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Abstract

Using an effective field theory framework we re-consider the problem of radiative corrections from

compact dimensions to the 4D gauge couplings. We evaluate the general structure of one-loop

contribution from Kaluza-Klein states to the 4D gauge couplings, in models with one- and two-

dimensional orbifold compactifications. The calculation includes the additional effect of a non-

vanishing constant gauge background (Wilson lines) which brings in important corrections. The

one-loop corrections are computed in three regularisation schemes: dimensional regularisation

(DR), Zeta-function regularisation (ZR) and proper-time cut-off regularisation (PT). The relations

among the results obtained in these schemes are carefully addressed and extensive technical details

are provided. With minimal re-definitions of the parameters involved, the quantitative results ob-

tained can be applied to most orbifold compactifications with one or two compact dimensions. We

mention a possible implication for the gauge couplings unification in such models.
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1 Introduction.

There currently exists a large interest in the physics of compact dimensions in the context of

experimental and theoretical efforts to understand the physics beyond the Standard Model (SM).

Model building beyond the Standard Model is in general based on additional assumptions such as

higher amount of symmetry (supersymmetry, gauge symmetry), additional compact dimensions,

string theory, etc, which attempt to explain the physics at high energy scales and which must

“recover” in the low energy limit the Standard Model physics. One way to “relate” these two very

different energy scales and thus provide an insight into physics beyond the SM is to study the

behaviour of the gauge couplings of the model by considering their one-loop radiative corrections.

In this paper we use an effective field theory (EFT) approach to discuss the one-loop effects

that compact dimensions bring to the four-dimensional gauge couplings. Such effects are related

to the so-called “threshold effects” due to Kaluza-Klein (KK) states associated with the compact

dimensions and charged under the gauge group considered. In general higher dimensional models

also have higher amount of gauge symmetry. The way this is broken to the SM gauge group affects

the 4D KK masses and thus the one-loop correction to the couplings. Examples of breaking the

higher dimensional gauge symmetries are the Hosotani [1] or Wilson line [2, 3] mechanism which is

natural for manifolds not simply connected. We will discuss the corrections to the couplings due to

Kaluza-Klein states in the presence/absence of this symmetry breaking mechanism. We generalise

previous results [4] for the one-loop effects of Kaluza-Klein modes to reveal new, interesting effects.

Radiative corrections due to compact dimensions have been studied in the past in the context of

string theory [6, 7, 8, 9, 10, 11] or effective field theory approaches [4], (see also [12, 13, 14]). On the

field theory side, such analyses are usually performed for a particular choice of the regularisation

scheme - not always strongly motivated - and the link with other schemes is not always clear in

the models addressed. Further, the non-renormalisability of the models strengthens the case for

considering the results for radiative corrections in various regularisation schemes. The study of the

link between field and string theory results [12, 13, 14] for such corrections clarifies in some cases the

regularisation that the string ”prefers” on the field theory side, although the field theory limit of such

string calculations is itself subject to regularisation “ambiguities” [13]. In this context, our purpose

is to provide for one- and two-dimensional orbifold compactifications, the general structure of the

one loop corrections to gauge couplings in three (ultraviolet) regularisation schemes, commonly

encountered in field theory: dimensional regularisation (DR), zeta-function regularisation (ZR)

and proper-time cutoff regularisation (PT). The choice of one or the other of these schemes is then

subject to the symmetries of the particular model considered. Our general analysis for the radiative

corrections can be very easily applied to specific models.
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The analysis we perform starts from the observation that while the field content which con-

tributes to the one-loop corrections is strongly model dependent, the structure of the mass spectrum

of Kaluza-Klein modes is determined to a large extent by the (eigenvalues of the Laplacian ∆ on

the) manifold/orbifold of compactification. For the rather particular but often considered cases of

an orbicircle or two-dimensional orbifold T 2/ZN , the integrals over compact dimensions and sums

over associated non-zero Kaluza-Klein modes can be performed in a rather model-independent way.

Once this is done, this leaves the much simpler task of determining the exact values of the beta

functions to a model-by-model analysis.

More explicitly, note that the general structure of one-loop corrections to the inverse of the tree

level (”bare”) gauge couplings αi, induced by Kaluza-Klein modes, may be written formally as

Ω∗
i = tr

β(σ)

4π
ln det ∆(σ) (1)

∆(σ) is the (spectrum of the) Laplacian on the manifold/orbifold considered. β(σ) is the one-

loop beta function of a “component” state of charge σ under some symmetries of compactifica-

tion (boundary conditions) or a constant gauge background, and belonging to a particular mul-

tiplet/representation. The trace “tr” is taken over all states/representations of the theory which

have Kaluza-Klein modes associated. The above expression is nothing else than the familiar sum

over individual contributions each of logarithmic type. In the string context Ω∗
i can be related to

the free energy of compactification [8], (see also [15]) and torsion [16], [17].

In general the dependence of the spectrum of the Laplacian ∆ on the charge (σ) prevents one

from factorising the σ dependence (full beta function) in front of the logarithm (1). However, one

may regard σ as a fixed parameter and compute ln det ∆(σ) in general, for one and two dimensional

orbifolds. Effectively this means to replace ∆ by its eigenvalues expressed in some mass units. In

an effective field theory the natural mass unit is that associated with its ultraviolet cutoff Λ. With

this argument eq.(1) gives the usual sum of logarithms
∑

n ln Λ/Mn(σ) known in field theory [19],

with Mn(σ) the mass of a Kaluza-Klein state of level n (for two dimensions n is replaced by a set

of two integers {n1, n2} associated each with one compact dimension). One then multiplies this

sum by β(σ) and performs the remaining model-dependent sum over σ (denoted ”tr” in (1)).

In the presence of a constant gauge background (Wilson lines) the Laplacian and its eigenvalues

are “shifted” by an amount function of σ, related to the Wilson lines vev’s. The correction of

the Wilson lines to the gauge couplings may be regarded in some cases as an additional effect

(“perturbation”) to that due to Kaluza-Klein modes alone, for vanishing gauge background. This

idea may in principle be used for much more complex manifolds (for example Calabi Yau, G2

manifolds) with Wilson lines background, to relate their associated one loop corrections to those

for vanishing background and the corresponding topological quantities (torsion) [17].
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There remains the interesting question of the regularisation of (1). This equation only makes

sense in the presence of a regularisation both in the UV and IR. Indeed, det ∆ vanishes for massless

modes and an IR regulator (mass shift) χ is in general required to ensure ln det∆ is well-defined

before proceeding further. Thus one should in fact compute ln det(∆−χ2). This is “avoided” in the

sense that one usually evaluates only the (IR finite) contribution of the massive (Fourier) modes

alone, denoted ln det(∆′). This means that one implicitly takes the limit χ → 0 in the massive

modes’ sector. This leaves the IR regulator be present and act only in the sector of the massless

modes alone. Further, the correction ln det(∆′) requires itself a regularisation, this time in the UV

[12, 13] since the contribution of the KK tower is in general UV divergent and a regulator denoted

ξ (ξ→0) is introduced. The important point is that the limits χ → 0 and ξ → 0 of the above UV

and IR regularisation of ln det(∆′ −χ2) do not necessarily commute in the massive modes’ sector !

The two regularisations and the UV and IR regions cannot be “decoupled” from each other and a

UV-IR “mixing” (UV divergent, IR finite) is present. See [13, 18] for an example with two compact

dimensions and its string theory interpretation. Such situation can arise in non-renormalisable

theories due to summing over two infinite-level Kaluza-Klein towers, and is not present if the two

sums are truncated to a finite number of modes. We will encounter this issue in Section 3.2.

In the following we compute the one-loop corrections due to massive modes to the 4D gauge

couplings for one and two dimensional orbifolds. This is done in three UV regularisation schemes:

dimensional regularisation (DR), ζ-function regularisation (ZR) and proper-time cut-off (PT) reg-

ularisation. As we shall also see for our particular analysis, the former two are actually very closely

related. In the last scheme (PT) the UV scale dependence appears naturally, in a form which -

for two compact dimensions case - is actually “preferred” by the (heterotic) string. This statement

is supported by the findings in [12, 14] where such a regularisation recovered in a field theory ap-

proach, the (limit of “large” radii of the) one loop string thresholds to the gauge couplings in 4D

N=1 toroidal orbifolds with N=2 sub-sectors in the absence [12] or presence [14] of Wilson lines.

In the next section we discuss for one- and two-dimensional orbifold compactifications, the

structure of the 4D KK mass spectrum. This takes into account the effects of non-zero Wilson

lines vev’s which may be present and which “commute” with the orbifold projection of the model.

The structure of the 4D KK mass spectrum is the starting point for the main analysis of this work.

This is done in Section 3 where we compute the radiative corrections and their dependence on the

UV regulator/scale, in the regularisation schemes mentioned. The Appendix provides extensive

and self-contained technical details for general Kaluza-Klein integrals and series appearing in one-

loop calculations in dimensional regularisation, zeta-function regularisation and proper-time cutoff

regularisation. The exact mathematical relation among these is also provided. These results can

be useful for other applications involving one-loop radiative corrections from compact dimensions.
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2 Orbifolds, Wilson lines and 4D Kaluza-Klein mass spectrum.

In this section we derive the general form of the 4D Kaluza-Klein masses for one- and two-

dimensional field theory orbifolds. Many details of the analysis may be different in specific models.

However, the structure of the 4D Kaluza-Klein masses that we find eqs.(9), (13) is general for such

orbifolds [20, 21] and this is used in Section 3.

Consider a one- and a two-dimensional orbifold of discrete group ZN . For the one-dimensional

case, its action is z → z′ = θlz and z denotes the extra dimension. For two compact dimensions

z, z one has z → z′ = θlz, z → z′ = θl z, with θl = exp(2iπ l/N), l = 0, 1, · · · ,N − 1. We denote

µ̃ = {µ, z} and µ̃ = {µ, z, z} for one and two compact dimensions respectively, with µ = 0, 3. Then

the gauge field Aµ̃ and a scalar multiplet Φ in the fundamental representation transform as1

Aµ̃(x, θlz) = γθ Pθ Aµ̃(x, z)P †
θ , (x ∈ M4)

Φ(x, θlz) = Pθ Φ(x, z) (2)

γθ = 1 for µ̃ = µ, and γθ = θ−1
l for the compact dimension(s) index. Conditions (2) ensure that

terms in the action as |Dµ̃ΦDµ̃Φ|2 are invariant under the orbifold action. Suppose the action has a

symmetry G∗ before the orbifold action (2), so it is invariant under a gauge transformation U(x, z)

A′
µ̃(x, z) = U(x, z)Aµ̃(x, z)U †(x, z) − i U(x, z) ∂µ̃ U †(x, z)

Φ′(x, z) = U(x, z)Φ(x, z) (3)

It can be shown that eq.(2) is invariant under a gauge transformation U(x, z) provided that

U(x, θlz)Pθ = Pθ U(x, z) (4)

Eq.(4) gives the remaining gauge symmetry after imposing the orbifold condition (2). At fixed

points zf = θlzf , this is generated by G = {Ta, with Ta = PθTaP
†
θ }. For broken generators (T ∗

a )

with PθT
∗
a P †

θ = ωkaT ∗
a , (ω ≡ ei2π/N ) and with ωka = θl, the corresponding components Aa

z of the

field Az respect Aa
z(x, θz) = Aa

z(x, z), and their non-zero vev’s will break the group G further.

