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1 Introduction

In classical mechanics, the number of particles in a system is conserved, i.e. it is unchanged
in time. To each pointlike particle, there is a set of position and momentum coordinates,
the time evolution of which is governed by the dynamics of thesystem. Quantum mechanics
may be formulated in two stages.

1. The principles of quantum mechanics, such as the de�nitions of states, observables,
are general and do not make assumptions on whether the numberof particles in the
system is conserved during time evolution.

2. The speci�c dynamics of the quantum system, described by the Hamiltonian, may or
may not assume particle number conservation. In introductory quantum mechanics,
dynamics is usually associated with non-relativistic mechanical systems (augemented
with spin degrees of freedom) and therefore assumes a �xed number of particles. In
many important quantum systems, however,the number of particles is not conserved.

A familiar and ubiquitous example is that of electromagnetic radiation. An excited
atom may decay into its ground state by emitting a single quantum of light or photon.
The photon was not \inside" the excited atom prior to the emission; it was \created" by
the excited atom during its transition to the grounds state. This is well illustrated as
follows. An atom in a state of su�ciently high excitation may decay to its ground state
in a single step by emitting a single photon. However, it may also emit a �rst photon to
a lower excited state which in turn re-emits one or more photons in order to decay to the
ground state (see Figure 1, (a) and (b)). Thus, given initialand �nal states, the number of
photons emitted may vary, lending further support to the fact that no photons are \inside"
the excited state to begin with.

Other systems where particle number is not conserved involve phononsand spin waves
in condensed matter problems. Phonons are the quanta associated with vibrational modes
of a crystal or 
uid, while spin waves are associated with 
uctuating spins. The number
of particles is also not conserved in nuclear processes likefusion and �ssion.

1.1 Relativity and quantum mechanics

Special relativity invariably implies that the number of particles is not conserved. Indeed,
one of the key results of special relativity is the fact that mass is a form of energy. A
particle at rest with massm has a rest energy given by the famous formula

E = mc2 (1.1)
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The formula also implies that, given enough energy, one cancreate particlesout of just
energy { kinetic energy for example. This mechanism is at work in �re and light bulbs,
where energy is being provided from chemical combustion or electrical input to excite
atoms which then emit light in the form of photons. The mechanism is also being used
in particle accelerators to produce new particles through the collision of two incoming
particles. In Figure 1 the example of a photon scattering o� an electron is illustrated. In
(c), a photon of low energy (� mec2) is being scattered elastically which results simply
in a de
ection of the photon and a recoil of the electron. In (d), a photon of high energy
(� mec2) is being scattered inelastically, resulting not only in a de
ection of the photon
and a recoil of the electron, but also in theproduction of new particles.

initial

final

photon

initial

final

photon

photon

(a) (b)

photon

recoiled electron

scattered photon

photon

scattered photon

recoiled electron

new particles

(c) (d)

Figure 1: Production of particles : (a) Emission of one photon, (b) emission of two photons
between the same initial and �nal states; (c) low energy elastic scattering, (d) high energy
inelastic scattering of a photon o� a recoiling electron.
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The particle data table also provides numerous examples of particles that are unstable
and decay. In each of these processes, the number of particles is not conserved. To list
just a few,

n ! p+ + e� + �� e

� 0 ! 
 + 


� + ! � + + � �

� + ! e+ + � e + �� �

As already mentioned, nuclear processes such as fusion and �ssion are further examples of
systems in which the number of particles is not conserved.

1.2 Why Quantum Field Theory ?

Quantum Field Theory (abbreviated QFT) is a formulation of aquantum system in which
the number of particles does not have to be conserved but may vary freely. QFT does not
require a change in the principles of either quantum mechanics or relativity. QFT requires
a di�erent formulation of the dynamics of the particles involved in the system.

Clearly, such a description must go well beyond the usual Schr•odinger equation, whose
very formulation requires that the number of particles in a system be �xed. Quantum �eld
theory may be formulated for non-relativistic systems in which the number of particles is
not conserved, (recall spin waves, phonons, spinons etc). Here, however, we shall concen-
trate on relativistic quantum �eld theory because relativity forces the number of particles
not to be conserved. In addition, relativity is one of the great fundamental principles of
Nature, so that its incorporation into the theory is mandated at a fundamental level.

1.3 Further conceptual changes required by relativity

Relativity introduces some further fundamental changes inboth the nature and the for-
malism of quantum mechanics. We shall just mention a few.

� The Heisenberg uncertainty relations and the speed of light
In non-relativistic quantum mechanics, bothx and p are observables. This means that

eachseparatelycan be \measured" to arbitrary precision in an arbitrarily short time. The
measurement ofx and p, jointly, is limited by the Heisenberg uncertainty relations,

� x � p � �h & � t � E � �h

In a relativistic theory, neither p nor x can beseparatelymeasured to arbitrary accuracy
in an arbitrarily short time. Indeed, a measurement carriedout in a time � t induces a
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change in position on the order
� x � (v � v0)� t

with v; v0 the velocities before and after the measurement. Hence

(v � v0) � t � p � h ) � t � p � �h=c

Thus, momentum (and similary position) can be measured to arbitrary precision only at
the expense of waiting an in�nitely long time. This implies that position and momentum
are inadequate observables in a relativistic quantum theory.

During an actual scattering process, the exact momentum cannot be traced precisely.
This situation is of course intimately related with the factthat the number of particles is
not conserved during the interaction. If energy is converted into mass, then the momentum
will have to be lowered, creating fundamental uncertainty of the value of the momentum
during the interaction.

� \Negative energy" solutions and anti-particles
The kinetic law for a relativistic particle of massm is

E 2 = m2c4 + p2c2

Positive and negative square roots forE naturally arise. Classically of course one may just
keep positive energy particles. Quantum mechanically, interactions induce transitions to
negative energy states, which therefore cannot be excludedarbitrarily.

Following Feynman, the correct interpretation is that these solutions correspond to
negative frequencies, which describe physical anti-particles with positive energy traveling
\backward in time".

� Local Fields and Local Interactions
Instantaneous forces acting at a distance, such as appear inNewton's gravitational

force and Coulomb's electrostatic force, are incompatiblewith special relativity. No signal
can travel faster than the speed of light. Instead, in a relativistic theory, the interaction
must be mediated by another particle. That particle is the graviton for the gravitational
force and the photon for the electromagnetic force. The trueinteraction then occurs at
an instant in time and at a point in space, thus expressing theforces in terms oflocal
interactions only. Thus, the Coulomb force is really a limit of relativistic \retarded" and
\advanced" interactions, mediated by the exchange of photons. The exchange is pictorially
represented in Figure 2.

