the
corresponding Fock vacuum is the ground state. | summarizeiéy since this is stan-
dard at spacetime quantum eld theory.

Because of the in nite volume of space, plane wave solutioase of course not nor-
malizable. To keep the physics straight and the language spte it is helpful to introduce
periodic boundary conditions, so that space becomes a latgeee-dimensional torus with
circumferenced. and volumeV = L3. The allowed wave vectors are thek = (2 =L )n,
where the components of the vecton are integers. In the end we can always take the
limit L !'1 to obtain results for local quantities that are insensitiveto this formal
compacti cation.

15



A complete set of solutions (\modes") to the classical wavegeation (@2) with
the at space d'Alembertian andR =0 is given by
s

fi(t x) = We gk x (4.18)

where p
(k)= k2+ m?; (4.19)

together with the solutions obtained by replacing the posite frequency! (k) by its
negative, ! (k). The brackets between these solutions satisfy

Hk;f|i = k:l (420)
Hohi = (4.21)
W fii = 0; (4.22)

so they provide an orthogonal decomposition of the solutiogpace into positive norm
solutions and their conjugates as in[{417), witt§, the space spanned by the positive
frequency modeg . As described in the previous subsection this provides a Hospace
representation.

If we de ne the annihilation operator associated td , by

ac = My i, (4.23)

then the eld operator has the expansion

X _
'z fra+ Teal : (4.24)
k

Since the individual solutionsf have positive frequency, and the Hamiltonian is a sum
over the contributions from eachk value, our previous discussion of the single oscillator
shows that the vacuum state de ned by

ajoi =0 (4.25)
for all k is in fact the ground state of the Hamiltonian. The states
ayjoi (4.26)

have momentum~k and energy~! (k), and are interpreted as single particle states.
States of the forma{l a}injOi are interpreted asn-particle states.
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Note that although the eld Fourier component ' , = foa + f ayk has zero
mean in the vacuum state, like the harmonic oscillator posidn it undergoes \zero-point
uctuations" characterized by

hoj' ' jOi = jf «j% = (4.27)

V1 (K)’
which is entirely analogous to the oscillator resultif3.19)

4.5 Curved spacetime, \particles", and stress tensor

In a general curved spacetime setting there is no analog ofettpreferred Minkowski
vacuum and de nition of particle states. However, it is cleathat we can import these
notions locally in an approximate sense if the wavevector drirequency are high enough
compared to the inverse radius of curvature. Slightly morerpcisely, we can expand the
metric in Riemann normal coordinates about any poinkg:

0 (0= 3R G X)X X) +O(x X)) (428)
If k2 and ! 2(k) are much larger than any component of the Riemann tensdr (Xo)
in this coordinate system then it is clear that the at space mterpretation of the cor-
responding part of Fock space will hold to a good approximatn, and in particular a
particle detector will respond to the Fock states as it wouldn at spacetime. This
notion is useful at high enough wave vectors locally in any apetime, and for essentially
all wave vectors asymptotically in spacetimes that are asypiotically at in the past or
the future or both.

More generally, however, the notion of a \particle" is ambigous in curved space-
time, and one should use eld observables to characterizeagts. One such observable
determines how a \particle detector" coupled to the eld wold respond were it following
some particular worldline in spacetime and the coupling weradiabatically turned on
and o at prescribed times. For example the transition probaility of a point monopole
detector is determined in lowest order perturbation theoryby the two-point function
h j'" (x)' (x9j i evaluated along the worldliné[Z1[~11] of the detector. (Foa careful
discussion of the regularization required in the case of aipbdetector see [[2R].) Al-
ternatively this quantity|along with the higher order corr elation functionsiis itself a
probe of the state of the eld.

Another example of a eld observable is the expectation vatuof the stress energy
tensor, which is the source term in the semi-classical Eimsh equation

G =8Gh T ()] i (4.29)
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This quantity is in nite because it contains the product of eld operators at the same
point. Physically, the in nity is due to the uctuations of t he in nitely many ultraviolet
eld modes. For example, the leading order divergence of thenergy density can be
attributed to the zero-point energy of the eld uctuations, but there are subleading
divergences as well. We have no time here to properly go intbi$ subject, but rather
settle for a few brief comments.

One way to make sense of the expectation value is via tlik erence between its
values in two di erent states. This di erence is well-de ned (with a suitable regulator)
and nite for any two states sharing the same singular short idtance behavior. The
result depends of course upon the comparison state. Since ttiivergence is associated
with the very short wavelength modes, it might seem that to uiguely de ne the ex-
pectation value at a point x it should su ce to just subtract the in nities for a state
de ned as the vacuum in the local at spacetime approximatia at x. This subtraction
is ambiguous however, even after making it as local as podsiland ensuring local con-
servation of energy { hT i =0). It de nes the expectation value only up to a tensor
H constructed locally from the background metric with four orfewer derivatives and
satisfying the identity r H = 0. The general such tensor is the variation with respect

to the metric of the invariant functional
Z

p—
d®x jgj o+ R+ R?*+ R R +aR R ; (4.30)

(In four spacetime dimensions the last term can be rewritteas a combination of the
rst two and a total divergence.) ThusH is a combination ofg , the Einstein tensor
G , and curvature squared terms. In e ect, the ambiguity H is added to the metric
side of the semi-classical eld equation, where it renormaés the cosmological constant
and Newton's constant, and introduces curvature squared ri@s.

A di erent approach is to de ne the expectation value of the #ress tensor via the
metric variation of the renormalized e ective action, whiti posesses ambiguities of the
same form as[{Z2-30). Hence the two approaches agree.

4.6 Remarks

4.6.1 Continuum normalization of modes

Instead of the \box normalization" used above we could \norralize" the solutionsf
(ET8) with the factor V 72 replaced by (2 ) 3. Then the Kronecker 's in (&20,[Z21)
would be replaced by Dirac -functions and the discrete sum over momenta i {ZR4)
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would be an integral overk. In this case the annihilation and creation operators would
satisfy [a; a1 = 3(k;l).

4.6.2 Massless minimally coupled zero mode

The massless minimally coupled case =0, =0 has a peculiar feature. The spatially
constant functionf (t; X) = ¢+ ¢;t is a solution to the wave equation that is not included
among the positive frequency solution§y or their conjugates. This \zero mode" must
be quantized as well, but it behaves like a free particle raén than like a harmonic
oscillator. In particular, the state of lowest energy wouldhave vanishing conjugate eld
momentum and hence would be described by a Schredinger waenction (' o) that
is totally delocalized in the eld amplitude ' . Such a wave function would be non-
normalizable as a quantum state, just as any momentum eigeate of a non-relativistic
particle is non-normalizable. Any normalized state would & described by a Schredinger
wavepacket that would spread in' ¢ like a free particle spreads in position space, and
would have an expectation valudi i growing linearly in time. This suggests that no
time-independent state exists. That is indeed true in the @ where the spatial directions
are compacti ed on a torus for example, so that the modes ardsdrete and the zero
mode carries as much weight as any other mode. In non-compagace one must look
more closely. It turns out that in 1+ 1 dimensions the zero moel continues to preclude a
time independent state (see e.g_[23], although the conniext to the behavior of the zero
mode is not made there), however in higher dimensions it doest, presumably because
of the extra factors ofk in the measurekP® 2dk. A version of the same issue arises
in deSitter space, where no deSitter invariant state exist®r the massless, minimally
coupled eld |[24]. That is true in higher dimensions as wellhowever, which may be
related to the fact that the spatial sections of deSitter spase are compact.

5 Particle creation

We turn now to the subject of particle creation in curved spagtime (which would more
appropriately be called \ eld excitation", but we use the standard term). The main
applications are to the case of expanding cosmological spaimes and to the Hawking
e ect for black holes. To begin with | will discuss the analogus e ect for a single har-
monic oscillator, which already contains the essential eleents of the more complicated
cases. The results will then be carried over to the cosmologi setting. The following
section then takes up the subject of the Hawking e ect.
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5.1 Parametric excitation of a harmonic oscillator

A gquantum eld in a time-dependent background spacetime cahe modeled in a simple
way by a harmonic oscillator whose frequency (t) is a given function of time. The
equation of motion is then [B),

x+!1%(t)x=0: (5.1)

We consider the situation where the frequency is asymptottly constant, approaching
I'in In the past and! o in the future. The question to be answered is this: if the
oscillator starts out in the ground statejO;,i appropriateto! , ast! 1  , what is the
state ast! +1 ? More precisely, in the Heisenberg picture the state doestrevolve,
so what we are really asking is how is the stat®;,i expressed as a Fock state in the
out-Hilbert space appropriate to! ,? It is evidently not the same as the ground state
jOouti Of the Hamiltonian in the asymptotic future.

To answer this question we need only relate the annihilatioand creation operators
associated with thein and out normalized positive frequency modebk mt(t), which are
solutions to (&) with the asymptotic behavior >

S

~

_ t!ll 0o .
f&t(t) ! i exp( i! d"utt)' (5.2)
out

Since the equation of motion is second order in time derivas it admits a two-parameter
family of solutions, hence there must exist complex constsn and such that

four = fint+t fin: (5.3)
The normalization condition hf o ; foiti = 1 implies that
2

pirior=n (5.4)

The out annihilation operator is given (see[(3.10)) by

dout = H:out; Xi (55)
= hf,+ fin;Xi (56)
= ajp ap: (5.7)

This sort of linear relation between two sets of annihilatio and creation operators (or the
corresponding solutions) is called 8ogoliubov transformation and the coe cients are
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the Bogoliubov coe cients. The mean value of theout number operatorNoy = &%, 8out
is nonzero in the statg0,i:
I“:)injl\loutjoini = J jz: (58)
In this sense the time dependence of(t) excites the oscillator, andj j? characterizes
the excitation number.
To get a feel for the Bogoliubov coe cient let us consider two extreme cases,
adiabatic and sudden.

5.1.1 Adiabatic transitions and ground state

The adiabatic case corresponds to a situation in which thedquency is changing very
slowly compared to the period of oscillation,

L I (5.9)

|
In this case there is almost no excitation, sp j 1. Generically in the adiabatic case
the Bogoliubov coe cient is exponentially small, exp( !oT), where! g is a typical
frequency andT characterizes the time scale for the variations in the fregumcy.