2.1 One compact dimension: General structure of 4D Kaluza-Klein masses.

The initial fields satisfy periodicity conditions with respect to the compact dimension z

Aµ̃(x, z + 2πR) = QAµ̃(x, z)Q−1

Φ(x, z + 2πR) = QΦ(x, z) (5)
1There is an inconsistency in the notation in eq.(2), (3) and (4) in that for two compact dimensions the fields Aµ̃,

Φ and operator U are actually functions of (x, z, z) or (x, θlz, θlz) rather than (x, z) or (x, θlz).
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where Q is a global transformation. Eqs.(5) are invariant under a gauge transformation U(x, z) if

U(x, z + 2πR)Q = QU(x, z) (6)

Now let us assume that Az of (2) has some non-zero components in the Cartan-Weyl basis of G∗,

which is possible, see discussion after eq.(4). If so, it is then easier to do calculations in a new

gauge, with no background field i.e. A′
z = 0. This is achieved if we consider a z-dependent, non-

periodic gauge transformation. Then eq.(6) is not respected and eq.(5) will change for the gauge-

transformed (“primed”) fields. We assume Az constant and for simplicity, that it lies in the Cartan

subalgebra of G∗, Az = AI
zT

∗
I . The generators of the group G satisfy: [TI , TJ ] = 0; [TI , Eα] = αIEα;

I, J = 1, · · · , rkG, with α = 1, · · · ,dimG − rkG. The non-periodic gauge transformation is

V (z) = e−izAzQ−1, (Az = AI
z T ∗

I ) (7)

We use Aµ = AI
µTI + Aα

µEα, TIΦλ = λIΦλ with Φλ the component λ of the multiplet Φ. With (3)

for U = V , conditions (5) for the fields transformed under V become [14]

A
′I
µ (x, z + 2πR) = A

′I
µ (x, z), A′

z = 0,

A
′α
µ (x, z + 2πR) = ei 2πρα A

′α
µ (x, z), ρα ≡ −RAI

zαI ,

Φ′
λ(x, z + 2πR) = ei 2πρλ Φ′

λ(x, z), ρλ ≡ −RAI
zλI (8)

where Az respects eq.(2) and σ = α, (λ) for the adjoint (fundamental) representation. In the

following we refer to ρσ as Wilson lines or “twist” of higher dimensional fields with respect to

the compact dimension. The generator Eα of G with ρα 6= 0 is “broken” and the symmetry G

is reduced. How can we see this? From Klein-Gordon equation with no gauge background (since

A′
z = 0) but with constraint (8), we find that component fields with “twist” ρσ (σ = α, λ) have 4D

modes with mass

M2
n(σ) = χ2 + (n + ρσ)2

1

R2
(9)

Eq.(9) is the main result of this section and will be used in Section 3.1. It provides the structure

of 4D Kaluza-Klein mass spectrum which takes account of non-zero background fields AI
z. The

contribution χ2 is only present if higher dimensional fields such as Φ are massive2. For the gauge

fields χ = 0 and M0(α) 6= 0 if there is a non-zero ρα. As a result the corresponding generator Eα

is “broken”. See [22, 24] for specific examples and related discussions.

An important remark is in place here. Our derivation of the mass formula (9) is not necessarily

general. However, the important point is that its structure is generic and appears in many orbifold

2In such case χ will play the role of infrared regulator in the radiative corrections to gauge couplings
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compactifications S1/Z2, S1/Z2 ×Z2 [20, 22] even in the absence of Wilson lines vev’s ρσ. In many

cases ρσ is just replaced by a constant (“twist”).

For generality the one-loop corrections from the KK modes are computed in Section 3.1 with

ρσ an arbitrary parameter. Therefore any model dependence will only involve minimal redefinitions

of the parameters ρσ, R and χ of the model.

2.2 Two compact dimensions: General structure of 4D Kaluza-Klein masses.

We repeat the above analysis for two compact dimensions. For compactifications on T 2/ZN with

T 2 a two-dimensional torus, the higher dimensional fields satisfy now periodicity conditions with

respect to shifts along both dimensions. Under the following shifts of (z, z̄) on the torus lattice:

(z′, z̄′) ≡ (z + 2πR2 eiθ, z̄ + 2πR2 e−iθ), (z′′, z̄′′) ≡ (z + 2πR1, z̄ + 2πR1), and θ = 2π/N , one has

Aµ̃(x; z′, z̄′) = QAµ̃(x; z, z̄)Q†, Φ(x; z′, z̄′) = QΦ(x; z, z̄),

Aµ̃(x; z′′, z̄′′) = QAµ̃(x; z, z̄)Q†, Φ(x; z′′, z̄′′) = QΦ(x; z, z̄) (10)

We assume that Az, Az̄ of (2) have non-zero components in the Cartan-Weyl basis. For simplicity

we take Az = AI
zT

∗
I , Az̄ = AI

z̄T
∗
I and Az, Az̄ constant. We perform a z, z̄-dependent gauge transfor-

mation, V (z, z̄) = exp (−izAz − iz̄Az̄)Q
−1 which gauges away the constant gauge “background”,

so A′
z = 0, A′

z̄ = 0. Conditions (10) change after the transformation V and the components of the

gauge-transformed fields satisfy, in the Weyl-Cartan basis

A
′α
µ (x; z′, z̄′) = ei 2πρ2,α A

′α
µ (x; z, z̄), Φ′

λ(x; z′, z̄′) = ei 2πρ2,λ Φ′
λ(x; z, z̄),

A
′α
µ (x; z′′, z̄′′) = ei 2πρ1,α A

′α
µ (x; z, z̄), Φ′

λ(x; z′′, z̄′′) = ei 2πρ1,λ Φ′
λ(x; z, z̄), (11)

ρ1,σ ≡ −R1(A
I
z + AI

z̄)σI , ρ2,σ ≡ −R2(A
I
ze

iθ + AI
z̄e

−iθ)σI , σ = α, λ (12)

while A
′I
µ do not acquire any “twist”. Here σ = α (σ =λ) for adjoint (fundamental) representations

respectively, Φλ denotes a component λ of the multiplet Φ and we used TI Φλ = λI Φλ .

From the Klein-Gordon equation with no gauge background3 but with “twisted” boundary

conditions (11) it can be shown that the 4D modes of component fields A
′α
µ , Φ′

λ acquire a mass [14]

M2
n1,n2

(σ) =
1

sin θ2

∣

∣

∣

∣

1

R2
(n2 + ρ2,σ) − eiθ

R1
(n1 + ρ1,σ)

∣

∣

∣

∣

2

, σ = α or σ = λ (13)

or, in a different notation

M2
n1,n2

(σ) =
µ2

T2 U2
|n2 + ρ2,σ − U(n1 + ρ1,σ)|2, σ = α, λ.

U ≡ U1 + iU2 = R2/R1 eiθ, (U2 > 0); T2(µ) ≡ µ2R1R2 sin θ (14)
3This was gauged away by V .
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p

qq

p + q

Figure 1: Generic one-loop diagram contributing to Ωi, with KK modes in the loop. Its value for

q2 = 0 can be read from eq.(15), (23) for one and two compact dimensions, respectively. See also

Appendix A in [23].

where we introduced µ a finite non-zero mass scale, to ensure a dimensionless definition for T2; the

dependence on µ cancels out in Mn1,n2
. Eqs.(11) to (14) show that the symmetry G present after

orbifolding is further broken by the Wilson lines (12) or “twist” ρi,α 6= 0 since then M0,0(α) 6= 0,

the corresponding A
′α
µ becomes massive and the generator Eα is “broken”.

Eq.(13) is the main result of this section and gives the general structure of 4D KK masses for

T 2/ZN . Additional constraints may apply to Az, Az̄ and thus to ρi,σ, i = 1, 2. However, for our

analysis below we simply regard ρi,σ as arbitrary, fixed parameters. This allows our results below

to be applied to specific models (see examples in [21]) with twisted boundary conditions, even in

the absence of Wilson lines (ρi,α = 0). Model dependent constraints can easily be implemented

onto the final results by using appropriate re-definitions of the parameters ρi, U , T .

3 General form of one-loop corrections.

3.1 Case 1. One compact dimension.

For one compact dimension we showed that after compactification the mass of the Kaluza-Klein

modes is shifted by the Wilson line vev’s or ”twists” ρσ. The mass formula (9) is of general structure

for 4D compactifications with one extra dimension. However, the exact value of ρσ (σ = α, λ) as

given in (8), is specific to the case of Wilson line symmetry breaking only.

The correction to the tree level gauge couplings induced by the Kaluza-Klein states is given by

the Coleman-Weinberg formula. See for example [25] for a general derivation of Ωi(σ)

1

αi

∣

∣

∣

∣

1−loop
=

1

αi

∣

∣

∣

∣

tree
+ Ω∗

i , Ω∗
i =

∑

r

∑

σ=λ,α

Ωi(σ), Ωi(σ) ≡ βi(σ)

4π

′
∑

m∈Z

∫ ∞

0

dt

t
e−π t M2

m(σ)/µ2

∣

∣

∣

∣

reg.
(15)

where µ is a finite, non-zero mass parameter which enforces a dimensionless equation for Ωi.
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We would like to mention that the rhs formula for Ωi is obtained by evaluating one loop diagrams

for vanishing momentum (q2 = 0), such as that of Π(q2) shown in Figure 1, with a tower of Kaluza-

Klein (KK) states each of mass Mm(σ) (m integer) present in the loop. For more technical details

on how to obtain this expression for Ωi see for example Appendix A in [23], or [19]. Note the

distinction between the dependence (”running”) of the couplings on the momentum scale q (see

Figure 1) for large q and given by 1/αi(q
2)−1/αi(0) = (Πi(q

2)−Πi(0))/αi(0), and their dependence

on the UV cutoff (regulator) of the theory that we compute in this work for q2 = 0 and given by

Ωi. We will only briefly discuss the dependence α(q2) on q2 6= 0 of the couplings on q2 6= 0, for

details see ref.[18].

Ωi(σ) is thus the contribution of an infinite tower of Kaluza-Klein modes associated with a

state of charge σ in the Weyl-Cartan basis and of mass “shifted” by ρ(σ) real, with σ = λ, α the

weights/roots belonging to the representation r. The “primed” sum over m runs over all non-zero

positive and negative integers (levels). The case when this sum is restricted to positive (negative)

levels only will also be briefly addressed. The effect of zero-modes is not included in Ωi since their

presence is in general model dependent. Thus zero-modes contribution should be added separately

to 1/αi. The important point to note is that while the sums over r and σ = α, λ in eq.(15) depend

on the field content and are thus model dependent, the integral and the sum in Ωi over Kaluza-

Klein modes of non-zero level depend only on the geometry of compactification. It is this integral

and sum over KK levels which are difficult to perform exactly, and they are evaluated below.