One may realize this picture concretely in terms of local �elds, which have local cou-
plings to one another. The most basic prototype for such a �eld is the electro-magnetic
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Figure 2: The Coulomb force results from the exchange of photons.

�eld. Once a �eld has been associated to the photon, then it will become natural to asso-
ciate a �eld to every particle that is viewed aselementary in the theory. Thus, electrons
and positrons will have their (Dirac) �eld. There was a time that a �eld was associated
also to the proton, but we now know that the proton is composite and thus, instead, there
are now �elds for quarks and gluons, which are the elementaryparticles that make up
a proton. The gluons are the analogs for the strong force of the photon for the electro-
magnetic force, namely the gluons mediate the strong force.Analogously, theW � and Z 0

mediate the weak interactions.

1.4 Some History and present signi�cance of QFT

The quantization of the elctro-magnetic �eld was initiatedby Born, Heisenberg and Jor-
dan in 1926, right after quantum mechanics had been given itsde�nitive formulation by
Heisenberg and Schr•odinger in 1925. The complete formulation of the dynamics was given
by Dirac Heiseberg and Pauli in 1927. In�nities in perturbative corrections due to high
energy (or UV { ultraviolet) e�ects were �rst studied by Oppenheimer and Bethe in the
1930's. It took until 1945-49 until Tomonaga, Schwinger andFeynman gave a completely
relativistic formulation of Quantum Electrodynamics (or QED) and evaluated the radia-
tive corrections to the magnetic moment of the electron. In 1950, Dyson showed that the
UV divergences of QED can be systematically dealt with by theprocess of renormalization.

In the 1960's Glashow, Weinberg and Salam formulated a renormalizable quantum �eld
theory of the weak interactions in terms of a Yang-Mills theory. Yang-Mills theory was
shown to be renormalizable by `t Hooft in 1971, a problem thatwas posed to him by his
advisor Veltman. In 1973, Gross, Wilczek and Politzer discovered asymptotic freedom
of certain Yang-Mills theories (the fact that the strong force between quarks becomes
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weak at high energies) and using this unique clue, they formulated (independently also
Weinberg) the quantum �eld theory of the strong interactions. Thus, the elctro-magnetic,
weak and strong forces are presently described { and very accurately so { by quantum
�eld theory, speci�cally Yang-Mills theory, and this combined theory is usually referred to
as the STANDARD MODEL . To give just one example of the power of the quantum �eld
theory approach, one may quote the experimentally measuredand theoretically calculated
values of the muon magnetic dipole moment,

1
2

g� (exp) = 1:001159652410(200)

1
2

g� (thy) = 1 :001159652359(282) (1.2)

revealing an astounding degree of agreement.

The gravitational force, described classically by Einstein's general relativity theory,
does not seem to lend itself to a QFT description. String theory appears to provide
a more appropriate description of the quantum theory of gravity. String theory is an
extension of QFT, whose very formulation is built squarely on QFT and which reduces to
QFT in the low energy limit.

The devlopment of quantum �eld theory has gone hand in hand with developments
in Condensed Matter theory and Statistical Mechanics, especially critical phenomena and
phase transitions.

A �nal remark is in order on QFT and mathematics. Contrarily to the situation with
general relativity and quantum mechanics, there is no good \axiomatic formulation" of
QFT, i.e. one is very hard pressed to lay down a set of simple postulates from which
QFT may then be constructed in a deductive manner. For many years, physicists and
mathematicians have attempted to formulate such a set of axioms, but the theories that
could be �t into this framework almost always seem to miss thephysically most relevant
ones, such as Yang-Mills theory. Thus, to date, there is no satsifactory mathematical
\de�nition" of a QFT.

Conversely, however, QFT has had a remarkably strong in
uence on mathematics over
the past 25 years, with the development of Yang-Mills theory, instantons, monopoles, con-
formal �eld theory, Chern-Simons theory, topological �eldtheory and superstring theory.
Some developments is QFT have led to revolutions in mathematics, such as Seiberg-Witten
theory. It is suspected by some that this is only the tip of theiceberg, and that we are
only beginning to have a glimpse at the powerful applications of quantum �eld theory to
mathematics.
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2 Quantum Mechanics { A synopsis

The basis of QFT is quantum mechanics and therefore we shall begin by reviewing the
foundations of this dsicipline. In fact, we begin with a brief summary of Lagrangian and
Hamiltonian classical mechanics as this will also be of great value.

2.1 Classical Mechanics

Consider a system ofN degrees of freedomqi (t), i = 1; � � � ; N . (For example n particles
in R3 hasN = 3n.) Dynamics is governed by theLagrangian function�

L(qi ; _qi ) _qi (t) �
dqi (t)

dt
(2.1)

or by the action functional

S[qi ] =
Z t2

t1

dt L (qi (t); _qi (t)) (2.2)

The classical time evolution of the system is determined as asolution to the variational
problem as follows

�
�S [qi ] = 0

�q i (t1) = �q i (t1) = 0
)

d
dt

� @L
@_qi

�

�
@L
@qi

= 0 (2.3)

and these equations are theEuler-Lagrange equations. In general, the di�erential equations
are second order int, and thus the Cauchy data areqi (t1) and _qi (t1) at initial time t1 :
namely positions and velocities.

� Hamiltonian Formulation
The Hamiltonian formulation of classical mechanics proceeds as follows. We introduce

the canonical momenta,

pi �
@L
@_qi

(qj ; _qj ) ) _qi (q; p) (2.4)

and introduce the Hamiltonian function

H (p; q) �
NX

i =1

pi _qi (p; q) � L(qj ; _qj (p; q)) (2.5)

� For almost all the problems that we shall consider,L has no explicit time dependence and all time-
dependence is implicit throughqi (t) and _qi (t).
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The time evolution equation can now be re-expressed as theHamilton equations

_qi =
@H
@pi

_pi = �
@H
@qi

(2.6)

The time evolution of any functionF (p; q; t) along the classical trajectory may be expressed
as follows

d
dt

F (p; q; t) = f H; F g +
@F
@t

f A; B g �
NX

i =1

� @A
@pi

@B
@qi

�
@B
@pi

@A
@qi

�

(2.7)

The Poisson bracketf ; g is antisymmetric and satis�es the following relations

0 = f A; f B; Cgg+ f B; f C; Agg+ f C; f A; B gg

f A; BC g = f A; B gC + f A; CgB

f pi ; qj g = � ij (2.8)

The second line shows that the Poisson bracket acts as a derivation.