In the Schredinger picture, one can say that during an adiadtic change of! (t)
the state continually adjusts to remain close to the instargneousadiabatic ground state
This state at time t, is the one annihilated by the lowering operatoa(f:,) de ned by the
solution f,(t) satisfying the initial conditions at t, corresponding to the \instantaneous
positive frequency solution”,

folt) = © ~=2mi (&) (5.10)
f4,(to) il (to)f 1, (to): (5.11)

The instantaneous adiabatic ground state is sometimes cadl the \lowest order adiabatic
ground state atty". One can also consider higher order adiabatic grougd stat@s follows
(see e.g.[J3[15]). A function of the WKB form {=2mW (t))*2exp( i W9 dt) is a
normalized solution to [51) providedW (t) satis es a certain second order di erential
equation. That equation can be solved iteratively, yieldig an expansionw (t) = ! (t) +

, Where the subsequent terms involve time derivatives df(t). The lowest order
adiabatic ground state att, is de ned using the solution whose initial conditions[{5)1
match the lowest order truncation of the expansion fowV (t). A higher order adiabatic
ground state is similarly de ned using a higher order truncaon.
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5.1.2 Sudden transitions

The opposite extreme is the sudden one, in whidh changes instantaneously fronh ,
to ! o« at some timety. We can then nd the Bogoliubov coe cients using (&3) and its
rst derivative at ty. For tg = 0 the result is

1 ! in ! out

= - + 5.12
2 ! out ! in ( )
1 r - r ' t

= - = == 5.13
2 ! out ! in ( )

(For to 6 0 there are extra phase factors in these solutions.) Inteséngly, the amount

of excitation is precisely the same if the roles df, and! . are interchanged. For an
example, consider the case whetgy = 4!i,, forwhich =5=4and = 3=4. Inthis

case the expectation value[{bl8) of the out number operatos 9/16, so there is about
\half an excitation"”.

5.1.3 Relation between in and out ground states & the squeeze operator

The expectation value ofNyy is only one number characterizing the relation between
jOini and the out states. We shall now d)e(termine the complete relan

jOini = CnJNi out (5.14)

n

where the stategni,, are eigenstates oN,, and the ¢, are constants.
One can nd a, in terms of a,; and a), by combining (&3) with its complex
conjugate to solve forf;, in terms of f,, and f,. In analogy with (&4) one then nds

Qin = Aot Aly: (5.15)

Thus the de ning condition a, j0,i = 0 implies

A transparent way to solve this is to note that the commutatim relation [agy; &’,] = 1
suggests the formal analogg.: = @=@ga. This casts [5.I6) as a rst order ordinary
di erential equation, with solution

10ni = Nexp 'R iy JO0outi (5.17)

p__
X " 2nl "o
= N T 5 12Ni gyt : (5.18)
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Note that the state jO,:i on which the exponential operator acts is annihilated by,
so there is no extra term froma’,,-dependence.

The statej0,, 1 thus contains only even numbered excitations when expredsa terms
of the out number eigenstates. The normalization constaritl is given by

2n

X onl
oo (5.19)

iNj 2=

For large n the summand approacheg = > =[j j?>=(j j?+1)]", where the relation
(B4) was used in the last step. The sum therefore convergesid can be evaluatetito
yield

1=4

iNi=1j=17 =jj*™= (5.20)
An alternate way of describing0,, i in the out Hilbert space is via thesqueeze operator
h, .
S=exp éayay Pl (5.21)

Since its exponent is anti-hermitian,S is unitary. Conjugating a by S yields

SYaS = coshjzja+ sinh jzjj%_ a’: (5.22)

This has the form of the Bogoliubov transformation[[5) wh = coshjzj and =
sinhjzj(z5zj). With a, in place ofain S this gives

an = SYauS: (5.23)
The condition a;, j0,,i = 0 thus implies ay, Sj0,1 = 0, so evidently
jOini = SYj0quti (5.24)

up to a constant phase factor. That is, then and out ground states are related by the
action of the squeeze operatoB. SinceS is unitary, the right hand side of (&2%) is
manifestly normalized.

3Alex Maloney poinjgd out that it can be evaluated by expressng the binomial coe cient 2 n!=(n!)?
as the contour integral (dz=2iz )(z+1=2)?" and interchanging the order of the sum with the integral.
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5.2 Cosmological particle creation

We now apply the ideas just developed to a free scalar quantueld satisfying the KG
equation (Z2) in a homogeneous isotropic spacetime. Theseavhen the spatial sections
are at is slightly simpler, and it is already quite applicalde, hence we restrict to that
case here.

The spatially at Robertson-Walker (RW) line element takesthe form:

ds? = dt?  a(t)dxdx = a( )(d 2 dxidx) (5.25)

R
It is conformally at, as are all RW metrics. The coordinate = dt=a(t) is called the
conformal time, to distinguish it from the proper time t of the isotropic observers. The
d'Alembertian  for this metric is given by

= @+(Ba=d@ a ‘’@; (5.26)

where the dot stands for@=@tThe spatial translation symmetry allows the spatial
dependence to be separated from the time dependence. A eld

ue(x;t) = (t)ek> (5.27)

satis es the eld equation (#3) provided (t) satis es an equation similar to that of
a damped harmonic oscillator but with time-dependent dampig coe cient 3a=a and
time-dependent frequencya %k?+ m2?+ R. It is worth emphasizing that in spite of the
\damping", the eld equation is Hamiltonian, and the Klein-Gordon norm (Z39) of any
solution is conserved in the evolution.
The eld equation can be put into the form of an undamped osddtor with time-

dependent frequency by using the conformal time instead oft and factoring out an
appropriate power of the conformal factoa?( ):

k= al o (5.28)
The function uy satis es the eld equation if and only if
P+ 12() «=0; (5.29)
where the prime stands fod=d and

12()=k?>+ m?a® (1 6 )(a%a): (5.30)
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(In the special case of conformal couplingh = 0 and = 1=6, this becomes the time-
independent harmonic oscillator, so that case is just likeat spacetime. All e ects of
the curvature are then incorporated by the prefactoa( ) ! in (628).)

The uy are orthogonal in the Klein-Gordon inner product [4B), andhey are nor-
malized* provided the | have unit norm:

hucui = o 0 (V=)( « § R W)=1: (5.31)

Note that the relevant norm for the  diers from that for the harmonic oscillator
(B2) only by the replacementm ! V, whereV is the x'-coordinate volume of the
constant t surfaces. We also havéu,;ui = 0 for all k;l, hence these modes provide
an orthogonal postive/negative norm decomposition of thepace of complex solutions.
As discussed in sectioii 4.3, this yields a corresponding kogpace representation for
the eld operators. The eld operator can be expanded in terra of the corresponding
annihilation and creation operators:

X
" (x;t) = Uk (X;t) a + uc(x;t)al (5.32)

k
Consider now the special case where there is no time depengemn the past and
future, a( ) ! constant. Thein and out \vacua" are the ground states of the Hamilto-
nian at early and late times, and are the states annihilatedybthe a, associated with the

in;out

u " constructed with early and late time positive frequency moes |"°", as explained
in section[4%: s

Olrllt !|1 - il .

out( ) sy P it g ) (5.33)

out

The Bogoliubov transformation now takes the form

UEUt = Kk oUi?o"‘ Kk OUi?o . (534)
kO

Matching the coe cients of exp(ik x), we see that
KO = Kk kKO kO =k k; kO (5.35)

i.e. the Bogoliubov coe cients mix only modes of wave vectark and k, and they
depend only upon the magnitude of the wavevector on account mtational symmetry

4The two inverse factors ofa coming from (&28) are cancelled by thea® in the volume element and
the a ! in the relation @=@t a '@=@
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(egn. (&29) for ¢ does not depend on the direction df). The normalization condition
on up"t implies
jW® ) Wf=1 (5.36)
As in the harmonic oscillator example[[218), if the state istte in-vacuum, then the
expected excitation level of thek out-mode, i.e. the average number of particles in that
mode, is given by
FOn NS j0ni = j 1j*: (5.37)
To convert this statement into one about particle density, & sum overk and divide by
the physical spatial volumeVynys = a3V, which yields the number density of particles.
Alternatively one can work with the continuum normalized males. The relation between
the discrete and continuous sums is ~
1 X 1

' Gay ok (5.38)

Vphys K

the number density of out-particles is thus

1 o
nout = Zay d*kj «j?: (5.39)

The mean particle number characterizes only certain aspacof the state. As in the
oscillator example, a full description of the in-vacuum inle out-Fock space is obtained
from the Bogoliubov relation between the corresponding aifnlation and creation op-
erators. From (&3%) we can solve fon" and thence nd

alkn = ka(k)ut + K ykout; (5'40)
whence
a"jOni = —t a0 i (5.41)
which can be solved to nd | " #
. . Y . X k . .
jOni = NS exp 5. aotal o jOpu (5.42)
kO k

where the N are normalization factors. This solution is similar to the orresponding

expression [[2.18) for the harmonic oscillator and it can bedind by a similar method.

Although the operators & °* and @' ,°* are distinct, each product appears twice in
the sum, once fork and once for k, hence the factor of 2 in the denominator of the
exponent is required. Using the two-mode analog of the squeeoperator [2.211) the
state (2.42) can also be written in a manifestly normalizedahion analogous to[{5.24).
It is sometimes called asqueezed vacuum
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5.3 Remarks

5.3.1 Momentum correlations in the squeezed vacuum

The state (5:42) can be expressed as a sum of terms each of tinas equal numbers of
k and k excitations. These degrees of freedom are thus entangledhe state, in such

a way as to ensure zero total momentum. This is required by tmslation invariance of

the statesj0,,i and jOyi, Since momentum is the generator of space translations.

5.3.2 Normalization of the squeezed vacuum

The norm sum for the part of the state [5.4R) involvingk and Kk is a standard geometric
series, which evaluates t¢ j? using (&3B). Hence to normalize the state one can set
Nk = j «j ¥2 forall k, including k = 0 as in (&20). The overall normalization factor
is a product of in nitely many numbers less than unity. Unles those numbers converge
rapidly enough to urlgty the state is not normalizable. The codition for normalizability

is easily seen to be ,j «j? < 1, i.e. according to [53F) the average total number
of excitations must be nite. If it is not, the state jO,,i does not lie in the Fock space
built on the the state jO,i. Note that, although formally unitary, the squeeze operato
does not act unitarily on the out Fock space if the corresponding state is not in fact
normalizable.

5.3.3 Energy density

If the scale factora changes by over a time interval , then for a massless eld dimen-
sional analysis indicates that the in vacuum has a resultingnergy density — ~( ) *
after the chaﬂge. To see how the formalism produces this, acding to (6:39) we have

= (2 a) ® d%j «j?(~'=a). The Bogoliubov coe cent  is of order unity around
ke=a 1= and decays exponentially above that. The integral is domited by the
upper limit and hence yields the above mentioned result.

5.3.4 Adiabatic vacuum

Modes with frequency much larger thara’=a see the change of the scale factor as adia-
batic, hence they remain relatively unexcited. The state tat corresponds to the instan-
taneously de ned ground state, in analogy with[[2.111) for tle single harmonic oscillator,
is called theadiabatic vacuumat a given time.