Supersymmetry is not a necessary ingredient in formula (15). Supersymmetry is however

present in many models with compact dimensions which still regard MSSM-like models as the

viable “low-energy” limit. For the beta functions βi one has (after suppressing the subscript i)

that β(σ) = kr(σIσ
I)/rkG for σ belonging to representation r; kr = {−11/3, 2/3, 1/3} for adjoint

representations, Weyl fermion and scalar respectively; kr essentially counts the degrees of freedom

in the corresponding representations. The Dynkin index T (r) = (
∑

σ σIσ
I)r/(rkG) where the sum

is over all weights/roots σ belonging to representation r, each occurring a number of times equal to

its multiplicity [29]. With the definition bi(r) ≡
∑

σ βi(σ) for the weights σ belonging to r one has

bi =−11/3Ti(A)+2/3Ti(R)+1/3Ti(S), to account for the adjoint, Weyl fermion in representation

R and scalar in representation S. In the supersymmetric case massive N=1 Kaluza-Klein states

are organised as N=2 hypermultiplets (vector supermultiplets) with bi =2Ti(R) (bi =−2Ti(A)).

The subscript “reg.” shows that formula (15) is not well defined in the UV region t → 0,

and a UV regularisation is required. We assume Mm(σ) 6= 0 so no infrared (IR) regularisation

(i.e. for t → ∞) is needed4. The use of a particular regularisation is in general dictated by the

symmetries of the initial, higher dimensional theory. If a string embedding exists for this theory, a

4See however the discussion in [13] for the case of two compact dimensions.
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proper-time cutoff (PT) regularisation is - in specific cases - the appropriate regularisation choice

[12, 14]. However, in the absence of a fully specified such theory and to keep the analysis general

we compute Ωi in three regularisation schemes: DR, ZR and PT regularisation.

• Dimensional Regularisation (DR).

In this scheme Ωi of eq.(15) has under the integral 1/t replaced by 1/t1+ǫ with ǫ → 0 the UV

regulator. In such case µ is the arbitrary (finite, non-zero) mass scale introduced in the DR scheme

in d = 4 − ǫ dimensions. This defines Ωi in the DR scheme. Its evaluation is rather technical and

is presented in detail in Appendix A, eqs.(A-1) to (A-16). The calculation of Ωi uses expansions

in Hurwitz or Riemann zeta functions which do not necessarily involve a Poisson re-summation of

the “original” KK levels. This has the great advantage that one may be able to identify which of

the original KK levels brings the leading contribution to Ωi. Using eqs.(9), (A-1), (A-2), (A-16)

one finds for Ωi in the DR scheme

Ωi

∣

∣

∣

∣

DR
=

βi(σ)

4π

′
∑

m∈Z

∫ ∞

0

dt

t1+ǫ
e−π t M2

m(σ)/µ2

=
βi(σ)

4π

{

1

ǫ
− ln

(Rµ)2

πeγ
− ln

∣

∣

∣

∣

2 sinπ(ρσ + iχR)

ρσ + iχR

∣

∣

∣

∣

2 }

(16)

and the presence of the pole in ǫ accounts for an UV divergence. To find the scale dependence of

this divergence in DR one may in general introduce a small/infrared mass shift χ of the momentum

of the KK state. One would then expect the emergence in the final result of a term χ/ǫ to account

for a linear divergence (in scale), given the extra dimension present. However this procedure does

not apply to the case with one compact dimension only5. Therefore, unlike the case of two compact

dimensions to be discussed later, the presence of the pole alone does not tell us the nature of the

scale dependence of the UV divergence. Note also that a single state (such as the zero mode for

example) gives a leading one-loop contribution proportional to −1/ǫ, which is of the same form

but of opposite sign to that found in eq.(16) for the whole Kaluza-Klein tower, excluding the zero-

mode ! (compare Rǫ vs. finite RT
ǫ in eq.(A-16) of Appendix A). Further, this −1/ǫ pole due to a

single state is also known to correspond in 4D to a UV divergence only logarithmic in scale (rather

5This is somewhat similar to computing
∫

d4p/p2 which in cutoff regularisation is quadratically divergent while

in DR is vanishing. However, a small mass shift χ of the momentum leads to
∫

d4p/(p2 + χ2) which has a pole in

DR, which signals the usual quadratic divergence. In our case, even adding a small (mass)2 shift (accounted for by

χ2) does not introduce a scale dependence of the divergence in (16), such as χ/ǫ. For two (even number of) compact

dimensions, this procedure in DR does lead to the scale dependence of the leading divergence, which is a fundamental

difference from one (odd number of) extra dimension case. See also eq.(A-21) in the Appendix which shows the

emergence of a linear divergence in DR when summing over positive (negative) modes only.
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than linear). Note however that the change of the couplings with momentum q in Fig.1 is indeed

linear in the momentum scale q and dominates if (qR)2≥O(1) [18].

If ρσ is a non-zero integer, there exists a level n0 such as Mn0
= χ and then χ plays the role of

an IR regulator in eqs.(15), (16), and ensures that the term ln[sin π(ρσ + iχR)] remains finite. If

ρσ, χ vanish the last term in (16) vanishes and one is left with the correction in the absence of the

“twist” or Wilson line background ρσ.

In deriving Ωi we summed over both positive and negative Kaluza-Klein levels, as shown in

eq.(15). However, it may be the case that in specific models one may have to sum over positive

(negative) levels only. In such a case the value of Ωi, denoted Ω+
i (Ω−

i ) is computed in a very

similar manner. For completeness the full result is presented in Appendix A, eqs.(A-18), (A-21).

According to these equations, the divergent terms of Ω±
i are now

Ω±
i

∣

∣

∣

∣

DR
∼ 1/(2 ǫ) ± ρσ/ǫ (17)

The presence of the additional divergence ρσ/ǫ is triggered by non-zero “background” ρσ, and is

cancelled in the overall sum Ω+
i + Ω−

i of both positive and negative Kaluza-Klein levels, giving the

overall result Ωi in (16). If ρσ has the value given in (8) and is thus proportional to the vev of

Az and to R, then ρσ/ǫ may be regarded as a divergence linear in scale. It is also possible that

in some models one may actually have ρσ a constant, for example ρσ = +1/2, (or −1/2) then

Ω−
i (Ω+

i ) are finite respectively, and the overall divergence in Ωi = Ω+
i + Ω−

i comes entirely from

Ω+
i (Ω−

i ) respectively! To conclude, the positive and negative Kaluza-Klein levels propagating

in opposite directions in the compact dimension, in a non-zero ”background” ρσ, contribute by

different amounts to the overall divergence of Ωi, and in special cases the positive or negative levels

alone give (one-loop) finite contributions only! This concludes our discussion in the DR scheme.

• ζ-function Regularisation (ZR).

Alternatively, one can employ a ζ-function regularisation of Ωi. In this case the correction is given

up to a factor βi(σ)/(4π), by the derivative of ζ-function associated with the Laplacian, evaluated in

origin. As explained in detail in Appendix B this means that Ωi in this scheme is just the derivative

with respect to ǫ of the value obtained in the DR scheme (divided by Γ[−ǫ]), and evaluated for

ǫ = 0. From eqs.(9), (15), (B-6), (B-7) one has the result for Ωi in the ZR scheme

Ωi

∣

∣

∣

∣

ZR
=

βi(σ)

4π

d

dǫ

{−π−ǫ

Γ[−ǫ]

′
∑

m∈Z

∫ ∞

0

dt

t1+ǫ
e−π t M2

m(σ)/µ2

}∣

∣

∣

∣

ǫ→0

=
βi(σ)

4π

{

− ln(Rµ)2 − ln

∣

∣

∣

∣

2 sin π(ρσ + iχR)

ρσ + iχR

∣

∣

∣

∣

2 }

(18)
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This result is similar to that found in the DR scheme, with the notable difference that there is

no pole structure present ! The above result is only logarithmically dependent on the mass scale

µ. Note that, as discussed in Appendix B, µ plays in this case the role of the UV cutoff of the

model. Finally, we remark that a zero-mode contribution - if included above - would bring a similar

dependence on (the UV cutoff) µ but of opposite sign (see also Rζ and RT
ζ in Appendix B, eq.(B-6)).

It is possible that in some models one has to consider in the definition of Ωi, a summation only

over positive (or negative) Kaluza-Klein levels. The result denoted Ω+
i (Ω−

i ) can be evaluated by

similar methods and is presented in detail in eq.(B-10). We only note here that the main departure

from the result (18) is the emergence of linear terms in ρσ, such as

Ω±
i

∣

∣

∣

∣

ZR
∼ −(1/2 ± ρσ) ln(Rµ)2 (19)

For ρσ just a constant, the ρσ-dependent term is just an additional logarithmic correction (in µ or

R) to the couplings. However, in the case ρσ is indeed due to a non-zero Wilson line vev (from

initial Az gauge fields), a linear dependence of the couplings on this vev/scale emerges. This term

can then have significant implications for the value of the gauge couplings. As it was the case in

the DR scheme, such terms cancel in the sum of positive and negative modes’ contributions. Note

again the different values of the contributions Ω+
i and Ω−

i of positive and negative levels, to the

gauge couplings, for the case of non-zero ”background” ρσ. A special case is ρσ = ∓1/2 when the

(coefficient of the) logarithmic term in Ω±
i is vanishing, so Ω+

i (Ω−
i ) has no µ dependence, with

similarities to the DR case. This concludes our analysis in the ZR scheme.

• Proper-time Regularisation (PT).

The above results for Ωi can be compared to that obtained in the proper-time regularisation [14]

which we review here for completeness. In this regularisation Ωi of eq.(15) has the lower limit of

its integral set equal to ξ > 0, where ξ → 0 is a dimensionless UV regulator. For details of the

calculation of Ωi in this regularisation see Appendix C of this work and Appendix A-1 of [14]. From

eqs.(9), (C-1), (C-2), (C-5) and with the notation Λ2 ≡ µ2/ξ one has the following result for Ωi in

the PT scheme

Ωi

∣

∣

∣

∣

PT
=

βi(σ)

4π

′
∑

m∈Z

∫ ∞

ξ

dt

t
e−π t M2

m(σ)/µ2

=
βi(σ)

4π

{

2RΛ − ln
(RΛ)2

πeγ
− ln

∣

∣

∣

∣

2 sin π(ρσ+iχR)

ρσ + iχR

∣

∣

∣

∣

2 }

(20)

The ξ dependent terms combine naturally with the scale µ to define the UV cut-off Λ of the model

and one obtains a dependence on ΛR only. Unlike the DR and ZR cases, a zero-mode contribution

12



to the above result - if included - would not cancel the leading linear divergence (in Λ ∼ 1/
√

ξ),

but only the logarithmic one (for more details compare Rξ and RT
ξ in Appendix C, eq.(C-5)).

What is the meaning of the individual contributions to Ωi ? Technical details show that the

term ln |ρσ + iχR| is similar to a contribution corresponding to a massive Kaluza-Klein state of

level zero. It may be interpreted as a one-loop effect of this state between the compactification

scale 1/R and the scale set by the Wilson lines vev’s, σI <AI
z >with σ accounting for a root/weight.

The term ln[sin(..)] in (20) is an effect due to “Poisson re-summed” (PR) Kaluza-Klein states (see

eq.(G-5)), with the dominant contribution from the lower PR levels. Further, the logarithm ln(ΛR)

can be thought of as a one loop effect from the compactification scale to the UV cutoff scale Λ.