� Symmetries
A symmetry of a classical system is a transformation on the degrees of freedomqi

such that under its action, every solution to the corresponding Euler-Lagrange equations
is transformed into a solution of these same equations. Symmetries form a group under
successive composition. An important special class consists of continuous symmetries,
where the transformation may be labeled by a parameter (or byseveral parameters) in a
continuous way. Denoting a transformation depending on a single parameter� 2 R by
� (� ), the transformation may be represented as follows,

� (� ) : qi (t) �! qi (t; � ) qi (t; 0) = qi (t) (2.9)

The transformation � (� ) is a continuous symmetryof the LagrangianL if and only if the
derivative with repect to � satis�es the following property

@
@�

L(qi (t; � ); _qi (t; � )) =
d
dt

X (qi ; _qi ) (2.10)

obtained without using the Euler-Lagrange equations.

� Noether's Theorem
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The existence of a continuous symmetry implies the presenceof a time independent
charge Q (also sometimes called a �rst integral of motion) by Noether's theorem. An
explicit formula is available for this charge

Q =
NX

i =1

pi
@qi (t; � )

@�

�
�
�
�
� =0

� X (pi ; qi ) (2.11)

The relation _Q = 0 follows now by using the Euler-Lagrange equations. In theHamiltonian
formulation, the charge generates the transformation in turn by Poisson bracketting,

@qi (t; � )
@�

= f Q; qi (t; � )g (2.12)

Continuous symmetries of a givenL form a Lie group. Lie groups and algebras will be
de�ned generally in the next section.

2.2 Principles of Quantum Mechanics

A quantum system may be de�ned in all generality in terms of a very small number of
physical principles.

1. Physical Statesare represented by rays in a Hilbert spaceH. Recall that a Hilbert
spaceH is a complex (complete) vector space with a positive de�niteinner product,
which we denote byh j i : H � H �! C �a la Dirac, and we have

� h� j i = h j� i �

� h� j� i � 0

� h� j� i = 0 ) j � i = 0 (2.13)

A ray is an equivalence class inH by j� i � � j� i , � 2 C � f 0g.

2. Physical Observablesare represented by self-adjoint operators onH. For the mo-
ment, we shall denote such operators with a hat, e.g.̂A, but after this chapter, we
drop hats. The operators are linear, so that̂A(aj� i + bj i ) = aÂj� i + bÂj i , for all
j� i ; j i 2 H and a; b2 C. Recall that for �nite-dimensional matrices, Hermiticity
and self-adjointness are the same. For operators acting on an in�nite dimensional
Hilbert space, self-adjointness requires that the domainsof the operator and its ad-
joint be the same as well.

3. Measurements: A state j i in H has a de�nite measured value� for some observable
Â if the state is an eigenstate ofÂ with eigenvalue � ; Âj i = � j i . (Since Â is
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self-adjoint, states associated with di�erent eigenvalues of Â are orthogonal to one
another.) In a quantum system, what you can measure in an experiment are the
eigenvalues of various observables, e.g. the energy levelsof atoms.

4. The transition probability for a given statej i 2 H to be found in one of a set of
orthogonal statesj� n i is given by

P(j i ! j � n i ) = jh j� n ij 2 (2.14)

for normalized statesh j i = h� n j� n i = 1. The quantities h j� n i are referred to as
the transition amplitudes. Notice that their dependence on the statej i is linear,
so that these amplitudes obey the superposition principle,while the probability
amplitudes are quadratic and cannot be linearly superimposed.

Notice that amongst the principles of quantum mechanics, there is no reference to a
Hamiltonian, a Schr•odinger equation and the like. Those ingredients are dynamical and
will depend upon the speci�c system under consideration.

� Commuting observables { quantum numbers
If two observablesÂ and B̂ commute, [Â; B̂ ] = 0, then they can be diagonalized

simultaneously. The associated physical observables can then be measured simultaneously,
yielding eigenvalues� and � respectively. On the other hand, if [̂A; B̂ ] 6= 0, the associated
physical observables cannot be measured simultaneously.

One de�nes a maximal set of commuting observalesas a set of observables
Â1; Â2; � � � ; Ân which all mutually commute, [Â i ; Â j ] = 0, for all i; j = 1; � � � ; n, and
such that no other operator (besides linear combinations ofthe Â i ) commutes with all
Â i . It follows that the eigenspaces for each of the sets of eigenvalues is one-dimensional,
and therefore label the states inH in a unique manner. Given the setf Â i gi =1 ;��� ;n , the
corresponding eigenvalues are thequantum numbers.

� Symmetries in quantum systems
Symmetries in quantum mechanics are realized byunitary transformations in Hilbert

spaceH. Unitarity guarantees that the transition amplitudes and thus probabilities will
be invariant under the symmetry.

2.3 Quantum Systems from classical mechanics

A very large and important class of quantum systems derive from classical mechanics
systems (for example the Hydrogen atom). Given a classical mechanics system, one can
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always construct an associated quantum system, using thecorrespondence principle. Con-
sider a classical mechanics system with degrees of freedompi (t); qi (t) 2 R, i = 1; � � � ; N
and with Hamiltonian H (p; q). The associated quantum system is obtained by mapping
the realspi and qi into observables in a Hilbert spaceH. The Hilbert space may be taken
to be L2(R N ), i.e. square integrable functions ofqi . The Poisson bracket is mapped into
a commutator of operators. The detailed correspondence is

pi ; qi ! p̂i ; q̂i

f pi ; qj g = � ij !
i
�h

[p̂i ; q̂j ] = � ij

f pi ; pj g = f qi ; qj g = 0 ! [p̂i ; p̂j ] = [ q̂i ; q̂j ] = 0

Under the correspondence principle, the HamiltonianH (p; q) produces a self-adjoint op-
erators Ĥ (p̂; q̂). In general, however, this correspondence will not be unique, because in
the classical system,p and q are commuting numbers, so their ordering in any expressing
was immaterial, while in the quantum system, ^p and q̂ are operators and their ordering
will matter. If such ordering ambiguity arises in passing from the classical to the quantum
system, further physical information will have to be supplied in order to lift the ambiguity.

