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1 Phenomenology of K? KO9Mixing and CP{Violation
in K! 2 Decays

The purposeof this rst lecture is to introducethe basicsof the phenomenological
description of the K °{K ° system. There is practically no theory behind this de-
scription. It is only basedon rst principles: the superposition principle, Lorentz

invariance,and generalinvariance propertiesunder the P, C and T symmetries. The

basicideais to reducethe description of this systemto a minimum of phenomenolog-
ical parameterswhich, eventually, an underlying theory {lik e the Standard Model

should be able to predict._There are many reviews on this subject. | recommend
the readerto consult Ref. Bl for an excellert historical overview and complemertary

information.

1.1 Phenomenology of K% K?© Mixing

In the absenceof the weak interactions, the K ° and K © particles produced by the
strong interactions are stable eigenstatesof strangenesswith eigervalues 1. In
the presenceof the weak interaction they becomeunstable. The states with an
exponertial time dependencelaw ( is the proper time)

jKLi!l e™Mu jKi and  jKsi! e™s jKsi; (1)

are linear superpositions of the eigenstatesof strangeness:

. . 1 . . . .

jKLi = a——— pjK% +qj K (2)
Pl t]q]

iKsi = e——2  piK% qQjKO 3

jpi*+jaj?
wherep and g are complexnumbersand CPT{in variance,which is a property of the
Standard Model in any case,has beenassumed. The parametersM s in Eq. ([l
are also complex _
[
Mis = mgs 5 LS (4)

with m_.s the massesand |.s the decay widths of the long{lived and short{liv ed
neutral kaon states.

As we shall see,experimentally, the j Ksi and j K i statesare very closeto the
CP-eigenstates

jKIi = pl—z jK% jKO and jKJi= pl—z jKO%+ jKO (5)
with
CPjK2%=+jKJ and CPjKJi= jKi: (6)
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This is characterized by the small complex parameter ~,

P q
~= , 7
D+ G (7)
in terms of which,
) ) 1 ) ) ) .
j Kisi = g=——=(] Kg;ll + - Kf;z'): (8)
1+j~j?

According to Egs. () and (), a state initially pure j K % ewlves,in a period of
time to a state which is a superposition of j K% and j K %i :

T i PR § o B . o
0; - iM | iM g 0 -F iM | iM g 0; -
JK®i ! 2[e +e ]jK|+2q[e e 1] KO ; (9)
and, likewise
(KO 1 fe™Mi 4o Ms jkoi+ 2de M e Ms iK% (10)
2 2p
For a small period of time  we then have
KOG 1 jKO% 0 My jKOi+ Mo jKO): (11)
KOG I KO i (MajKO%+ M gjKOi); (12)

where !
1 ML + Mg g(ML Ms)

Mij:é g(ML Ms) M+ Mg

(13)
This is the complex mass{matrix of the K® K?© system.

In full generality, the mass{matrix M ; admits a decomposition, similar to the
one of the complex parametersM s in Eq. (), in terms of an absorptive part
and a dispersive part Mj; : _

[
20
In agivenquantum eld theory, likee.g.,the Standard Electroweak Model, the com-
plex K° K ©mass{matrix is de ned via the transition matrix T which characterizes
S{matrix elemeris. More precisely the o {diagonal absorptive matrix elemert i,
for example, is given by the sum of products of on{shell matrix elemens:
x Z
12= d(h jTjK%) h jTjK%; (15)

M ij = Mij (14)

where the sum is extendedto all possiblestatesj i to which the statesj K % and
j K% candeca.. The symbol d denotesthe phase spacemeasureappropriate to
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the particle content of the state . The corresponding matrix elemen M, is de ned
by the dispersive principal part integral

1.7 1
M= =} ds——— 12(s)+ \local terms": (16)
mg S

The fact that M 11 = M 2, in Eq. ([3) is a consequencef CPT{in variance. In
general,if we have a transition betweenan initial statejINi anda nal statej FNi,
CPT{in variance relates the matrix elemerts of this transition to the one between
the corresponding CPT{transformed statesj FN i andj IN i, wherej IN i denotes
the state obtained from j IN i by interchangingall particles into antiparticles (this is
the meaningof the bar symbol in IN), and taking the mirror image of the kinematic
variables: [(E;p) ! (E; p);( %~)! ( 9%-)], aswell astheir motion reversal
image: [(E;p) ! (E; p);( %~)! (9 =~)]. (Thesekinematic changesare the
meaning of the prime symbol in IN ‘i.) Altogether, CPT{in variance implies then:

HEN jTjINi=HN jTjEN: (17)
Since, for the K %-states: j (K ©)’i =j K °i, the CPT{in variance relation implies
Mu=Mz: (18)

The o {diagonal matrix elemerns in Eq. ([3) arealsorelated by CPT{in variance,
plus the hermiticit y property of the T-matrix in the absenceof strong nal state
interactions; certainly the casewhen the j INi and j FNi states are j K% and
j K9%. In general,in the absenceof strong nal state interactions, we have:

0 0 0 0

HN jTjFNi= N jTjINi (19)

This relation, together with the CPT{in variancerelation in ([7) implies then:
M= (M) : (20)

There are a number of interesting constraints betweenthe various phenomeno-
logical parameterswe have introduced. With M, and 1, de ned in Egs. ([§) and
(L3 and using Egs. (L3, @ and []), we have

9: 1 ~: } m+|% = M21 IE 21 . (21)
p 1+~ 2M1 5 %( m+3)
where
m m, ms and s L (22)
As already discussed,CPT{in variance implies
M2z = (M12) and 21=( 12) : (23)
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Experimentally, the massesm,.s and widths .5 are well measured, and in
what follows they will be usedasknown parameters. (There is no way for theory at
presert to do better than experiments in the determination of these parameters...)
The precjse values for the massesand widths can be found in the Particle Data
Booklet # (PDB). Nevertheless, it is important to keepin mind some orders of
magnitude:

St 09 10 Y9sec; (24)
L' L7 103 g (25)
m ' 05 g: (26)

1.2 The Bel{Stein berger Unitarit y Constrain t

Let us considera statej i to be an arbitrary superposition of the short{liv ed and
long{liv ed kaon states:

j i = jKsi+ jJKLi: (27)
The total decay rate of this state must be compensatedby a decreaseof its norm:

. . . . .2_ d . .2 .

JhjTy =1 0 (28)

The changein rate is governed by the massmatrix de ned by Eq. (LI). Equating
terms proportional to j j>andj j?in both sidesof Eq. (B9 results in the trivial
relations:

x Z
L = d jh jTjKij? (29)
x Z
s = d jh jTjKsij?: (30)
The mixed terms, proportional to and lead however to a highly non{trivial
relation, rst derived by Bell and Steinbergerkb:
x Z
i(M, Mg)K jKsi = d (h JTjKLi) h jTjKsi: (31)

Notice that L R
e 1 e N T e .
KIS = e ia T Trj
The l.h.s. of Eqg. (B1) can be expressedn terms of measurablephysical parameters
with the result

s+ L i m 2Re~_XZ
2 1+j~j2

(32)

d (h jJTjKLi) h jTjKsi: (33)



The r.h.s. of this equation can be bounded, using the Schwartz inequality, with the
result

+ ~ q
S L i m 72F_€e_
2 1+j~j?
Inserting the experimental valuesfor s, and m, resultsin an interesting bound
for the non{orthogonality of the K. and K5 states[seeeq (BJ)]:

2Re~
1+ ] 1P

L S- (34)

29 10 2; (35)

indicating alsothat the admixture of K 9(K9) in K (Ks) hasto be rather small.

It is possibleto obtain further information from the unitarit y constraint in (83),
if one usesthe experimental fact that the 2 states are by far the dominant terms
in the sum over hadronic states . One can then write the r.h.s. of Eq. (B3) in the
form x Z

d )h jTjKLi) h jTjKsi+ s: (36)

It is possibleto obtain a bound for , by consideringother statesthan 2 in the sum
of the r.h.s. in Eqg. (B3) and applying the Schwartz inequality to individual sets of
states separatedby selectionrules. The cortribution from the various semileptonic
modes, for example, is known to be smaller than
x Z
] j 10° s; (37)
lep:modes
and the contribution from the 3 {states
x Z
j j 10° s: (38)
3
We conclude that to a good approximation we can restrict the Bell{Steinberger
relation to 2 {states. We shall later comebad to this inequality, but rst we have
to discussthe phenomenologyof the dominant K ! transitions.

1.3 K'! Amplitudes

In the limit whereCP is consenedthe statesK s(K | ) becomeeigenstatesof CP; i.e.,
the states K (K 9) introducedin (g) with eigenvaluesCP = +1(CP = 1). On the
other hand a state of two{pions with total angular momenum J = O hasCP = +1.
Therefore, the obsenation of a transition from the long{liv ed componert of the
neutral kaon systemto a two{pion nal state is evidencefor CP{violation. The
rst obsenation of such aéransition to the * mode was made by Christenson,
Cronin, Fitch, and Turlay & in 1964, with the result
L(+; )



Sincethen the transition to the ° ° mode has also beenobsened, as well as the
phasesof the amplitude ratios

h*™  JTjKLi hOO0)TjKi
+ = ———— and = — 4
h+ jTjKsi 00 hooOjTjKsi (40)
with the results &
+ = (2:269 0:023) 10 3¢“43 08 - (41)
0 = (2:259 0:023) 10 3¢*33 13 . (42)
In order to make a phenomenologicalanalysis of K ! transitions, it is
conveniert to expressthe statesj * i andj ° % in terms of well de ned isospin
| = 0, and | = 2 states. (The | = 1 state in this caseis forbidden by Bose
statistics.):
S S
o 2. 1. .
+ = — — :
J+i 3jOI+ 312|, (43)
S S
- 2. . 1.
00 = —j2 - : 44
j 312 310 (44)

The reasonfor introducing pure isospin states, is that the matrix elemers of tran-
sitions from K © and the K © statesto the same( ), {state canbe related by CPT{
invariance plus Watson's theorem on nal state interactions. The relation in ques-
tion is the following

e HjTjK =M jTjKO) ; (45)

where | denotesthe appropriate J = 0, isospin | phase{shift at the energy of
the neutral kaon mass.

The proof of this relation is rather simple. With S = 1+ iT, the unitarit y of
the S{matrix, SSY = 1, implies

T =T T): (46)

If one takes matrix elemerts of this operator relation betweenan initial state K °,
and a nal 2 {state with isospinl, we then have
X
HjTYjFihFjTjK % =il jTYjK®% ihjTjKO%; (47)
F
. P . _. .
where we have inserted a complete set of states | FihF j= 1 betweenT and TV.
The crucial obsenation is that, in the strong interaction sector of the S{matrix,

only the state F = | can contribute to the TY{matrix elemer. All the other states
are suppressedby selectionrules; e.g., the 3 {states have opposite G{parit y than
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the 2 {states; the | { statesarenot relatedto 2 {states by the strong interactions
alone; etc. Then, introducing the phase{shift de nition:

hHjSjli=e; (48)
results in the relation
(e DHjTjKO i jTYjK®% injTjKS;

= ((KjTjli) HjTjK : (49)

We can next use CPT{in variance [recall Eq. ([7), which in our caseimplies the
relation: KKOjTjli = (h jTjK?0) .] The resultin Eq. (A8) then follows.

As a consequenceof the relation we have proved, we can usein full generality
the following parametrization for K°(K©% ! (), amplitudes:

HjTjK% = iA€!"; (50)

HjTjKo% = iA€': (51)

One possible quantity we can introduce to characterize the amount of CP{
violation in K ! 2 transitions is the parameter

:A[KL! ( )i=o].
AKs! ( )=l

This parameter is related to the {parameter introducedin Eq. ([])); aswell asto
the complex Ag-amplitude de ned in (p0) and (BJ), in the following way

_(@+9A0c I Ao,

(52)

= : 53
T+ Ao+ T Iy (53)
i.e.,
~4 i|on
- ReAo .
= _ ReAg . 54
1+ i~feae (54)

This is a good placeto commert on the history of phaseconvertions in neutral
K {decays. In tEeir pioneering paper on the phenomenologyof the K K system,
Wu and Yang B choseto freezethe arbitrary relative phase betweenthe K° and
K0 states, with the choice ImAg = 0. With this convention, = ~ In fact, the
parameter is phase{corvention independert; while neither ~ nor A, are. Indeed,
under a small arbitrary phasechange of the K °{state:

jKo% 1 e’ jKO; (55)

the parametersA,, M,, and ~changeas follows:

ImA, ! ImA, ' ReA;; (56)
ImMq, ! ImMqp+ ' m; (57)
~ 1 =+ (58)



while remains invariant. The Wu{Y ang phase convention was made prior to the
dewvelopmert of the electroweak theory. In the standard model, the conventional
way by which the freedomin the choice of relative phasesof the quark{ elds has
beenfrozen, is not compatible with the Wu{Y ang corvention. Since is conven-
tion independert, we shall keepit as one of the fundamental parameters. Then,
howewer, we need a secondparameter which characterizesthe amount of intrinsic
CP{violation specic to the K ! 2 decay, by cortrast to the CP{violation in the
K% K©° mass{matrix. The parameter we are looking for hasto be sensitive then
to the lack of relative reality of the the two isospin amplitudes Ay and A,. This is
the origin of the famous *{parameter, which we shall next discuss.

In general,we can de ne three independert ratios of the K.s | (2 )= tran-
sition amplitudes. Oneis the {parameter in (62). Two other natural ratios are

)i=2] A[Ks ! Ji=2].
)i=0] and | AlKs! Jizo]

Both ratios can be expressedn terms of the {parameter intro ducedin Eq. (), and
the complex A, {amplitudes de ned in (60) and (E1):

AKL! ( Ji2] - A+ 9A2 (1 YAg g, o
A[KS! ( )|:0] (1+"')A0+(1 ~)A0

iImAz + ~ReA; _

[ReAg © ReAo gi(2 o). (60)

+ ImAg
1+ I ReAg

ALK !
AlKs !

(59)

( (
( (

and

AlKs !

h=2] _ A+ YAt (I Ay,
AKs !

)i=0] (1+Ac+ (1 A
ReA> + ImA>
— ReAg ReAg Li( 2 o) : (61)

+ ImAg
1+ I ReAg

— |
|

The Yparameter is then de ned asthe following combination of theseratios :

el
ol

From theseresults, and using the expressionfor we obtained in Eq. (B4), we nally
get

1 A[K!
0_
- P5 AlKs !

(
( (62)

o (1 )2 o)
~ U 2(ReAg + iNmAy)?

an expressionwhich clearly shows the proportionalit y to the lack of relative reality
betweenthe Ay and A, amplitudes.

(IMA,ReA;  IMAGREA,) : (63)



We shall next establish contact with the parameters . and oo, which were
introduced in Eqg. (0, and which are directly accessibleto experiment. Using
Egs. (B3, (B4), aswell asthe de nitions of , °,and ! above, one nds

o 1

+ = * 1+ pl—E! ; (64)
0 1
00 = 2 1—9? : (65)

So far, we have made no approximations in our phenomenologicalanalysis of
the K KO mass{matrix and K ! 2 decays. It is howewver usefulto try to thin
down in someway the exact expressionswe have derived, by taking into accourt
the relative size of the various phenomenologicalparameters which appear in the
expressionsabove. The strategy will be to neglect rst, terms which are products
of CP{violation parameters. For example, in Eq. (pJ), we have introduced the
parameter! , which a priori we can reasonablyexpect to be dominated by the term

ReA;

|
' ReAq

dlz o (66)

We canjustify this approximation by the fact that non{leptonic | = % transitions,

although suppressedwith respectto the | = % transitions, are neverthelesslarger
than the obsened CP{violation e ects. Notice that the amplitude A, is responsible
1

for the deviation from an exact | = 1 rule. The ratio Eg—ﬁi can be obtained

from the experimentally known branching ratios ( Ks ! T )and (Ks !
0 9). More precisely correcting for the phase{spacee ects, one must comparethe
normalized decay rates:

(K1 12)

2 7’
1 (ml,\;TZ) 1 (mlMTz)

(1;2) —

16 M

(67)

where the denominator hereis the two{b ody phasespacefactor for the mode K !
1 2, (M is the massof the K -particle and my., the pion masses.)Then, we have

s(+ ) _ 1 P _ReA,

=1+3 2 + O(—):
2 <(00) 3 25 Ao cos(2 1)+ O(-) (68)
Experimentally, from the PDB E, one nds
s(+ )
=11 :
2 <(00) 09 0:012 (69)

and using the presert experimental information on ( , 1), [seethe discussionin
Sec.5.,] we nd, with neglectof radiativ e corrections

ReA;
ReAq

= (+22:2) 1 (70)



| shall later discusssome of the qualitative dynamical explanations, within the
standard model, of how this small number appears. It is fair to say however, that
a reliable calculation of this ratio is still lacking at presert.