27



5.4 de Sitter space

The special case of de Sitter space is of interest for varioteasons. The rst is just
its high degree of symmetry, which makes it a convenient ararfor the study of gft in
curved space. It is the maximally symmetric Lorentzian spa&cwith (constant) positive
curvature. Maximal symmetry refers to the number of Killing elds, which is the same
as for at spacetime. The Euclidean version of de Sitter spads just the sphere.

de Sitter (dS) space has hypersurface-orthogonal timelik&lling elds, hence is lo-
cally static, which further simpli es matters, but not to th e point of triviality. The reason
is that all such Killing elds have Killing horizons, null surfaces to which they are tan-
gent, and beyond which they are spacelike. Hence dS spaceasgias a highly symmetric
analog of a black hole spacetime. In particular, a symmetrigariant of the Hawking
e ect takes place in de Sitter space, as rst noticed by Gibbas and Hawking[Z5]. See
[286] for a recent review.

In ationary cosmology provides another important use of d8itter space, since dur-
ing the period of exponential expansion the spacetime matris well described by dS
space. In this application the dS line element is usually witen using spatially at RW
coordinates:

ds? = dt?  eMtdx'dx': (5.43)
These coordinates cover only half of the global dS space, atitty do not make the
existence of a time translation symmetry manifest. This taés the conformal form[[2.25)

with - = H texp( Ht)anda( )= 1=H . Therange oftis (1 ;1 ) while that of
is(1 ;0).

The at patch of de Sitter space is asymptotically static wih respect to conformal

time in the past, sincea=a= 1= ! Oas ! 1 . Therefore in the asymptotic

past the adiabatic vacuum (with respect to positive -frequency) de nes a natural initial
state. This is the initial state used in cosmology. In fact ihappens to de ne a deSitter
invariant state, also known as the Euclidean vacuum or the Bich-Davies vacuum.

5.4.1 Primordial perturbations from zero point uctuation S

Observations of the Cosmic Microwave Background radiatiosupport the notion that

the origin of primordial perturbations lies in the quantum uctuations of scalar and
tensor metric modes (see[27] for a recent review andl[28] &classic reference.) The
scalar modes arise from (and indeed are entirely determinég, since the metric has no
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independent scalar degree of freedom) coupling to matter_et's brie y discuss how this
works for a massless minimally coupled scalar eld, which jgst how these perturbations
are described. First I'll describe the scenario in words, &m add a few equations.

Consider a eld mode with a frequency high compared to the egpmsion rate a=a
during the early universe. To be specic let us assume this t@to be a constantH,
i.e. de Sitter in ation. Such a mode was presumably in its gund state, as the prior
expansion would have redshifted away any initial excitatio. As the universe expanded
the frequency redshifted until it became comparable to thexpansion rate, at which
point the oscillations ceased and the eld amplitude apprazhed a time-independent
value. Just before it stopped oscillating the eld had quanim zero point uctuations
of its amplitude, which were then preserved during the furter expansion. Since the
amplitude was frozen when the mode had the xed proper wavember H, it is the
same for all modes apart from the proper volume factor in the ogde normalization
which varies with the cosmological time of freezeout. Finlgl after in ation ended the
expansion rate dropped faster than the wavenumber, henceeetually the mode could
begin oscillating again when its wavelength became shortisan the Hubble lengthH 1.
This provided the seeds for density perturbations that woual then grow by gravitational
interactions. On account of the particular wavevector depwlence of the amplitude of
the frozen spatial uctuations, the spectrum of these perttbations turns out to be
scale-invariant (when appropriately de ned).

More explicitly, the eld equation for a massless minimallycoupled eld is given by

(B29), with
12()=k?> a'%a=k?® 2H?%a% (5.44)

where the last equality holds in de Sitter space. In terms ofrpper frequency! , = !=a
and proper wavenumberk, = k=awe have! 5 = ki 2HZ2. The rst term is the usual
at space one that produces oscillations, while the seconenm tends to oppose the
oscillations. For proper wavenumbers much higher thaH the second term is negligible.
The eld oscillates while the proper wavenumber redshiftsxponentially. Eventually the

two terms cancel, and the mode stops oscillating. This happg when
p_
ke = 2H: (5.45)

As the wavenumber continues to redshift into the regiok, H, to a good approxima-
tion the amplitude satis es the equation ° (a’%a) , =0, which has a growing and a

5The Cosmic Microwave Background observations supporting his account of primordial perturba-
tions thus amount to quantum gravity observations of a limited kind.
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decaying solutio. The growing solution is  / a, which implies that the eld mode
ux (BEZA[R.2ZB) is constant in time. (This conclusion is also &ent directly from the fact
that the last term of the wave operator [5.2b) vanishes a& grows.)
The squared amplitude of the uctuations when frozen is, aceding to (&21),
~ ~H?2

O ¥ 0 = ju «j® =

vVt (5.46)

where the proper values are used for consistent matching tioet previous at space result.
This gives rise to the scale invariant spectrum of density jpeirbations.

6 Black hole evaporation

The vacuum of a quantum eld is unstable to particle emissiom the presence of a black
hole event horizon. This instability is called theHawking e ect. Unlike the cosmological
particle creation discussed in the previous section, thiseet is not the result of time
dependence of the metric exciting the eld oscillators. Réier it is more like pair creation
in an external electric eld|13]. (For more discussion of t role of time dependence see
section[6:31B.) A general introduction to the Hawking e eicwas given in sectiorlCZR.
The present section is devoted to a derivation and discussioelated topics.

The historical roots of the Hawking e ect lie in the classicePenrose process for
extracting energy from a rotating black hole. We rst reviewthat process and indicate
how it led to Hawking's discovery. Then we turn to the gft anasis.

6.1 Historical sketch

The Kerr metric for a rotating black hole is stationary, but the asymptotic time transla-
tion Killing vector  becomes spacelikeutsidethe event horizon. The region where it is
spacelike is called theergoregion The conserved Killing energy for a particle with four-
momentumpis E = p. Physical particles have future pointing timelike 4-momea,
henceE is positive provided is also future timelike. Where is spacelike however,
some physical 4-momenta have negative Killing energy.

In the Penrose process, a particle of enerdy, > 0 is sent into the ergoregion of a
rotating black hole where it breaks up into two pieces with Kling energiesg; and E,,
so that Eq = E; + E,. If E, is arranged to be negative, therE; > E , that is, more
energy comes out than entered. The black hole absorbs the atge energyE, and thus

- . LAY . . . .
5The general solution isc;a+ c;a d=a?, whichiscs '+ c; 2 in de Sitter space.
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loses mass. It also loses angular momentum, hence the precese ect extracts the
rotational energy of the black hole.

The Penrose process is maximally e cient and reversible ifne horizon area is un-
changed. That condition is achievable in the limit that the &sorbed particle enters the
black hole on a trajectory tangent to one of the null generats of the horizon. This
role of the horizon area in governing e ciency of energy ex#ction exhibits the analogy
between area and entropy. Together with Bekenstein's inforation theoretic arguments,
it gave birth to the subject of black hole thermodynamics.

When a eld scatters from a rotating black hole a version of te Penrose process
called superradiant scattering can occur. The analogy witstimulated emission suggests
that quantum elds should exhibit spontaneous emission firm a rotating black hole. To
calculate this emission rate from an \eternal" spinning blek hole one must specify a
condition on the state of the quantum eld that determines wlat emerges from the past
horizon. In order to avoid this unphysical speci cation Hawing considered instead a
black hole that forms from collapse, which has no past horiao In this case only initial
conditions before the collapse need be speci ed.

Much to his surprise, Hawking found that for any initial state, even anon-rotating
black hole will spontaneously emit radiation. ThisHawking e ect is a pair creation
process in which one member of the pair lies in the ergoregiorside the horizon and
has negative energy, while the other member lies outside aedcapes to in nity with
positive energy. The Hawking radiation emerges in a steadyx with a thermal spectrum
at the temperature Ty = ~=2 . The surface gravity had already been seen to play
the role of temperature in the classical rst law of black ha@ mechanics, which thus
rather remarkably presaged the quantum Hawking e ect.

6.2 The Hawking e ect

Two di erent notions of \frequency" are relevant to this discussion. One is the \Killing
frequency”, which refers to time dependence with respect the time-translation sym-
metry of the background black hole spacetime. In the asympioally at region at
in nity the Killing frequency agrees with the usual frequerty de ned by the Minkowski
observers at rest with respect to the black hole. The other tion is \free-fall frequency”
de ned by an observer falling across the event horizon. Seche Killing ow is tangent
to the horizon, Killing frequency there is very di erent from free-fall frequency, and that
distinction lies at the heart of the Hawking e ect.
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6.2.1 Average number of outgoing particles

The question to be answered is this: if a black hole forms frocollapse with the quantum
eld in any ‘regular state j i, then at late times, long after the collapse, what will be the
average particle number and other observables for an outggipositive Killing frequency
wavepacketP of a quantum eld far from the black hole? We address this quéen here
for the case of a noninteracting scalar eld and a static (nomotating) black hole At
the end we make some brief remarks about generalizationsgé&ie[l depicts the various
ingredients in the following discussion.

free-fall observer

collapsing matter

Figure 1. Spacetime diagram of black hole formed by collapsing matter The outgoing
wavepacket P splits into the transmitted part T and re ected part R when propagated back-
wards in time. The two surfaces f; are employed for evaluating the Klein-Gordon inner
products between the wavepacket and the eld operator. Although P, and henceR and T,
have purely positive Killing frequency, the free-fall obsever crossingT just outside the horizon
sees both positive and negative frequency components withespect to his proper time.

To begin with we evaluate the expectation valué jN(P)j i of the number operator
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N (P) = a(P)a(P) in the quantum statej i ofthe eld. This does not fully characterize
the state, but it will lead directly to considerations that do.
The annihilation operator (Z1I1) corresponding to a norm&ed wavepacketP is
given by
a(P)=hmP;"i ; (6.1)

where the Klein-Gordon inner product [ZDB) is evaluated onhe \ nal" spacelike slice

¢. To evaluate the expectation value o (P) we use the eld equation satis ed by
to relate N (P) to an observable on an earlier slice; on which we know enough about
the quantum state. Speci cally, we assume there are no incamg excitations long after
the black hole forms, and we assume that the state looks likbé vacuum at very short
distances (or high frequencies) as seen by observers fglliacross the event horizon.
Hawking originally propagated the eld through the time-dgendent collapsing part of
the metric and back out all the way to spatial in nity, where he assumed i to be
the incoming vacuum at very high frequencies. As pointed oldy Unruh[21] (see also
[29,[30]) the result can be obtained without propagating althe way back, but rather
stopping on a spacelike surface; far to the past of ¢ but still after the formation of the
black hole. This is important since propagation back out ton nity invokes arbitrarily
high frequency modes whose behavior may not be given by thamstard relativistic free
eld theory.