If the classical system had a continuous symmetry, then by Noether's theorem, there
is an associated time-independnt chargeQ. Using the correspondence principle, one may
construct an associated quantum operator̂Q. However, the correspondence principle, in
general, does not produce a uniquêQ and the question arises whether an operator̂Q can
be constructed at all which is time independent. If yes, the classical symmetry extends
to a quantum symmetry. If not, the classical symmetry is saidto have an anomaly; this
e�ect does not arise in quantum mechanics but only appears inquantum �eld theory. A
particularly important symmetry of a system with time-independent Hamiltonian is time
translation invariance. Time-evolution is governed by theHeisenberg equation

i �h
dÂ(t)

dt
= [ Â(t); Ĥ ] (2.15)

The operatorsp̂, q̂ and Ĥ themselves are observable, and their eigenvalues are themo-
mentum, position and energy of the state.

The prime example, and which will be extremely ubiquitous inthe practice of quantum
�eld theory is the Harmonic Oscillator. We consider here thesimplest case withN = 1,

Ĥ =
1
2

p̂2 +
1
2

! 2q̂2; ! > 0 (2.16)
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Notice that since there are no terms involving both ^p and q̂, the passage from classical to
quantum was unambiguous here. Introducing the linear combinations,

â �
1

p
2! �h

(+ i p̂ + ! q̂)

ây �
1

p
2! �h

(� i p̂ + ! q̂) (2.17)

The system may be recast in the following fashion,

[â; ây] = 1

Ĥ = �h! (âyâ +
1
2

) (2.18)

The operators are referred to asannihilation â and creationây operatorsbecause their ap-
plication on any state lowers and raises the energy of the state with precisely one quantum
of energy �h! . This is shown as follows,

[Ĥ; â] = � �h! â

f Ĥ; ây] = +�h! ây (2.19)

Thus, if jE i is an eigenstate with energyE, so that Ĥ jE i = EjE i , then it follows that

Ĥ (âjE i ) = ( E � �h! )( âjE i )

Ĥ (âyjE i ) = ( E + �h! )( âyjE i ) (2.20)

Using this algebraic formulation, the sytem may be solved very easily. Note that Ĥ > 0,
so there must be a statejE0i 6= 0, such that âjE0i = 0, whence it follows that E0 = 1

2 �h!
and the energies of the remaining states (^ay)n jE0i are En = �h! (n + 1

2).

2.4 Quantum systems associated with Lie algebras

Not all quantum systems have classical analogs. For example, quantum orbital angular
momentum corresponds to the angular momentum of classical systems, but spin angular
momentum has no classical counterpart. Another example would be the color assignment
of quarks, and one may even view 
avor assignments (namely whether they areup, down,
charm, strange, topor bottom) as a quantum property without classical counterpart. It is
natural to understand these quantum systems in terms of the theory of Lie groups and Lie
algebras. After all, spin appeared as a special kind of representation of the rotation group
that cannot be realized in terms of orbital angular momentum, and color will ultimately
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be associated with the gauge group of the strong interactions SU(3)c. Even the quantum
system of free particles will be thought of in terms of representations of the Poincar�e group.

Consider a Lie groupG and its associated Lie algebraG. Let � be a unitary represen-
tation of G acting on a Hilbert spaceH. (For representations of �nite dimensionN , we
have H = CN .) This set-up naturally de�nes a quantum system associatedwith the Lie
algebra G and the representation� . The quantum observables are the linear self-adjoint
operators � (Ta). The maximal set of commuting observables is the largest set of com-
muting generators ofG. For semi-simple Lie algebras this is the Cartan sub-algebra. We
conclude with a few important examples,

1. Angular momentum is associated with the group of space rotations O(3); its unitary
representations are labelled by half integersj = 0; 1=2; 1; 3=2; � � �. Only for integer
j is there a classical realization in terms of orbital angularmomentum.

2. Special relativity states that the space-time symmetry group of Nature is the
Poincar�e group. Elementary particles will thus be associated with unitary repre-
sentations of the Poincar�e group.

2.5 Appendix I : Lie groups, Lie algebras, representations

The concept of a group was introduced in the context of polynomial equations by Evariste
Galois, and in a more general context by Sophus Lie. Given an algebraic or di�erential
equation, the set of transformations that map any solution into a solution of the same
equation forms agroup, where the group operation is composition of maps. As physics
is formulated in terms of mathematical equations, groups naturally enter into the under-
standing and solution of these equations.

� De�nition of a group

Generally, a setG forms a group provided it is endowed with an operation, whichwe
denote� , and which satis�es the following conditions

1. Closure :g1; g2 2 G, then g1 � g2 2 G;

2. Associativity : g1 � (g2 � g3) = ( g1 � g2) � g3 for all g1; g2; g3 2 G;

3. There exists a unitI such that I � g = g � I = g for all g 2 G;

4. Every g 2 G has an inverseg� 1 such that g� 1 � g = g � g� 1 = I .

15



Additionally, the group G;� is calledcommutative or Abelian is g1 � g2 = g2 � g1 for all
g1; g2 2 G. If on the other hand there is at least one pairg1; g2 such that g1 � g2 6= g2 � g1,
then the group is said to benon-commutative or non-Abelian.

Given a groupG, a subgroupH is a subset ofG that contains I such that h1� h2 2 H for
all h1; h2 2 H . An invariant subgroupor idealH of G is a subgroup such thatg� h� g� 1 2 H
for all g 2 G and all h 2 H . For example, the Poincar�e group has an invariant subgroup
consisting of translations alone. A group whose only invariant subgroups aref eg and G
itself is called asimple group.

� Lie groups and Lie algebras
As we have encountered already many times in physics, group elements may depend on

parameters, such as rotations depend on the angles, translations depend on the distance,
and Lorentz transformations depend on the boost velocity).A Lie group is a parametric
group where the dependence of the group elements on all its parameters is continuous (this
by itself would make it a topological group) and di�erentiable. The number of independent
parameters is called thedimensionD of G. It is a powerful Theorem of Sophus Lie that if
the parametric dependence is di�erentiable just once, the additional group property makes
the dependence automatically in�nitely di�erentiable, and thus real analytic.