Using the approximations

~ImAg ReA, and 4 1; (71)
we can rewrite %in a simpler form

o+ 5) ReA, ImA, ImAg )
ReA; ReA, ReA, '’

o pl—ze‘( 2 (72)

clearly shawing the fact that ©is proportional to direct CP{violation in K ! 2
transitions and is also suppesse bythe | = % seletion rule.
The sameapproximations in Eq. (1), when applied to , lead to

. ImAg
~+ | .
ReAq

(73)

Let us next go badck to the massmatrix equationsin (ZI) which, expandingin
powers of ~ we can rewrite as follows

ReM IERe 12 ilmM12 Iilm 12
(m+s)  Hme)

(74)

To a rst approximation, neglecting CP{violation e ects altogether, we nd that

m
ReM o' T and Re o' 7: (75)

If furthermore, we restrict the sum over intermediate statesin 1, [seeEq. ([9)]
to 2 {states, an approximation which we have already seento be rather good [see
Egs. (B7) and (B8)] we can write

12" (A€ °) IAE O = (ReAg+ ilmAg)?; (76)
from whereit follows that
Im 12 , 2ReAIMmA , 2|mA0

: 77
Re 12 ReAj+ ImAj ReA, (77)
Then, using the empirical fact that m ' -5, and s, we nally arrive at
the simpli ed expression
1 ImM o ImAg
~! - + 7
1+1 m ReA (78)
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and, using Eq. ([J),
ImM 15 + ImAg

m ReAq

This is as much asone can do, within a strict phenomenologicalanalysis of the
CP{violation in K {decays. We have reducedthe problem to the knowledge of two
parameters: in Eq.(79), and °in Eq.(73). We shall comeback to theseparameters
in Sec.5. There, we shall discusswhat predictions for these fundamental param-
eters can be made at present within the framework of the Standard Model. As
we shall see,the main di cult y comesfrom the lack of quantitativ e understanding
of the low{energy sector of the strong interactions. In terms of QCD, the sector
in question is the one of the interactions between the states with lowest masses:
the octet of the pseudoscalarparticles ( ;K; ). It seemstherefore appropriate to
examine the possibility of describing the interactions of these particles within the
framework of an e ectiv e Lagrangian of the Standard Model at very low{energies.
This will be the subject of the next three lectures.

' pl—zeif (79)

2 Intro duction to Chiral Perturbation Theory

Chiral perturbation theory ( PT) is the e ective eld theory of quantum chromo-
dynamics (QCD) at low energies. In this lecture | shall give an overview of the
basic ideas behind the PT{approach to hadron dynamics at low energies. This
will give us the basis for a study of possibleapplications of the PT{approach to
the non{leptonic weak interactions of K {particles, which will then be the subject
of the next lecture.

There have already beense\eral setsof TASI{lectures in previousyearsdedicated
to PT. The readershould consult them for complemertary information B . Some
recert review articles can be found in & B id and ﬁ

2.1 An Overview of the Basic Ideas in the PT-Approac h.

In the limit where the heavy quark elds t, b, and c are integrated out, and the
massesof the light quarks u, d and s are set to zero, the QCD Lagrangian is
invariant under global SU(3).  SU(3)r rotations (V_; Vr) of the left{handed and
right{handed quark triplets

¢ T.°¢ and I 5y iq=uds (80)
2 2
a'! ia and R! Rr: (81)

Formally, the global symmetry of the QCD{Lagrangian is in fact larger. The full
symmetry group is SUB). SU@RB)r U(l)y U(1)a. The U(1)a symmetry_is
broken howewer at the quantum level by the abelian axial anomaly; the Adler E4{
Bell{Jackiw E anomaly. The U(1)y quark{number symmetry is trivially realized
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in the mesonicsector. At the level of the hadronic spectrum, this chiral{ SU(3)
symmetry of the QCD{Lagrangian is however not apparert. Although the low{lying
hadronic states can indeed be neatly classi ed in_irreducible represenations of the
famous SU(3) symmetry of the Eightfold Way 3, there do not appear degenerate
multiplets with opposite parity. In QCD it is therefore expected, (and there are
somegood theoretical reasonsfor it &; aswell as numerical evidencefrom lattice
QCD simulations @) that the chiral{ SU(3) global symmetry is spontaneously broken
down to the diagonal SU(3)yv-=.+r group of the Eightfold Way. This pattern of
spontaneously broken symmetry implies speci ¢ constraints on the dynamics of the
strong interactions betweenthe low{lying pseudoscalarstates( ; K; ), which are
the massles®\Nambu{Goldstone bosonsassaiated to the \brok en" chiral generators.
As a result of the spontaneous symmetry breaking, there appears a mass{gap in
the hadronic spectrum betweenthe ground state of the octet of 0 {pseudoscalars
and the lowest hadronic stateswhich becomemassiw in the chiral limit my, = mq =
ms = 0; i.e., the octet of 1 vector{meson states and the octet of 1* axial{v ector{
mesonstates.

The basic idea of the PT{approach is that in order to describe the physics
at energieswithin this gap region, it may be more useful to formulate the strong
interactions of the low{lying pseudoscalarparticles in terms of an e eqtive low{
energy Lagrangian of QCD, with the octet of Nambu{Goldstone elds (* arethe
eight 3 3 Gell-Mann matrices, with tr 2 2= 2 )

0 — _
! P Ps D, K !
(0=ps o=t S2+ S8 kK@
K K 2=6

asexplicit degreesof freedom, rather than in terms of the quark and gluon elds of
the usual QCD Lagrangian. In the convertional formulation, the Nambu{Goldstone
elds are collected in a unitary 3 3 matrix U(x) with detU = 1, which under
chiral{ SU(3) transformations (V_; VR) is chosento transform linearly:

Ul VRUV: (83)

The e ective Lagrangian we look for has to be then a sum of chirally invariant
terms with increasing number of derivativesof U. For example,to lowest order in
the number of derivatives, only one independert term can be constructed which is
invariant under (V_; VR) transformations :

L@ = %f 2tr @U(X) @ UY(X); (84)

where, as | shall soon explain in more detail, the normalization f is xed in sud
a way that the corresponding axial{current with the quantum numbers of the pion,
obtained from this Lagrangian, is the one which inducesthe ! transition. An
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explicit represenation of U is
11 I
U(x) = exp |f— T x) ; (85)

and, from experiment,
f ' 924MeV: (86)

Becauseof the non-linearity in ' , processesith di erent numbers of pseuﬁoscalar
mesonsare then related. Theseare the successfukurrent{algebra relations & of the
60's which the e ectiv e Lagrangian formulation above == incorporatesin a compact
way.

The low{energy e ectiv e LagrangianL ¥ describesphysicalamplitudes by means
of the lowest order term in a Taylor expansionin powers of momena:

= X @ 4.
A(pupi) = g p B+ O(pY): (87)

The expansionhas no constart O(p®) term, due to the fact that the lowest order
Lagrangian in (B4) has two derivatives. As an exerciseyou should chedk some
examples,like elastic * © scattering, where the induced amplitude one nds is:

(S
fz_

We expect this e ectiv e Lagrangian description to be useful for values of invari-
ants of momena su cien tly small ascomparedto the scale  where spontaneous
chiral symmetry breaking (S SB) occursin QCD:

p’= 2 1 (89)

It seemsalsoreasonableto expect  to be of the sameorder of magnitude as the
massesof the lowest states which becomemassive dueto S SB,i.e.,

M (770M eV) M a (126QM eV): (90)

A(ps; Po; Ps ; Po) = (88)

As we shall see,these expected features are justied phenomenologically
It is conveniert to promote the global chiral{ SU(3) symmetry to alocal SU(3).
SU(3)r gaugesymmetry. This can be accomplishedby adding appropriate quark

bilinear couplings with external eld sourcesto LS»CD, the usual QCD Lagrangian
with masslesqquarks:

Loco(¥) = L% () +a(x) [V ()+ sa ()lax) gx)[s(x) i sp(x)la(x): (91)

The external eld sourcesv ; a ; s and p are Hermitian 3 3 matricesin a vour,
and colour singlets. Under chiral{ SU(3) gaugetransformations (V_ (x), Vr(X)), they
are required to transform as follows:

I v oa ! VIV+iviev, (92)
rv+a ! Var W+ iVR@VS; (93)
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and
s+ip! Vr(s+ ip)V: (94)

In the presenceof these external eld sources,the possibleterms in L? with the
lowest chiral dimension,i.e., O(p?) are

1 n (0]
L? = 21f2 trD UD UW+tr UY+U Y ; (95)

whereD denotesthe covariant derivative
DU=@U ir U+iUl ; (96)

and
= 2B[s(x) + ip(X)]; (97)

with B a constart, which like f , is not xed by symmetry requiremens alone.
Once special directions in a vour space(lik e the onesselectedby the electroweak
Standard Model couplings) are xed for the external elds, the chiral symmetry is
then explicitly broken. In particular, the choice

s+ ip=M = diag(my; mg; ms) (98)

takesinto accourt the explicit breaking due to the quark massesn the underlying
QCD Lagrangian. _

Notice that the quark bilinear q (x)d;(x) has the same transformation prop-
erties, under chiral{ SU(3), as the U(x){matrix eld. In fact, U(x) can be viewed
asthe low{energy parametrization of the Nambu{Goldstone eld excitations of the
vacuum. To lowest order in the chiral expansion,the constart B appearsthen as
the parameter which xes the relative normalization to the light quark condensate:

D E
0ddjo = f°B y: (99)

The relation betweenthe physical pseudoscalarmassesand the quark masses,
to lowest order in the chiral expansion,is xed by identifying quadratic terms in '
in the expansionof the secondterm in (P5), with the result

0 1
m2+ + M}%+ M}%O O O
= % 0 m2.  MZ. + MZ 0 §: (100)
0 0 m2, + MZ. + M§Z,

The massmatrix in the ©°, basisis not diagonal, becauseof a small admixture
betweenthesetwo elds. The appropriate diagonalization leadsto the masseigen-
values:

M2 2MB  + O( ?); (101)
M2 = g(m +2m¢g)B + + O( ?); (102)
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where
_ B (m, md)z.

Tame m .

and L
M é(mu + my): (104)

There are a number of important relations which follow from these lowest order
results:

The Gell-Mann{Oak es{Rennerrelation d
f2M2= < Ouu+ ddo0> : (105)

The Current Algebra massratios ks: bd
~ M 2 _ Mg + B MQ 3M 28

= = : 1
B 2rh (myg+mg)  (mg+mg) (2 + 4mg) (106)
The Gell-Mann{Okub o massformula k1 b
M2 = aMg  M*Z (107)

Barring the possibility that the parameter B may be unexpectedly small (see
howewer 4, and referencesthereof,) and neglecting the small O( ) e ects, we are
led to two quark massratios estimates&:

md mu M}%o M}%.;. (M20 M2+)E|\/|

= = 0:29; 1
pp— MZ 0:29; (108)

and
ms m_ M2, M3

2rh M2

where we have subtracted the pion squared massdi erence, to take into accourt
the electromagneticcontribution to the charged pseudoscalamesonsself{energies.
This electromagnetic cortribution, in the chiral limit (my4.s = 0,) givesa common
massto the chargedK* and * mesons.

As already pointed out, in the caseof the Standard Model, not all the external
gauge eld sourcesl andr correspond to physial gauge elds. In the sameway
that the scalar and pseudoscalarsourcesare frozen to the quark massmatrix, as
indicated in (P8), the explicit chiral symmetry breaking induced by the electroweak
currents of the Standard Model correspondsto the following choice:

eQr[A tan#w Z |; (110)

e @)
eQr[A tan#yw Z 1+ — Z
o wZ 1+ gl
e

pm[dﬁ)w“) QU IWOI]: (111)

= 126; (109)

r
I

+
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Here the Q's are the electroweak matrices:

Q =Qr=Q= %diag(z; 1, 1); QY =diag(, 1, 1); (112)

and 0 1
O Vud Vus
QW =@ )Y=%0 0 o0 K: (113)
0 0 O

We can now compute, in a straightforward way, the chiral realization {to lowest
order in the chiral expansion{ of the electroweak currents of the Standard Model.
They fgllow by taking appropriate variations of the lowest order e ectiv e action

@ = " d* L@ (x), with respect to the external eld sources:

. L@ i )
J. a q = | =§f (D Uy)U; (114)

. L@ i )
Jk R RE= ; =§f (D U)UY: (115)

Expanding U in powersof -matrix elds [seeEqgs.(82 and (B),] we have:

1 [
o= te;D Sl(D) (D) +OC?; (116)
1 [
Jp = f p—zD SL(D ) (D )] +O( %): (117)
Let us now considerthe decy * ! * we mertioned earlier as an example.

The hadronic matrix elemen can be readily computed using the form of the axial
current deducedfrom the expressiongust above, with the result

. o, P
< 0(Jp)2) " >=10 2 p; (118)

explicitly showing the physical meaningof the f constart in the chiral Lagrangian.

You are now in the position of being able to calculate any obsenable you wish
to lowest order in the chiral expansion;but | am sure you are more ambitious. How
doesone calculate higher order chiral corrections? This is what we shall now discuss
in the next subsection.

2.2 Chiral Perturbation Theory to O(p%

In QCD, the generating functional Z[v;a;s;p] of the Green's functions of colour
singlet quark currents, is de ned via the path{in tegral formula
z z
expfiZ[v;a;s;p]g= DgDgDG exp i d*xLqcp ; (119)
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with Locp de ned asin eq.(©@3). The physical Green'sfunctions of a speci ¢ a vour
are then obtained by functional derivativeswith respect to the appropriate external
eld sourcesv; a;s; and p. The chiral symmetry properties which we have discussed
imply that, at su cien tly small energiesthere exists an e ectiv e LagrangianL, of
the Nambu{Goldstone eld modesalone, in the presenceof external eld sources,

sud that
z z

expfiZ [v;a;s;plg= DU[( x)]exp i d**Le [U;v;a;s;p] : (120)

To lowest order in the chiral expansion, O(p?) as we have seen,the generating
functional reducesto the classicalaction
z

Z@v;a;s;pl = d*x L (Usv;a;s;p); (121)

with L? asde ned in eq.(@9.
To next{to{leading order in the chiral expansion,i.e.O(p*), the generatingfunc-
tional Z[v;a;s;p] gets contributions from three di erent sources:

The most generallocal e ectiv e chiral Lagrangian of O(p*).

The one{loop functional generatedfrom the lowest{order Lf? Lagrangian.
The well known Wess{éumino{Witten functional B48 induced by the non{
abelian chiral anomaly E.

2.2.1 The Chiral Lagrangianof O(p*)

The ingredients we have at our disposalto build this Lagrangian, their chiral trans-
formation properties, as well astheir chiral power counting are as follows:

U; VRUV/; op?);

D U; VrD UV, O(p);
: VRV, o(p);
Foos VLR VY, Oo(p?);
Fr VrFg W o(p):

Here, F, and Fy are the strength eld tensorsassaiated to the external I and
r sources:

F,=@ @ il;l]; and Fgr =@r @ i[r;r] (122

Furthermore, since we shall only use L") at tree level, we can eliminate possible
terms using the O(p?) equations of motion obeyed by the U-functional:

U)W UQRUw)=UY U %tr( uy uUY: (123)
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Rementber alsothat traceless3 3 matrices A; obey the constraint

trA 1AAzA4 + trA 1A3ALAL + trA 1ALARAS
HrA 1A2A4Az + trA 1AzA LA + trA 1A4ALAS+
trA (ALtrA zAs  trA (AstrA A, trA (AstrALA; = O: (124)

Other constraints which we must also impose are that only terms which are in-
variant under parity and charge conjugation should be allowed.. The most general
Lagrangian which satis es all these conditions is the following

2
LY = L;tr DUD U "+ L,trD UYD UtrD U'D U+
LstrD UYD UD UYD U+

LstrD UYD Utr YU+ UY +LstrD U'D U YU+ U +

h i o h i o
Lg tr YU+ Y + L, tr YU Uy +

Lgtr U YU Y+ UYUY +
iLotr Fr D UD Uy + F. D U'D U + LlotrUyFR UF. +

Hltr (FR FR + FL F|_ )+ H2tr Yo (125)

In this Lagrangian the parametersL;, i = 1;2; 3;:::;10 are dimensionlesscoupling
constarts, which likef and B in the lowestorder e ectiv e Lagrangian, are not xed

by chiral symmetry requiremerts alone. The terms proportional to the coupling

constarts H; and H; involve only the external elds. As a result these coupling

constarts cannot be xed from low{energy obsenables alone. Only if we had a
detailed knowledge of the dynamics of how the e ectiv e chiral Lagrangian emerges
from the underlying QCD Lagrangian could we give an unambigous de nition of
H, and H,. By contrast, as we shall later discuss, most of the other couplings
can be xed from low energy obsenables. Of course,in QCD, the L; constarts,

much the sameasf and B, are in principle calculable parametersin terms of the

intrinsic  ocp scaleonly. We shall comebadk to this important question later in

Sec.4. For the time being we shall only be interested in the phenomenological
determination of these constarts. Howewer, for that, we needto discuss rst the

possiblecortributions to low{energy obsenablesfrom chiral loops.