If ;i lies far enough to the past of ;, the wavepacketP propagated backwards by

the Klein-Gordon equation breaks up into two distinct parts

P=R+T: (6.2)

(See Fig.[1.) R is the \re ected" part that scatters from the black hole and returns
to large radii, while T is the \transmitted" part that approaches the horizon. R has
support only at large radii, and T has support only in a very small region just outside
the event horizon where it oscillates very rapidly due to thdackwards gravitational
blueshift. Since both the wavepackelP and the eld operator’ satisfy the Klein-Gordon
equation, the Klein-Gordon inner product in [61) can be eVaated on ; instead of ¢
without changing a(P). This yields a corresponding decomposition for the annilation
operator,

a(P)= a(R)+ a(T): (6.3)

Thus we have

h jN(P)j i=h j(@(R)+ &(T))(a(R)+ a(T))j i: (6.4)
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Now it follows from the stationarity of the black hole metricthat the Killing fre-
guencies in a solution of the KG equation are conserved. Henthe wavepacketR and
T both have the same, purely positive Killing, frequency comgnents asP. As R lies
far from the black hole in the nearly at region, this means that it has purely positive
asymptotic Minkowski frequencies, hence the operat@(R) is a bona de annihilation
operator|or rather hR; Ri*™ times the annihilation operator|for incoming excitations .
Assuming that long after the black hole forms there are no smdncoming excitations,
we havea(R)j i =0. Equation (64) then becomes

h jN(P)j i=h j@(Ma(T)j i: (6.5)

If a(T)j i = 0 as well, then no P-particles are emitted at all. The state with this
property is called the \Boulware vacuum". It is the state with no positive Killing
frequency excitations anywhere, including at the horizon.

The Boulware vacuum does not follow from collapse however.h& reason is that
the wavepacketT does not have purely positive frequency with respect to thenie of
a free fall observer crossing the horizon, and it is this lagt frequency that matches to
the local Minkowski frequency in a neighborhood of the hoin small compared with
the radius of curvature of the spacetime.

More precisely, consider a free-fall observer (i.e. a tinied geodesix( )) with proper
time who falls across the horizon at = 0 at a point where the slice ; meets the
horizon (see Fig[dl). For this observer the wavepackdt has time dependencd ( ) (i.e.
T(x( ))) that vanishes for > 0 since the wavepacket has no support behind the horizon.
Such a function cannot possibly have purely positive freqney components. To see why,
recall that if a function vanishes on a continuous arc in a doain of analyticity, then it
vanishes everywhere in that domain (since its power serieanishes identically on the
arc and hence by analytic continuation everywhere). Any pds/e frequency function

Z,
h( )= dle " R(1) (6.6)
0

is analytic in the lower half plane, since the addition of a negative imaginary part to

leaves the integral convergent. The positive real axis is the limit of an arc in the
lower half plane, hence ih( ) were to vanish for > 0 it would necessarily vanish also
for < 0. (Conversely, a function that is analytic on the lower halplane and does not
blow up exponentially asj j! 1  must contain only positive frequency components,
since exp( i! ) does blow up exponentially ag j!1  when! is negative.)
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The wavepacketT can be decomposed into its positive and negative frequencsris
with respect to the free fall time ,

T=T"+T ; (6.7)

which yields the corresponding decomposition of the anniation operator

a(T) a(T )+ a(T ) (6.8)

a(T™) a(T ): (6.9)

SinceT has negative KG norm, Eqn. [£12) has been used in the last éirto trade
a(T ) for the bona de creation operatora’(T ). The -dependence off consists of
very rapid oscillations for < 0, so the wavepacket§* and T have very high energy
in the free-fall frame.

A free fall observer crossing the horizon long after the bladole forms would pre-
sumably see the ground state of the eld at short distanceshat is, such an observer
would see no very high positive free-fall frequency excitahs. The reason is that the
collapse process occurs on the much longer time scale of tiobv@arzschild radiusrs, so
the modes with frequency much higher than=rs should remain in their ground state.
We therefore assume that the wavepackef&* and T are in their ground states,

a(T*)] i=0: a(T )j i=0: (6.10)

For further discussion of this assumption see secti@h 7.
Using (&9) the number expectation value{Gl5) can be evaligal as

h jN(P)j i = h ja(T )a’(T )j i (6.11)
= h jaT );@(T ))j i (6.12)
= hr ;T i, (6.13)
= hT ;T1i ; (6.14)

where [G7ID) is used in the rst and second lines[{4113) is e in the third line, and
(£10) is used in the last step. The problem has thus been remhd to the computation
of the Klein-Gordon norm of the negative frequency part of th transmitted wavepacket
T. This requires that we be more explicit about the form of the avepacket.

6.2.2 Norm of the negative frequency part & thermal ux

For de niteness we consider a spherically symmetric vacuubilack hole in 3+1 dimen-
sions, that is aSchwarzschildblack hole. The Schwarzschild line element can variously
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be expressed as

a2 = (1 rr—s)dtz i rr_s) 14r2 r%(d 2+sin? d 2 (6.15)
- rr—s)(dtz dr?) r¥(d 2+sin? d' ?) (6.16)
= 1 rr—s)dudv r2(d 2+sin? d 2): 6.17)

The rst form is in \Schwarzschild coordinates" andrs = 2GM is the Schwarzschild
radius. The second form uses the \tortoise coordinateg”, de ned by dr = dr=(1 rs=r)
orr =r+rgin(r=rs 1), which goestol at the horizon. The third form uses the
retarded and advanced time coordinates =t r andv = t+r , which are also called
outgoing and ingoing null coordinates respectively.

A scalar eld satis ying the Klein-Gordon equation ( + m?)' =0 can be decom-
posed into spherical harmonics

'(t;r; ; ): X IIm(t;r)

Yim(: ), (6.18)

Im

where' |, (t;r) satis es the 1+1 dimensional equation

(@ @ +Vin)'m=0 (6.19)
with the e ective potential

+
= 1 [ Gl

- ke m? : (6.20)

Asr !'1 the potential goes tom?. Asr ! rg, the factor (r rs) approaches zero
exponentially as expf =rs) with respect to r . Near the horizon' |, (t;r ) therefore
satis es the massless wave quation, hence has the genepainff (u) + g(v).

Since the wavepacketP = | P, (t;r)Yim(; ) is purely outgoing with support
only at large radii at late times, near the horizonP, (t;r) must be only a function of
the ‘retarded timeu = t r . That is, there can be no ingoing component. Since
the metric is static, i.e. invariant with respect tot-translations, we can decompose any
solution into components with a xed t-frequency! . A positive frequency outgoing
mode at in nity has t-dependence exp(i't ), hence its form near the horizon must be
exp( i'u ).

Consider now a late time outgoing positive frequency wavegieet P that is narrowly
peaked in Killing frequency! . Propagating backwards in time, T is the part of the
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wavepacket that is squeezed up against the horizon, and i, component has the form
Tm exp( i'u) for all I;m. The coordinateu diverges as the horizon is approached.
It is related to the proper time of a free-fall observer crossing the horizon at = 0
via ' oexp( u), where =1=2rg is the surface gravity of the black hole and the
constant , depends on the velocity of the free-fall observérHence the -dependence
of the wavepacket along the free-fall worldline is

T exp i!—ln( ) (6.21)

for < 0, and it vanishes for > 0.

To nd the positive frequency part we use a method introducedby Unruh[31], which
exploits the fact that a function analytic and bounded ag j! 1 in the lower half
complex plane has purely positive frequency (see the discussioneafEqn. (&8)). The
positive frequency extension of ( ) from < 0to > 0 is thus obtained by analytic
continuation of In( ) in the lower half complex -plane. This continuation is given by
In + i , provided the branch cut of In is taken in the upper half-plane. The positive
frequency extension off( ) to > O is therefore obtained by replacing In( ) with
In + i in (&Z1), which yieldsT( )exp( != )for > 0. Similarly, the negative
frequency extension of In( ) is given by In i , provided the branch cut of In is
taken instead in the lower half-plane. The negative frequeg extension ofT( )to > 0
is thereforeT( )exp(+ !'= ). Knowing these two extensions, we proceed as follows.

De ne a new wavepackeff, with support only inside the horizon, by \ ipping" the
wavepacketT (u) across the horizon (see Fidl 2). That isf vanishes outside the horizon
and inside is constant on the outgoing null lines, withf( ) = T( ) for > 0. The
above argument shows that the wavepackets

T" = ¢(T+e = B (6.22)
T = c(T+e ™ P (6.23)

have positive and negative free-fall frequency respectiye The two constantsc can
be chosen so thalf* + T agrees withT outside the horizon and vanishes (as dody
inside the horizon. Thisyieldsc =(1 €' ) andc+=c = &% .
Now HT; i = 0 (since the two wavepackets do not overlap) andi®;®i = h T;Ti
(since the ipped wavepacket has the reverse-dependence), so using{6.23) one nds
AT ; Ti

AT ;T i = W: (6.24)

"This can be obtained by noting from the third form of the line element @-117) that along a timelike

line (1 rs=r)uv =1, where the dots represent the proper time derivative. As the horizon is crosseds _
is nite, henceu (r rs) I e " s =g Vs gu
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e pwik :I: ' T

Figure 2: Spacetime sketch of phase contours of the transmitted wavegeket T and its ipped
version P on either side of the horizon (dashed line). The upper and loer signs in the exponent
of the factor exp( !'= ) yield the positive and negative free-fall frequency extesions of T.

Inserting this in the expression [[6.14) for the number opetar expectation value yields
Hawking's result,

: A 1] B
hNP)J 1= o

The number expectation value[[6:25) corresponds to the rdsfor a thermal state at
the Hakwing temperatureTy = ~=2 , multiplied by the so-called \greybody factor"”

(6.25)

= hrT;Ti: (6.26)

This factor is the probability for an excitation described ly the the wavepacketP to
pile up just outside the event horizon when propagated baclards in time, rather than
being scattered back out to in nity. Equivalently, is the p robability for the excitation
with wavepacket P to fall across the horizon when sent in forwards in time. This
means that the black hole would be in detailed balance with shermal bath at the
Hawking temperature. Yet another interpretation of is the probability for an excitation
originating close to the horizon with normalized wavepackeT =hT; Ti'*? to escape to
in nity rather than scattering back and falling into the bla ck hole.
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6.2.3 The quantum state

The local free-fall vacuum condition (6.10) can be used to ¢hthe quantum state of
the near horizon modes. We can do that here just \pair by pair"since the eld is
noninteracting so the state is the tensor product of the stas for each outside/inside
pair.
Using (6.23) the vacuum conditions become
h [
aT™)j i/ a(T) e a(T)ji=0 (6.27)
h [
a(T )j i/ AdT)+e"= aT)ji=0 (6.28)

(here we use instead of \bar" for complex conjugation of ® for typographical reasons).
Note that since T and ® have negative norm (as explained before (6.24)), we have
replaced the corresponding annihilation operators by misuthe creation operators of
their conjugates. These equations de ne what is called thégnruh vacuumjUi for these
wavepacket modes.