Finally, the term ΛR is due to the presence of a large enough number of Kaluza-Klein modes which

enable the Poisson re-summation. This term is due to the Poisson re-summed mode of zero-level.

Thus one should expect ΛR ≫ 1 because ΛR approximates the number of Kaluza-Klein modes. In

fact the PT result (20) is valid provided that

max
{

1/R2, χ2, (<AI
z >σI)

2 + χ2
}

≪ Λ2 (21)

derived from eq.(C-4) of Appendix C. Here we replaced ρσ in terms of the vev’s of AI
z as in eq.(8).

More generally, for arbitrary ρσ this condition is

max
{

1/R2, χ2, ρ2
σ/R2 + χ2

}

≪ Λ2 (22)

Therefore the result in the PT scheme is valid if R is large (in UV cutoff units) and if the gauge

symmetry breaking vev’s or (ρσ/R)2 and the mass scale χ2 have a sum much smaller than the UV

cutoff. It is important to note that these constraints are not shared by the DR or ZR counterparts

found previously. This is important for in general to avoid a large UV sensitivity of the couplings

one would like to have ΛR ≈ 1 which is a region for which the PT result does not hold accurately.

From comparing it with its DR counterpart, the presence of the pole 1/ǫ of the latter may indicate

that even if ΛR is made smaller, of order unity, a UV divergence may still be manifest. Finally,

if one considered a string embedding of these models, the string counterpart of ΛR ≈ 1 would be

MsR ≈ 1 with Ms the string scale. In this case string effects due to additional winding modes

could become important.

Comparing the three results for Ωi obtained in these different regularisation schemes one ob-

serves that the finite (regulator independent) part is the same in all regularisations. This is a strong

consistency check of the calculation. Regarding the divergent (i.e. regulator dependent) part, note

that the 1/ǫ term of DR is replaced in the PT cut-off regularisation by the ξ (Λ) dependent di-

vergent term, accounting for a linear divergence. Note however that the ZR counterpart has only

(rather “mild”) a logarithmic UV divergence. Eqs.(16) to (20) provide generalisations of the results

in [23] for one compact dimension case.
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3.2 Case 2. Two compact dimensions.

We consider now the case of a two dimensional orbifold compactification T 2/ZN . With the structure

of the mass spectrum given in eq.(14), one can compute the general form of the correction to the 4D

gauge couplings induced by non-zero level Kaluza-Klein modes associated with the two dimensions.

This correction can be used for a large class of models [21]. Formally, the correction is

Ω∗
i =

∑

r

∑

σ=λ,α

Ωi(σ), Ωi(σ) ≡ βi(σ)

4π

′
∑

n1,n2∈Z

∫ ∞

0

dt

t
e−π t M2

n1,n2
(σ)/µ2

∣

∣

∣

∣

reg.
(23)

Similarly to the case of one extra dimension, Ωi is obtained by computing one loop diagrams (see

for example Figure 1) with Kaluza-Klein states of mass Mn1,n2
(σ) in the loop, and evaluated for

momenta q2 = 0.

In the following we perform - for σ fixed - the integral and the sums over (n1, n2) 6= (0, 0) in

eq.(23). The model dependence (beta functions βi(σ), sums over weights σ, representations r) can

then easily be implemented on the final result for Ω∗
i . The presence of the state (n1, n2) = (0, 0)

is also model dependent and its contribution should be considered/added separately. We again

discuss the value of Ωi in DR, ZR and PT regularisation schemes for the UV divergence (t → 0) of

eq.(23). We assume Mn1,n2
6= 0 for all integers, so no IR divergence (at t → ∞) exists. However,

if there exists a pair (n1, n2) for which Mn1,n2
= 0 see the results in the PT scheme of [13] and the

discussion in the DR scheme to follow.

• Dimensional Regularisation (DR).

In the DR scheme Ωi is defined with 1/t under its integral replaced by 1/t1+ǫ where ǫ → 0 is the UV

regulator. The calculation is rather technical and is presented in Appendix D, eq.(D-1) to (D-5),

where the sums over n1,2 and integral in (23) are evaluated. Using eqs.(14), (23), (D-2), (D-5) and

(G-4), one evaluates Ωi in the DR scheme

Ωi

∣

∣

∣

∣

DR
=

βi(σ)

4π

′
∑

n1,n2∈Z

∫ ∞

0

dt

t1+ǫ
e−π t M2

n1,n2
(σ)/µ2

=
βi(σ)

4π

{

1

ǫ
− ln

T2U2

πeγ
− ln

∣

∣

∣

∣

ϑ1(ρ2,σ − Uρ1,σ|U)

(ρ2,σ − Uρ1,σ) η(U)

∣

∣

∣

∣

2

+ 2πU2ρ
2
1,σ

}

(24)

where the special functions η, ϑ1 are defined in Appendix G. The pole 1/ǫ accounts for divergences

up to quadratic level. How can we see this? By introducing a small (mass)2 shift µ2δ to M2
n1,n2

,

(δ dimensionless, δ ≪ 1), i.e. M2
n1,n2

→ M2
n1,n2

+ µ2δ under the integral in (23) and computing

the integral in this more general case one obtains for Ωi, in addition to the divergence 1/ǫ, a
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contribution πδT2/ǫ. This is a quadratic divergence in scale (T2 “contains” a µ2) that 1/ǫ term

effectively signals in eq.(24) and (D-5). For additional technical details see Appendix D, eq.(D-7),

(D-8)6. The emergence of the additional scale dependent contribution πδT2/ǫ is to be contrasted

with what happened in DR in the one extra dimension case already discussed, where a small

mass shift did not introduce a (linear) scale dependence of the UV divergence. This is due to

the different UV behaviour of models with one (or odd number of) and two (or even number of)

compact dimensions, respectively. Also note that in the special case when there exists a pair (n1, n2)

such as Mn1,n2
= 0, an IR regulator - in addition to the UV one - is required in eq.(23), (24) to

ensure the convergence of the integral at t → ∞. The aforementioned shift µ2δ of the KK masses

would in such special case act as an IR regulator in (23) and one would obtain in (24) a term

πδT2/ǫ which represents an IR-UV “mixing” term between the IR sector (δ) and UV sector (ǫ) of

the theory. For a discussion on this UV-IR mixing see [13] where its string theory interpretation

is also presented (see also [18]). Finally, considerations similar to those for one extra dimension

apply for the separate role of negative or positive Kaluza-Klein levels, respectively. This concludes

the discussion in the DR scheme.

• ζ-function Regularisation (ZR).

In this scheme Ωi is related to the derivative of the Zeta-function associated with the Laplacian, as

discussed in Appendix E. In fact Ωi in ZR is the derivative with respect to ǫ of Ωi in DR divided

by Γ[−ǫ], and evaluated for ǫ = 0. Using eqs.(14), (E-5), (E-6), (G-4) one finds the following result

for Ωi in the ZR scheme

Ωi

∣

∣

∣

∣

ZR
=

βi(σ)

4π

d

dǫ

{−π−ǫ

Γ[−ǫ]

′
∑

n1,n2∈Z

∫ ∞

0

dt

t1+ǫ
e−π t M2

n1,n2
(σ)/µ2

}∣

∣

∣

∣

ǫ→0

=
βi(σ)

4π

{

− ln[T2U2] − ln

∣

∣

∣

∣

ϑ1(ρ2,σ − Uρ1,σ|U)

(ρ2,σ − Uρ1,σ) η(U)

∣

∣

∣

∣

2

+ 2πU2 ρ2
1,σ

}

(25)

This result has a form similar to that in the DR scheme from which the pole structure has been

subtracted. The µ scale dependence “hidden” in T2 should in this case be regarded as the UV cutoff

as discussed in Appendix E, eq.(E-2). In this scheme there is thus only a logarithmic dependence

on the UV cutoff. Finally, the finite part is similar to that obtained in the DR scheme. It would

be of phenomenological interest to know which higher dimensional theories would require such a

regularisation, since in this case the UV cut-off dependence of the couplings is milder and the

models would then have less amount of sensitivity to this cut-off scale, possibly similar to that of

MSSM-like models.
6This also has consequences for the change of the gauge couplings with momentum q in Fig.1 as discussed in [18].

15



• Proper-time Regularisation (PT).

Finally we briefly review here the value of Ωi in the proper-time cutoff regularisation scheme (PT)

[14]. In this scheme Ωi of (23) is defined with a (dimensionless) cutoff ξ→0 in the lower limit of its

integral which acts as an UV regulator. After a long calculation one obtains the result (for details

see eqs.(23), (F-2), (F-5), (G-4) and also eq.(52) in [14])

Ωi

∣

∣

∣

∣

PT
=

βi(σ)

4π

′
∑

n1,n2∈Z

∫ ∞

ξ

dt

t
e−π t M2

n1,n2
(σ)/µ2

=
βi(σ)

4π

{

T2

ξ
− ln

[(T2/ξ)U2]

πeγ
− ln

∣

∣

∣

∣

ϑ1(ρ2,σ − Uρ1,σ|U)

(ρ2,σ − Uρ1,σ) η(U)

∣

∣

∣

∣

2

+ 2π U2 ρ2
1,σ

}

(26)

Eq.(26) is valid if (see eq.(F-6) and definition (12))

max

{

1

R1
,

1

R2 sin θ
, <AI

z >σI , <AI
z̄ >σI

}

≪ Λ, Λ2 ≡ µ2

ξ
(27)

This condition requires “large” compactification radii (in UV cutoff units) and symmetry breaking

vev’s much smaller than Λ. Here we replaced ρi,σ in terms of the vev’s of AI
z, eq.(12) but for

arbitrary ρi,σ this condition is: max{1/R1, 1/R2 sin θ, |ρ1,σ|/R1, |ρ2,σ − Uρ1,σ|/(R2 sin θ)} ≪ Λ.

Eq.(26) shows the presence of a UV quadratic divergent term also known as “power-like” thresh-

old, given by T2/ξ = Λ2R1R2 sin θ where Λ2 ∼ 1/ξ is the UV cutoff scale. A logarithmic correction

is also present, ln(T2/ξ) = ln(ΛR1R2 sin θ), as well as a ln U2 = ln(R2 sin θ/R1) part. The remain-

ing terms in Ωi include effects due to non-zero ρσ which bring in a finite, regulator independent

correction.

The field theory result (26) has a great advantage over its DR and ZR counterparts in that it

allows a straightforward comparison with the heterotic string result with Wilson lines [10], when

this string result is considered in the limit of large compactification radii/area (in string units) [14],

as required by eq.(27). The UV regulator ξ ∼ 1/Λ2 has a natural counterpart in the (heterotic)

string in α′ ∼ 1/M2
s (Ms is the string scale). Therefore, T2/ξ of (26) has a counterpart at the

string level in T2/α
′, where T2/α

′ is the (imaginary part of the) Kähler structure moduli. With the

correspondence of the fundamental lengths in field and string theory respectively, ξ ↔ α′, the result

(26) is indeed similar [14] to the limit of large radii of the heterotic string result [10]. Such agreement

provides support for this regularisation scheme in our field theory approach, for the case of two

compact dimensions. String theory also brings additional corrections, non-perturbative on the field

theory side (world-sheet instantons) but their effect is exponentially suppressed O(e−T2/α′

) [10].