2.2.2 Chiral Loops

Simple power counting tells us that loops generatedby the lowestorder Lagrangian
are badly divergert. This is not a surprise: the non{linear sigma model in 4{
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dimensionsis not renormalizablei.e., an in nite  number of local counter{terms are
required. Here, howewver, we are considering the chiral Lagrangian as an e ective
eld theory for low energies. Order by order in the momentum expansion of the
e ectiv e theory, it is possibleto specify a renormalizable framework. Of course,as
we go to higher and higher powers of momentum, more and more local courtert-
ermswill appear, with couplings which are not xed by chiral symmetry properties
alone, and eventually the predictive power of the e ective eld theory formulation
will therefore disappear. To de ne the loop integrals it is necessaryto x a reg-
ularization which presenesthe symmetries of the Lagrangian. The well known
dimensional regularization technique doesthe job beautifully. Since by construc-
tion, the O(p*) Lagrangian LY contains all possible terms which are allowed by
chiral invariance, all the one loop divergences{which by power counting can only
give rise to local O(p*) terms{ can all be absorbed by suitable renormalizations of
the L; and H;., constans. This program hasbeenexplicitly realizedin the papersof
Gasserand Leutwyler ESE4E, In fact, theseauthors have explicitly constructed the
one{loop functional Z|(4) [v a;s;p| at the required level of non{lo cality neededfor
all practical calculatlons They do the path integral around the classicalfunctional
U( afv;a;s;p]), solution of the equations of motion in ([Z3) with the boundary
condition U(0) = 1. The method consistsin expanding L(z)(U'V' a;s;p) around

= ¢ and then doing the functional integral over the uctuations = ol
In order to obtain the one{loop e ective action it is sucient to expand L() to

oLl )7 ) )
= dxLP[ ] S(:D)+O(3; (126)

where D is a known, but rather complicated, di erential operator acting on the
uctuating {variables. The one{loop functional is then embodied in the master
formula:

(4) [v;a;s;p]= —tr logD: (127)

oop

It is relatively easyto extract the singular part of Zl(f(),p[v a;s;p]. It corresponds

to a local e ectiv e Lagrangian, exactly like the onein eq.[29, with couplingsL;
and H;:

LP%® = loop, j=1:23::10; HP %=~ op j=1.2 (128)
where
|00p d 4 1 1 0 .
162 7] 2[Iog(4 ) @+1]; =12 (129)
and ;, 7j have the following rational values :
_3. .3 g 1
732 T T ‘T e
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3. .1 _, _5
5— 81 6 — 1441 77— ’ 8 — 481
1 1 1 5
- - . - . e, = = e. — .
9 41 10 41 1 81 2 24 (130)

The renormalized couplings L{( ) and H{( ), are then de ned by subtracting from
the tree level L; and H; the one{loop singular contributions:

Li=L{()+ i °%® and M;=H()+ 7 "% (131)

The renormalized coupling constarts depend of courseon the scale introducedby
the dimensional regularization. The running in is governedby the coe cien ts
(and 75), which play the role of one{loop {functions:

0

Li() = L{( )+ g5 5l0g—: (132)

The {scale dependencecancelshowever in the full O(p*) calculation of a given
physical obsenable. The non-polynomial contribution to a specic physical pro-
cesswill in general have a logarithmic {scale dependence{the so called chiral
logarithms{ which cancelswith the {dependenceof the tree level contribution
modulated by the L;( ){constants. Let us considera typical exampleto illustrate
this feature: the electromagneticmean squaed radius of the pion. The pion electro-
magnetic form factor, when expandedin a Taylor seriesin powersof the momertum
transfer, has the following structure:

F (qz):1+é<r2> o+ (133)

The result of the calculation of < r2> | to lowest non{trivial O(p*) in PT is ]

Mi g]: (134)

L¢ 1 M2 1
<r?> =12 ?(2) 162f2[Iog—2+élog—§+

The rst term in the r.h.s. shows the tree level contribution from the renormal-
ized Lff) Lagrangian; the rest of the terms are generated by the {nite though
{dependert{ contribution from the Feynman diagram loops (one{pion loop and
one{kaon loop,) generated by the lowest L Lagrangian. The scaling law of the
L5( ){constant, asshown in ([L33), is the sameas the one of the chiral logarithm,
and therefore the whole cortribution is scaleinvariant, asit should be.
There are a number of interesting generic features which emergefrom this ex-
ample, and which we next wish to point out:
The factor % is a characteristic factor of the loop{expansion. More pre-
cisely, this factor appearsmodulated by the number of active a vour loopsns.
Therefore, we expect chiral loopsto contribute O[m% log s]to physical
processesn general.
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Experimentally Bl< r2> = (0:439 0:008)fn?, shawing that the contribution

of the Lg{constant, for any reasonablevalue of , dominates the electromag-
netic mean squared radius of the pion. In other words, in this example, the
tree level O(p*) contribution largely dominatesthe \c hiral logs" induced from
the lowest order Lagrangian. This is a fact which can be easily understood
within the framework of the 1=N{expansion : in the large{N limit, Ly and
f 2 are O(N.); therefore the chiral loop contribution is 1=N {suppressedwith

respect to the tree level cortribution.

The phenomenologicalvalue we get, from this obsenable, for the Lg coupling
constart at the scaleof the {mesonmass:L,(770MeV)= (6:9 0:7) 103is
in the rangeof the expectedorder of magnitude if, aswe have assumeda priori,
the chiral Lagrangian is a good e ectiv e theory for energiesbelow the S SB
scale . With afactor Zf 2 pulled out from LY (the same f 2{factor which

modulates the lowest order L® Lagrangian,) the dimensionlesscouplingsL;,

152
can then be traded by % couplings, suc that L! 3" |t seemsreasonable

to expect the i{constan'ts to be of the sameorder of rﬁagnitude as . Then,
from (PQJ), we expect M (770MeV) i Ma,(1260MeV); i.e., LT 103 to
5 10 3. We seethat L} falls in this expected range; and in fact, aswe shall
soon see,so do all the other L;{couplings.

There is a wealth of experimental information on low energy hadron physics,
which has permitted the phenomenologicaldetermination of the L;{constants. The
power of the chiral approad is that oncetheseconstarns have been xed from some
experiment, or spectral function sum rules, there are of course predictions {and
therefore tests{ for other obsenables. In Table 1, | have collected the most recert
compilation of the L;'s. One can alsoread in the sameTable 1, the experimental
sourcewhich has beenusedfor the determination of the appropriate constart. It
would be nice to improve the accuracy of some of the low{energy experiments.
Hopefully, the DA NE{pro ject at Frascati will eventually provide some of this
improvemert. A lot of theoretical work has recertly been made in view of this
project. This work has been published as a referenceguide B4, Onecan nd there
un update of many recert phenomenologicalapplications of PT.

2.2.3 The Non-Abelian Chiral Anomaly

Although the QCD Lagrangian with external sourcesis formally invariant under
local chiral transformations, this is no longer true for the assciated generating
functional. The anomaliesof the fermionic determinant break chiral symmetry at
the quantum level. The anomalouschange of the generating functional under an

This is the approximation proposedby 't Hooft @ where the number of colours N; in QCD is
large with the product sN. kept xed.
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Table 1: Phenomenologicalaluesof the renormalizedcouplingsL{ (M ).

i [L'(M) 10 Source

1 0:7 05 Kes, !

2 1.2 04 Kes, !

3 36 13 Ke4, !

4 0:3 05 Zweig rule

5 1.4 05 Fx :F

6 02 03 Zweig rule

7 04 02 | Gel-Mann{Okub o, Ls, Lg, Sum Rules
8 09 03 |Mko Mg+,Ls, (Mg m):(mg my)
9 6:9 07 hr2ig,

10 55 07 I e

in nitesimal chiral transformation

Vir = 1+ i+ (135)
isgivenby@: 7
At — NC 4 .
Z[v;a;s;p] = 16 2 d'xtr (x) ( x); (136)
where
. 4 2. .
(x) = [V v +§r ar a+§|fv ;aadg
4
+giav a+§aaaa]; "o123 = 1, (137)
and
vV =@v @v i[v;v]; rra=@a i[v;al (138)

This anomalousvariation of Z is an O(p*) e ect in the chiral counting.

Chiral Symmetry is the basic requiremert to construct the e ective PT La-
grangian. Since chiral symmetry is explicitly violated by the anomaly at the fun-
damental QCD level, oneis forced to add an e ectiv e functional with the property
that its changeunder chiral gaugetransformations reproduces(fL38). Suc a func-
tional was rst constructed by Wessand Zumino . An interesting topological
interpretation was later found by Witten P4 The functional in guestion, has the
following explicit form:

_ N ? kme "Ll L®
[U; 5 rlwzw = 540 2 d'™™tr ¢ 7 k.
iNC z 4., n A L .
s dx W(U; 1) W (139)
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with

1 s
W(U; ;) = tr U Ur + ZU‘ Ur U Ur +iu@ ° Ur
+i@ru UWr i buru o+ twer v
Llyruy + @ + @
iL\\\+}L\ L~ j L Lo
2
(L$ R); (140)
where
L= vau; R=u@u; (141)

and (L $ R) stands for the interchangesU $ UY, ™ $ r and - $ R. The
integration in the rst term of Eq. ([39) is over a v e{dimensional manifold whose
boundary is four{dimensional Mink owski space. The integrand is a surfaceterm;
therefore both the rst and the secondterms of zw are O(p*) according to the
chiral counting rules.

Since the e ect of anomaliesis completely calculable, their translation from
the fundamental quark{gluon level to the e ective chiral level is unaected by
hadronization problems. The anomalousaction ([[39) has no free parameters. It
is responsible for the °! 2, ! 2 decas,andthe 3, * interactions
amongothers. The v e{dimensional surfaceterm generatesinteractions among v e
or more Goldstone bosons.

The variation of the anomalousaction [ U;"; rlwzw with respectto appropriate
external eld sources,generatesthe chiral realization of the anomalouselectroveak
currents of the Standard Model, much the sameas we calculated the electroveak
currents in egs.(118, (L19) induced from the lowest order chiral Lagrangian. With

L iU'D U; (142)

and F_ , F; the strength eld tensors([[22) assaiatedto | andr , we have

wzw _ N¢ : L, LoyeRryy :

I 18 2 iLLL + F +2UF U; L . (143)
This anomalouscurrent is in fact de ned, up to a chirally non{covariant polynomial
in the external elds I, r. Only the covariant anomalouscurrent above is measur-
able. Of particular interest for semileptonic decays of K {mesons,is the strangeness
changing current which, in the presenceof external electromagnetic interactions,
couplesto the chargedW in the Standard Model:

e Nc
2sin 48 2

'Janom: -

p
. 1
" trQ D UYD UD UYU + ieF U'D U;Q+ éUyQU + h:c; (144)
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where, here,
D = @U + ieA [Q;U] (145)

is the covariant derivative with respect to electromagnetismonly, (Q is the charge
matrix in ([123),) andF = @A @A the electromagnetic eld strength tensor.
The rst term in the r.h.s. contributes to K,4{decays suc as

K'! “(ps) (p)e" e a=p p+ P ; (146)

via the vector current, (H denotesthe conventional phenomenologicalparametriza-
tion of the vector form factor,)

1
vV o= H(qz)M—g" aE-+p) @ p); (147)
K
with B3B4 A
- c K - o
HO) = 15373 3P 2:7: (148)

Experimentally Bd
Hinreshod = 2:68 0:68 (149)

The secondterm in ([[44) contributes to radiativ e semileptonic K {decays. An up-
date of the rich phenomenologyof these processescan be found in the DA NE
physics handbook B2,

3 Weak Interactions and Chiral Perturbation The-
ory

In this lecture we shall study the weakinteractions of K {particles within the frame-
work of PT. We shall be particularly concernedwith processesnduced by virtual
W {exchange between quark currents, in the presenceof the strong and electro-
magnetic interaction. A certral issuein the study of the non{leptonic weak decays
of K{mesons, is the question of the origin of the | = 1=2 selectionrule. Let me
start by explaining what the problem is.

There is experimental evidence,both from K {decays and hyperon decass, that
the rates of non{leptonic strangenesschanging transitions S = 1 with isospin
change | = 1=2 are particularly enhanced.This phenomenologicalfact is referred
to as\the | = 1=2rule". The explanation of this selectionrule has beena con-
tin uous challengeto theorists for the last three decades!There are good qualitativ e
indications that in the Standard Model, the obsened | = 1=2 rule has a dynam-
ical origin; but no clear quantitativ e description of the enhancemen has yet been
exhibited.

To illustrate the problem let us try to make a simple guessof the strength of
the transitions expected for K ! decays in the Standard Model. For such
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processeghe W{mass can be consideredas in nitely heavy, and the exdange of
the W {eld betweentwo chargedquark currents, ignoring for the momernt gluonic
interactions betweenthe two quark currents, is described by a simple e ectiv e four{
guark Hamiltonian:

_ G
H, 5™ = p%vudvus4(SL u )(u. do) + h (150)
with e.g., «
(s. u) s )(x) ! 5 > uO)(x); (151)

and where denotes colour indices. Here Gg is the Fermi coupling constart
(1:166 10 5GeV ?) and V4, V,, are matrix elemeris of the Cabibbo{Kobayashi{
Maskawa a vour mixing matrix, (seethe lectures of Roberto Pecceitd.) At this
level of approximation, the e ective Hamiltonian appearsasthe factorized product
of two quark currents. In the previous section, and to lowest order in the chiral
expansion,we have explicitly worked out the realization of these currents in terms
of pseudoscalarelds, [seeEgs.(II9 and ([I5F),] with the result:

(st u) ) pl—éf @K™

i hy . P A
Ep_i @K™ + 3 @K* + 2 @K
i h + 0 P + P> 0 + i
+§p—§ K'@" + 3K'@ + 2 K@ + ; (152)
1
(u d) ) P—zf @
i hp _ i
5 2 @ ° + K°@K
i hp _ i
t3 2 ‘@ + K @K° + (153)
We have all the ingredients now to calculate the K ! isospin amplitudes A;;
| = 0;2 which we introducedin the Sec.1., [seeEqgs.(50 and (E1),] with the result:
2P _
Ag = g%vudvusé 2f Mg M? (154)
A, = g%vudvuslzf MZ M2 : (155)

As already mentioned in Sec.1 aswell, experimentally, from the ratio of the decay
rates (Ks! * )and (Ks! 9 9, and with neglectof radiativ e corrections,
one nds

A
Re — ' 222 1
e A, e : (156)
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i.e., a factor of sixteen larger than our factorization estimate! More precisely taking
alsointo accourt the experimental rate for K* 1 * 9 weareled to the conclusion
that our rst guessunderestimatesthe | = 1=2 amplitude by a factor of eight and
overstimatesthe | = 3=2 amplitude by a factor of two.

Onemay betempted to concludethat the factorization assumptionwe have used
to make our estimate must indeed be a very nasve picture. It turns out however,
that this is precisely the result predicted by the leading behaviour of the 1=N{
expansionin QCD,; i.e., the limit where the number of colours N is taken to be
large with (N, xed B3. We shall seelater why the large{N. estimate fails in this
caseto give the right order of magnitude.