A Lie algebra G associated with a Lie groupG is obtained by expanding the group
element g around the identity element I . Assuming that a set of local parametersx i ,
i = 1; � � � ; D has been made, we have

g(x i ) = I +
DX

i =1

x i T i + O(x2) (2.21)

The T i are the generatorsof the Lie algebraG and may be thought of as the tangent
vectors to the group manifoldG at the identity. The fact that this structure forms a group
allows us to compose and in particular form,

g(x i )g(yi )g(x i )� 1g(yi )� 1 2 G (2.22)

Retaining only the terms linear inx i and linear in yj , we have

g(x i )g(yi )g(x i )� 1g(yi )� 1 = I +
DX

i;j =1

x i yj [T i ; T j ] + O(x2; y2) (2.23)

Hence there must be a linear relation,

[T i ; T j ] =
DX

k=1

f ijk T k (2.24)
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for a set of constantsf ijk which are referred to as the structure constants, which satisfy
the Jacobi identity,

0 = [[T i ; T j ]; Tk ] + [[ T j ; Tk ]; T i ] + [[ T k ; T i ]; T j ] (2.25)

Lie's Theorem states that, conversely, if we have a Lie algebra G, de�ned by generators
Ti , i = 1; � � � ; D satisfying both (2.24) and (2.25), then the Lie algebra may be integrated
up to a Lie group (which is unique if connected and simply connected). Thus, except for
some often subtle global issues, the study of Lie groups may be reduced to the study of
Lie algebras, and the latter is much simpler in general ! Examples include,

1. G = U(N ), unitary N � N matrices (with complex entries);g 2 U(N ) is de�ned by
gyg = I ; D = N 2. Its Lie algebraG (often also denoted byU(N )) consists ofN � N
Hermitian matrices, (iT )y = ( iT ).

2. G = O(N ), orthogonal N � N matrices (with real entries); g 2 O(N ) is de�ned by
gtg = I ; D = N (N � 1)=2. Its Lie algebraG (often also denoted byO(N )) consists
of N � N anti-symmetric matrices,T t = � T.

3. Any time S appears before the name, the group elements have also unit determinant.
Thus G = SU(N ) consists ofg such that gyg = I and detg = 1. And G = SO(N )
consists ofg such that gtg = I and detg = 1. Notice that U(N ) has two invariant
subgroups : the diagonalU(1) and SU(N ).

Examples 1, 2 and 3 describecompact Lie groups, which are de�ned to be compact
spaces, i.e. bounded and closed. A famous non-comapct groupis described next.

4. G = Gl(N; R) and G = Gl(N; C) are the general linear groups ofN � N matrices
g with det g 6= 0 (respectively with real and complex entries). G = Sl(N; R) and
G = Sl(N; C) are the special linear groups de�ned by detg = 1.

� Representations of Lie groups and Lie algebras
A (linear) representationR with dimension N of a groupG is a map

R : G ! GL(N; C) or Gl(N; R) (2.26)

such that the group operation� is mapped onto matrix multiplication in Gl(N ),

R(g1 � g2) = R(g1) R(g2) & R(I ) = I N (2.27)

In other words, the representation realizes the abstract group in terms of N � N ma-
trices. A representationR : G ! GL(N; C) is called a complex representation, while
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R : G ! GL(N; R) is called a real representation. Two representationsR and R0 are
equivalent if they have the same dimension and if there exists a constantinvertible matrix
S such that R0(g) = S� 1R(g)S for all g 2 G. A representation is said to bereducible if
there exists a constant matrixD, which is not a scalar multiple of the identity matrix,
and which commutes withR(g) for all g. If no such matrix exists, the representation is
irreducible. A special class of representations that is especially important in physics is
that of unitary representations, for which R : G ! U(N ). It is a standard result that
every �nite-dimensional representation of a compact (or �nite) group is equivalent to a
unitary representation.

A representation of a Lie algebraG is a linear mapR : G ! G l(N; C), such that

[R(T i ); R(T j )] =
DX

k=1

f ijk R(T k) (2.28)

As R(T i ) are matrices, the Jacobi identity is automatic.

A representation R : G ! GL(N ) naturally acts on an N -dimensional vector space,
which in physics is a subspace of states or wave functions. The linear space is said to
transform under the representationR, and the distiction between the representation and
the vector space on which it acts is sometimes blurred.

2.6 Functional integral formulation

In preparation for the path integral formulation of quantum mechanics, for systems asso-
ciated with classical mechanics systems with degrees of freedom p(t), q(t), we introduce
two special adapted bases, one for position and one for momentum. Taking the �rst line
in the table as a de�nition, the remaining lines follow.

The evolution operator

Û(t) = expf� itH= �hg (2.29)

Position Basis Momentum Basis
q̂jqi = qjqi p̂jpi = pjpi

hq0jqi = � (q0 � q) hp0jpi = � (p0 � p)
R+ 1

�1 dq jqihqj = I H
R+ 1

�1 dp jpihpj = I H

e+ ia p̂q̂e� ia p̂ = q̂+ a�h e� ibq̂p̂e+ ibq̂ = p̂ + b�h
e� ia p̂jqi = jq+ a�hi e+ ibq̂jpi = jp + b�hi

Table 1:
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governs the transition amplitudeh jÛ(t)j� i , for an intital state j� i to evolve into a �nal
state j i after a time t. For systems whose only degrees of freedom arep and q, such
amplitudes may be expressed in terms of the wave functionshqj� i and hqj i of these
states using the completeness relations,

h jÛ(t)j� i =
Z + 1

�1
dq

Z + 1

�1
dq0 hqj� ihq0j i � hq0jÛ(t)jqi (2.30)

To evaluate the matrix elements ofÛ in position basis, we make use of the group property
of Û, Û(t0+ t00) = Û(t0)Û(t00) and insert complete sets of position states,

hq0jÛ(t0+ t00)jqi =
Z + 1

�1
dq00hq0jÛ(t00)jq00ihq00jÛ(t0)jqi (2.31)

To evaluate hq0jÛ(t)jqi , we divide the time interval t into N equal segments of length� =
t=N and insertN � 1 complete sets of position eigenstates (labelled byqk , k = 1; � � � ; N � 1)
into the formula Û(t) = Û(� )N . This yields

hq0jÛ(t)jqi =
N � 1Y

k=1

Z + 1

�1
dqk

NY

k=1

hqk jÛ(� )jqk� 1i (2.32)

whereqN = q0 and q0 = q.

Each matrix element hqk jÛ(� )jqk� 1i may in turn be evaluated as follows. First, we
insert a complete set of states in the momentum basis (labelled by pk , k = 1; � � � ; N )

hqk jÛ(� )jqk� 1i =
Z + 1

�1
dpkhqk jÛ(� )jpk ihpk jqk� 1i (2.33)

Using the overlaps of position and momentum eigenstates, wehave

hqk jpk i = e+ ip k qk =�h hpk jqk� 1i = e� ip k qk � 1=�h (2.34)

The reason for introducing also the basis of momentum eigenstates is that now the needed
matrix elements of the quantum HamiltonianĤ (p̂; q̂) can be evaluated.