For more details on the exact link with the corrections to the gauge couplings due to the heterotic

string with Wilson lines present, see [14].
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The effective field theory result (26) also has an interesting limit, that of vanishing Wilson lines

vev’s or “twists” ρi,σ. For ρi,σ→0 (σ fixed) after using the relations in eq.(G-1), (G-2) one finds

Ωi

∣

∣

∣

∣

PT
(ρi,σ→0) = −βi(σ)

4π
ln

[

4πe−γ e−T2/ξ (T2/ξ) U2 |η(U)|4
]

, T2/ξ = Λ2R1R2 sin θ (28)

For two compact dimensions this result generalises the “power-law” corrections (in the UV cutoff)

of ref.[23], by including the dependence on U = R2/R1e
iθ.

As shown in [12, 13] the field theory result (28) is also the exact limit of “large R1,2” (in string

units) of the heterotic string result without Wilson lines [7]. The only difference7 between Ωi of

(28) and the above limit of the string result [7] is that the leading term T2/ξ in Ωi has a coefficient

which depends on the regulator choice (ξ) while in string case at “large R1,2” the leading term is8

(π/3)T2/α
′. With the correspondence ξ ↔ α′ mentioned before, the exact matching of these two

terms thus requires a re-definition of the PT regulator ξ → (3/π) ξ or equivalently Λ2 → π/3Λ2.

Such specific normalisation of ξ (or Λ) cannot be motivated on field theory grounds only.

It is interesting to mention that imposing on the field theory result (28) one of the string

symmetries T ↔ U or T → 1/T , enables one to recover the full heterotic string result [7] from

that derived using only field theory methods. Thus one may obtain full string results by using only

field theory methods supplemented by some of the symmetries of the string, not respected by the

field theory approach, but imposed on the final field theory result. For more details on the exact

link with the heterotic string without Wilson lines see [12, 13]. This ends our discussion on the

corrections in the PT regularisation scheme and their relation to string theory.

Comparing the results for Ωi in the three regularisation schemes eqs.(24) to (26), one notices

that the finite (regulator independent) part of Ωi is the same in all cases which is a good consistency

check of the calculation. An important point to mention is that the result in PT scheme has the

constraint that the compactification radii be large (in UV cutoff units). However, the results in

the DR and ZR schemes show that the finite part of the one-loop correction has the value found

without such restrictions for the radii.

Regarding the divergent part of the one-loop corrections, this is effectively dictated by the reg-

ularisation choice one has to make, in agreement with the symmetries of the model. Our discussion

above shows that for two compact dimensions PT regularisation is indeed appropriate in calcula-

tions seeking the link with their string counterparts. Further, the ζ-function regularisation leads to

an UV divergence which is milder (logarithmic) than in the PT scheme with possible phenomeno-

logical implications. This is important because models with “power-like” regime require in general

7See however ref.[13] and discussions on page 4 and in the DR scheme above.
8The presence of π/3 is a “remnant” of the modular invariance symmetry of the string.
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a significant amount of fine-tuning [30]. It is however difficult to justify, without the knowledge of

the full higher dimensional theory, in which case the ζ-function regularisation is the right choice.

The results obtained in eq.(24) to (28) also provide a generalisation, in three regularisation schemes

of the results in [23] for the radiative corrections from two compact dimensions.

The one-loop corrections obtained in the DR, ZR or PT schemes have strong similarities with

their one-dimensional counterparts, eqs.(16) to (20) with T2U2 and ρ2,σ −Uρ1,σ of eqs.(24) to (26)

replaced in the one-dimensional case by Rµ and ρσ respectively, while ln(ϑ1/η) and the last term

have as counterpart in the one-dimensional case the term ln[sin π(ρ + iχ)]. A similar term appears

in compactification on G2 manifolds [17] suggesting that this latter correction is rather generic.

We conclude with a remark on possible phenomenological implications. We found a result for

Ωi with a divergence which depends - as expected - on the regularisation choice. Given that this is

a non-renormalisable theory, a natural question is whether one can make a prediction without the

knowledge of the fundamental, underlying theory which would otherwise dictate the regularisation

to use. If the gauge group G after orbifolding is a grand unified group which is further broken by

Wilson lines to a SM-like group, the coefficient of the (regularisation dependent) divergent terms

found in Ω∗
i is the same for all group factors into which G is broken (G-invariant). If so, such

UV divergent terms of Ω∗
i can then be absorbed into the redefinition of the initial 4D tree level

coupling of the group9 G. The newly defined coupling can be regarded as the 4D “MSSM-like”

unified coupling. Further, the remaining, finite part of Ω∗
i brings a splitting term to this coupling,

due to Wilson lines vev ρσ, but independent on the UV cutoff (regularisation). Finally, the “MSSM-

like” massless states not included so far would bring the usual logarithmic correction (UV scale

dependent). This raises the possibility of allowing MSSM-like logarithmic unification even for large

compact dimensions, and the aforementioned splitting of couplings would “mimic” (at a scale of

the order of the compactification scale) what could be regarded from a 4D point of view as further

running10 up to a high unification scale, such as that of the MSSM (at ≈ 2× 1016 GeV) or higher.

4 Conclusions

The general structure of radiative corrections to gauge couplings was investigated in generic 4D

models with one and two dimensional orbifold compactifications. The analysis was based on the

following observation. Although one-loop corrections are dependent on the exact field content of

9The method of “absorbing” the divergences in the initial tree level coupling also exists in heterotic string models

[9] where gauge universal, gravitational effects are included in the tree-level coupling, in addition to the dilaton, with

the remark that this is actually dictated by the symmetries of the (tree level coupling of) the string.
10in a 4D renormalisable theory.
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the model, for the compactifications considered one can still perform in a general case, the one-loop

integral and the sum over (non-zero) Kaluza-Klein levels associated with a given state, component

of a multiplet. This leaves the much simpler analysis of determining which states have associated

Kaluza-Klein towers, to a model-by-model analysis.

The evaluation of the one-loop radiative corrections from compact dimensions summed up the

individual effects of non-zero-level Kaluza-Klein modes. The calculation was performed in three

regularisation schemes: dimensional, zeta-function and proper-time cutoff regularisations for the

UV divergences and the exact link among these results was investigated. The results in DR and

ζ-function regularisation schemes are very similar with the notable difference that the (UV) pole

structure of the DR scheme (1/ǫ) is not present in the ζ-function regularisation. This applies to

both one and two extra dimensions cases. In the ZR scheme for Ωi only a logarithmic divergence

in the UV cutoff scale is present. This is important, since it provides an amount of sensitivity

of the radiative corrections to this scale smaller than that of other regularisations, which may be

relevant for phenomenology. Another relevant feature of both DR and ZR schemes is that the finite

part of the results is valid for large or small compactification radii, for both one and two compact

dimensions cases.

In proper-time regularisation the leading divergences of the radiative corrections are for one

and two compact dimensions linear and quadratic in scale, respectively. The finite (regulator

independent) part is the same as in the DR and zeta-function regularisation, which is a strong

consistency check of the calculation. There is however one important difference in that the result

in the proper-time regularisation is only valid for large compactification radii (in UV cutoff units),

constraint not shared by the results in the DR and ZR schemes. The effect of zero-modes (whose

existence is model dependent) can easily be added to the results we obtained. In specific cases

they may even cancel the divergence from the entire KK tower of non-zero modes. Finally, we

also discussed the cases when for special values of the ”background” ρσ, one obtains one-loop finite

results for the corrections due to positive or negative modes alone.

There remains the question of which regularisation scheme to use in (non-renormalisable) mod-

els with compact dimensions. Explicit calculations and comparison with the (heterotic) string

calculations show that proper-time cut-off regularisation - although not gauge invariant - is in

exact quantitative agreement with the limit of large compactification radii of the string results.

This important conclusion applies to the case of two compact dimensions which contribute to the

radiative corrections to the gauge couplings. Therefore this regularisation is an appropriate choice

for computing radiative corrections for the purpose of establishing the link with results from string

theory. For the case of one compact dimension the lack of string results prevents one from making

a similar statement, and the choice of regularisation should follow the usual guidelines such as its
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compatibility with the symmetries of the model.

We addressed the possibility of making phenomenological predictions which are independent of

the UV divergence of the radiative corrections which, in the case of a grand unified group G broken

by Wilson lines vev’s/twist ρσ, can be absorbed in the redefinition of the tree level coupling. This

leaves a splitting of the couplings at the compactification scale possibly compatible with what can

be regarded from the perspective of a 4D (renormalisable) theory as further running up to a high,

MSSM-like unification scale.

The paper provides all the technical details necessary in models with one and two compact

dimensions which examine the one-loop corrections to the gauge couplings associated with Kaluza-

Klein modes and - if present - Wilson lines effects. Although we discussed only the dependence of

the one-loop corrections on the UV cutoff/regulator, the paper provides the technical results for

investigating the change of the gauge couplings with respect to the (momentum) scale q as well,

and this will be addressed in a future work. Extensive mathematical details of regularisations of

integrals and series present in one-loop corrections due to compact dimensions were provided in the

Appendix. The technical results found can be applied with minimal changes to many one- and two-

dimensional orbifolds. This can be done by simply making appropriate re-definitions/re-scalings of

the parameters of the models, such as the compactification radii (R), the twist of the initial fields

with respect to the compact dimensions or the Wilson lines vev’s (ρ).
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6 Appendix

We provide general results for series of integrals present in one-loop corrections to the gauge cou-

plings, evaluated in DR, ζ-function and proper-time cut-off regularisations, for one and two compact

dimensions (see also Appendix A-4 in [14]). Notation used: A “primed” sum
∑′

m f(m) is a sum

over m ∈ Z−{0}; ∑′
m,n f(m,n) is a sum over all pairs of integers (m,n) excluding (m,n)=(0, 0).

A One compact dimension in Dimensional Regularisation (DR)

• A.(1). We compute the following integral

Rǫ ≡
∫ ∞

0

dt

t1+ǫ

′
∑

m∈Z

e−π t [(m+ρ)2β+δ], δ ≥ 0, β>0. (A-1)

Ωi of eq.(16) is then given by

Ωi

∣

∣

∣

DR
= βi(σ)/(4π) Rǫ(β→1/(Rµ)2; δ→(χ/µ)2; ρ → ρσ) (A-2)

Proof: Consider first 0 < δ/β≤ 1. With the notation ρ = [ρ] + ∆ρ, [ρ] ∈ Z, 0 ≤∆ρ < 1 one has

Rǫ =

∫ ∞

0

dt

t1+ǫ

[

− e−π t βρ2

+ e−π t β∆2
ρ +

′
∑

n∈Z

e−π t (n+∆ρ)2β
]

e−π t δ

= Γ[−ǫ]πǫ
{

(δ + β∆2
ρ)

ǫ − (δ + βρ2)ǫ +

[

∑

n>0

[β(n + ∆ρ)
2 + δ]ǫ + (∆ρ → −∆ρ)

]}

= Γ[−ǫ]πǫ[(δ + β∆2
ρ)

ǫ − (δ + βρ2)ǫ] + Γ[−ǫ](πβ)ǫ
[

ζ[−2ǫ, 1 + ∆ρ] + ζ[−2ǫ, 1 − ∆ρ]

]

+ (πβ)ǫ
∑

k≥1

Γ[k − ǫ]

k!