3.1 Short{Distance = Reduction to an E ectiv e Four{Quark
Hamiltonian

In QCD, the composite operator
Q2 4(s. u)(uL d); (157)

is not multiplicativ ely renormalizable. As rst pointed out by Gaillard and Lee Bd
and by Altarelli and Maiani @, the e ect of gluon exchangesgeneratesanew S=1
operator ( and are quark colour indices; summation over repeated Greek letters
is understood)

Q1 =4s, u u d; (158)

which mixes with the standard Q, operator in ([57) under renormalization. It was
later noticed by Vainshtein, Zakharov and Shifman @, that the e ect of the so-
called \p enguin" diagrams where one light quark line is attacheal by gluon exchange
to a weak s d self{enegy like diagram, brings further S = 1 operators [r =

3(1+ sl

X

Qs = 4(st d) (a a); (159)
g=u;d;s

Qs = 4s. d a Q- (160)
(FU;;!('S

Qs = 4(s d) (R OR); (161)
)?:u;d;s

Qs = 4s. d &R & (162)
g=u;d;s

which also mix with Q, and among themselvesunder renormalization. The opera-
tors

Q =Q Q (163)
and Q;; i = 3;4;5;6; induce pure | = % transitions, but only four of these opera-
tors are independert, since

Q +Qz Qu=0: (164)
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Under SU(3). SU(3)r transformations, Q and the operators Q;; i = 3;4;5; 6,
transform like (8. ; 1r) operators, while the combination

Q¥ = 2Q,+3Q: Qs (165)
transforms like a (27.; 1) operator which inducesboth | = 1 and | = 3
transitions via its componens

4

Q¥ = 2 QD+ 5% (166)

where
(12:72) = (st di)(ue up)+ (st u)(ue do)
+2(st d) do do 3(st di)(st siu); (167)
and
€0 = (s d)(u u)+ (st u)(u d)
(su du) do d : (168)

The operator Q®") is multiplicativ ely renormalizable and does not mix with the
others.

The procedureto go from the Lagrangian of the Standard Model to an e ective
electroveak Hamiltonian, whereonly the degreesof freedomof the light quark elds
u; d; s appear B4, consistsin using the asymptotic freedom property &4 of QCD to
successiely integrate out the elds with heary massesdown to scales 2 < m?, i.e.
below the Earm quark mass. The appropriate technique is the@operator product
expansion® and the use of renormalization group equations B9 to compute the

The inclusion of virtual electromagneticint%r%ctions in the processof integrating
out the elds with heavy massesbrings in =& four new four{quark operators to
the e ectiv e electroveak Hamiltonian. With e, denoting the corresponding quark
chargesin units of the electric charge, the new operators are:

X

Q7 = 6(s. d) & (R R); (169)
)?:u;d;s

Qs = 6s. d €0k O (170)
q=U;§i<'s

Qo = 6(s. d) & a); (171)
)?:u;d;s

Qo = 6s. d &q q : (172)
g=u;d;s
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Under the action of the chiral group SU(3). SU(3)r the operators Q; and Qg
transform like combinations of (8, ; 1gr) and (8. ; 8z) operators, while Qg and Qqg
transform like combinations of (8, ; 1g) and (27, ; 1r).

Owing to the big value of th@ top quark mass,higher{order electronveak contri-
butions turn out to be relevant &4 when analyzing someCP{violation e ects. These
additional corrections do not generatenew operators, but contribute to the Wilson

In processewith leptonsin the nal state, three more operators needstill to be
consideredt:

Qu = 4(s d) (b I); (173)
I=e;

Q2 = 4(st d) § (Ir Ir); (174)
I=e;

Quz = 4L d)(c  L): (175)

Since these operators are bilinear in the quark{ elds, they have to be considered
separately whenewer they may be relevant. The operators Q;; and Q. play an
important role in the transition K. !  %"e which we shall study in Sec.5.

In the Standard Model, the S = 1 non{leptonic interactions can then be
described by an e ective Hamiltonian

_ G R0
Hes_:L = p%vudvus Ci( )QI + h-C-; (176)
i=1

where Q; are the ten local four{quark operators introduced above, and C;( ) the
modulating Wilson coe cien ts which are functions of the masse<f the elds which
have beenintegrated out, i.e. t; Z; W; b, and c, aswell as of the overall renormal-
ization scale . The Wilson coe cien ts of the ten four{quark operators take into
accourt the e ect of the strong interactions down to scalesof O( ), in the presence
of virtual electroveak interactions, which in practice are kept to O( ).

The Wilson coe cien ts Ci( ) obeythe renormalization group equation 2—5 = 5

#
@ @ MZ MZ

@ (s . c 2 s = T(s)C s 0 @r

where ( ) denotesthe QCD beta function

S S 2
(s) = 1—+ 2 — + (178)

1
1 = 5( 1IN, + 2n;); 179
17 N 2 1INZ2 1n; 5
= —— = +Z — + —=Neng: 1

2 3 2 T2 N, 2t (180)
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The e ect of electromagneticcorrectionsin the function can be neglectedat the
level of precisionthat the Wilson coe cien ts are neededat presert. The anomalous{
dimensionmatrix j is de ned by the mixing of the operators Q; under renormal-
ization:

Z%PQii= %ij( s; ) Qi (181)

In perturbation theory, the matrix elemeris of which are neededfor a calculation
of the Wilson coe cien ts at the leading and next{to{leading logarithmic approxi-
mation, are the coe cien ts of the rst four terms in the expansion
N1 1 Ne 21 Ne 1

()= =250+ S 0r S50 Z 04 204 (182)
The most recert calculations of the full 10 10 an(@mé;\lousdimension matrix corre-
sponding to this expansion,can be found in Refs. =&,

The generalsolution of the renormalization group equation above is given by
!

M . ( 2.0 Tz )

s(); = T.exp dz

C : ' 7
2 Mw)  Z (2)

C s(Mw); );  (183)
where T . denotesordering in the QCD coupling constart increasing from right to
left. The vector C(1; s(Mw); ), which de nes the initial boundary conditions, has
to be extracted from the calculation of the full Feynman diagrams at the M, mass
scale.In the limit (= = 0: C,(Mw) = 1 and all the other C; vanish. To O( ),
the C; with i = 1;2;3;7 and 9 get contributions, while Cg = C1o = 0. The two{loop
nal expressionsfor the Wilson coe cien t functions are rather elaborate. | shall
not reproducethem here. They can be found in the referencesquoted earlier hdbd.
We can now understand why our factorization estimate,earlier,failed. The e ect

of gluon exdhangesbetweenquark current bilinears brings in, by mixing, new four{

quark operators. The Wilson coe cien ts of the full setof four{quark operators has
to be scaledfrom the large t{mass and W{mass scalesdown to a renormalization
massscale ' 1GeV, below which the QCD perturbativ e evaluation is no longer
trustworthy. This long running of scalesbrings in large logarithms, the e ect of
their size being governed by the anomalous dimension matrix of the four{quark

operators. It is only when terms of at least O(N.) are taken into accourt in the
weak amplitudes, that the e ect of the long ewolution from short{distances to long{

distancesis incorporated. To seethis more explicitly, it suces to compute the
lowest order Wilson coe cien ts in the sectorof the Q; and Q, four{quark operators.
In the basisofthe Q = Q; Q2 and Q. = Q1 + Q. operators, you will nd

! h 3=2(1 1=Nc)|
c(y= —~Ma) (184)
s( ?)
The net e ect is that transitions induced by the Q {operator are enhaned by a
factor log %:IOQTZS 4:7; while the transitions induced by the Q. {op erator are
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2=7

depressd by a factor log - —Iog—V2v . Although this does not explain the
obsened | = 1=2 enhancemem, it goes well in the right direction, and points
towards a solution of the problem: the possibility that the enhane@ment due to the
anomalousdimensionscontinuesin the evolution of the hadronic matrix elementsat
low enemies.

Another interesting issue,which appearsat the two loop level of the perturbativ e
calculations, is the question of renormalization scheme dependence. The Wilson
coe cien t functions have been calculated in two sthemes: the 't Hooft{V eltman
renormalization scheme E, and dimensional regularization with an anticommuting

5. The scheme dependencecan only be removed by matching the calculation of
the Ci's with a similar calculation of the matrix elemers of the Q;( ) operators
in the samesdceme. Unfortunately, the technology to calculate low energy matrix
elemerts of light four{quark operators is not yet developed to the degreeof sophis-
tication of perturbative QCD. Only approximate methods have beendewveloped so
far: lattice models %é%:) %eethe lectures of Steven Sharpe @); various versions
of QCD sum ré%i and the 1N, approach deweloped by Bardeen, Buras
and Gerard B ; and more recertly, the QCD low{energy e ectiv e action ap-
proach B3, We postpone the discussionof some of these methods to the following
sections,wherewe shall review estimatesof various PT coupling constarts relevant
to K {decays.

3.2 The Eectiv e Four{Quark Hamiltonian in PT

The e ectiv e four{quark Hamiltonian that we have derived in the previous sub-
section contains only light{quark elds degreesof freedom. The light quark elds
still have strong interactions mediated by the gluon elds of the QCD{Lagrangian.
Now we want to nd the e ective chiral realization of this Hamiltonian in terms
of (pseudo) Nambu{Goldstone degreesof freedomonly; i.e., we want a description
in terms of an e ective chiral Lagrangian {with the same chiral transformation
properties as the four{quark Hamiltonian{ which will be incorporated as a weak
perturbation to the strong chiral e ectiv e Lagrangian we discussedin Sec.2. We
alsowant to construct the weak e ectiv e Lagrangian in terms of a chiral expansion
in powers of derivativesand quark massesmuch the sameaswe did for the sector
of the strong interactions.

As we saw in the last subsection,there are essetially ¥ two typesof four{quark
operators, according to their transformation properties under chiral{ SU(3): those
which transform as (8, ; 1r) and those which transform as (27.;1r). To lowest
order in powers of derivatives, all the possible operators one can construct with
these transformation properties are the following: With L (x) the 3 3 avour

Y There is also the combination @f the operators Q7 and Qg which transforms like (8, ; 8r) which
hasto be consideredseparately
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matrix eld

f2
L (x) |§UV(X)D U(x); (185)
which by itself transforms asL ! V_ L V?, we can construct the two operators
X
Le(x) = (L )y (L )igs (186)
i
2
I—27(X) = é(l— )21(|— )13+ (L )23('— )11: (187)
The secondoperator inducesboth | = 1=2 and | = 3=2 transitions via its
componerts .
Lar(x) = L& (%) + L‘3 2(x); (188)
where
h i
LEP(X) = (L )y (L )+ (L Jig 4L )+ 5(L )z (189)
L) = (L )y (L )gg+ (L )pg (L )y (L )y (190)

The most general e ectiv e Lagrangian we are looking for, to lowest order in the
chiral expansion,is then*

_ Gr
LS (x) = p—Vuqus4 gsls+ gL Sy + g L2+ hier: (191)

The two constarts gg and g,; are dimensionlessconstarts, real constans in asfar as
CP{violation e ects are neglected,which likef , B, and the L; coupling constarts
of the strong Lagrangian, cannot be determined from symmetry argumerts alone.
With the factors of f included in the de nition of L in ([89), the constarts gs.»7
are of O(1) in the large{N. expansion. We can get their phenomenologicalvalues
from a comparisonbetweenthe expressionsfor the K ! isospin amplitudes A,
calculated with the Lagrangian above:

G 1 P

Ao = PoVuVu(Ge* g021) 2 ME M7 (192)
G

Az = p%VUqusgﬂZf Ml% M2 , (193)

and experiment; with the result M.

J0g t+ ggzﬂexp: R 1927)exp: © 0:16: (194)

Z A coupling (UY+ U Y)s is also possiblea priori. However, for on{shell processesthis term
can be rotated away soasto maintain the normalization condition < U >= 1. The physical e ect is
then of higher order. This term has still physical relevance, even to lowest order, for o {shell non{
leptonic Green'sfunctions, and therefore brings in an extra coupling constart which is not xed by
symmetry requiremens alone.
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From a comparisonbetweenthe A,-amplitudes calculated above, and the results of
our factorization estimate in Egs.[I59 and ([55), we can also read the values of
the coupling constarts gs.»7 corresponding to this approximation:

1

98jfact: = gZ?jfact: = é: (195)

3.
5’
rather far away, as already discussed,from the experimental values.

Oncethe couplings gs and g,; have been xed phenomenologically there follow
a wealth of non{trivial predictions for K ! decays and someradiative K{
decays aswell. Concerningthe latter, there appear someinteresting features, which
| think are worth pointing out, becausethey reveal the power and the simplicity of
the chiral approad:

K -decay amplitudeswith any numker of real or virtual photonsand at mostone
pion in the nal state vanishto lowestO(p?) in the chiral exmnsion E$£4,

The reasonfor it is due to the fact that electromagnetic gauge invariance
requires physical amplitudes to have a number of chiral powers higher than
just the two powersallowedby the lowestorder e ectiv e Lagrangian. Processes

like
Kg! : Kot 9 (196)
K*1 Ks! 9 (197)
K*1 ‘*ete; K.!  %%'e; (198)

are all of this type. They are at least O(p*) in the chiral expansion.

K -decay amplitudeswith two pions and any numkber of real or virtual photons
in the nal state factorize, at O(p?), into the correspnding K ! on{shel
amplitude times a universal brem tr ahlung{like amplitude.

The &roof consistsin a simple adaptation of a well known theorem due to F.
Low B3, to lowestorderin PT. [A sketch of the proof for ane photon is given
in Ref. B4, Applications to K ! can be found in Ref. B4 ]

3.2.1 WeakAmplitudes to O(p*) in PT

The full analysis of the one loop divergencesgenerated by the lowest order weak
Lagrangian, in the presenceof the strong e ectiv e chiral Lagrangian; as well as
the classi cation of the possible local terms of O(p*) was rst made in &4; and,
using di erent techniquesin B36d aswell. The number of terms is too large to do a
phenomenologicaldetermination of the couplings, asit hasbeendonein the strong
interaction sector. Even restricting the attention to the e ectiv e realization of the
four{quark operators which transform like (8. ; 1r), still leavestwenty two possible
terms that contribute to non{leptonic K {decays with possible external photons
or virtual Z{bosons. To determine phenomenologically these couplings is not a

32



guestion of calculation complexity; it is simply that there is not enough available
experimental information to do the job! The only possibleway to do PT usefullyin
the sector of the non{leptonic weak interactions is to combine the chiral expansion
with other approximation methods, like e.g., the 1=N.{expansion; or to resort to
models of the low{energy e ective action of QCD that one can rst test in the
strong interaction sector.

The art of the game in making clean PT predictions for non{leptonic weak
processesconsistsin nding subsetsof obsenableswhich to O(p?*) are fully given
by a chiral loop only, likee.g.,Ks! @, andK_ ! O ; or which involve a
small number of unknown O(p*) local couplings, like K ! "] decass bdbd. For
a recert review on the the state of the art seeRef. BJ. | shall discusssomeof these
processesn Sec.5.

Another sector where it has been possibleto test the validity of the chiral ex-
pansion in non{leptonic weak interactionsisin K ! 2 andK ! 3 decas. The
description of these decays to O(p*) in PT involvessevenlinear combinations of
coupling constarts. Altogether, imposingisospinand Bosesymmetries,thesedecays
can be parametrized in terms of twelve obsenables. Five of these parameters, the
guadratic slopesin the Dalitz plot for the variousK ! 3 modes,vanishto lowest
order in the chiral expansion. The resulting ve constraints can be formulated in
terms of neat predictions Fd for the slopes. The v e predictions are compatible with
experiment within errors. Another important result which also emergesfrom the
K ! 2 ;3 amplitude analysis™=, and which is relevant for the understanding of
the underlying dynamics of the | = 1=2 rule, is the fact that, in the presence
of the O(p*) corrections, the tted value for jgsj is' 30% smaller than the lowest
order determination in Eq.(I94). This is, again, another little factor which, like the
short{distance enhancemen that we discussedearlier in subse. 3.1, helps towards
explaining the | = 1=2rule, but the bulk of the enhancemen remainsstill unrav-
elled. Let me note that, at the sameorder of approximation, the coupling g,7 has
no large corrections.

3.2.2 Penguinsin the Large{N. Limit

It hasoften beenspeculatedthat the bulk of the origin of the | = 1=2 enhancemen
comesfrom the largematrix elemeris of the Penguin{generatedQg operator in ([L62).
By Fierz reordering, this operator can also be written as

Qs= 8 X (SLOR) (GROL) : (199)

g=u;d;s

| nd it very instructiv eto discussthe chiral realization of this operator @, because
it revealsa number of interesting features; and also becauseit providesan excellert
example of the way that, when systematically combined, the chiral expansionand
the large{N. expansionmay eventually help usto make substartial progressin the
understanding of low{energy QCD.
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Using Egs.(@)) and (P7), the term which couplesquark bilinears to external
scalar and pseudoscalarsourcescan be written as follows

. 1
qis i spg= E(qa qL+ q YoR): (200)

In the large{N. limit, the operator Qg in ([[99) factorizesinto the product of two qq{
densities. The chiral realization of these densitiesto O(p?) in the chiral expansion
and keepingonly those terms which may eventually contribute to the lowest order
gsL s{piece in the Lagrangian in ([97), proceedsas follows:

Le C :

(.0r) 2 2B—5- = 2B Ug+ Ls(UD UD U)a+  ;  (200)
3i ( )
: Le 1 y y
(Gridl) = 2B = 2B U+ Ls(D UD U+ 1 (202)
i2

SinceUUY = UYU = 1, there is no cortribution to Qg of O(p°), and to leading order,
both in the chiral expansionand in the large{N. expansion,we nd

1
Qs) 8 4Bzm2L5(D UYD U)ya: (203)

We can cast this result in terms of the contribution to the gs{coupling, induced

by the term in the e ectiv e four{quark weak Hamiltonian proportional to the Qg{

operator: "
< > 2

[gs]en Penguin ~ 16L 5Cq( 2) R : (204)

As | said before,there are a number of interesting featuresemergingfrom this result:

Remenber that in the large{N. limit f? ,Ls and < > are all O(N).
Becauseof the fact that Cg s» [O8len penguin 1S NEXt{to{leading in the
large{N. limit. It is precisely this next{to{leading contribution that we have
succeededn calculating explicitly .