Now let jBi denote the quantum state of theT and  modes such that

a(T)jBi
a(® )jBi

0 (6.29)
0: (6.30)

This state is called theBoulware vacuumfor these modes. In analogy with (5.16) and
(5.17) the vacuum conditions (6.27,6.28) imply that the Unuh and Boulware vacua are
related by h

Al
jUi/ exp e = a(T)a(®) jBi (6.31)

where the hats denote the corresponding normalized wavekgets.

The Unruh vacuum is thus a two-mode squeezed state, analogadio the one (5.42)
found at each wavevectok in the case of cosmological pair creation. There each pair
had zero total momentum since the background was space tréatson invariant. In
the present case, each pair has zero total Killing energynse the background is time
translation invariant. The mode F has the same positive Killing frequency a3 has
(because the Killing ow is symmetric under the ipping acrass the horizon operation
that de nes F), however its conjugate has negative Killing frequency, antherefore
negative Killing energy.

The Unruh vacuum is a pure state, but because of its entangletiructure it becomes
mixed when restricted to the exterior. To nd that mixed state we expand the expo-
nential in a series. Denoting byjnr. i the leveln excitations of the modesT and F

39



respectively, we have X
jui/ e "™ jnijngi: (6.32)

The reduced density matrix is thus

X
TrjUuihUj/ e 2= jngihngj; (6.33)

n

a thermal canonical ensemble at the Hawking temperature.

The essence of the Hawking e ect is the correlated structuref the local vacuum
state at short distances near the horizon and its thermal chacter outside the horizon.
Given this, the outgoing ux at in nity is just a consequence of the propagation of a
fraction (6.26) of each outgoing wavepacket from the horian to in nity.

6.3 Remarks

In this subsection we make a large number of brief remarks aliaelated topics that we
have no time or space to go into deeply. Where no referenceg @iven see the sources
listed at the end of the Introduction.

6.3.1 Local temperature

The Hawking temperature refers to the Killing energy, or, sice the Schwarzschild Killing
vector is normalized at in nity, to the energy de ned by a staic observer at in nity. A
static observer at nite radius will perceive the thermal sate to have the blueshifted tem-
perature T,c = Ty |, wherej j is the local norm of the Schwarzschild time translation
Killing vector. At in nity this is just the Hawking temperat ure, whereas it diverges as
the horizon is approached. This divergence is due to the inite acceleration of the static
observer at the horizon and it occurs even for an acceleratetdserver in the Minkowski
vacuum of at spacetime (see section 6.3.4 below). A freelgling observer sees nothing
divergent.

6.3.2 Equilibrium state: Hartle-Hawking vacuum

A black hole will be in equilibrium with an incoming thermal ux at the Hawking
temperature. The state that includes this incoming ux is céded the Hartle-Hawking
vacuum.
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6.3.3 Stimulated emission

Suppose that the eld is not in the free-fall vacuum at the haezon (6.10), but rather
that there are n excitations in the modeT*, so thata’(T*)a(T*)j i = nhT*; T ij i.
Then instead of (6.14) the expectation value of the number epator will be

h jN(P)j i=nhT;Ti+(n+21)hT ;T i: (6.34)

That is, if n quanta are present to begin with in theT™ mode, the observer at in nity
will observe in theP moden+1 times the usual number of Hawking quanta, in addition
to n times the greybody factor (6.26). To produce a state in whiclthe T™ mode is
occupied in standard physics one would have to send in patgs of enormous energy
just before the black hole formed[32]. As explained in seaoti 7.4.2, however, trans-
Planckian considerations could in principle allow stimulied emission at times long after
the black hole formed. (This has nothing to do with the standal late time stimulated
emission of the super-radiant modes of a rotating black h¢83, 34].)

6.3.4 Unruh e ect

The argument given above for the structure of the vacuum nea black hole horizon
applies equally well to the Minkowski vacuum near an accebgron horizon in at space-
time, where it is known as the Unruh e ect. From a logical poitof view it might be
better to introduce the Unruh e ect rst, and then export it t o the neighborhood of a
black hole horizon to infer the Hawking e ect. However, | chge here to go in the other
direction

In the Unruh e ect the boost Killing eld g = x@+ t@ (which generates hyperbolic
rotations) plays the role of the Schwarzschild time transt#gon, and the corresponding
\temperature" is ~=2 . The Minkowski vacuum is the analog of the Hartle-Hawking
equilibrium state, rather than the Unruh evaporating state A uniformly accelerated
observer following a hyperbolic orbit of the Killing eld will perceive the Minkowski vac-
uum as a thermal state with temperature~=2 j gj. The normj gj is just (x2 t2)¥?2,
which is also the inverse of the acceleration of the orbit, hee the local temperature is
the Unruh temperatureTy = ~a=2 . As (x2 t?)211 this temperature is redshifted
to zero, so a Killing observer at in nity sees only the zero taperature vacuum. As the
acceleration horizonx = t is approached a Killing observer sees a diverging temper-
ature. The same temperature divergence is seen by a staticsebver approaching the
horizon of a black hole in the Unruh or Hartle-Hawking state¢cf. section 6.3.1 above).
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6.3.5 Rotating black hole

A small portion of the event horizon of a rotating black holes indistinguishable from
that of a Schwarzschild black hole, so the Hawking e ect cals over to that case as
well. The frequency! in (6.25) should be replaced by the frequency with respect to
the horizon generating Killing eld @+ @, where@ and @ are the asymptotic time
translation and rotation Killing vectors, and | is the angular velocity of the horizon.
Thus ! is replaced by! m 4, wherem denotes the angular momentum. In e ect
there is a chemical potentiaim . See e.g. [35] for a discussion of the quantization of
the \super-radiant” modes with! m 4 < 0.

6.3.6 de Sitter space

The reasoning in the black hole case appliesutatis mutandisto de Sitter spacetime,
where an observer is surrounded by a horizon that is locallypdistinguishable from a
black hole horizon. This leads to the temperature of deSittespacetime[25, 26].

6.3.7 Higher spin elds

The Hawking e ect occurs also for higher spin elds, the onlydi erence being (1) the
greybody factors are di erent, and (2) for half-integer sp elds the Fermi distribution
rather than the Bose distribution arises for the Hawking ensision.

6.3.8 Interacting elds

Our discussion here exploited the free eld equation of matn, but the Hawking e ect
occurs for interacting elds as well. The essence, as in theeé eld case, is the Un-
ruh e ect, the interacting version of which can easily be eablished with the help of a
Euclidean functional integral representation of the Minkasski vacuum([36]. (This result
was found a decade earlier, at about the same time as the ongi Unruh e ect, via
a theorem[37] in the context of axiomatic quantum eld theoy, although the interpre-
tation in terms of the thermal observations of uniformly acelerated observers was not
noted until later[38].) The direct analog for the Hawking eect involves a Euclidean
functional integral expression for the interacting HartleHawking equilibrium state (for
an introduction see [39, 40] and references therein).

More directly, in an asymptotically free theory one can presnably use the free eld
analysis to discover the structure of the vacuum near the hiaon as in the free eld
case. The propagation of the eld from that point on will invdve the interactions. If
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the Hawking temperature is much higher than the scale of asyptotic freedom then
free particles will stream away from the black hole and subgeently be \dressed" by the
interactions and fragment into asymptotic states[41, 42]If the Hawking temperature
is much lower than then it is not so clear (to me at least) how b determine what is
emitted.

6.3.9 Stress-energy tensor

The Unruh and Hartle-Hawking states are \regular" on the hoizon, i.e. they look like
the Minkowski vacuum at short distances. (Recall that it is pecisely the local vacuum
property (6.10) or (6.27,6.28) that determines the thermastate of the outgoing modes
at in nity.) Hence the mean value of the stress energy tensds nite. The Boulware
state jBi referred to above is obtained by removing thd, F pair excitations. This
produces a state with a negative mean energy density that @ikges as the horizon is
approached. In fact, if even jusbne Hawking quantum is removed from the Unruh state
jUi to obtain the Boulware state for that mode, a negative energgensity divergence
will be produced at the horizon. This can be viewed as the rdsof the in nite blueshift
of the negative energy \hole". That is quite odd in the contekof at space, since the
Minkowski vacuum should be the lowest energy state, henceyaother state should have
higher energy. The explanation is that there is a positive engy density divergenceon
the horizon that more than compensates the negative energytbe horizon[43].

6.3.10 Back-reaction

As previously noted the Unruh state corresponds to an entalegl state of positive and
negative Killing energy excitations. As the positive eneggexcitations escape to in nity,
there must be a corresponding negative energy ux into the atk hole. Studies of the
mean value of the stress tensor con rm this. Turning on the gwitational dynamics, this
would lead to a mass loss for the black hole via the Einstein@ation. The backreaction
driven by the mean value is called the \semi-classical" euttion. There are quantum
uctuations about this mean evolution on a time and length sale of the Schwarzschild
radius, unless a large number of matter elds is invoked to gtify a large N limit that
suppresses the quantum uctuations.

6.3.11 Statistical entropy

The entangled structure (6.32) of the Unruh state leads to a ixed state (6.33) when ob-
servations are restricted to the region outside the horizorThe \entanglement entropy”
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Tr In of this state is the same as the thermal entropy of the canomicensemble
(6.33). Summing over all modes this entropy diverges due tdé in nite density of
modes. To characterize the divergence one can use the thedywamic entropy density
s/ T2 of a bath of radiation at temperature T. The local temperature measured by a
static observer ¢f. section 6.3.1) is given by

Toc=Thg j' Tu=" =1=27; (6.35)

where " is the proper distance to the horizon on a surface of constantand the relation
= (dj j=d)y has been used. Thus the entropy diverges like
z z
S= sadv T2. dd’°A  A=Z (6.36)

where " is a cuto length above the horizon®

What is the meaning of this entropy? It seems clear on the oneahd that it must
be included in the black hole entropy, but on the other hand imust somehow be mean-
ingfully cut o . It is natural to try to understand the scalin g of the black hole entropy
with area in this way, but this is only the contribution from one quantum eld, and
there is also the classical contribution from the gravitabnal eld itself that emerges
from the partition function for quantum gravity[47]. The apparent dependence on the
number of elds is perhaps removed by the corresponding remaalization of Newton's
constant[48]. (The last reference in [48] is a review.) Hower this is regularization
dependent and hence di cult to interpret physically, and maeover at least in dimen-
sional regularization vector elds and some non-minimallycoupled scalars contribute
negativelyto renormalizing G, which does not seem to match the entanglement entropy.
There has been much work in this area but it remains to be fullynderstood.