In the limit N ! 1 , we have� ! 0 and thus the evolution operator over the in�nites-
imal time span � may be evaluated by expanding the exponential to �rst order only,

Û(� ) = I H � i
�
�h

Ĥ + O(� 2) (2.35)

We assume thatĤ is analytic in p̂ and q̂, so that upon using the commutation relation
[p̂; q̂] = � i �h, we may rearrangeĤ so as to put all p̂ to the right and all q̂ to the left in any
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given monomial. This allows us to de�ne a classical functionH (p; q) by

H (pk ; qk) � h qk jĤ (p̂; q̂)jpk i (2.36)

and therefore, we have

hqk jÛ(� )jpk i = e� i�H (pk ;qk )=�hhqk jpk i (2.37)

Assembling all results, we now �nd the following expression,

hq0jÛ(t)jqi = lim
N !1

N � 1Y

k=1

Z + 1

�1
dqk

NY

l=1

Z + 1

�1
dpl

NY

m=1

eiS k (p;q)=�h (2.38)

where

Sk(p; q) � pk(qk � qk� 1) � �H (pk ; qk) (2.39)

In the limit N ! 1 , for t �xed, the label k on pk and qk becomes continuous,

pk ! p(t0) t0 = k� = kt=N; � = dt0

qk ! q(t0)

Sk(p; q) ! dt0
�

p(t0) _q(t0) � H (p(t0); q(t0))
�

(2.40)

As a result, the product of exponentials converges as follows

lim
N !1

NY

m=1

eiS k (p;q)=�h = exp
� i

�h

Z t

0
dt0

�

p_q � H (p; q)
�

(t0)
�

(2.41)

The measure \converges" to a random walk measure, which is denoted as follows,

lim
N !1

N � 1Y

k=1

Z + 1

�1
dqk

NY

l=1

Z + 1

�1
dpl =

Z
Dq

Z
Dp (2.42)

The �nal result is the path integral formulation of quantum mechanics, which gives an
expression for the position basis matrix elements of the evolution operator,

hq0jÛ(t)jqi =
Z

Dq
Z

Dpexp
� i

�h

Z t

0
dt0

�

p_q � H (p; q)
�

(t0)
�

(2.43)

with the boundary conditions that q(t0 = 0) = q and q(t0 = t) = q0. This formulation was
�rst proposed by Dirac and rederived by Feynman.
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The quantity that enters the exponential in the path integral is really the classical
action of the system,

S[p; q] �
Z

dt0
�

p_q � H (p; q)
�

(t0) (2.44)

Therefore, in theclassical limit where one formally takes the limit �h ! 0, the part integral
will be dominated by the stationnary or saddle points of the integral, which are de�ned
as those points at which the �rst order (functional derivatives ofS[p; q] with respect to p
and q vanish. It is easy to work out what these equations are

0 =
�S
�q

= � _p �
@H
@q

0 =
�S
�p

= + _q �
@H
@p

(2.45)

These are precisely the Hamilton equations of the classicalHamiltonian H . Thus, we
recover very easily in the path integral formulation that in the classical limit, quantum
mechanics receives its dominant contribution from classical solutions, as expected.
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3 Principles of Relativistic Quantum Field Theory

The laws of quantum mechanics need to be supplemented with the principle of relativity.
We shall ignore gravity and thus general relativity throughout and assume that space-time
is 
at Minkowski space-time.y The principle of relativity is then that of special relativity,
which states that in 
at Minkowski space-time, the laws of physics are invariant under the
Poincar�e group. Recall that the Poincar�e group is the (semi-direct) product of the group
of translations R 4 and the Lorentz groupSO(1; 3),

ISO(1; 3) � R 4 � < SO(1; 3) (3.1)

Quantum �eld theory is a quantum system, so we have the same de�nitions of states in
Hilbert space and of self-adjoint operators correspondingto observables. In addition, the
requirements that these states and operators transform consistently under the Poincar�e
group need to be implemented. In brief,

� The states and observables in Hilbert space will transform under unitary represen-
tations of the Poincar�e group.

� The �elds in QFT are local observables and transform under unitary representations
of the Poincar�e group, which induce �nite dimensional representations of the Lorentz
group on the components of the �eld.

� Micro-causality requires that any two local �elds evaluated at points that are space-
like separated are causally unrelated and thus must commute(or anti-commute for
fermions) with one another.

Before making these principles quantitative, it is helpfulto review the de�nitions and
properties of the Poincar�e and Lorentz groups and to discuss the unitary representations of
the Poincar�e group as well as the �nite-dimensional representations of the Lorentz group.

yHenceforth, we shall work in units wherec = �h = 1.
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3.1 The Lorentz and Poincar�e groups and algebras

In special relativity the speed of light as observed from di�erent inertial frames is the
same,c. Inertial frames are related to one another by Poincar�e transformations, which in
turn may be de�ned as the transformations that leave the Minkowski distance between
two points invariant.z This distance is de�ned by

s2 � (x0 � y0)2 � (~x � ~y)2 � � �� (x � � y� )(x � � y� ) (3.2)

where the Minkowski metric tensor is given by

� �� � diag [1 � 1 � 1 � 1] (3.3)

Clearly, the Minkowski distance is invariant undertranslations by a� and Lorentz trans-
formations by � �

� ,

R(� ; a)
�

x � ! x0� = � �
� x � + a�

y� ! y0� = � �
� y� + a� (3.4)

where the Lorentz transformation matrix must satisfy

� �
� � �� � �

� = � �� , � T � � = � , (� � 1)�
� = � �

� (3.5)

The above transformation laws form the Poincar�e group under the multiplication law,

R(� 1; a1)R(� 2; a2) = R(� 1� 2; a1 + � 1a2) (3.6)

Special cases include,

1. a = 0 yields the Lorentz group, which is a subgroup of the Poincar�e group. The
de�nition (3.5) is analogous to that of an orthogonal matrix, M t IM = I ; for this
reason the Lorentz group is denoted byO(1; 3).

2. A further special case of the Lorentz group is formed by thesubgroup of rotations,
characterized by �0

0 = 1; � 0
i = � i

0 = 0. Boosts do not by themselves form a
subgroup; a boost in the direction 1 leavesx02;3 = x2;3 and

x00 = + x0ch� � x1sh�

x01 = � x0sh� + x1ch� ch� =
p

1 � v2 (3.7)

zTime and space coordinates are denoted byt and x i , i = 1 ; 2; 3 respectively. Space coordinates are
often regrouped in a 3-vector~x, while it will be convenient to measure time in distances, using the speed
of light constant c via the relation x0 � ct. All four coordinates may then be conveniently regrouped into
a 4-vector x � , � = 0 ; 1; 2; 3. Throughout, we adopt the Einstein convention in which repeated upper and
lower indices are summed over and the summation symbol is implicit.
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3. � = I yields the translation group, which is an invariant subgroup of Poincar�e.