The Wilson coe cien t Cg hasan imaginary part indéced by the CP{violation
phasein the Cabibbo{Kobayash{Mas kawa matrix 4. It is preciselythis con-
tribution that, in the Standard Model, inducesthe %amplitude we discussed
in Sec.1. The fact that we can say somethingquantitative about the size of
the modulating coupling [gs]en penguin IS Of cOursewelcomefor phenomenology
We shall come back to this in Sec.5.

In QCD the matrix elemen < > is {scale dependert. The scaledepen-
denceis given by the anomalousdimensionof the  {operator. On the other
hand, the coupling constart gg is a scaleindependert quantity. This example
exhibits explicitly the cancellation B betweenthe {scale dependenceof the

34



short{distance Wilson coe cient Cg( 2) and the {scale dependenceof the
long{distance four{quark operator bosonization, which appearsvia the con-
stant (< >)2. In the large{N. limit the operator Q¢ doesnot mix with the
pthers because,in that limit, the anomalousdimension matrix in Eq.([[82):

© 3N¢ g6. In that limit, Cg dependson via Cg ( ?)°, which
S i 2
exactly cancelsthe {dependanceof (< >)? evaluated in the samelarge{
N limit.

Of the parameterswhich appear in the r.h.s. of Eq.(E09), the one which has
the largest uncertainty is < >. The most recert determination from an
update of QCD sum rules methods givesthe value &

< > (1GeV?) = (0:013 0:003)GeV’: (205)

It is alsoquestionablewhich valueoff oneshouldusein the r.h.s. of Eq.(E09).

At the level of approximation that the calculation has been made, it seems
appropriate to take the value of f in the chiral limit; ie., f© ' 86MeV.

Then, using this value for f , the valueLs' 1.4 10 2 which is in Table 1,

and the result of the Cg{calculation in 5, 1 nd

[gs]en PenguinI 0:9: (206)

From this result, one s led to conclude that, unlessthe next{to{leading or-
der 1N, corrections to this calculation are huge, the bulk of the 1 = 1=2
enhancemem doesnot comefrom the Penguin Qg{op erator. Barring this pos-
sibility, the long{distance cortribution from the Q {operator remains then
the most likely candidate to provide the bulk of the enhancemen

3.3 S = 2 Non-Leptonic Weak Interactions

The Standard Model predicts strangenesschanging transitions with S = 2 via
two virtual W{exchangesbetween quark lines, the so{called box diagrams. The
reduction via the operator product expansionresults in an e ectiv e Hamiltonian Z
which is proportional to the local four{quark operator

Q s=2 (st d)(s d); (207)
modulated by products of the a vour mixing matrix elemens
q= VgaVas: g= u;ct; (208)

times functions Fj.,.3 of the heary massesm?; M ; m2; m2 of the elds which have
beenintegrated out:
GzMZ h

[
HeS:2 = 42 (22F1+ t2F2+ 2. tF3 C S:2( 2)Q s=2 . (209)
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The operator Q s-, is multiplicativ ely renormalizable and has an anomalous di-
mension ( ) de ned by the equation

d 1
2p<Q s2>= 5 ()<Qs=2> (210)
At the one{loop level
2 3
(=—1+0 — ; 1= é(1 1=N,); (211)
and h [
2 _ 2y T 279
Cs2(9= (9 ; (212)
The matrix elemert
<KOIQ = (OK®>  SEMZBK( ) (213)

de nes the sofcalled Bk {parameter, which governs K°® K?° mixing at short dis-
tances, and is one of the crucial unknown parameters in the phenomenological
studies of CP{violation in the Standard Model. The de nition above is sudc that

in the so{called vacuumsaturation approximation

(Bk)vs = L. (214)

In the large{N. limit, the four quark operator Q s-, factorizesinto a product
of the two left{handed current operators: (s, d.) times (si d_.). Each of these
currents, to lowestorderin PT, hasa bosonicrealization asindicated in Eq.([14);
i.e.,

(5. d)) pl—éf @Ko+ - (215)

. . . . 2 .
This approximation results then in a value: Bx = %:—2 There are however chiral

K
corrections of O(p*) to this determination which are still leading in the large{N.
limit. The leading 1=N {corrections comefrom the L5 term in Lff); aswell asfrom
the K © wave{function renormalization, with the result
|

1 8M 2, 4M 2,
(. d))  p5f 1+ = 2

Ls @K%+ (216)

Ls 1
where the rst factor in the r.h.s. is the one coming from Lff). (Notice that
the contribution from chiral logarithms is 1=N. suppressed.) The net result is a
renormalization of f . This renormalized f {coupling is a rst approximation to
the physical f x {coupling constart which is measuredin K* ! * decags: fx '
113MeV. To the extent that the two are identi ed, one then obtains the result
which is often quoted in the literature asthe large{N. prediction:

Bkiner = (217)

Z.
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4 Models of the QCD Low{Energy E ectiv e Ac-
tion

The purpose of this lecture is to give an overview on models of the low{energy
hadronic interactions, which have been developed during the last few years, and
which try to focus on general properties that the QCD low{energy e ectiv e action
is expectedto have. The aim hereisto nd genericfeaturesof thesemodelswhich,
eventually, onemay be able to promote to the rank of a low{energy e ectiv e action
derived from QCD, hopefully within a well de ned set of approximations.

Let me rst formulate the problem which one would like to solve. For this
purpose,it is conveniert to promote the global chiral{ SU(3) symmetry to a local
gaugesymmetry, in the sameway that has already beendiscussedin Sec.2. It is
also conveniert to usea path integral represenation for the generating functional
( v;a;s;p) of the Green'sfunctions of quark currents:

4 4

e‘(";a;s”f’):z1 DG detb exp( i d4x%G G ); (218)
with B the Dirac operator
b= (@+igsG) i (v + sa)+i(s i s5p); (219)

where G is the gluon eld, G the gluon eld strength tensor, and v ;a ;s;p
external eld sources.The normalization factor Z is sud that (0;0) = 1
The chiral symmetry of the underlying QCD theory implies that ( v;a;s;p)
admits a low{energy represenation
_ 12 z
g (viasip) = > DU expli d*xLe (U;v;a;s;p):; (220)

in terms of an e ectiv e LagrangianL. (U;v;a;s;p) with U(x) a3 3unitary matrix,
with detU = 1, which collectsthe octet of pseudoscalarelds ( ;K; ).

There is only one term in L. which is known from rst principles. It is the
term assaiated with the existenceof anomaliesin the fermionic determinant .
The corresponding e ectiv e action is the Wessand Zumino B4 functional that we
havediscussedn Sect. 2. All possibleothertermsin L. , arenot xed by symmetry
requiremerts alone. It would be nice to nd, at least approximativ ely, a dynami-
cal schemerooted in QCD, with as few free parameters as possible (ideally qcp
only!), which allows for a derivation of the coupling constarts in the e ectiv e chiral
Lagrangian. As we have seenin Sec.3, the needfor such an approximate dynami-
cal schemeis urgently neededat presert to make progressin the phenomenologyof
non{leptonic a vour dynamics.

The various typesof models which have beendiscussedin the literature can be
classi ed, roughly speaking, in one of the following entries:

QCD in the Large{N. Limit.
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Low{Lying Resonanced®Dominance Models.
The Constituent Chiral Quark Model.
E ectiv e Action Approach Models.

The Extended Nambu and Jona-Lasinio Model ( ENJL{mo del.)

4.1 QCD in the Large{ N limit

It would be a major breaktrough, if one could derive the low{energy e ectiv e La-
grangian of the interactions betweenNambu{Goldstone modesin the large{N limit
of QCD. Sofar, it hasonly beenpossibleto obtain constraints among various cou-
pling constarts in this limit; but not their valuesin terms, say, of ocp. A typical
exampleisthe relation: 2L, = L, which, as rst noticed by Gasserand Leutwyler E4,
follow in the large{N. limit of QCD. Unfortunately, nobody can claim asyet to be
able to compute say Lo, in that limit. Often in the literature, there appear state-
ments about \ large{N. predictions" but, in fact, they have beenall derived with
someextra ad hoc assumptions.

An interesting approad to do approximate calculations within the framework
of the 1=N.{expansion is the one proposedby Bardeen, Buras and Gerard b4:1kd
which they have applied extensively to the calculation of non{leptonic weak matrix
elements. The basic idea is to start with the factorized form of the four{quark
operatorsin the e ective weakHamiltonian, and to do one{loop chiral perturbation
theory, keepingtrack of the quadratic divergencesvhich appear. If onewas able to
work with the full hadronic low{energy e ectiv e Lagrangian, it would be possibleto
obtain a smooth matching betweenthe scaledependenceof the Wilson coe cien ts,
calculated at short{distances, and the hadronic matrix elemeris calculated with
the full hadronic low{energy e ective Lagrangian. The hope with the approacd
proposed by Bardeen, Buras and Gerard is that the numerical matching of the
guadatic long{distance scale with the logarithmic short{distance scale, may turn
out to be already a good rst approximation to the problem onewould like to solve.
The technology of their approadc is explained with detail in their papers.

4.2 Low{Lying Resonances Dominance Mo dels

There hasbeenquite a lot of progressduring the last few yearsin understanding the
role of resonancesn PT. At the phenomenologicallevel @?EI, it turns out that the
obsened values of the L;{constants are practically saturated by the contribution
from the lowest resonanceexchangesbetweenthe pseudoscalarparticles; and par-
ticularly by vector{exchange,whenewer vector mesonscan cortribute. The speci c
form of an e ectiv e chiral invariant Lagrangian describing the couplings of vector
and axial{v ector particles to the (pseudo) Nambu{Goldstone modesis not uniquely
xed by chiral symmetry requiremens alone. When the vector elds describing
heavy vector particles are integrated out, dierent eld theory descriptions may
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lead to di erent predictions for the Li{couplings. It has beenshownn however that
if a few QCD short{distance caqnstraints are imposed, the ambiguities of di erent
formulations are then removed™. The most compact e ectiv e Lagrangian formu-
lation, compatible with the short{distance constraints, has two free parameters: f
and My. When the vector and axial{v ector elds are integrated out, it leadsto
speci ¢ predictions for ve of the L; constarts:

f2
16M2

LV = Lt V=2= V6= 1=g= LYNsp= ' 06 10°; (221)
in good agreemen, within errors, with experiment. [SeeTable 1.]

It is fair to conclude that the old phenomenologicalconcept of vector meson
dominance (VMD) can now be formulated in a way compatible with the chiral
symmetry properties and the short{distance behaviour of QCD.

In view of this success,there have been various suggestionsof extensionsof
VMD{mo delsin the literature. In particular, one would like to extend the idea of
VMD to the non{leptonic sector of the weak interactions, in order to have a useful
low{energy chiral e ectiv e Lagrangian formulation. (Rememnber the problem of the
proliferation of couplingswe have discussedn Sec. 3.) At the strict phenomenolog-
ical level, one is forced to introduce weak couplings between vector (axial{v ector)
elds and/or the (pseudo) Nambu{Goldstone elds. The fact that theseweak cou-
pling constarts are experimentally unknown, forcesone to resort to modelsif the
idea of VMD is to be pursued.

Models like the Geometric Model bdfd and the Quark Resonane Model Bd are
attempts to reduce the number of free coupling parameters which are allowed in
principle by chiral symmetry requiremerts alone. Howewer, the preciserelation of
thesemodelsto the speci ¢ assumptionswhich oneis making within the underlying
QCD{theory to justify them, remains unclear.

4.3 The Constituen t Chiral Quark Mo del

This model was introduced by Georgi and Manohar @gn an attempt to reconcile
the successfufeaturesof the Constituent Quark Model B3, with the chiral symmetry
requiremens of QCD. The basic assumption of the model is the idea that between
the scale of chiral symmetry breaking and the con nement scale qcp the
underlying QCD{theory, may admit a useful e ective Lagrangian realization in
terms of constituent quark elds Q; pseudosalar particles; and, perhaps, \gluons".
The Lagrangian in question hasthe form

L$" = iQ (@+igG + )Q+
S#Qs  Q MoQQ+

%thrD ub UY %G G : (222)
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Some explanations about the notation here are in order. Remenber that under
chiral rotations (V_;Vr), U transforms like: U ! VRUV_. The unitary matrix U
is the product of the so{called left and right cosetrepresenatives: U =  { and,

without lost of generality, one can always choosethe gaugewhere ! = g . The
cosetrepresenative , (U= ) transforms like:
I Vg hY=hV’ h2 SU@Q)y ; (223)

where h denotesthe rotation induced by the chiral transformation (V_;Vr) in the
diagonal SU(3)yv. In Eq.(229 the constituent quark elds Q transform like

Q! hQ; h2 SU@®3)y: (224)
In the presenceof external sourceg,
=@ iv+a) + (@ iv a)’g (225)
and
=iYD U (226)

The free parametersof the theory aref , Mg, and ga. The QCD coupling constart
is assumedto have entered a regime (below ,) whereits running is frozen and is
taken to be constart.

The merit of this model is that it automatically digeststhe phenomenological
successesf the constituent quark model, in a way compatible with chiral symmetry.
We shall in fact see,that e ective Lagrangians of the Georgi{Manohar type, do
indeed appear in practically all QCD low{energy models where quarks are not
con ned. The weak point of the model is its \vagueness"about the gluonic sector.
In the absenceof a dynamical justi cation for the \freezing" of the QCD running
coupling constart, it is very unclear what the \left out" gluonic interactions mean;
and in fact, in most applications they are simply ignored.

4.4 Eectiv e Action Approac h Mo dels

The basicidea in this classof models is to make somekind of drastic approxima-
tion to compute the non{anomalous part of the QCD{fermionic determinant in the
presenceof external v and a elds, but with the external s and p elds frozento
the quark matrix

s+ ip =M = diag(my; mg; my):
For this purpose,it is conveniert to perform a chiral rotation of the quark elds
ar(X) 31 s)q(x) in the initial QCD{Lagrangian:

a(x)) Qux)= (¥)a(x); k) Qr(X)= Y(X)k(X); (227)

X The original formulation of the model of Georgi and Manohar @ wasin fact madewithout external
elds.
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with chosensothat = U. Under chiral rotations (V. ; Vr), the quark elds of the
rotated basistransform like the constituent chiral quarks of the Georgi{Manohar
Lagrangian:

Qur ! h(X)QLr; (228)

with h[ (x)] the rotation in SU(3)y induced by the chiral transformation (V_;VR); h
is the sameobject which appearsin Eq.(£24). The QCD{Lagrangian in the rotated
eld basis,and in Euclidean spacehasthen the following form:

1
LEQEC)D - 21G(a)g;(a) + QDeQ; (229)
with Dg the Euclidean Dirac operator (~ i are Hermitian Dirac matrices
with positive metric)
. i 1
De=~(@+ig:G + 55 ) ( s); (230)

where and arethe sameasin Egs.(2Z9 and (£Z8); and
= MY+ M ; =YMY M : (231)

The and terms break explicitly the chiral symmetry.

The Euclidean e ective action ¢(U;v;a;M ) assaiated to L2, is then given
by
z z

exp e(U;via;M) = Zl DG exd d4z%G(a)G(a)]exp (G :U:v;a;M)
z
2 DG Jexp <(G UviaM); (232)
with
z z
exp e(G ;U;v;a;M )= DQDQexp( d*zQDeQ) = detDg: (233)

In fact, for the non{anomalouspart of the e ectiv e action, it is su cien t to consider
the modulus of the determinant. Then,

1
(G ;Uv;a;M ) = élog det D{De: (234)

It is in trying to evaluate the modulus of the fermionic determinant that one
encourters the rst problem There is need of a regularization; and if possible, a
regularization which shows the explicit cut{o dependence. The simplest regular-
ization in that respect is the proper{time cut{o method, where

141

e= 3 - Zd—Trexp( DLDg); (235)
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where Tr stands for trace over Dirac {matrices, SU(3){colour matrices, Gell-
Mann's a vour{ SU(3) matrices, and Euclidean space.