6.3.12 Information loss

Two types of potential information loss occur in black hole lpysics. First, when some-
thing falls into a black hole any information it carries is aparently lost to the outside
world. Second, when a black hole radiates Hawking quanta,aaradiated quantum is
entangled with a partner lying inside the horizon, as Eqgn. (82) shows. As long as the

8Sorkin[44] introduced the notion of black hole entanglemenentropy, and with collaborators[45]
computed it in the presence of a regulator. A mode-by-mode usion of the thermal entropy calculation
was rst done by 't Hooft[46], who called it the \brick wall mo del" because of a Dirichlet boundary
condition applied at ".
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black hole does not evaporate completely, all informatioremains available on a space-
like surface that crosses the horizon and enters the blacklaoIf on the other hand the
black hole evaporates completely, then no single spacelsgarface stretching to in nity
and lling \all space" can capture all information, according to the semi-classical anal-
ysis of the Hawking e ect. Rather a disconnected surface bield the horizon must be
included. The information on this disconnected surface osvinto the strong curvature
region at the singularity, where its fate is not yet understod.

This situation has generated much discussion. Some reséenrs (myself included)
see the information loss to the outside world not as a sign dfe& breakdown of quantum
mechanics but just as a consequence of the mutability of spattopology in quantum
gravity. When a black hole is about to evaporate completelyt iooks very small to the
world outside the horizon. However this outside smallnessa$ absolutely nothing to do
with the size of the region inside available for storing infonation. Let us look into this
a bit more.

Consider for example the spacelike singularity at= 0 inside the Schwarzschild black
hole. The metric in Eddington-Finkelstein coordinates is

d2=(1 re=r)dv® 2dvdr r3(d 2+sin?d ?); (6.37)

wherev = t + r is the advanced time coordinate de ned below (6.17). Insidthe
horizon, wherer < r ¢, a line of constantr; ; is spacelike, and has a proper length
L(r; v)=(rs=r 1)¥2 v. This goes to in nity as the singularity is approached for
any interval of advanced time v. Hence there is no dearth of space inside. On the
other hand, the transverse angular dimensions go to zeroeiand also we do not know
how to describe the spacetime too near to the singularity. Tdrefore let's stop at the
radius where the curvature rs=r® is equal to the Planck curvature, i.e atr r&=in
Planck units. Then then proper length goes ats(r§:3; V) re° v. For a solar mass
black hole we havers 1km 10 in Planck units, sord™ 103, That means that
for an external advanced time of v =1 second, the proper length inside is one million
light years. After a day or so, the length is the size of the umérse, and so on over the
Hawking lifetime r3 104,

What happens to the future of thisspaceliker = rs° cylinder inside the black hole
is governed by quantum gravity. We don't know what form the ewlution takes. It is
conceivable that time just stops running, like a frozen enge, producing a boundary of
spacetime. It seems much more likely however that spacetinpersists beyond, either
into \quantum foam" or into a plump baby universe (see e.g. [¥] and references therein)
or universes[50]. In any of these scenarios, the tiny outsigize of a black hole at the
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end stage of Hawking evaporation is no indication of the infmation carrying capacity
of the interior.

Others believe that the validity of quantum mechanics requeés that all information
winds up available on the exterior slice after the evaporain. Results from string theory
are often invoked to support this viewpoint. (For a critiqueof these arguments see [51].)
If true, it would require some breakdown of the semi-classicdescription where none
seems to be otherwise called for. The role of ultra high freguncies in the Hawking e ect
is often brought up in this context, however they are irreleant since the derivation of
the correlated structure of the vacuum and the Hawking e ectdoes not need to access
those frequencies. For more on this see the discussion of thens-Planckian question
in section 7.

6.3.13 Role of the black hole collapse

The Hawking ux continues in a steady state long after the cddpse that forms a black
hole, which suggests that the collapse phase has nothing to @ith the Hawking e ect.
Indeed the derivation given above makes use of only the frédl vacuum conditions near
the horizon, and the collapse phase plays no role. On the otheand if, as Hawking orig-
inally did, we follow the positive Killing frequency wavepaket T all the way backwards
in time, it would go through the collapse phase and back out to nity where Killing
frequency and free-fall frequency coincide. Were it not fahe time dependence of the
background during the collapse, there would be no change dfet Killing frequency, so
there would be no negative frequency part of the ingoing wavacket and there would
be no particle creation. As discussed in the following segti this propagation through
the collapse phase invokes ultra high frequency eld modesnd therefore may not even
be physically relevant. However it seems clear is that whater physics delivers the out-
going vacuum near the horizon, it must involve some violatio of the time translation
symmetry of the classical black hole background, even if ibb@s not involve the collapse
phase. In the lattice model of section 7.3 the violation as from microscopic time de-
pendence of the lattice spacing. In quantum gravity it may ame just from the quantum
gravitational uctuations (see section 7.4.3).

7 The trans-Planckian question

A deep question arises on account of the in nite redshift athte black hole horizon: do
the outgoing modes that carry the Hawking radiation really merge from a reservoir
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of modes with frequency arbitrarily far beyond the Planck fquency just outside the
horizon, or is there another possibility? Does the existea®r properties of the Hawking
e ect depend on the existence of such @ans-Planckian reservoif?

The reasoning leading to the expression (6.32) for the Unrgtate in terms of positive
Killing frequency modes is largely shielded from this quash. The essential input is the
free-fall vacuum conditions (6.10), which can be applied any length or time scale much
shorter than the Schwarzschild radius and inverse surfaceagity (which are roughly the
same unless the black hole is near extremally rotating or atgged). There is no need to
appeal to Planckian or trans-Planckian frequencies.

From this persepctive it is clear that, as far as the derivatin of the Hawking e ect
is concerned, the only question is whether or not the freelfaacuum in fact arises at
short distances near the horizon from the initial conditioa before collapse. As mentioned
earlier, the modes with frequencies much higher than the iarse of the collapse time
scale would be expected to remain unexcited. Neverthelessstandard relativistic eld
theory these modes arise from trans-Planckian modes.

Consider an outgoing wavepacket near the horizon and peakaund frequency! ;
as measured by a free-fall observer crossing the horizon hetadvanced timev;. At an
earlier time v, = vy v, the wavepacket would be blueshifted and squeezed closer to
the horizon, with exponentially higher free-fall frequeng

v

l,=l, e Y=g VR (7.1)
For a solar mass black hole and v = 2 seconds, the ratio is exp(19).

To predict the state of the positive free-fall frequency modes* and T from the
initial state thus seems to require trans-Planckian physg& This is a breakdown of the
usual separation of scales invoked in the application of ecéve eld theory and it leaves
some room for doubt[52, 30, 53] about the existence of the Hamg e ect.

While the physical arguments for the Hawking e ect do seem dpe plausible, the
trans-Planckian question is nevertheless pressing. Aftall, there are reasons to suspect
that the trans-Planckian modes do not everexist They imply an in nite contribu-
tion to black hole entanglement entropy from quantum elds,and they produce other
divergences in quantum eld theory that are not desirable ira fundamental theory.

The trans-Planckian question is really two-fold:

1. Is the Hawking e ect universal i.e. insensitive to short distance physics, or at
least can it be reliably derived in a quantum gravity theory vth acceptable short
distance behavior?
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2. If there is no trans-Planckian reservoir, from where do thoutgoing black hole
modes arise?

7.1 String theory viewpoint

String theory has made impressive progress towards answerithe rst question, at
least for some special black holes. In particular[54, 55hme near-extremal black holes
become well-understood D-brane con gurations in the wealoapling limit, and super-
symmetry links the weak coupling to strong coupling resultsThus the Hawking e ect
can be reliably analyzed in a full quantum gravity theory. Bya rather remarkable and
unexpected correspondence the computations yield agreeingith the semi-classical
predictions, at least in the long wavelength limit. Moreove the D-brane entropy is
understood in terms of the counting of microstates, and ages with the correspond-
ing black hole entropy at strong coupling, just as the supeymimetry reasoning says
it should. From yet another angle, the AdS/CFT duality in string theory o ers other
support[56]. There the Hawking e ect and black hole entropwre interpreted in terms of
a thermal state of the CFT (a conformally invariant super-Yang-Mills theory). However,
neither of these approaches from string theory has so far Imeexploited to address the
origin of the outgoing modes, since a local spacetime pictuof the black hole horizon
is lacking. This seems to be a question worth pursuing.

7.2 Condensed matter analogy

Condensed matter physics provides an analogy for e ectiveeld theory with a fundamen-
tal cuto , hence it can be used to explore the consequencesabiissing trans-Planckian
reservoir. (For a review of these ideas see [57], and for aywérief summary see [58].)
The rst such black hole analog was Unruh's sonic black holeyhich consists of a uid
with an inhomogeneous ow exceeding the speed of sound at angchorizon. A molec-
ular uid does not support wavelengths shorter than the intemolecular spacing, hence
the sonic horizon has no \trans-molecular” reservoir of ogbing modes. Unruh found
that nevertheless outgoing modes are produced, by a proceédmode conversion” from
ingoing to outgoing modes. This phenomenon comes about aldy because of the alter-
ation of the dispersion relation for the sound waves. It hasden studied in various eld
theoretic models, however none are fully satisfactory sia¢he unphysical short distance
behavior of the eld is always eventually called into play. he model that most closely
mirrors the uid analogy is a falling lattice[59] which has ensible short distance physics.
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The mode conversion on the lattice involves what is known asBloch oscillation in the
condensed matter context. Here | will brie y explain how it vorks.
7.3 Hawking e ect on a falling lattice

The model is 2d eld theory on a lattice of points falling fre¢ into a black hole. We
begin with the line element in Gaussian normal coordinates,

ds? = dt? a(t; z) dz*: (7.2)

A line of constantz is an infalling geodesic, at rest at in nity, and the \local <ale factor"”
a(t; z) satis es

aft;z!'1 ) = (7.3)
a0;z) = (7.4)
a(t; zy (1)) t for t > 1; (7.5)

expressing the facts that the metric is asymptotically at,the coordinate z measures
proper distance on thet = 0 time slice, and at the horizonz, (t) the time scale for
variations of the local scale factor is the surface gravity. The speci c form of a(t; z)

is not required for the present discussion. (For details s¢&89].) A scalar eld on this

spacetime is governed by the action

1Z p
S = 3 x" gg @@ (7.6)
1Z 1
- = . 2 1 \2 .
= 5 dtdz a(z;t)(@ ) a(t;z)(@ )< (7.7)
Now we discretize thez coordinate with spacing :
z! z,=m; @ ! pb ="t m (7.8)

where' , = ' (zn). The proper distance between the lattice pointz,, and z,.+; on a
constantt slice is approximatelya(t; z,) . At t =0 thisis just everywhere, that is the
points start out equidistant. However, since they are on feefall trajectories at di erent
distances from the horizon, they spread out as time goes om particular the lattice
spacing at the horizon grows with time like t .
The discretized action is

- 1Z X 2

SIattice - é dt am(t)(@ m)

2(D" m(1))?
am+1 (1) + am(t)

(7.9)
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The discrete eld equations produce the dispersion relatio

2 .
| = =
(k) Az 0 sin(k =2) (7.10)
for a mode of the form exp(i! t+ikz), provided@a ! and@a k. (See Fig. 3.)