The Poincar�e algebra is gotten by considering in�ntesimal translations bya� and in-
�nitesimal Lorentz transformations,

� �
� = � �

� + ! �
� ) � �� ! �

� + � �� ! �
� = 0 ) ! �� + ! �� = 0 (3.8)

so that ! �� is antisymmetric, and has 6 independent components. It is customary to de�ne
the corresponding Lie algebra generatorsP� and M �� with a factor of i ,

R(� ; a) = exp
�

�
i
2

! �� M �� + ia � P�

�

(3.9)

� I �
i
2

! �� M �� + ia � P� + O(! 2; a2; !a )

so that the generatorsP� and M �� are self-adjoint in any unitary representation. The
structure relations of the Poincar�e algebra are given by

[P� ; P� ] = 0

[M �� ; P� ] = + i � �� P� � i � �� P�

[M �� ; M �� ] = + i � �� M �� � i � �� M �� � i � �� M �� + i � �� M �� (3.10)

From these relations, it is clear that the generatorsM �� form the Lorentz subalgebra,
while the generatorsP � form the Abelian invariant subalgebra of translations.

The Poincar�e algebra has an immediate and importantquadratic Casimir operator,
namely a bilinear combination of the generators that commutes with all the generators of
the Poincar�e algebra. This Casimir is themass square operator

m2 � P � P� (3.11)

which is in a sense the classical de�nition of mass.m2 is real, but despite its appearance,
it can take positive or negative values.
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3.2 Parity and Time reversal

Parity (or reversal of an odd number of space directions) andtime reversal are elements
of the Lorentz group with very special signi�cance in physics. They are de�ned as follows,

P : x00 = + x0 x0i = � x i x0� � P x� = x �

T : x00 = � x0 x0i = + x i x0� � Tx� = � x � (3.12)

Notice that the product P T corresponds tox0� = � x � or � = � I .

The role of P and T is important in the global structure (or topology) of the Lorentz
group, as may be seen by studying the relation �t � � = � more closely. By taking the
determinant on both sides, we �nd,

(det �) 2 = 1 (3.13)

while the � = 0, � = 0 component of the equation is

1 = (� 0
0)2 � (� i

0)(� i
0) ) j � 0

0j � 1 (3.14)

Transformations with det � = +1 are proper while those with det � = � 1 are improper;
those with � 0

0 � 1 are orthochronous, while those with �00 � � 1 are non-orthochronous.
Hence the Lorentz group has four disconnected components.

L "
+ det � = +1 � o

o � +1 proper orthochronous

L#
+ det � = +1 � o

o � � 1 proper non� orthochronous

L "
� det � = � 1 � o

o � +1 improper orthochronous

L#
� det � = � 1 � o

o � � 1 improper non� orthochronous

Since the identity is in L "
+ , this component is the only one that forms a group. Parity and

time reversal interchange these components, for example

P : L "
+ $ L "

�

T : L "
+ $ L#

�

P T : L "
+ $ L#

+ (3.15)

Each component is itself connected. Any Lorentz transformation can be decomposed as a
product of a rotation, a boost, and possiblyT and P.

It will often be important to consider the complexi�ed Lorentz group, which is still
de�ned by � �

� � �� � �
� = � �� , but now with � complex. We still have det � = � 1, but it

is not true that j� o
oj � 1. Hence within thecomplexi�ed Lorentz group, L "

+ and L#
+ are

connected to one another.
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3.3 Finite-dimensional Representations of the Lorentz Alg ebra

The representations of the Lorentz group that are relevant to physics may besingle-valued,
i.e. tensorialor double valued, i.e. spinorial, just as was the case for the representations of
its rotation subgroup. In fact, more generally, we shall be interested in single and double
valued representations of the full Poincar�e group, which are de�ned by

R(� 1; a1)R(� 2; a2) = � R(� 1� 2; a1 + � 1a2) (3.16)

The representations of the Lorentz group then correspond tohaving a1 = a2 = 0.

To study the representations ofO(1; 3), it is convenient to notice that the complexi-
�ed algebra factorizes, by taking linear combinations of rotations Ji and boostsK i with
complex coe�cients. We de�ne

Ji �
1
2

� ijk M jk K i � Moi (3.17)

then the structure relations are

[Ji ; Jj ] = + i � ijk Jk

[Ji ; K j ] = + i � ijk K k

[K i ; K j ] = � i � ijk Jk (3.18)

Clearly, one should introduce

N �
i �

1
2

(Ji � i K i ) (3.19)

so that the commutation relations decouple,

[N �
i ; N �

j ] = i � ijk N �
k [N +

i ; N �
j ] = 0 (3.20)

Thus, eachf N +
i g generates anSU(2) algebra, considered here with complex coe�cients.

The �nite dimensional representations ofSU(2) are labelled by a half integerj � 0,
and will be denoted by (j ). It will be useful to have the tensor product formula,

(j ) 
 (j 0) =
j + j 0
M

l= jj � j 0j

(l) (3.21)

where the sum runs over integer spacings and the dimension isdim(j ) = 2 j +1. A familiar
example is from the addition of angular momentum representations. For example the
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addition of spin 1/2 to an orbital angular momentuml produces total momentum states
with j = l + 1=2 and j = l � 1=2.

The representation theory of the complexi�ed Lorentz algebra is obtained as the prod-
uct of the representations of bothSU(2) factors, each of which may be described by the
eigenvalue of the corresponding Casimir operator,

N +
i N +

i j + (j + + 1)

N �
i N �

i j � (j � + 1) j � = 0;
1
2

; 1;
3
2

; 2; � � � (3.22)

Thus, the �nite-dimensional irreducible representationsof O(1; 3) are labelled by (j + ; j � ).
SinceJ3 = N +

3 + N �
3 , the highest weight vector of the corresponding rotation group is just

the sum j + + j � , which should be thought of as thespin of the representation. Complex
conjugation and parity have the same action on these representations,

(j + ; j � )� = ( j � ; j + )

P (j + ; j � )� = ( j � ; j + ) (3.23)

and thus only the representations (j; j ) or the reducible representations (j + ; j � ) � (j � ; j + )
can be real { the others are necessarily complex.