[−δ

β

]k {

ζ[2k − 2ǫ, 1 + ∆ρ] + (∆ρ → −∆ρ)

}

, 0 < δ/β ≤ 1 (A-3)

which is convergent under conditions shown. In the last step we used the binomial expansion [27]

∑

n≥0

[a(n + c)2 + q]−s = a−s
∑

k≥0

Γ[k + s]

k ! Γ[s]

[−q

a

]k

ζ[2k + 2s, c], 0 < q/a ≤ 1 (A-4)

Here ζ[q, a] with a 6= 0,−1,−2, · · · is the Hurwitz zeta function, (with ζ[q, a] =
∑

n≥0(a + n)−q for

Re(q) > 1). Hurwitz zeta-function has one singularity (simple pole) at q = 1 and ζ[q, 1] = ζ[q] with

ζ[q] the Riemann zeta function. Further, using eq.(A-3) and the identity

ζ[q, a] = a−q + ζ[q, a + 1]
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we obtain that

Rǫ = πǫΓ[−ǫ][(δ + β∆2
ρ)

ǫ − (δ + βρ2)ǫ] + (πβ)ǫΓ[−ǫ]

[

ζ[−2ǫ, 1 + ∆ρ] + ζ[−2ǫ, 1 − ∆ρ]

]

+
∑

k≥1

[−δ

β

]k 1

k

[

ζ[2k, 1 + ∆ρ] + ζ[2k, 2 − ∆ρ] + (1 − ∆ρ)
−2k

]

= πǫΓ[−ǫ][(δ + β∆2
ρ)

ǫ − (δ + βρ2)ǫ] + (πβ)ǫΓ[−ǫ]

[

ζ[−2ǫ, 1 + ∆ρ] + ζ[−2ǫ, 1 − ∆ρ]

]

− ln
| sin π[∆ρ + i(δ/β)

1

2 ]|2
π2(∆2

ρ + δ/β)
− 2 ln

[

Γ[1 − ∆ρ] Γ[1 + ∆ρ]

]

(A-5)

provided that

0 <
δ

β
≤ 1;

δ

β
< (1 + ∆ρ)

2,
δ

β
< (2 − ∆ρ)

2 (A-6)

Since ∆ρ <1 we conclude that (A-5) is valid if the first condition (the strongest) is respected:

0 <
δ

β
≤ 1; (A-7)

In the last step of deriving eq.(A-5) for each of the series in Zeta functions we used [28]

∑

k≥1

t2k

k
ζ[2k, a] = ln

Γ[a + t] Γ[a − t]

Γ[a]2
; |t| < |a| (A-8)

with t = i(δ/β)
1

2 , a = 1 + ∆ρ, 2 − ∆ρ and from which the last two conditions in (A-6) emerged.

Finally, in the last step in (A-5) we also used

∏

±

Γ[1 ± x ± iy] =
π2(x2 + y2)

| sin π(x + iy)|2 , x, y real. (A-9)

where the product runs over all 4 combinations of plus/minus signs in the argument of Γ functions.

Eq.(A-9) can be easily proved using that Γ[1 − z] Γ[1 + z] = πz/ sin πz.

In eq.(A-5) we now evaluate the ǫ dependent part for ǫ → 0 by using (see for example [26])

ζ[−2ǫ, q] =
1

2
− q − 2ǫ

d

dz
ζ[z, q]|z=0 + O(ǫ2)

d

dz
ζ[z, q]|z=0 = ln Γ[q] − 1

2
ln(2π), Γ[−ǫ] = −1

ǫ
− γ + O(ǫ),

xǫ = 1 + ǫ ln x + O(x) (A-10)

We finally find from eq.(A-5), (A-7), (A-10) that (if ρ ∈ Z∗, δ = 0 is excluded)

Rǫ =

∫ ∞

0

dt

t1+ǫ

′
∑

m∈Z

e−π t [(m+ρ)2β+δ] =
1

ǫ
− ln

|2 sin π(∆ρ + i(δ/β)
1

2 )|2
πeγ β (ρ2 + δ/β)

, 0 ≤ δ/β ≤ 1 (A-11)
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• A.(2). We now evaluate Rǫ for the case δ/β > 1 (with notation ρ ≡ [ρ]+∆ρ, [ρ] ∈ Z, 0 ≤∆ρ < 1)

Rǫ =

∫ ∞

0

dt

t1+ǫ

′
∑

m∈Z

e−π t [(m+ρ)2β+δ] =

∫ ∞

0

dt

t1+ǫ

[

∑

n∈Z

e−π t (n+∆ρ)2β − e−π t βρ2

]

e−π t δ

= Γ[−ǫ]πǫ
[

∑

n∈Z

[β(n + ∆ρ)
2 + δ]ǫ − (δ + βρ2)ǫ

]

(A-12)

We further use the well-known expansion given below (for details see for example (4.13) in [27])

∑

n∈Z

[a(n + c)2 + q]−s =
√

π

[

q

a

]
1

2 Γ[s − 1/2]

Γ[s]
q−s

+
4πs

Γ[s]

[

q

a

]
1

4

q−s/2a−s/2
∞
∑

n=1

ns−1/2 cos(2πn c)Ks−1/2(2πn
√

q/a) (A-13)

with a > 0, c 6= 0,−1,−2, · · · and which is rapidly convergent for q/a > 1. Kw is the modified

Bessel function of index w. The first term proportional to q/a gives the leading contribution;

the remaining ones give “instanton-like” corrections. This result is then used to evaluate (A-12).

Compare (A-13) rapidly convergent for q/a > 1 with (A-4) valid for q/a < 1. Alternatively, instead

of (A-13) one can simply use a Poisson re-summation in (A-12) and the definition of the modified

Bessel functions to reach the same result. With s = −ǫ in (A-13) and with

Γ[−ǫ] = −1

ǫ
− γ + O(ǫ), K− 1

2

(z) =

√

π

2z
e−z (A-14)

one finds from (A-12) and (A-13)

Rǫ =

∫ ∞

0

dt

t1+ǫ

′
∑

m∈Z

e−π t [(m+ρ)2β+δ] =
1

ǫ
− ln

∣

∣

∣ 2 sin π(∆ρ + i(δ/β)
1

2 )
∣

∣

∣

2

πeγ (δ + βρ2)
, if δ/β > 1 (A-15)

To see the complementarity of (A-11) and (A-15) note that the latter is not valid for δ = 0 since

(A-13) is not valid in that case.

In conclusion from eqs.(A-11), (A-15) we have that

Rǫ ≡
∫ ∞

0

dt

t1+ǫ

′
∑

m∈Z

e−π t [(m+ρ)2β+δ] =
1

ǫ
− ln

∣

∣

∣2 sin π(ρ + i(δ/β)
1

2 )
∣

∣

∣

2

πeγ (βρ2 + δ)
, δ≥0, β>0.

RT
ǫ ≡

∫ ∞

0

dt

t1+ǫ

∑

m∈Z

e−π t [(m+ρ)2β+δ] = − ln
∣

∣

∣ 2 sin π(ρ + i(δ/β)
1

2 )
∣

∣

∣

2
, δ≥0, β>0. (A-16)

In eq.(A-16) we used the properties of the sine function to replace ∆ρ by ρ. The pole 1/ǫ cancels

between zero-mode and non-zero modes’ contributions. Eq.(A-16) was used in the text eq.(16).
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• A.(3). We compute the integral

R+
ǫ ≡

∫ ∞

0

dt

t1+ǫ

∑

m>0

e−π t [(m+ρ)2β+δ], δ ≥ 0, β>0. (A-17)

which sums positive modes only. R−
ǫ which sums negative modes only is then R−

ǫ = R+
ǫ (ρ → −ρ).

Ω±
i mentioned in the text, eq.(17) and corresponding to summing only positive (negative) Kaluza-

Klein modes is then given by

Ω±
i

∣

∣

∣

∣

DR
≡ βi(σ)/(4π) R±

ǫ

(

β→1/(Rµ)2; δ→(χ/µ)2; ρ → ρσ

)

(A-18)

The calculation proceeds almost identically to A.(1). The result is:

R+
ǫ =

1

2ǫ
+

ρ

ǫ
+ ln

∣

∣

∣Γ[1 + ρ + i(δ/β)1/2 ]
∣

∣

∣

2
− ln(2π) +

[1

2
+ ρ

]

ln(πβeγ) (A-19)

which shows that a new divergence ρ/ǫ is present. One can easily verify that

R+
ǫ + R−

ǫ = Rǫ (A-20)

with Rǫ given in (A-16). This shows that the divergence ρ/ǫ of separate contributions from the

positive and negative modes respectively is cancelled in their sum which equals Rǫ. While Rǫ

corresponds to states propagating in both directions in the compact dimension in the “background”

ρ, R±
ǫ account for effects propagating in one direction only.

Similar properties exist for the full one-loop radiative corrections Ω±
i given below, corresponding to

positive and negative modes respectively. The radiative correction in DR due to positive (negative)

modes only is

Ω±
i

∣

∣

∣

∣

DR
≡ βi(σ)

4π
R±

ǫ

(

β→1/(Rµ)2; δ→(χ/µ)2; ρ → ρσ

)

=
βi(σ)

4π

{

1

2ǫ
± ρσ

ǫ
+ ln

∣

∣

∣Γ(1 ± ρσ + iχR)
∣

∣

∣

2
− ln(2π) +

[1

2
± ρσ

]

ln
πeγ

(Rµ)2

}

(A-21)

One has that Ω+
i + Ω−

i = Ωi with Ωi as in (16). The “linear” divergence ρσ/ǫ cancels between

positive and negative modes’ contributions.
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B One compact dimension in ζ-function regularisation (ZR).

• Here we define/evaluate Ωi of eq.(18) in the ZR scheme. The one-loop correction to the gauge

couplings in Zeta-function regularisation is defined by (proportional to) the derivative of the Zeta

function associated with the Laplacian on the compact manifold and evaluated in 0. To see this

note that ζ-function of the Laplacian (eigenvalues λm > 0) is defined as

ζ∆[s] ≡
′

∑

m

1

λs
m

=
1

Γ[s]

′
∑

m

∫ ∞

0

dt

t1−s
e−λm t (B-1)

where we used that

Q−s =
1

Γ[s]

∫ ∞

0

dt

t1−s
e−Q t, Q > 0 (B-2)

From (B-1) the formal derivative of the zeta function ζ
′

∆[0] is an infinite sum of individual logarithms

of λm. With λm expressed in some mass units µ, (λm = M2
m/µ2) one has the formal result

dζ∆[s]

ds

∣

∣

∣

∣

s=0
= −

′
∑

m

ln λm =
′

∑

m

ln(µ/Mm)2 (B-3)

and the link of Ωi with the one-loop corrections is obvious; µ acts as effective field theory UV cutoff.