For small wave numbers the lattice dispersion agrees with éhcontinuum, however it is

-2

Figure 3: Dispersion relation! = 2sin(k =2) plotted vs. k . Wavevectors di ering by
2= are equivalent. Only the Brillouin zone jkj = is shown.
periodic in translation of k by 2= . At the wavenumberk = = there is a maximum

frequency Za and vanishing group velocityd!=dk . Beyond that wavenumber the
group velocity reverses, andk is equivalent tok 2= which lies in the Brillouin zone
ki = .

On the lattice the trans-Planckian redshift cannot take plae, because of the lat-
tice cuto. Hence the outgoing modes|provided they existjm ust come from ingoing
modes. Both WKB \eikonal" trajectory and numerical evolution of the discrete wave
equation con rm that indeed this occurs. The behavior of a tgical wavepacket through-
out the process of bouncing o the horizon is illustrated in K. 4. The real part of the
wavepacket is plotted vs. the static coordinate at severalidrent times. Following
backwards in time, the packet starts to squeeze up againstdhorizon and then a trail-
ing dip freezes and develops oscillations that grow until #y balloon out, forming into
a compact high frequency wavepacket that propagates neathway from the horizon
backwards in time.

The mode conversion can be understood as follows, followiagvavepacket peaked
around a long wavelength backwards in time. The wavepacket blueshifts as it
approaches the horizon, eventually enough for the latticdracture and therefore the
curvature of the dispersion relation to be felt. At this poin its group velocity begins
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Figure 4: A typical wavepacket evolution on the lattice. The oscillations of the incoming
wavepacket are too dense to resolve in the plots.

to drop. In the WKB calculation the wavepacket motion reverss direction at a turning
point outside the horizon. This occurs before its group vetity in the falling lattice
frame is negative, so it is falling in at that stage becausesitoutward velocity is not
great enough to overcome the infalling of the lattice.

As the wavepapcket continues backwards in time now away frothe black hole its
wavevector continues to grow until it goes past the edge of ¢hBrillouin zone, thus
becoming an ingoing mode also in the lattice frame. This rensal of group velocity is
precisely what happens in a \Bloch oscillation” when a quantm particle in a periodic
potential is accelerated. As the turnaround is occuring, ather equally important ef-
fect is that the time-dependence of the underlying latticesi felt. Thus, unlike in the
continuum limit of this stationary background, the Killing frequency of the wavepacket
is no longer conserved

Following the wavepacket all the way backwards in time out tohe asymptotic region,
it winds up with a short wavelength of order and a large frequency of orders.. This
frequency shift is absolutely critical to the existence offte outgoing modes, since an
ingoing low frequency mode would simply fall across the hadn. Only the \exotic"
modes with su ciently high frequency will undergo the mode onversion process.

The Hawking ux is determined by the negative frequency partof the ingoing
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wavepacket. The eikonal approximation just described doe®ot capture the negative
frequency mixing which occurs during the turnaround at the brizon. Just as in the
continuum, the wavepacket squeezed against the horizon hasth positive and negative
free-fall frequency components. As these components prgpée backwards in time away
from the horizon, their frequency slowly shifts, but their elative amplitude remains xed.

Hence the norm of the negative freqency part of the incomingawepacket turns out to
be just what the continuum Hawking e ect indicates, with smdl lattice corrections. Put

di erently, the infalling vacuum is adiabatically modi ed by the underlying microscopic
time dependence of the lattice in such a way that the Unruh calitions (6.10) on the

state of the outgoing modes at the horizon are satis ed.

7.4 Remarks
7.4.1 Finite Entanglement entropy

Since the lattice has a short distance cuto the entanglemém®ntropy between the modes
just inside and outside of the horizon is nite at any time. Asillustrated in Figure 5, any
given entangled pair of vacuum modes began in the past outsithe horizon, propagated
towards the horizon where it was \split", and then separatedwith one half falling in
and the other converted into an outgoing mode. As time goes ponew pairs continually
propagate in and maintain a constant entanglement entropy.

. planckian
. ancestors
trans- .
planckian /.
ancestor
T—

Figure 5: The ancestors of a Hawking quantum and its negative energy péner. In stan-
dard relativistic eld theory the ancestors are trans-Planckian and pass through the collapsing
matter at the moment of horizon formation. On the lattice the ancestors ar Planckian and
propagate in towards the black hole at late times.
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7.4.2 Stimulated emission of Hawking radiation at late time S

As discussed in section 6.3.3, if the Unruh vacuum conditien(6.10) do not hold at
the horizon then stimulated emission of Hawking radiation W occur. In the falling
lattice model, these horizon modes arise from ingoing modiemg after the black hole
formed as shown in Figure 5. Thus it is possible to stimulatehe emission of Hawking
radiation by sending in radiation at late times, in contrastto the usual continuum
case of a static black hole. This seems a generic feature oédhes with a cuto, for
which the outgoing modes must arise from modes that are inggj after the collapse.
(Something like it should happen also in string theory if, asnany suppose, the trans-
Planckian reservoir at the horizon is also eliminated there Note however that the linear
model described here is surely a gross oversimpli cation.uiihing on the gravitational
interactions between the modes and the background, one isl l® a picture in which the
modes \dissipate" when propagated backwards in time to the IBnckian regime. Hence
what really produces the outgoing Hawking quantum must be aomplicated collective
mode of the interacting vacuum that \anti-dissipates” as itapproaches the horizon and
turns around. Calculations exploring this in quantum gravily were carried out in [60].

7.4.3 Lattice time dependence and geometry uctuations

The microscopic time dependence of the lattice, i.e. the slospreading of the lattice
points, plays a critical role in transforming an ingoing mod with high Killing frequency
to an outgoing mode with low Killing frequency, and in allowng for mixing of positive
and negative frequencies despite the stationarity of the obnuum black hole back-
ground. This suggests the conjecture that in quantum grawtthe underlying quantum
uctuations of the geometry that do not share the stationarly of the black hole back-
ground metric might play this role. A step towards understading this might be provided
by a two or three dimensional version of the lattice model, iwhich the density of lattice
points remains xed but their microscopic positions uctuae. This is precisely what
happens with an inhomogeneous ow of a real molecular uid. fie quantum gravity
analysis of [60] lends some support to this conjecture, thgh it is not clear whether
the Lorentz violation seen there is just an artifact of a norcovariant cuto or a feature
introduced by the global geometry of the black hole spacetin
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7.5 Trans-Planckian question in cosmology

The modes producing the in ationary perturbation spectrum(cf. section 5.4.1) redshift
exponentially from their trans-Planckian origins. It has een suggested that this might
leave a visible imprint on the perturbation spectrum, via a rodi ed high frequency
dispersion relation and/or a modi ed initial quantum state for the eld modes. As il-
lustrated by the Hawking process on the lattice however, asng as the redshifting is
adiabatic on the timescale of the modes, they would remain itheir ground states. If
the Hubble rate H during in ation were much less than the Planck mas#p (or what-
ever scale the modi ed dispersion sets in) the modes could breated in the standard
relativistic manner by the time the perturbation spectrum s determined. At most one
might expect an e ect of orderH=Mp, and some analyses suggest the e ect will be even
smaller. This all depends on whastate the modes are in. They cannot be too far from
the vacuum, since otherwise running them backwards in timehéy would develop an
exponentially growing energy density which would be inconapible with the in ationary
dynamics. Hence it seems the best one can say at present istttieere may be room for
noticable deviations from the in ationary predictions, if H=Mp is large enough. (See for
example [61] and references therein for discussions of théssues.)

Acknowledgements

I would like to thank the organizers of the CECS School on Qué&m Gravity both for

a stimulating, enjoyable experience, and for extraordingrpatience. I'm also grateful to
Brendan Foster, Bei-Lok Hu, and Albert Roura for helpful carections, suggestions, and
questions about these notes. This work was supported in pamy the NSF under grants
PHY-9800967 and PHY-0300710 at the University of Maryland.

References

[1] T. Jacobson, \Thermodynamics of space-time: The Eingte equation of state,"
Phys. Rev. Lett. 75, 1260 (1995) [arXiv:gr-qc/9504004].

[2] J. Donoghue, \Perturbative dynamics of quantum general relativity,”
arXiv:gr-qc/9712070.

[3] N. D. Birrell and P. C. W. Davies, Quantum Fields In Curved Space(Cambridge
University Press, 1982).

54



[4] A.A. Grib, S. G. Mamaev, V. M. Mostepanenko,Quantum E ects in Strong
External Fields (Moscow, Atomizdat, 1980) (in Russian) [English translabn:
Vacuum Quantum E ects in Strong Fields (Friedmann Laboratory Publishing,
St.Petersburg, 1994)].

[5] S. A. Fulling, Aspects Of Quantum Field Theory In Curved Space-Timd.ondon
Mathematical Society Student Texts17, (Cambridge University Press, 1989).

[6] R. M. Wald, Quantum Field Theory In Curved Space-Time And Black Hole Tie
modynamics (The University of Chicago Press, 1994).

[7] B. S. Dewitt, \The Global Approach to Quantum Field Theory," vol. 1,2 (Oxford
University Press, 2003).

[8] B. S. Dewitt, \Quantum Field Theory In Curved Space-Time" Phys. Rept. 19, 295
(1975).

[9] C. J. Isham, \Quantum Field Theory In Curved Space TimesAn Overview," Ann.
N.Y. Acad. Sci. 302, 114 (1977).

[10] G. W. Gibbons, \Quantum Field Theory In Curved Space-Tine," in General Rela-
tivity: An Einstein Centenary Survey, eds. S.W. Hawking and W. Israel (Cambridge
University Press, 1979).

[11] B. S. Dewitt, \Quantum Gravity: The New Synthesis," in General Relativity: An
Einstein Centenary Surveyeds. S.W. Hawking and W. Israel (Cambridge Univer-
sity Press, 1979).

[12] S. A. Fulling and S. N. M. Ruijsenaars, \Temperature, pgodicity, and horizons,"
Phys. Rept. 152, 135-176 (1987).

[13] R. Brout, S. Massar, R. Parentani and P. Spindel, \A Priner For Black Hole Quan-
tum Physics,” Phys. Rept. 260, 329 (1995).

[14] L. H. Ford, \Quantum Field Theory In Curved Space-Time, arXiv:gr-qc/9707062.
[15] A. Wipf, \Quantum elds near black holes," arXiv:hep-th/9801025.
[16] J. Traschen, \An introduction to black hole evaporatim,” arXiv:gr-qc/0010055.