Since D{ Dg is a second{order elliptic operator, the proper{time integrand in
(B39) hasa well de ned power seriesexpansionin powersof ; this is the socalled
heat-kernel expansion:

(xje P jyy= ety (236)
16 2 2 0 N '
The functions H,(x;y) are known in the literature as Seeley-DeWitt coe cien ts.
Here we encourter the second problem for n 2, the proper{time integrals are in-
frared divergert. We needan infrared regulator to integrate the large{ behaviour.
Now, it just happensthat, with neglectof the gluonic coupling in the Dirac operator
in (230), and for someof the O(p*) terms in the e ectiv e action, the proper time in-
tegral in (E39) is convergert both in the ultraviolet and infrared domains. Therefore,
the valuesof the corresponding L;{coupling constarts in this_brutal approximation
turn out to be nite quantities. The results in question are E4:
N
%; L3: L]_o: 96C2: (237)
Numerically, theseresults, when comparedto the phenomenologicaldeterminations
listed in Table 1, are surprisingly good. Any attempt however, to improve on these
results, and/or to compute other couplings of the low{energy e ectiv e Lagrangian,
necessarilybrings in the question of the infrared behaviour of the underlying theory.

A simple suggestionwhich hasbeenproposedtd, in connectionwith the infrared
behaviour, isto parametrizethe e ect of spontaneoussymmetry breaking, by adding
to the QCD{Lagrangian a phenomenologicalorder parameter like{term:

8L1: 4L2: L9:

Laco Mq(kUq + q UVR); (238)
which introducesat the sametime the U{ eld in a way non{invariant under U !
U, and the massparameter M o which providesthe infrared regulator neededin the
evaluation of the low energy e ectiv e action. It is easyto seethat in the presence
of this term, and withMq > O, there is quark condensation®: < >6 0 and
negative. Furthermore, in the presenceof this term, it is alsopossibleto evaluate the
e ect of large{N. gluonic interactions which appear as inversepowers of Mq times
the appropriate vacuum expectation values of gauge invariant gluonic operators.
For example, in the chiral limit, and including the leading gluonic cortributions,
one getskd:

" #
N 2 2 < =GG> 1 < g®GGG >
2 Ne 2 + + + (2
R TR VT VR VS T VR V] (239)
There also appear gluonic corrections to some of the previous results for the L;{
couplings: " "
2 < sGG>
L3= L= Ne 1+ + 0(i) ; (240)

962 5N, M M3
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The positive sign of this correction helps towards the agreemen with the experi-
mental values. Notice howewer that the gluon condensatewhich appears here, is
an averageover con gurations from 1= 2 to roughly 1:l\/|5 distances;and therefore
cannot be related easily to the usual gluon condensatewhich appearsin the phe-
nomenologyof QCD{sum rules. The predictions for the other L;{coupling constarts
to O(3r). remain the sameasthosein (Z37).

App?ications of this approad to the non{leptonic weak interactions have also
beenmade. The problem hereis to nd the e ectiv e action of a given four{quark
operator. For example, we have seenin Sec. 3, that the S = 2 transitions, after
the heavy degreesof freedom have beenintegrated out, are governed by the four{
guark operator

Q s=2 (st di)(s. d);

modulated by products of a vour{mixing matrix elemens, times Wilson coe cien t
functions resulting from the short{distance integration. The Euclidean e ective
action of Q s-» in an external gluonic badkground, is given by the expression(see
Ref. B for technical details):

| |

De De
<Q s > = Tr D¢’ Tr De'
Q s= G ;Uv;aM ;Mg =1 (X)a - II ()32
D De
+Tr Dely =Dtk (241)

I (X)32 . I (X)32

The rst term in the r.h.s. is the one induced by the con guration where the two
currentsin Q s-, arefactorized, the term leadingin the 1=N.{expansion; the second
term contains the non{factorizable contributions, which are next{to%?ading in the
1=N.{expansion. These corntributions have beenewaluated in Ref. B3 including, in

addition to the well known O(N2) factorizable contributions, the subleadingO(N.)

and O( sN¢) terms. The corresponding result for the By {parameter de ned in it

subsec3.3 readsas follows:

I
3 1 N.< =GG >

By =- 1+ -~ 1 —C°— >~ 2 .
K 4 NC 2 16 2f4 O( SNC) (242)

The corresponding results for the other coupling constarts of the O(p?) non{leptonié
e ectiv e Lagrangian discussedin Sect. 3, evaluated at the sameapproximation
asthe Bk {parameter above, are the following:

I#

_ 2 1 N.< =GG > '
(3=2) - . 2\ & + c + 2 .
927 C ( )3 1 NC 1 2 16 2f 4 O( SNC) . (243)
and
GG I#
1 Ne< —= >

= 2y1 - 1 =< —-° 4 N.)?2

98 C ( ) NC 2 16 2f 4 O( S C)
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I

1 1 N.< =GG > '
2y = Ne> — 99~ 2
#o
+Cy4( %) Cg( ?16Ls 3 + O( sNo): (244)

There are a number of interesting features which emerge from these results,
worth commerting upon.

The results of the socalled vacuumsaturation approximation (VSA), often used
in the literature, are obtained from those above when the terms O( sN ()
are dropped. This model calculation shovs howewer that, numerically, the
neglectedVSA{terms are asimportant asthose retained.

The results in eqs.(24) and (Z43) satisfy indeed the chiral limit symmetry
relation between S=2and | =3=2, S = 1transitions rst obsened by
Donoghue, Golowich and Holstein Bd,

Equations (242), (P43), and (244) show an interesting correlation between
the 1-N.{corrections to the dierent couplings. The same correction which
decreasesthe C.{modulated terms, and hencethe By {parameter as well,
increasesthe C {modulated term; and hencethe | = 1=2{transitions. It
can be shown, in full generality, that this_is in fact a generalproperty of the
full O(N¢){corrections in the chiral limit B4,

The term proportional to Ce( 2) in Eq.(249) is the result of the next{to{
leading 1N, calculation we have already discussedin the subsubsec3.2.2.

The cancellationof the 2-dependenceof the other Wilson coe cien ts with the
bosonization of the corresponding four{quark operators, is more involved. To
exhibit this cancellation explicitly, requiresthe knowledgeof the full dynamics
of next{to{leading order in the 1=N.{expansion. It is clear that, in asfar as
one doesn't know the origin of the phenomenologicalterm in eq.(239, this
cannot be shown. It is possible however to show that the logarithmic <{
corrections to the bosonizedoperators are weighted by the same anomalous
dimension factors as those of the original four{quark operators; i.e.,

2

1
< Q> > igl)_5|og(|v|_(%) <Q>:

Further calculationswithin the framework of the E e ctive Action ApproachModel
discussedhere can be found in referencest8Bdandpd A possible generalization of
the constituent massansatz term in (38 to a non{local form has also been sug-
gested@. Phenomenologicalapplications using a non{lo cal constituent massterm
can be found in Ref. B4,
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45 The Extended Nambu and Jona-Lasinio Mo del (ENJL{
mo del)

Sincethe early work of Nambu and Jona-Lasinio @, there have beenmany sugges-
tions in the literature proposingmodels of the type rst discussedby theseauthors,

as relevant models for low{energy hadron dynamics. [For a recert review where
earlier referencescan be found seetd.] The scenariosuggestedin Refs. @@, which

| shall follow here, assumesthat at intermediate energiesbelow or of the order of

the spontaneouschiral symmetry breaking scale , the leading operators of higher

dimension which, after integration of the high frequency modes of the quark and

gluon elds down to the scale , becomerelevant in the QCD{Lagrangian, are

those which can be cast in the form of four{fermion operators, i.e.,

Lacp ) Lgcp * Lsp+Lvat (245)
where 182 x
Lsp = N_—ZGS (k% )(d ri); (246)
and
182 X -
Lva= ——Gv [a aj)d ai)+L$ R (247)

C |,J

Here i,j denote u, d, and s avour indices and summation over colour degrees
of freedom within ead bracket is understood; g_r %(1 5)0. The couplings
Gs.v are dimensionlessfunctions of the ultraviolet integration cut{o . They are
expectedto grow as approachesthe critical value , where spontaneous chiral
symmetry breaking occurs. (This is the reasonwhy the operators Ls.p and Ly:a
becomerelevant.) In QCD, and with the factor N, ! pulled out, both couplingsGs
and Gy are O(1) in the large{N. limit. Theseconstarts are in principle calculable
functions of the ratio = qcp. In practice however, the calculation requires non{
perturbativ e knowledge of QCD in the region where ' , and we shall take G
and Gy, aswell as , asindependert unknown parameters. The indexin Locp
meansthat only the low{frequency modes of the quark and gluon elds are
to be consideredfrom now onwards.

Notice that in QCD, couplingsof the type Ls.p and Ly.a appear naturally from
gluon exdhangebetweentwo QCD colour currents. Using Fierz rearrangemert, one
hasin the large{N. limit:

P a a 2 P . i
& @ 9 59 ) N%B—é4 Ne 5y (k@ (A Gri)
8 2 <N

N% e (¢ a)d ai)+L$ R]

i.e; Gy = Gs=4= —=Ne in this case. The two operators Ls.;p and Ly.a have however
di erent anomalousdimensions,and it is therefore not surprising that Gs 6 4Gy
for the corresponding physical values.



If furthermore, one assumesthat the relevant gluonic e ects for low{energy
physics are those already absorbed in the new couplingsGs and Gy, then

Loco ) 19PQ

in Eq.(249) with B the Dirac operator givenin Eq. (219), where now the gluon eld
G playsthe role of an external colour eld source. There is no gluonic kinetic term
any longer.

As is well known from the early work of Nambu and Jona—Lasinio@, the operator
Lsp, for valuesof Gs > 1, is at the origin of the spontaneous chiral symmetry
breaking. This can best be seenfollowing the standard procedure of intro ducing
auxiliary eld variablesto convert the four{fermion coupling operatorsinto bilinear
guark operators. For this purpose,oneintroducesa3 3auxiliary eld matrix M (x)
in avour space;the so called collective eld variables, which under chiral{ SU(3)
transform as

M! VMV,

and usesthe functional integral identit y:

z
. 182 X .
exp[i d*x N——Gs (0RG (A Gri)] =
c H

Z Z 2
) 1
DM exp[i d*f (MY + hic) NCWG—U M M Yg]: (248)
S
By polar decomposition
M= H ;
with = U unitary and H hermitian.
Next, we look for translational-in variant solutions, which minimize the e ective

action;

@e

@/| H=<H >=Mg; =1;v=a=s=p=0: h
The minimum is reached when all the eigervaluesof < H > areequal,i.e.,< H >=
Mo1; and the minimum condition leadsto

2 Z

1. 1 4
Tr(X j B ] X) = ZMQNCWG—S d'x: (249)
The trace in the L.h.s. of this equation is formally proportional to < >. The

calculation however requires a regularization, with the ultraviolet cut{fo. We
choosethe proper time regularization. [Seee.g., Ref. B for technical details.] Then

N¢

5 1. Mo
16 2 Mo O L—); (250)
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and the minimum condition in Eq. (F49) leadsto the so-calledgap equatiorn

( )
M M2 M2 M2
Go = Mo (=) =05 (251)
The functions
MZ Zl
(n 2x —P)= dzg 2pn 2. n=123:,

X

are incomplete gamma functions. Equations (P50) and (P51) show the existence
of two phaseswith regardsto chiral symmetry. The unbroken phase corresponds
to the trivial solution Mg = 0, which implies < >= 0. The broken phase
corresponds to the possibility that the coupling Gs increasesas we decreasethe
ultraviolet cut{o down to , allowing for solutionsto Eq. (E51) with Mg > 0
and therefore < >6 0 and negative. In this phasethe Hermitian auxiliary eld

H (x) dewvelopsa non{vanishing vacuum expectation value, which is at the origin of
a constituent chiral quark massterm [seethe r.h.s. of Eq.(249)]:

Mo(a Utk + rUQ) = MoQQ;

like the onewhich appearsin the Georgi{Manohar model; and like the oneproposed
in the e ectiv e action approadc of Ref. E5.

In the presenceof the operator L., we needtwo more auxiliary 3 3 complex
eld matricesL (x) and R (x) to rearrangethe Lagrangian in (243) into an equiv-
alent Lagrangian which is only quadratic in the quark elds. Under chiral (V_;VRr)
transformations these collective eld variables are chosento transform as follows:

L1 VLV, R ! VeRW:

Then, the following functional identity follows:

X . ;
exp( i dx=—Gv [(d aj)d a)+L$ Rlg=

i
Z Z 2

DL DR expi d*xfq L g + N ! }trL L +L$ Rg: (252)

8 2Gy 4
It is convenient to trade the auxiliary eld matricesL (x) and R (x) by new vector

eld matrices
wi)= L Vv YR

which transform homogeneouslyunder chiral transformations (V_; VR); i.e,

wlr hwpy;
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with h the SU(3)y rotation induced by (V_;Vr). The fermionic determinant can
then be obtained using standard techniques, like for example the heat kernel ex-
pansion we described earlier. When computing the resulting e ectiv e action, there
appearsa mixing term betweenthe elds W( ) and . Oneneedsa new rede nition

of the auxiliary eld W( ):
wOr WO+ @ gl

in order to diagonalizethe quadratic form in the variablesW( ) and . It is this
mixing which is at the origin of an e ectiv e axial coupling of the constituent quarks
with the Nambu{Goldstone modes:

%igAQ 5 Q;

a term like the axial coupling which appearsin the Georgi{Manohar model. but
with a speci ¢ form for the axial coupling constart ga:

1

2
4MQ

1+ Gy Me((0; M)

(253)

In terms of Feynman diagrams this result can be understood as an in nite sum of
constituent quark bubbles, with a coupling at the end to the pion eld. Theseare
the diagrams generated by the Gy four-fermion coupling to leading order in the
1N {expansion. The quark propagators in these diagrams are constituent quark
propagators, solution of the Sdwinger-Dyson which is at the origin_of the gap
equation in (Z51). In the limit where Gy = 0, ga = 1; but in genera@ Or 6 1t0
leading order in the 1-N{expansion.

Kinetic terms for the auxiliary eld variablesare alsogeneratedby the functional
integral over the quark elds Q and Q. The resulting Lagrangian, after wave{
function rescalingof the auxiliary elds, hasthe form of a constituent chiral quark
model, with scalar S(x), vector V (x), and axial{v ector A(x) eld couplings:

LEVL = iQ (@+ P—zlfVV)Q MoQQ
| 2
+ 50Qs ( A)Q —QS(Q
A S
+ %tr[@S@S M2SS]

Li@v @vy@v @v) 2MyVV ]

4
WH@A @A )X@A @A) 2MZAA]
+ %f trD UD UY + O(p*)terms; (254)
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where  and  are the sameas those de ned in Egs.(229 and (E26), and the
coupling constarnts and massesare now expressedin terms of only three input pa-
rameters. As input parameters, we can either x: Gs, Gy, and ; or the more
physical parameters:

Mo; ; Oa-
The coupling constarts are then:
2 _ NC 2 . 2_ 2\.
fe= 16 ;M50 (0 ;MG= 9); (255)
N. 2
0= 1523 0:ME=2); (256)
2 NC 2 2 . 2 2 . 2_ 2Yy1.
f2= 123 (0:ME=?)  (1:ME=2); (257)
2 _ NC 2 . 2 2 . 2 2y1.
§= 1523B3(0iMa= %) 2(1iME= ) (258)
and the masses: 0
M2 - 2 .
v 6M(371 o (259)
1 1
2 _ 2 .
MA=6 Q7 0, G Mz 7)) (260)
0 Mg=2)
and 1
2 _ 2 .
Ms = 4Mq 2 (1 M2=2)" (261)
1 300 ;M2=2)

In the absenceof the vector and axial{v ector four{fermion like coupling i.e., when
Gy =0 ga=1 My ! 1 andMx ! 1. Then the vector and axial{v ector
interactions decouple,and the model becomesequivalent to the Constitutuent Chiral
Quark Model of Georgi and Manohar, with ga = 1 and a non{trivial coupling to a
scalar eld.