From eq.(B-1) we have

Rζ ≡ dζ∆[s]

ds

∣

∣

∣

∣

s=0
=

d

ds

[

1

Γ[s]

′
∑

m

∫ ∞

0

dt

t1−s
e−λm t

]

s=0
(B-4)

which relates ζ-function regularisation of an operator to its value in the DR scheme. One can also

include the contribution of the zero mode m = 0 (if λ0 6= 0) in the definition of ζ∆[s]. Accordingly

Rζ changes and is relabelled RT
ζ .

With λm = (m + ρ)2β + δ as general eigenvalues of Laplacian for one-dimensional case (see

eq.(9)) with boundary conditions given in the text, and using the results of eq.(A-16)

Rǫ ≡
∫ ∞

0

dt

t1+ǫ

′
∑

m∈Z

e−π t [(m+ρ)2β+δ] =
1

ǫ
− ln

∣

∣

∣2 sin π(ρ + i(δ/β)
1

2 )
∣

∣

∣

2

πeγ (δ + βρ2)

RT
ǫ ≡

∫ ∞

0

dt

t1+ǫ

∑

m∈Z

e−π t [(m+ρ)2β+δ] = − ln
∣

∣

∣ 2 sin π(ρ + i(δ/β)
1

2 )
∣

∣

∣

2
(B-5)

we finally find

Rζ =− d

dǫ

{

π−ǫ

Γ[−ǫ]
Rǫ

}

ǫ=0
=− ln

|2 sin π(ρ + i(δ/β)
1

2 )|2
(δ + βρ2)

RT
ζ =− d

dǫ

{

π−ǫ

Γ[−ǫ]
RT

ǫ

}

ǫ=0
=− ln

∣

∣

∣ 2 sinπ(ρ + i(δ/β)
1

2 )
∣

∣

∣

2
(B-6)
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Comparing the results of the last two sets of equations, one notices that (up to a constant) the

result in ζ-function regularisation is equal to that in DR from which the pole contribution was

subtracted.

Eqs.(B-1), (B-4) (B-6) allow us to evaluate Ωi of eq.(18). This is given by

Ωi

∣

∣

∣

∣

ZR
≡ βi(σ)/(4π) Rζ

(

δ → χ2/µ2, β → 1/(Rµ)2, ρ → ρσ

)

(B-7)

According to eq.(B-3) µ should be regarded as the effective field theory UV cutoff.

• Using the DR results eq.(A-17) of summing over positive (negative) modes only

R±
ǫ ≡

∫ ∞

0

dt

t1+ǫ

∑

m>0

e−π t [(m±ρ)2β+δ]

=
1

2ǫ
± ρ

ǫ
+ ln

∣

∣

∣Γ[1 ± ρ + i(δ/β)1/2]
∣

∣

∣

2
− ln(2π) +

[1

2
± ρ

]

ln(πβeγ) (B-8)

one finds the associated zeta-regularised result for positive (negative) modes’ contribution

R±
ζ ≡ − d

dǫ

{

π−ǫ

Γ[−ǫ]
R±

ǫ

}

= ln
∣

∣

∣Γ[1 ± ρ + i(δ/β)1/2]
∣

∣

∣

2
− ln(2π) +

[1

2
± ρ

]

ln β (B-9)

The effect of positive (negative) modes on the gauge couplings in ζ-function regularisation is then

Ω±
i

∣

∣

∣

∣

ZR
≡ βi(σ)

4π
R±

ζ

(

δ → χ2/µ2; β → 1/(Rµ)2; ρ → ρσ

)

= ln
∣

∣

∣Γ[1 ± ρσ + iχR]
∣

∣

∣

2
− ln(2π) +

[1

2
± ρσ

]

ln
1

(Rµ)2
(B-10)

This result was used in eq.(19).
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C One compact dimension in proper-time regularisation (PT).

• Here we provide technical details used to derive the result of eq.(20). In the proper-time cutoff

regularisation, the generic structure of the one-loop corrections is

Rξ ≡
∫ ∞

ξ

dt

t

′
∑

n∈Z

e−πt [(n+ρ)2 β+δ], ξ → 0, (ξ > 0); δ ≥ 0, β > 0. (C-1)

Ωi of eq.(20) is then given by

Ωi

∣

∣

∣

∣

PT
≡ βi(σ)/(4π) Rξ(β → 1/(Rµ)2; ρ→ρσ; δ→χ2/µ2; ξ →ξ) (C-2)

To obtain Rξ we use eq.(A-9) of Appendix A-1 of [14]. One has

Rξ =

∫ ∞

βξ

dt

t

′
∑

n∈Z

e−πt[(n+ρ)2+δ/β]

= ln

[

(ρ2 + δ/β)πeγ
]

− ln
e−2/

√
ξβ

ξβ
− ln

∣

∣

∣ 2 sin π(∆ρ + i(δ/β)
1

2 )
∣

∣

∣

2
(C-3)

with ∆ρ defined after eq.(A-2) and which is valid if:

ξβ ≪
{

1;
1

πδ/β
;

1

π(ρ2 + δ/β)

}

(C-4)

One concludes that

Rξ ≡
′

∑

n∈Z

∫ ∞

ξ

dt

t
e−πt [(n+ρ)2 β+δ] = − ln

e−2/
√

ξβ

ξ
−ln

∣

∣

∣ 2 sin π(ρ+i(δ/β)
1

2 )
∣

∣

∣

2

[πeγ(δ + βρ2)]

RT
ξ ≡

∑

n∈Z

∫ ∞

ξ

dt

t
e−πt [(n+ρ)2 β+δ] =

2√
ξβ

− ln
∣

∣

∣ 2 sin π(ρ + i(δ/β)
1

2 )
∣

∣

∣

2
(C-5)

with condition (C-4). In the above equations we replaced ∆ρ by ρ.

Note that adding the zero-mode to Rξ does not cancel the leading linear divergence unlike

the cases of DR or ZR schemes! To understand the differences among the various regularisation

schemes it is useful to compare the above result of the PT regularisation eq.(C-5), (C-4) with that

of DR regularisation eq.(A-16), and that of ζ-function regularisation eq.(B-6).

Eq.(C-5) was used in the text, eq.(20).
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D Two compact dimensions in Dimensional Regularisation (DR).

• For two compact dimensions we evaluate the integral:

Lǫ ≡
∫ ∞

0

dt

t1+ǫ

′
∑

m1,m2∈Z

e−πt τ |m2+ρ2−U(m1+ρ1)|2 , τ > 0; U = U1 + iU2 (D-1)

Ωi of eq.(24) is then given by

Ωi

∣

∣

∣

∣

DR
= βi(σ)/(4π) Lǫ(τ → 1/(T2U2), ρi → ρi,σ) (D-2)

Proof: To compute Lǫ we use the Poisson re-summation eq.(G-5), so the integrand of Lǫ becomes

′
∑

m1,m2

e−πt τ |m2+ρ2−U(m1+ρ1)|2 =
′

∑

m2

e−π t τ |m2+ρ2−Uρ1|2 +
′

∑

m1

∑

m2∈Z

e−π t τ |m2+ρ2−U(m1+ρ1)|2

=
′

∑

m2

e−π t τ |m2+ρ2−Uρ1|2 +
1√
t τ

′
∑

m1

e−πt τU2

2
(m1+ρ1)2

+
1√
t τ

′
∑

m1

′
∑

m̃2

e−
πm̃2

2

t τ
−πt τU2

2
(m1+ρ1)2+2πim̃2(ρ2−U1(ρ1+m1)) (D-3)

A prime on the double sum in the lhs indicates that the mode (m1,m2) 6=(0, 0) is excluded. If ρ1

is non-integer the three series in the rhs of (D-3) can be integrated separately over (0,∞) to find

Lǫ = L1 + L2 + L3, where

L1 ≡
∫ ∞

0

dt

t1+ǫ

′
∑

m2

e−π t τ |m2+ρ2−Uρ1|2 =
1

ǫ
− ln | 2 sin π(ρ2 − Uρ1) |2 + ln

[

π τeγ |ρ2 − Uρ1|2
]

L2 ≡ 1√
τ

∫ ∞

0

dt

t3/2+ǫ

′
∑

m1

e−πt τ U2

2
(m1+ρ1)2 = 2πU2

[

|ρ1| +
1

6
− ∆ρ1

+ ∆2
ρ1

]

,

L3 ≡ 1√
τ

∫ ∞

0

dt

t3/2+ǫ

′
∑

m1

′
∑

m̃2

e−πm̃2

2

1

t τ
−πt τU2

2
(m1+ρ1)2+2πim̃2(ρ2−U1(ρ1+m1))

= ln
∣

∣

∣2 sin π(ρ2 − Uρ1)
∣

∣

∣

2
− 2πU2

[

|ρ1| +
1

6
− ∆ρ1

]

− ln

∣

∣

∣

∣

ϑ1(∆ρ2
− U∆ρ1

|U)

η(U)

∣

∣

∣

∣

2

(D-4)

where ∆y denotes the positive definite fractional part of y defined as y = [y]+∆y, 0 < ∆y < 1, with

[y] an integer number. ϑ1(z|τ) and η(U) are special functions defined in the Appendix, eqs.(G-3).

To evaluate L1 we used eq.(A-15) with the following replacements for the arguments of this

equation: β → τ , ρ → ρ2 − U1ρ1 and δ → τU2
2 ρ2

1. To compute L2 we used the results of Appendix
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A of ref.[14], eq.(A-22) or more generally eqs.(A-43), (A-45). Regarding L3, taking the limit ǫ → 0

is allowed under the integral before performing the integral itself or the two sums. This is justified

by technical calculations (not shown) which prove that L3 is bound by an expression which has

no poles in ǫ → 0. This is actually expected because the integrand is well defined for t → 0 or

t → ∞ when ǫ = 0. After setting ǫ = 0 the integral equals that evaluated in eqs.(A-28) to (A-31)

in Appendix (A-3) of ref [14].

Adding together L1, L2, L3 we find for U = U1 + iU2, τ > 0

Lǫ ≡
∫ ∞

0

dt

t1+ǫ

′
∑

m1,m2∈Z

e−πt τ |m2+ρ2−U(m1+ρ1)|2

=
1

ǫ
+ ln[π τeγ ] − ln

∣

∣

∣

∣

ϑ1(∆ρ2
− U∆ρ1

|U)

[ρ2 − Uρ1] η(U)

∣

∣

∣

∣

2

+ 2πU2∆
2
ρ1

, τ > 0 (D-5)

Further, one can make the replacement ∆ρi → ρi, due to the identity given in eq.(G-4). Eq.(D-5)

was used in the text, eq.(24).

Using the properties of ϑ1 (Appendix G) one also finds an interesting limit of Lǫ for ρ1 = ρ2 = 0:

Lǫ(ρ1,2 = 0) ≡
∫ ∞

0

dt

t1+ǫ

′
∑

m1,m2∈Z

e−πt τ |m2−Um1|2 =
1

ǫ
+ ln [τeγ/(4π)]− ln |η(U)|4, τ > 0. (D-6)

in agreement with eq.(B-12) of ref. [12]. Note that the contribution of the (0, 0) mode - if added

to Lǫ - would cancel the pole 1/ǫ and ln τ |ρ2 − Uρ1| term above.