[17] J. Preskill, P. Schwarz, A. D. Shapere, S. Trivedi and RVilczek, \Limitations on
the statistical description of black holes," Mod. Phys. Ldt A 6, 2353 (1991).

55



[18] A. Barrau, \Primordial black holes as a source of extrealy high energy cosmic
rays," Astropart. Phys. 12, 269 (2000) [arXiv:astro-ph/9907347].

[19] W. H. Zurek, \Entropy evaporated by a black hole,” Phys.Rev. Lett. 49, 168
(1982).

[20] R. Haag,Local quantum physics: elds, particles, algebragSpringer-Verlag, 1996).

[21] W. G. Unruh, \Origin Of The Particles In Black Hole Evapaation,” Phys. Rev. D
15, 365 (1977).

[22] S. Schlicht, \Considerations on the Unruh e ect: Caudady and regularization,"
arXiv:gr-qc/0306022.

[23] L. H. Ford and A. Vilenkin, \Global Symmetry Breaking In Two-Dimensional Flat
Space-Time And In De Sitter Space-Time," Phys. Rev. 33, 2833 (1986).

[24] B. Allen, \Vacuum States In De Sitter Space," Phys. RevD 32, 3136 (1985);
B. Allen and A. Folacci, \The Massless Minimally Coupled Sdar Field In De
Sitter Space," Phys. Rev. D35, 3771 (1987).

[25] G. W. Gibbons and S. W. Hawking, \Cosmological Event Haons, Thermody-
namics, And Particle Creation,"” Phys. Rev. D15, 2738 (1977).

[26] M. Spradlin, A. Strominger and A. Volovich, \Les Houchse lectures on de Sitter
space," arXiv:hep-th/0110007.

[27] R. H. Brandenberger, \Lectures on the theory of cosmal@al perturbations,”
arXiv:hep-th/0306071.

[28] V. F. Mukhanov, H. A. Feldman and R. H. Brandenberger, \'heory Of Cosmo-
logical Perturbations. Part 1. Classical Perturbations. Brt 2. Quantum Theory Of
Perturbations. Part 3. Extensions,"” Phys. Rept.215, 203 (1992).

[29] K. Fredenhagen and R. Haag, \On The Derivation Of Hawkig Radiation Asso-
ciated With The Formation Of A Black Hole,” Commun. Math. Phys. 127, 273
(1990).

[30] T. Jacobson, \Black hole radiation in the presence of &aert distance cuto ," Phys.
Rev. D 48, 728 (1993) [arXiv:hep-th/9303103].

56



[31] W. G. Unruh, \Notes On Black Hole Evaporation,” Phys. R&. D 14, 870 (1976).

[32] R. M. Wald, \Stimulated Emission E ects In Particle Creation Near Black Holes,"
Phys. Rev. D13, 3176 (1976).

[33] J. D. Bekenstein and A. Meisels, \Einstein A And B Coe cients For A Black Hole,"
Phys. Rev. D15, 2775 (1977).

[34] P. Panangaden and R. M. Wald, \Probability Distribution For Radiation From A
Black Hole In The Presence Of Incoming Radiation," Phys. Re\D 16, 929 (1977).

[35] V. P. Frolov and K. S. Thorne, \Renormalized Stress - Emgy Tensor Near The
Horizon Of A Slowly Evolving, Rotating Black Hole," Phys. Rev. D 39, 2125 (1989).

[36] W. G. Unruh and N. Weiss, \Acceleration Radiation In Ineracting Field Theories,"
Phys. Rev. D29, 1656 (1984).

[37] J. J. Bisognano and E. H. Wichmann, \On The Duality Condion For A Hermitian
Scalar Field,” J. Math. Phys. 16, 985 (1975); \On The Duality Condition For
Quantum Fields," J. Math. Phys. 17, 303 (1976).

[38] G. L. Sewell, \Relativity of Temperature and the Hawkimg E ect", Phys. Lett. A,
79, 23, (1980); \Quantum- elds on manifolds - PCT and gravitaionally induced
thermal states”, Ann. Phys. 141, 201 (1982).

[39] T. Jacobson, \A Note On Hartle-Hawking Vacua," Phys. Re. D 50, 6031 (1994)
[arXiv:gr-qc/9407022].

[40] T. A. Jacobson, \Introduction to Black Hole Microscopy' arXiv:hep-th/9510026.

[41] J. H. MacGibbon and B. R. Webber, \Quark And Gluon Jet Emssion From Pri-
mordial Black Holes: The Instantaneous Spectra,” Phys. Re® 41, 3052 (1990).

[42] J. H. MacGibbon, \Quark And Gluon Jet Emission From Prinordial Black Holes.
2. The Lifetime Emission,"” Phys. Rev. D44, 376 (1991).

[43] R. Parentani, \The Energy Momentum Tensor In Fulling-Rndler Vacuum," Class.
Quant. Grav. 10, 1409 (1993) [arXiv:hep-th/9303062].

57



[44] R. D. Sorkin, \On The Entropy Of The Vacuum Outside A Horizon," in General
Relativity and Gravitation, proceedings of the GR10 Conference, Padova 1983, ed.
B. Bertotti, F. de Felice, A. Pascolini (Consiglio Naziona della Ricerche, Roma,
1983) Vol. 2.

[45] L. Bombelli, R. K. Koul, J. H. Lee and R. D. Sorkin, \A Quartum Source Of
Entropy For Black Holes," Phys. Rev. D34, 373 (1986).

[46] G. 't Hooft, \On The Quantum Structure Of A Black Hole," Nucl. Phys. B 256,
727 (1985).

[47] G. W. Gibbons and S. W. Hawking, \Action Integrals And Patition Functions In
Quantum Gravity," Phys. Rev. D 15, 2752 (1977).

[48] L. Susskind and J. Uglum, \Black hole entropy in canona quantum gravity and
superstring theory," Phys. Rev. D50, 2700 (1994)[arXiv:hep-th/9401070]; T. Jacob-
son, \Black hole entropy and induced gravity," arXiv:gr-q¢9404039; F. Larsen and
F. Wilczek, \Renormalization of black hole entropy and of tle gravitational coupling
constant,” Nucl. Phys. B458, 249 (1996) [arXiv:hep-th/9506066]; V. P. Frolov and
D. V. Fursaev, \Thermal elds, entropy, and black holes," Chss. Quant. Grav.15,
2041 (1998) [arXiv:hep-th/9802010].

[49] I. Dymnikova, \Spherically symmetric space-time withithe regular de Sitter center,"”
arXiv:gr-qc/0304110.

[50] C. Barrabes and V. Frolov, \How Many New Worlds Are Insié a Black Hole?,"
Phys. Rev. D53, 3215 (1996) [arXiv:hep-th/9511136].

[51] T. Jacobson, \On the nature of black hole entropy,” inGeneral Relativity and
Relativistic Astrophysics: Eighth Canadian ConferengeAIP Conference Pro-
ceedings 493, eds. C. Burgess and R.C. Myers (AIP Press, 1999p. 85-97
[arXiv:gr-qc/9908031].

[52] T. Jacobson, \Black hole evaporation and ultrashort dtances,” Phys. Rev. D44,
1731 (1991).

[53] A. D. Helfer, \Do black holes radiate?,” Rept. Prog. Phg. 66, 943 (2003)
[arXiv:gr-qc/0304042].

58



[54] G. T. Horowitz, \Quantum states of black holes,” in Black holes and rel-
ativistic stars, ed. R. M. Wald (The University of Chicago Press, 1998)
[arXiv:gr-qc/9704072].

[55] A. W. Peet, \The Bekenstein formula and string theory (Nbrane theory)," Class.
Quant. Grav. 15, 3291 (1998) [arXiv:hep-th/9712253].

[56] O. Aharony, S. S. Gubser, J. M. Maldacena, H. Ooguri and.YOz, \Large
N eld theories, string theory and gravity,” Phys. Rept. 323, 183 (2000)
[arXiv:hep-th/9905111].

[57] T. Jacobson, \Trans-Planckian redshifts and the subahce of the space-time river,"
Prog. Theor. Phys. Suppl.136, 1 (1999) [arXiv:hep-th/0001085].

[58] T. Jacobson, \Lorentz violation and Hawking radiation® in CPT and
Lorentz Symmetry II, ed. V.A. Kostelecky (World Scientic, Singapore, 2002)
[arXiv:gr-qc/0110079].

[59] S. Corley and T. Jacobson, \Lattice black holes," PhysRev. D 57, 6269 (1998)
[arXiv:hep-th/9709166]; T. Jacobson and D. Mattingly, \Havking radiation on a
falling lattice,” Phys. Rev. D 61, 024017 (2000) [arXiv:hep-th/9908099].

[60] R. Parentani, \Quantum metric uctuations and Hawking radiation," Phys. Rev.
D 63, 041503 (2001) [arXiv:gr-qc/0009011]; \Toward A Collectie Treatment Of
Quantum Gravitational Interactions,” Int. J. Theor. Phys. 40, 2201 (2001).

[61] J. C. Niemeyer, R. Parentani and D. Campo, \Minimal modcations of the pri-
mordial power spectrum from an adiabatic short distance cuot,” Phys. Rev. D 66,
083510 (2002) [arXiv:hep-th/0206149]; C. Armendariz-Fem and E. A. Lim, \Vac-
uum choices and the predictions of in ation," arXiv:hep-tH0303103; J. Martin and
R. Brandenberger, \On the dependence of the spectra of ucations in in ationary
cosmology on trans-Planckian physics," arXiv:hep-th/038161.

59



	Introduction
	Planck length and black hole thermodynamics
	Planck length
	Hawking effect
	Black hole entropy

	Harmonic oscillator
	Quantum scalar field in curved spacetime
	Conformal coupling
	Canonical quantization
	Hilbert space
	Flat spacetime
	Curved spacetime, ``particles", and stress tensor
	Remarks
	Continuum normalization of modes
	Massless minimally coupled zero mode


	Particle creation
	Parametric excitation of a harmonic oscillator
	Adiabatic transitions and ground state
	Sudden transitions
	Relation between in and out ground states & the squeeze operator

	Cosmological particle creation
	Remarks
	Momentum correlations in the squeezed vacuum
	Normalization of the squeezed vacuum
	Energy density
	Adiabatic vacuum

	de Sitter space
	Primordial perturbations from zero point fluctuations


	Black hole evaporation
	Historical sketch
	The Hawking effect
	Average number of outgoing particles
	Norm of the negative frequency part & thermal flux
	The quantum state

	Remarks
	Local temperature
	Equilibrium state: Hartle-Hawking vacuum
	Stimulated emission
	Unruh effect
	Rotating black hole
	de Sitter space
	Higher spin fields
	Interacting fields
	Stress-energy tensor
	Back-reaction
	Statistical entropy
	Information loss
	Role of the black hole collapse