The functional integration over the quark elds and the auxiliary S(x), V(x),
and A(x) elds results in an e ectiv e action among the Nambu{Goldstone boson
particles, with all the couplings xed by the three parametersMq, ,andga. The
explicit results one gets for the L; constarts which appear in the large{N. limit at
O(p*) in the chiral expansionare shown in Table 2. The reasonwhy the constart
L, doesnot appear in this Table is that, phenomenologically this constart gets a
large contribution from the integration of the heavy singlet ° particle. Howe\er,
in the chiral limit, the massof the Cis induced by the axial{ U(1) anomaly, which
only appearsto next{to{leading order in the 1N {expansion. By de nition, the
ENJL{mo del, as formulated here, ignoresthis e ect. In order to take these next{
to{leading e ects in 1N, systematically, together with the chiral expansion, one
hasto resortto a U(3) U(3) formulation of the e ectiv e theory Pd. The constarts
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L, and Lg are of next{to{leading order in the 1=N{expansion; this is the reason
why they do not appear in Table 2 either. We also show in Table 2 the numerical
results of the t 1 discussedin Ref. B, Theseresults correspond to the set of input
parameter values:

Mg = 265MeV; = 1165MeV:  ga = 0:61 (262)

Table 2 : The L;-coupling constarts in the ENJL{mo del of Ref.@, with ga
dened in Eq.253), and ,  ( n;M&= ?). The secondcolumn givesthe results
corresponding to the input parameter valuesin (62). The third column givesthe
experimental valuesof Table 1.

The L; couplingsof O(p*) in the ENJL{model Fit 1 | Experiment

L1= 8%l gd)? o+ 40i(1 @) 1+20% 2] | 085 07 05

L= 2L, 1.7 1.2 04
Ls= [N gd)? o+ 4031 ) 1t
3 16 28 Oa 0 Ia gA 1
3gA[2 1 42+ 3 0( 0 1)2]9 4:2 36 1.3
— N¢ 1 . . .
Ls= 5%z0%[ o 1] 1:6 1:4 05
Le= %R 0 5 1l 08| 09 03
Lo= 3%2[(1  oR) o+ 203 4 71| 69 07
Lio= 3%i@ i) o+ & 4 5:9 55 0.7

The overall picture which emergesfrom this simple model is quite remarkable.
The main improvemert with respect to the results obtained in the e ective action
approach model discussedin subse. 4.4 is on the constants Ls and Lg, where the
combined e ect of the vector and scalar degreesof freedom leadsto rather simple
results modulated by powers of the ga{constant, which agreevery well with the
phenomenologicaldeterminations. One of the characteristic features of the ENJL{
model, is that it interpolates successfullybetweenpure VMD{t ype predictions and
those of the constituent chiral quark model. A nice illustration is the result for Lg
in Table 2, wherethe rst term is the one coming from vector{exchange, while the
secondone comesfrom the chiral quark loop integral.
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There is no di cult y to reproduce the anomalous Wess{Zumino{Witten func-
tional within the ENJL{mo del

QCD two{point functions, beyond the low{energy expansion, have also been
evaluated in the ENJL{mo del E4. This involvescalculations to leading order in the
1=N{expansion (i.e., an in nite number of chains of fermion bubbles; but no loops
of chains,) and to all ordersin powersof momenta Q2= 2. As a result, vector and
axial{v ector correlation functions have a VMD{lik e form, but with slowly varying
couplingsand masses.For the transverseinvariant functions for example,the results

are
W, A2y _ X9(QIMI(Q?)
v (Q9) = MZ(Q) Q7 ' (263)
e W A2y - Q%) , AZX(QIMA(Q?Y)
A (Q9) = o2 + MZ(0) Q7 ' (264)
where
2(02 Ne Z1 21— 2
fy(Q7) = 416 2 4 dxx(1 x)(0;Xqo [Mgz+x(1 x)Q°]= “]):
The product ,
1
Zé(QZ)Mé(QZ) = Ncpa
is scaleinvariant.
With 1
2y — :
%(Q) 1+ Gy Moz Holdx 0 :%0)
the other couplingsare xed by
f2(Q%) = ga(Q)FJ(QY;
and the relations
fE(QIME(Q?) = FR(QOIMZ(Q?) + f(Q%); (265)
and
fZ(Q)MY(Q?) = fA(Q)MA(Q?): (266)

The last t equations are the Q%{dependert version of the 15¢{ and 2"/{W einberg
sum rules L9,

In the caseof the scalar two{point function there appears a pole in the Q%
summed expressionat Ms = 2Mq. The caseof the other two{point functions is
somewhat more involved becausethey mix through the four{fermion interaction
terms. The corresponding results can be found in RefEd. Calculations of the low{
energybehaviour of somethree{p oint functions in the ENJL{mo del have also been
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made fod Corrections due to possible four{quark operatO@ of higher dimension
involving derivative terms, have also beenstudied recertly B4

In principle, the ENJL{mo del can be applied to obtain a systematic calcula-
tion of the low{energy constarts of the weak non{leptonic Lagrangian, like the
Bk {parameter, gg and g,;. The diculties are mainly technical; but progressis
underway.

5 Rare Kaon Decays and CP{Violatio n

This last lecture is dedicated to a discussionof the theoretical status, within the
Standard Model, of the CP{violation parameters and °which we haveintroduced
in Sec.1. and also to the study of the decay K ! %¢*e . Other than the
K ! decays which we have discussed,this rare decay mode seemsto be the
most promising candidate to obsene direct CP{violation in K {physicsin the near
future.

5.1 The Parameters and ©Revisited

In Sec.1. we have seenthat CP{violation in K ! decays is governed by the
parameters and © [cf. Egs.(52 and (F3).] We have also seenthat, to a good
approximation, these parameterscan be written as follows:

1 i =4 ImM 15 ImAg
! — + : 267
2 m ReA, ( )
and 1 ReA, ImA ImA
01 _ei( 2 ot =2) 2 2 0 268
p—2 ReA, ReA, ReA, (268)

The question we want to discusshere, is the presert status in the determination of
the various componerts which appear in these expressions.

5.1.1 The massdierence m.
The K. Ks massdierence m is well determined experimentally B
m mg, mg,= (3522 0.016) 10 ®MeV: (269)

As we have shown in Sec.1., m is related to the real part of the o {diagonal
K® K9 massmatrix, [cf. Eq.(79)]:

m' 2ReMq;:

In the Standard Model, there are both short{distance and long{distance cortri-
butions to ReM,. The short{distance cortributions, from the e ective S = 2
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Hamiltonian described in subse. 3.3, are modulated by the same unknown four{
quark matrix elemern asthe contribution to ImM ;; i.e., the socalled Bk {parameter
de ned in Eq.(RIJ. If one was able to calculate the long{distance componert to
ReM,, it would be possibleto x the value of the Bk {factor from the measured
value of m. Unfortunately, as| shall next explain, this is not the case.

In principle, the long{distance contribution to ReM,, and henceto m, canbe
evaluated in  PT. It appearsat the one{loop level, from diagrams with two vertex
insertions of the e ective S = 1 chiral Lagrangian of O(p?) describedin subse. 3.2,
in the presenceof the strong interactions. Thesechiral loops are howewer divergent,
and therefore they necessarilybring in new O(p*), S = 2 local couplings which
are not xed by chiral symmetry requirements alone. Here again, one hasto resort
to models of the low{energy e ectiv e action to make further progress. Estimates of
the long{distance contributions to m, show that they are important kod This is
not surprising: the fact that nominally they are of higher order, O(p*) in the chiral
expansion,is here largely compensatedby the relative | = % enhancemen of the
two lowest O(p?) vertices. In the absenceof a reliable way to calculate the needed
couplings of the local O(p*) S = 2 e ectiv e Lagrangian, there appearsno way to
getrid of the unknown B {factor in the ratio 'mM12 and this is the reasonwhy, for
phenomenologicalpurposes,one is forced to use tlﬁe experimental value of m in

Eq.(267).

5.1.2 The phase{shiftdierence , .

Contrary to the situation concerning m, the phaseshift dierence ,
is poorly known experimentally. (It is not easyto extract elastic scattering
amplitudes from physical obsenables.) Here, PT does better! One can extract
this phaseshift di erence from the calculation of the elastic amplitudes to
O(p*), without introducing new unknown parameters, with the result 104

i2(Mg) G (Mg)= 45 6: (270)

5.1.3 ReAy and ReA,.

There is very little we can do as yet, theoretically, concerning ReA, and ReA,.
As we have seenin Sec. 3., their calculation to lowest order in PT, involvesthe
couplings gs and gz7, which are not xed by symmetry requiremerts alone. The
modelsdiscussedn Sec. 4. are not yet developedto the required degreeof precision
for theory to be useful here. With neglect of electromagneticcorrections, the ratio

Rerz, can be extracted from the physical branching ratio & ——, as already

discussedin Sec.1., [cf. Egs. (B7) to ([0),] with the result

ReAq
ReA,;

= +22:2: (271)
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SincelmA, ReA,, we can also extract ReA, from the experimental ( K ! )
rates with the result
jReAq = 33 10 ‘GeV: (272)

To make predictions about and °we still needto know ImM, and ImA, for
| = 0;2
5.1.4 The {parameter.

It is presertly known that, experimentally{ : © . On the other hand, the Bell-
Steinberger inequality we have discussedin subse. 1.2, when restricted to the 2
intermediate states, can be written as follows:

st L, .
(T’L' m)2Re~= s+ | s(+ ) 2 s(00)]: (273)
The secondterm in the r.h.s. is suppressedn twoways: i) because ° ; il) because
of the | = 1=2{rule. Furthermore, using the empirical facts that s and

m' =2, we arrive at the constraint

(1+i)Re~" (274)

With ~givenby Eq.(f8) and by Eq.(E67), this constraint implies the neglectof MAo

ReAo
versus%. We concludethat, to a good approximation, is completely governed
by the sizeof M1,, evaluated in the usual phaseconvertion of a vour mixing in the
Standard Model. With g2¢ versus ™2 neglected,it is reasonableto neglectas
well the long distance e ects contributing to ImMi,. In fact, it has beenargued
that the two e ects largely cancelead other &4, To this approximation, is then
ertirely given by the local structure of the S = 2 box diagrams which generate
the four{quark operator in (E07).

It hasbecomeconventional in the phenomenologyof a vour dynamics, to usean

approximate form of the avour mixing matrix; the Cabibbo{Kobayash{Mas kawa

matrix © : 0 2 i
1 > A 3 e i
A3(1 €) A? 1
where denotesthe Cabibbo angle,
' jVus = 0:2205 0:0018 (276)

and A and are parametersof order one. The phase is at the origin of the CP{
violation in the Standard Model. The merit of this parametrization is that it clearly

{ Seethe lectures of Sunil Somalwar Il.%for a description of the relevant experiments.

kK Seethe lectures of Roberto Peccei ffurther details on this parametrization. For a recen
tait y Tri 10d

update of the Unitarit y Triangle seeRef.
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shows the orders of magnitude of the various mixing matrix elemens. Often, the
notation _

e' = i (277)
is also used. In this parametrization, the Jarlskog invariant which governs all the
obsenableswhich violate CP{in variance @, is given by the product:

jJerj = 2 °AZ: (278)
The A{parameter is xed from B{decays into states containing charm:
A" %Vj= 082 0:12; (279)
and is xed, oncejVy] is measured:

' jVubj
chbj

= 0:.08 0.02: (280)

In terms of this parametrization of the mixing matrix, and to the approximation
that we have nally adopted, the {parameter canthen be written as follows:

— 1 i 4 2 1 C;|2: 2
- e 3f MK oMy 2 2Mw B
6

A?[ 3S(rer)  1S(re) + A% 41 ) 2S(ry)]: (281)

In this expression,Bx denotesthe scaleinvariant By {parameter:

Bx () *°Bk(?; (282)
and S(r¢; r¢) and S(r) are the box{diagram functions of the ratios r Mz , With
mq the corresponding quark massrunning at the pole value:

" #
r 9 6 6r2logry
= — 1+ ; 2
st 4 e (@ r)2 (@ )’ (283)
and
S(rer) = reflog(l) — 1+ " jogry): (284)
et ¢ r 41 1) 1 el

The ; parameterscorrect for short{distance gluon exchangesin the S = 2 box{
diagrams. %8 with B factored out, they are renormalization scaleinvariant, with
the values
1= 110 2 = 057 3= 0:36 (285)
The -parameteris rather sensitiveto m¢ and gcp, which explainsthe di erent valuesfound in
the literature. Hereweuse (5) = (240 90)M eV, which correspndsto fmi— (350 150M eV;
for the charm quark pole masswe take m¢ = (1:47 0:05)M eV.
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Equation(P87), with the valueof xed from experiment [[ j= (2:26 0:02) 10 3],
and for a given value of Bk, determinesthen a hyperbola in the (; ) plane. A
useful approximation to Eq.(287), for quick numerical estimatesis

mt 1:6

jj= (34 10°% A2B¢ 1+ 1:3A%2(1 ) v
w

(286)

5.1.5 Calculations of the By {parameter.

There exist seweral calculations of this parameter using very di erent techniques.
The problem is that, although the errors from someof the calculations are rather
small, the certral valuesare still too dispersed. Two simple calculations are the ones
we have already discussedin subse. 3.3: the vacuum saturation approximation 5,
which gives

(BK )VS =1; (287)

and the large{N. prediction, which correspondsto
Bking1 = 34 (288)

None of these two calculations can distinguish betweenBx and By ( 2).

We alsopainted out in subse. 4.4 that, as rst obserned by Donoghue, Golowich
and Holstein E, there is a symmetry relation in the chiral limit between S = 2
and | = 3=2, S = 1transitions. Using the known K* ! * 0 deca rate, it is
then possibleto x Bk in that limit, with the result

B o 0 0 = 037 (289)

The calculation of Bk within the e ectiv e action approach model we have discussed

in subse. 4.4 shonvs how to reconcilethis result with the large{N. result above. The

next{to{leading correctionsin the 1-N{expansion appear to be large and negative.

The samepattern appearsin the 1=N{approach dewelopped by Bardeen,Buras and

Gerard. From their_matching of short{distances to long{distances, these authors
give the estimate bt

Bx = 070 0:10: (290)

This result includesthe e ect of the oneloop O(p*) chiral correctionsaswell, which

are large and positive. Higher O(p*) chiral corrections, including the e ect of the

local O(p*) terms, ewvaluated within the e ectiv e action approach model, have also
beenrecenly estimated @, with the result

Bx = 0142 0:06: (291)

There are a variety of QCD Sum Rules that have beenusedto estimate Bx as
well. The description of the techniquesinvolved in these calculations goes beyond
the scope of these lectures. | shall howewver give someresults. The most recert
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estimate%‘ Bk using two{point function sumrules of the S = 2 four{quark local
operator Bt gives
Bk = 0:39 0:10: (292)

2p:f: sum rules

The same approach reproducesrather well the obsened K * ! * 0 decqy rate.
(It overestimateshy lessthan 15%the coupling constart g(237:2).)

The calculations basedon QCD Sum Rulesfor three{point functions give a large
variety of outputs. | shall only quote the result of Ref. E24, wherefrom one can trace
earlier results:

Bk =05 01 02 (293)

3p:f: sum rules
Lattice{QCD simulations of the Bk {parameter tend to nd resultsin the higher
range of the estimateswe have preserted here. They are discussedby Steve Sharpe
in his lectures at this TASI sdool.
In my opinion, the only safeclaim that theorists can make at presen is that the
value of B is likely to lie within the range:

0:35 By 0:80: (294)

5.1.6 Theratio &.

As discussedn the lectures of Sunil Somalwar L2 , there is experimental information
on this ratio of parametersfrom the measuremen of the ratio of branching ratios

[cf. Egs.(@0),(F4) and (B9)]:

0
j—j 1+ 6Re(-); (295)
00

with the results:

o (23 65) 104 CERN NA31;

R{-)= (74 60) 10* FERMIlab E73L: (296)

The phasesin the expressionsof and °being practically the same,the theoretical
prediction for the ratio ~ turns out to be a real number. If furthermore, we use
the experimental input in Eq.(B71) as well as the experimental determination of
jj' 23 103, weget
0 1 1 1 ImA,
— = = — 1 222
P> ReAg v 2929 (jj' 23 103) Rer(

ReA»

ImA,
ImAg

): (297)

The dominant contribution to ImA, originates in the diagrams which give rise to
the Penguin-operator Qs. They bring the factors Vig Vs, VedV,s, @nd hencethe CP{
violation phase which cortributes to ImA,. We have seenin subse. 3.2, that to
lowest order in  PT, the amplitude A, takesthe form,

G ) P =
Po= P=VuaVis(Gs+ 07) 2 (M m?):
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The operator Qg transforms like an (8, ; 1z) operator and contributes only to gg. In
the large{N. expansion,its contribution to gg is next{to{leading As we discussedn
3.2.2,it is quite remarkable that, at this order of approximation, this contribution
can be calculated exactly in terms of known parameters!. Remenber the result [cf.
Eq.(E09I:
#,

f1+ O(1=N.) + O(p?)g: (298)

Imgs = ImCg( 2) 16Ls 3

With this result in hand, we can rewrite Eq.(E97) in the following way:

" #,
0 1 1 A2 (0:09 0:01) < >
- = P35 : 3 1=2) 185 3
2222 (23 10°) Regs+ 055 7" 51 f
ImA, n 2 0
1 222 1+ O(1=N,) + O(p?) : (299)
ImAg

Seweral commerts concerningthis result are in order:

The factor (0:09 0:01) in the r.h.s. is the value of the calculated short{
distance Wilson coe cien t ImCg, oncethe overall avour factor 4 A2 has
beenpulled out. The error herecomesfrom the uncertainties in the top{quark
massand in 5.