• One important observation is in place here. To find the scale dependence of the divergence (1/ǫ)

of Lǫ in the DR scheme one can introduce a small/infrared (mass)2 parameter µ2δ (δ dimensionless,

δ > 0) in addition to the (mass)2 of the Kaluza-Klein states in the exponent in eqs.(23), (D-1).

This amounts to multiplying the integrand in eq.(23) by e−πt δ µ2

or that in (D-1) by e−πt δ. After

a long algebra one obtains the following change for L1, L2, L3:

L1 → L′
1 = L1, if δ → 0

L2 → L′
2 = L2 +

πδ

ǫ

1

τU2
, if δ → 0

L3 → L′
3 = L3, if δ → 0 (D-7)

As a result

L′
ǫ ≡

∫ ∞

0

dt

t1+ǫ

′
∑

m1,2∈Z

e−πt τ |m2+ρ2−U(m1+ρ1)|2−πδt

= L′
1 + L′

2 + L′
3 = Lǫ +

πδ

ǫ

1

τU2
, with δ → 0; δ, τ > 0; U = U1 + iU2 (D-8)
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with Lǫ given in (D-5). Therefore a divergence is emerging δ/(τU2ǫ), induced by the change of

L2. With τ = 1/(T2U2) the divergence is proportional to T2/ǫ, and is quadratic in mass, given the

definition of T2. It is similar to that of proper-time regularisation (T2/ξ), see Appendix F. Note

that L′
2 which brings in this term is a contribution from both compact dimensions, as Kaluza-Klein

modes’ effects from one dimension and Poisson re-summed Kaluza-Klein zero-modes of the second

compact dimension. Also note a particular and useful limit of eq.(D-8), that with ρ1 = ρ2 = 0.

• For future reference we also give the result of computing the integral:

L∗
ǫ ≡

∫ ∞

0

dt

t1+ǫ

′
∑

m1,m2∈Z

e−π t τ |Um1−m2|2−π t δ τ > 0; δ ≥ 0, U ≡ U1 + i U2. (D-9)

Proof: Following the steps in eq.(D-3) one has L∗
ǫ = L∗

1 + L∗
2 + L∗

3 with

L∗
1 ≡

∫ ∞

0

dt

t1+ǫ

′
∑

m2

e−π t τ m2

2
−π δ t =

1

ǫ
− ln

[ |2 sinh π(δ/τ)1/2 |2
π eγ δ

]

L∗
2 ≡ 1√

τ

∫ ∞

0

dt

t3/2+ǫ

′
∑

m1

e−π t τ U2

2
m2

1
−π δ t

=
πU2

3
+

π δ

ǫ τU2
+

π δ

τ U2
ln

[

4π e−γτU2
2

]

+ 2
√

π U2

∑

k≥1

Γ[k + 1/2]

(k + 1)!

[ −δ

τ U2
2

]k+1

ζ[2k + 1]

L∗
3 ≡ 1√

τ

∫ ∞

0

dt

t3/2+ǫ

′
∑

m1

′
∑

m̃2

e−π m̃2

2
/(t τ)−π t τ U2

2
m2

1
−2iπm̃2m1U1−π δ t

= − ln
∏

m1≥1

∣

∣

∣

∣

1 − e−2π(δ/τ+U2

2
m2

1
)1/2

e2iπU1m1

∣

∣

∣

∣

4

(D-10)

For L∗
1 we used eq.(A-16), for L∗

2 see eq.(B-11) to (B-15) in Appendix B of [13]. For L∗
3 one may

set ǫ = 0 (no poles at t → 0 or t → ∞) and use the integral representation of Bessel function K1/2

with K1/2(z) given in (A-14). Adding together the above contributions one has

L∗
ǫ =

1

ǫ
+

πδ

ǫ

1

τU2
− ln

[

4πe−γ 1

τ
|η(U)|4

]

+
πδ

τU2
ln(4πe−γ τ U2

2 )−2 ln
sinhπ(δ/τ)

1

2

π(δ/τ)
1

2

+W
(

δ

τ

)

(D-11)

with the constraint 0 < δ |U |2/(U2
2 τ) ≤ 1, 0 < δ/(τU2

2 ) ≤ 1. Also W(y → 0) → 0 and is defined as

W(y) ≡ 2
√

πU2

∑

k≥1

Γ[k + 1/2]

(k + 1)!

[−y

U2
2

]k+1

ζ[2k + 1] − ln
∏

m1≥1

|1 − e−2π(y+U2

2
m2

1
)1/2+2iπU1m1 |4

|1 − e2iπUm1 |4 (D-12)
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E Two compact dimensions in ζ-function regularisation (ZR)

• Here we derive the result for Ωi of eq.(25) in the text. The one-loop correction to gauge cou-

plings in ζ-function regularisation is proportional to the derivative of ζ-function associated with

the Laplacian on the compact manifold, evaluated in 0 (See also the discussion in Appendix B).

ζ-function of the Laplacian (eigenvalues λm,n > 0) is defined as

ζ∆[s] ≡
′

∑

m,n∈Z

1

λs
m,n

=
1

Γ[s]

′
∑

m,n∈Z

∫ ∞

0

dt

t1−s
e−λm,n t (E-1)

where we used eq.(B-2) and the “primed” sum excluded the (0, 0) mode. Note that as in the one

extra-dimension case, one can express λm,n in some mass units µ, λm,n = M2
m,n/µ2 and one has

that, formally

dζ∆[s]

ds

∣

∣

∣

∣

s=0
= −

′
∑

m,n

ln λm,n =
′

∑

m,n

ln(µ/Mm,n)2 (E-2)

and one can see the link of this derivative with the one-loop radiative corrections, given by a sum

over individual logarithmic corrections, with µ acting as the UV cutoff of the model. Up to a beta

function coefficient, eq.(E-2) is also in agreement with the formal expression in eq.(1).

From eq.(E-1) one has

Lζ ≡ dζ∆[s]

ds

∣

∣

∣

∣

s=0
=

d

ds

[

1

Γ[s]

′
∑

m,n∈Z

∫ ∞

0

dt

t1−s
e−λm t

]

s=0
(E-3)

which relates ζ-function regularisation of an operator to (the derivative of) its DR result.

With general eigenvalues of Laplacian for the two-dimensional case (see eq.(14))

λm,n = τ |(m2 + ρ2) − U(m1 + ρ1)|2, τ > 0 (E-4)

and using Lǫ of eq.(D-5), one has

Lζ = − d

dǫ

{

π−ǫ

Γ[−ǫ]
Lǫ

}

= ln[τ ] − ln

∣

∣

∣

∣

ϑ1(∆ρ2
− U∆ρ1

|U)

[ρ2 − Uρ1] η(U)

∣

∣

∣

∣

2

+ 2πU2∆
2
ρ1

(E-5)

One can further replace ∆ρi →ρi, due to the identity in eq.(G-4). The result in ζ-function regular-

isation is equal to that in DR from which the contribution of the pole was subtracted.

• Eq.(E-5) was used to evaluate Ωi in the text eq.(25) with

Ωi

∣

∣

∣

∣

ZR
= βi(σ)/(4π) Lζ (τ → 1/(T2U2), ρi → ρi,σ) (E-6)
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F Two compact dimensions in proper-time regularisation (PT).

• In the PT regularisation one evaluates (see the Appendix in ref.[14])

Lξ ≡
∫ ∞

ξ

dt

t

′
∑

m1,2∈Z

e−πt τ |m2+ρ2−U(m1+ρ1)|2 , ξ → 0, ξ > 0, τ > 0. (F-1)

with U ≡ U1 + iU2.

Therefore Ωi of eq.(26) is

Ωi

∣

∣

∣

∣

PT
= βi(σ)/(4π)Lξ (τ → 1/(T2U2)) (F-2)

Using the results of the Appendix in ref.[14] one has

Lξ =

{

1

ξτU2
+ ln ξ

}

+ ln
[

πeγτ
]

− ln

∣

∣

∣

∣

ϑ1(∆ρ2
− U∆ρ1

|U)

|ρ2 − Uρ1| η(U)

∣

∣

∣

∣

2

+ 2π U2∆
2
ρ1

(F-3)

with the condition
1

τ ξ
≫

{

U2
2 , 1/U2

2

}

(F-4)

The (divergent) expression in the curly braces is corresponding to 1/ǫ in the DR result, eq.(D-5).

Finally

Lξ (τ → 1/(T2U2)) =
T2

ξ
+ ln

πeγ

(T2/ξ)U2
− ln

∣

∣

∣

∣

ϑ1(∆ρ2
− U∆ρ1

|U)

(ρ2 − Uρ1) η(U)

∣

∣

∣

∣

2

+ 2π U2∆
2
ρ1

(F-5)

with

max

{

1

R1
,

1

R2 sin θ
,
|ρ1|
R1

,
|ρ2 − Uρ1|
R2 sin θ

}

≪ Λ (F-6)

which was derived in eq.(52) of [14]. Here T2 = µ2R1R2 sin θ, U2 = R2/R1 exp(iθ) and Λ2 ≡ µ2/ξ.

One can make the replacement ∆ρi →ρi, due to the identity given in eq.(G-4).
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G Mathematical Appendix, Definitions and Conventions.

• In the text we used the special function η

η(τ) ≡ eπiτ/12
∏

n≥1

(1 − e2iπτ n),

η(−1/τ) =
√
−i τ η(τ), η(τ + 1) = eiπ/12η(τ) (G-1)

• We also used the Jacobi function ϑ1

ϑ1(z|τ) ≡ 2q1/8 sin(πz)
∏

n≥1

(1 − qn)(1 − qne2iπz)(1 − qne−2iπz), q ≡ e2iπτ

=
1

i

∑

n∈Z

(−1)neiπτ(n+1/2)2 e(2n+1)iπz (G-2)

which has the properties

ϑ′
1(0|τ) = 2πη3(τ), ϑ′

1(0|τ) ≡ ∂ϑ1(ν|τ)/∂ν|ν=0

ϑ1(ν | τ + 1) = eiπ/4 ϑ1(ν|τ),

ϑ1(ν + 1 | τ) = −ϑ1(ν|τ),

ϑ1(ν + τ | τ) = − e−iπτ−2iπν ϑ1(ν|τ)

ϑ1(−ν/τ | − 1/τ) = eiπ/4τ1/2 exp(iπν2/τ) ϑ1(ν|τ) (G-3)

Our conventions for ϑ1 are those of ref.[3]. ϑ1(z|τ) above is equal to ϑ1(πz|τ) of [26], eq.8.180(2).

• Using these properties one can show that

− ln
∣

∣

∣ϑ1(∆ρ2
− U∆ρ1

|U)
∣

∣

∣

2
+ 2πU2∆

2
ρ1

= − ln
∣

∣

∣ϑ1(ρ2 − Uρ1|U)
∣

∣

∣

2
+ 2πU2ρ

2
1 (G-4)

where ∆ρi is the fractional part of ρi defined as ρi = [ρi] + ∆ρi , [ρ] ∈ Z, 0 ≤ ∆ρi < 1.

• Throughout the Appendix we used the Poisson re-summation formula:

∑

n∈Z

e−πA(n+σ)2 =
1√
A

∑

ñ∈Z

e−πA−1ñ2+2iπñσ (G-5)
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