As we already mentioned in subse. 3.2, the largest uncertainty from the cal-
culated matrix elemert of the \p enguin” Qg{operator is due to the poorly
known value of the quark condensate< >. [Cf. Eq.(209).] It is cus-
tomary to trade this factor by the value of the strange{quark mass, using
the Gell-Mann{Oak es{Rennerrelation in Eq.([09) of lowestorder PT. | pre-
fer not to do that, becausethen one should also discusscorrections to the
Gell-Mann{Oak es{Rennerrelation, which complicatesthings even further.

Becauseof the large coe cien t {222{ modulating ImA,=ImA, in the r.h.s. of
the nal expressionfor & above, a reliable estimate of the ratio ImA,=ImA,
is clearly needed. There are two sourcesof corntributions to this term:

i) Isospin breaking e ects,

i) Electroweak \p enguin” e ects, where the gluon exdhange of the ordinary
\p enguin”{lik e diagram is replaced by a photon or a Z{vector boson. Be-
causeof the isovector componert in the coupling of the photon and the Z
to the quark{currents, the electroweak \p enguin" diagrams lead to e ective
operators which caninduce | = 3=2{transitions.

Both e ects i) and ii) have beenshown to go in the samedirection, and they
decreasehe leading e ect of the Qe{op erator that we have calculated above.
The e ect ii) has becomeparticularly important because,as the top{quark
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massm, increasesfor my > My, it grows roughly as m?. [SeeRefs.? for
a detailed discu@on.] Isospin breaking e ects dueto ° 9mixing have
beenestimated E24 to cortibute

ImA,

' 1.4 10 2?:
A . o 0 (300)

Someattempts to estimate the other O(Nic) and the other O(p?) corrections
in the r.h.s. of Eq.(Z99) have also beenmade. The results however are con-
troversial. New e orts in that direction are urgently needed,if we want to
compareusefully with the next generationof % experiments.

Due to the various uncertainties we have discussed,it is dicult to claim, at
presert, a theoretical prediction for % better than the limits:

0

104 — 2 10 (301)

5.2 The Decay K. ! O*e and CP{Violation

Transitions like K ! , with  a real photon, are forbidden by gauge invari-
ance. They are allowed, howewer, for virtual photons , which can produce real
lepton pairs. Becauseof the absenceof strangeneschanging neutral currents in
the Standard Model, transitions like K ! "1 , with | = e; , are then governed
by the interplay of weak non{leptonic and electromagneticinteractions. To lowest
order in the electromagnetic coupling constart they are expected to proceed,in
principle dominantly, via one{photon exdrange. This is certainly the casefor the

K | I*I and Ks ! %*l decas. The transiton K21 o 1 O |
via one virtual photon, is howewver forbidden by CP{invariance. It is then not
obvious any longer whether the physical decay K ! o*1  will be still domi-

nated by the CP{suppressed {virtual transition; or whether a transition via two
virtual photons, which is of a higher order in the electromagneticcoupling but CP{
allowed, may dominate. With the possibility of reaching branching ratios for the
modeK, ! O%'e assmallas10 2 in the nearfuture dedicated experiments, the
theoretical study of this mode has becomeof major importance.

5.2.1 The one{photon exchangeamplitude

The interesting thing about this transition amplitude isthat it getsadirect contribu-
tion coming from the termsin the S = 1 short{distance Hamiltonian proportional
to the operators Q;; and Qi, in subse.3.1. These are the operators induced by
\p enguin”{lik e diagrams, where the gluon exdhange of the ordinary \p enguin”{lik e
diagram is replaced by a photon or a Z{vector boson. Much the sameas in the
caseof the Qg{op erator which we have already discussed,these diagrams bring in
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the factors Vi Vis,VedV.s, @nd hencethe CP{violation phase. The most recert cal-
culation of the corresponding Wilson coe cien ts, can be found in Ref. . Another
interesting issueconcerningthis transition, is that the hadronic matrix elemen here
is the one of a quark bilinear operator; and by isospin symmetry is related to the
well known hadronic matrix elemert of charged K 3{decays. The main sourcesof
errorsin the calculation of this direct transition amplitude are then the massof the
top quark, and the CP{violation {parameter [seeEq.(E81),] which modulates the
overall amplitude. Letting the Bk {parameter be within the rangein Eq.(Z99); and
for a top mass150GeV m; 200GeV, the expected branching ratio from this
direct sourceof CP{violation is

1:3 102 Br(K,! %'e ), . 58 10 12 (302)

Let me remind you that the presert experimental upper limit is B4 (90%C:L:)

Br(K,! Pe'e )exp. <55 10°9; (303)
still quite far away.

The other sourceof CP{violation, usually called \indirect", is the oneinduced
by the K 2{componert of the K state, which brings in the CP{violation admixture
parameter ~ i.e., the parameter to a very good approximation. The problem here
is then reducedto the evaluation of the CP{conserving transition Ks! %e'e .

The analysis of K ! |1 decays in general, within the framework of PT
has been made in Refs.B3B. To O(p*) in the chiral expansion,the corresponding
decay amplitudes get contributions both from onechiral loop graphs, and from tree
level contributions from local operators of O(p*). In fact, only two local operators
of the O(p*) non{leptonic e ective Lagrangian contribute to the CP{conserving
amplitudes:

_ C 2
Lo 57t (x) = |EGsf—2F fwitr(Q 6 i7L L )+ wotr(QL 6 i7L )g; (304)

whereL (x)isthe 3 3 avourmatrix eld weintroducedin Eq.([89); Q the electric
chargematrix: diag(2=3; 1=3; 1=3); F the electromagnetic eld strength tensor;

6 i7 the SU(3) Gell-Mann matrix: ¢ i 7; andwy., aretwo dimensionlessoupling
constarts not xed by chiral symmetry requiremerts alone. The overall constan
Gg denotesthe combination of couplings

Gg = ﬁ%vudvus gs:  jGs' 9 10°GeV 2: (305)
The mode K* | *e"e turns out to be particularly interesting becauseboth

its branching ratio and the pion energy spectrum have now beenmeasuredin the
BNL{E777 experiment B 1 ful generality, one can predict the K* I 7]
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decyy rates as a function of the unknown scaleinvariant combination of coupling
constarts

M 2 2
LI (306)

W, = %(4 Awh  wh+ 3w, 4ALY)] }Iog —

6
wherew}., and Lg are renormalized couplings at the scale ; Lg is the samestrong
coupling constart which governs the mean squaredradius of the pion [seethe dis-
cussionin section 2.2.2]. Viceversa, the measuredbranching ratio 117

Br(K*! *e'e)= (299 022) 10’ (307)

determinestwo possiblesolutions for the combination of constarts w. . The degen-
eracy betweenthe two possiblesolutions can be lifted from the measuremein of the
invariant massdistribution of the nal lepton pair, (the g?{dependence;or the *

energy{spectrum in the K* rest{system). A t to the high{g? spectrum from the
latest BNL-E777 data L1 favours the positive solution, with the result:

+ 024

w, = 0:89 014

(308)
while the positive solution, extracted from the measureddeca rate in the same
experiment correspondsto the value:

+ 04

BR _ 1.
w;" =12 05

(309)
The two numbers are consistert with ead other within lessthan two standard
deviations; a fact which provides an independenrt ched of the level of accuracy of
O(pY{ PT to describe this process.

Unfortunately, the determination of the combination of constarts w. is not
enoughto predict the Ks ! %e"e decay rate. To the sameorder in the chiral
expansion, the corresponding transition amplitude brings in the combination of

constarts: 5

1 1 M
ws= (4 Alwh wh) élog—g: (310)
Clearly, one hasto resort to modelsto go any further in making a prediction.

In Ref.B3 it waspointed out that the relation w, 4Lg = 0holdsfor the divergert
parts of the corresponding regularized coupling constarns. It is also valid for the
full couplingsif, asit happensin many models, the mesonice ectiv e strangeness{
changing current which couplesto the virtual photon is required to transform as
a pure SU(3) octet. In general howewver, this current is allowed to have terms
which transform as 10 and 10 SU(3){represertations aswell. Therefore, asempha-
sizedin @, the constraint: w}, = 4Lg, is not required by general chiral invariance
argumerts alone. It is neverthelesstempting to seewhat the prediction for the K s{
mode is in the classof models which satisfy this relation. Using the certer value
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for w, = 1:2 from the measuremen of the K * {mo de branching ratio quoted above,
one gets
Br(Ks! Y'e) ' 54 10 1°; (311)

wh=4Lg

which in turn, correspondsto an \indirect” CP{violation branching ratio

Br(K. ! ete ) 1 ind:(wh=4L%) 1610 12; (312)
on the lower range of the \direct" CP{violation prediction.

It is important to analyze the sensitivity of this result to models which do not
satisfy the constraint w, = 4Lg. This has beendone in Ref. Bd and more recertly
in Ref. &4, The outcomeis that the K s{branching ratio is rather sensitive to small
variations of the octet{dominance constraint. As a result, \indirect" CP{violation
branching ratios comparable,if not bigger, than the \direct" prediction cannot be
excludedfor the time being. Oncemore, we nd the needto develop good models of
the low{energy e ectiv e action, if onewants to make further progress. There is not
much elsethat PT can do here, except wait for the experimentalists to measure
the rate of Ks !  %e"e ; not an easytask!

5.2.2 The two{photon exchangeamplitude

The transition K, ! © I O%'e is CP{allowed. The lowest non{trivial
order calculation of this processin PT involvesat least two loops. It is possible,
howeer, to obtain a lower bound to the 2 {exchangerate from the calculation of
the cortribution to the absorptive part of the amplitude A(K?!  %*e ) coming
from the  {discontinuity.

The general kinematics decomposition of the subprocessk !  ° involves
two invariant amplitudes. With

Ka@! M+ (@)+ (w); p*=MZ% p®=M% ¢=¢g=0

gaugeinvarianceand Lorentz invariancerestrict the form of the transition amplitude
to

M[Kzp) ! °P) () (@)] = Go 4em () (@) [A(Y;2) (% G %9 )

+2B(Y;2) P P *P P PP G & P GP 9 ; (313)
where ( ) ( 2
_Pp G Q). _ (bt Q)

y= Mz and zZ= vz (314)

Bose symmetry requires the amplitudes A and B to be symmetric functions of g,
and @, i.e.
A( y;2) = Aly;2); B( y;z) = B(y;2): (315)

62



To lowest non{trivial order in PT, only the amplitude proportional to A con-
tributes; and in fact, to that order, A dependsonly on z i.e., the invariant mass
squaredof the  {pair. None of the local terms of O(p*) in the eective S=1
non{leptonic Lagrangian can contribute to this deca. As a result, the full con-
tribution at lowest non{trivial order in the chiral expansion,comesonly from the
nite chiral one loop amplitude. The predicted z{distribution has a very char-
acteristic shape; being highly peadked at the higher end of the spectrum. This
prediction B2 has beensubsequetly con rmed experimentally by the CERN-NA31
collaboration 129, However the O(p*) predicted branching ratio:

Br(K,! %'e)=68 107; (316)
turns out to be smaller than the obsened rates:

(1.7 02 02) 10° NA31 12,

(1:86 0:60 0.:60) 10°¢ E731M2d: (317)

Br(K.! %e'e)=

It hasbeenclaimed, however,@%phenomenologicalIyexpected higher order e ects
can explain this discrepancy&=4t=s,

The term proportional to the A{amplitude in Eq.(BI13) has a tensor structure
which, when inserted in the two{b ody phase spaceintegral to get the corre-
sponding K2 ! %¢*e amplitude, requiresa ip in the helicity of the electron
line for the transition to be allowed; a fact which brings in the electron massme
as an overall suppressionfactor in amplitude. This amplitude structure leadsto a
branching ratio:

Br(K3! © 1 O¢'e )A( 5 10 1. (318)
too small, by seweral orders of magnitude to be competitive with the one{photon
exdchange, CP{violating amplitude, contributing to K, ! %'e .

The interesting issuehere s that, contrary to what happenswith the contribu-
tion from the A( ){amplitude which we have just discussedthe tensor structure
proportional to the B{amplitude in Eq.(B13), when inserted in the two{photon
phase spaceintegral of the processk? ! ° I %*e has cortributions
which are allowed without requiring an electron helicity ip; i.e., they are not me{
suppressed.Although the B( ){amplitude rst appearsat O(p®) in PT; the fact
that it caninduce a helicity allowed transition to K9 ! © I Oe*e , makes
it \the dominant amplitude" for this process.

There have been seweral estimatesin the literature of the B{amplitude in
Eq.(B13), basedon vector mesondominance (VM D) models. Here, however, one
hasto be careful not to overestimateits sizeand therefore spoil the obsened shape
of the invariant  {massdistribution inthe K. ! %"e deca. Many of the early
modelsare in fact now ruled out by the NA31 experiment; but they have beenvery
useful to sharpen our views on the rdle of vector mesonsin  PT in general, with
the results 8 [ we already discussedin subse.4.2.
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Within the framework of PT, onecanparametrize the local O(p®) contributions
to K. ! 2 induced by vector{exchanges,(including vector{%changesin direct
weak transitions,) by an e ectiv e vector coupling ay, suc that E3:

B= 2ay GBM}% —. (319)
In terms of this parametrization, the contribution to the K9! %e*e amplitude
is as follows:
: 2 k k) .«
AKSL %¢e)jo( )= iGogavut) PGk (20)
K

which leadsto a branching ratio Ed:

Br(K3! ° 1 O¢g'e) )=4:4 10 2 a2 : (321)

B(
The NA31{collaboration hasperformedan analysisof K, |  %e*e events with
an invariant  {mass: M < 240MeV, using this parametrization, and obtained
the following limits:

0:32< ay < 0119 (90%C:L:): (322)

The rate in Eq.(823), and hencethe result in Eq.(822) doesnot takeinto accourt,
however, the non{p olynomial structure of the B{amplitude in Eq.(B13) dueto chiral
loops. A recernt analysis which tries to fold the phenomenologyof both local and
non{p olynomial e ects in the B{amplitude with the obsereddata from the NA31{
experiment, resultsin abranching ratio for K !  %*e fromthe {discontinuity:

(
0:13 10 2% ay = 0;

Br(Ki ! e )2 avs:  1:8 10 12 ay = 009:

(323)

The value ay, = 0:9 is the one which reproducesthe obsened z{spectrum in the
decay rate of K ! O in the presenceof the non{polynamial ansatz for the
B {amplitude which hasbeenusedin Ref. E4. The two e ects combined also raise
the predicted K. !  © branching ratio to 1:6 10 °, in good agreemen with the
experimental valuesin Eq.(B1Y).

As a summary, the theoretical prospects for more re ned predictions on the
decay K. ! %e"e are the following:

The branching ratio expectedfrom \direct" CP{violation is rather well known.
The uncertainty in Eq.(B02) will be reducedoncethe top quark massis better
determined; and the B {factor is pinned down more accurately { either by
theoretical improved calculations, or phenomenologically{.
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The error in the branching ratio expected from the CP{conserving transition
induced via two intermediate photons, can be reducedwith a combined e ort
of more accurate measuremets of the mode K, ! ° on the one hand,
and an improvemert in the phenomenologicalansatz of the B{amplitude in
the theoretical analysis on the other.

The largest uncertainty, at the momen, comesfrom the \indirect" CP{
violation transition. Here, the only way | can seeto make progressis via
the developmert of good models of the QCD low{energy e ectiv e action; e.g.,
the extensionof the succesfuENJL{mo delin the strong sectorto non{leptonic
weak transitions. Parallel to this theoretical e ort, there should be, of course,
someprogressaswell in obtaining more experimental resultsin rare K {decays,
so asto have enoughobsenablesto test the models.
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