Some fundamental examples

1. (0; 0) with spin zero is thescalar; Its parity may be even orodd (scalar-pseudoscalar)

2. (1
2; 0) is the spin 1

2 left-handed Weyl 2-component spinor(and (0; 1
2)) is the right-

handed Weyl 2-component spinor). Both are complex, and transform into one an-
other under complex and parity conjugation.

3. (1
2; 0) � (0; 1

2) is the Dirac spinor when the left and right spinors areindependent;
it is the Majorana spinor when the left and right spinors are complex conjugates of
one another, so that the Majorana spinor isa real spinor.

4. Tensor products of the Weyl spinors yield higher (j + ; j � ) representations.

5. (1
2; 1

2) = ( 1
2; 0) 
 (0; 1

2) with spin 1 and 4 components is a 4-vector, such as the E&M
gauge potential and the momentumP� .

6. (1; 0) � (0; 1) with spin 1, is a real representation under which rank 2 antisymmetric
tensors transform. Examples are the E& M �eld strength tensor F�� = � F�� , as
well asM �� themselves.
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7. (1; 0) (resp. (0; 1)) with spin 1 and 3 complex components is the so-called self-
dual (resp. anti self-dual) antisymmetric rank 2-tensor. To construct it in terms of
tensors, one de�nes thedual by

~F�� �
1
2

� ���� F �� � 0123 = � � 0123 = 1 (3.24)

Since ~~F�� = � F�� , the eigenvalues of~are� i , and the eigenvectors are

F �
�� �

1
2

(F�� � i ~F�� ) ~F �
�� = � iF �

�� (3.25)

The self-dualF + corresponds to the representation (1; 0) (and the anti self-dualF �

to (0; 1). Notice that the presence ofi in the de�nition of the dual, and therefore of
F � forces these representations to be complex. In particularN +

i and N �
i correspond

to the self-dual and anti self-dual part ofM �� . The precise relations are,

M �
0j = �

i
2

� jkl M �
kl = � iN �

j (3.26)

8. (1; 1) of spin 2 corresponds to the symmetric traceless rank 2 tensor, i.e. the graviton.

9. Generalizing ordinary orbital angular momentum to include time yields another rep-
resentation of the Lorentz algebra on functions of the coordinates x � ,

L �� � i (x � @� � x � @� ) @� �
@

@x�
�

 
@
@t

; ~r

!

(3.27)

A further generalization is to representations that include spin;

M �� � L �� + S�� (3.28)

where the spin representationS�� satis�es the Lorentz structure relations by itself,
while S�� commutes with P� and L �� . Supplementing this algebra withP� = i@�

yields a representation of the full Poincar�e algebra.
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3.4 Unitary Representations of the Poincar�e Algebra

Next, the unitary representations of the Poincar�e algebraare reviewed and constructed.
Recall the structure relations of the algebra,

[P� ; P� ] = 0

[M �� ; P� ] = + i� �� P� � i� �� P�

[M �� ; M �� ] = + i� �� M �� � i� �� M �� � i� �� M �� + i� �� M �� (3.29)

In any unitary representation, the generatorsM and P will have to be realized as self-
adjoint operators. Constructing the representations of the Poincar�e algebra is a bit more
tricky than those of the Lorentz algebra, because the Lorentz algebra is semi-simple, but
the Poincar�e algebra has theAbelian invariant subalgebra of translations, and is therefore
not semi-simple.

What are its representations? The Casimirs of the Lorentz algebra N i N i and N +
i N +

i

do not commutue with P� any longer. However,P� P � is a relativistic invariant, and hence
a Casimir of Poincar�e. If we can �nd another 4-vector that commute with all P 's, its
square will also be a Casimir. ThePauli-Lubanski vector is de�ned by

W � �
1
2

� ���� P� M �� (3.30)

It commutes with momentum, [W � ; P � ] = 0 and its square W � W� commutes with the
entire Poincar�e algebra and is therefore a (quartic) Casimir operator for the Poincar�e
algebra. Now remember that the most general expression forM �� was

M �� = x � P� � x � P� + S�� (3.31)

so that the angular momentum part cancels out and we are left with

W � =
1
2

� ���� P� S�� (3.32)

The Casimirs of the Poincar�e group are thusP� P � and W� W � , and the states will be
labelled by P� and W 3. W� generates anSU(2) type algebra for �xed P� :

[W � ; W � ] = i � ���� P� W� (3.33)

which is the so-calledlittle group . The basic idea is to �x P � and then to obtain the
representations of the little group.

29



� One-particle state representations

We apply the method above to the construction of the (unitary) one-particle state
representations, which are the most basic building blocks of the Hilbert space of a QFT.
We choose to diagonalize the components of the momentum operator P� since they mutualy
commute and commute with the mass operatorm2 = P � P� . We denote the eigenstates by
jp; �i , wherep� denotes the eigenvalues of the operatorP� and the labeli speci�es whatever
remaining quantum numbers,

P� jp; ii = p� jp; ii (3.34)

One de�nes aone particle stateas a representation in which the range of the labeli is
discrete. If one superimposes two one particle states, the index would include relative
momenta, and this index would be continuous. At �xedM 2, the range ofi is �nite, both
in QFT and in string theory.

To obtain the action of the Lorentz group, we proceed as follows. First, we list the
transformations of the Poincar�e generators under Poincar�e transformations,

U(� ; a)M �� U(� ; a)� 1 = (� � 1)�
� (� � 1)�

� (M �� � a� P� + a� P� )

U(� ; a)P� U(� ; a)� 1 = (� � 1)�
� P� (3.35)

Applying these relations to one particle states, one establishes that the stateU(� ; 0)jp; ii
indeed has momentum �p, as expected,P � U(� ; 0)jp; ii = � �

� p� U(� ; 0)jp; ii , and therefore
may be decomposed onto such states,

U(� ; 0)jp; ii =
X

j

Ci;j (� ; p)j� p; j i (3.36)

To �nd this action and understand it, we specify a reference momentum k� , for given M 2,
so that p� is a Lorentz transform ofk� ,

p� = L �
� (p)k� k2 = m2 (3.37)

Thus, the statesjp; ii may then be reconstructed as follows,

jp; ii = U(L(p); 0)jk; i i (3.38)

Once this construction has been e�ected, the action of general Lorentz transformations
may be obtained as follows,

U(� ; 0)jp; ii = U(� ; 0)U(L(p); 0)jk; i i

= U(L(� p); 0)U(W; 0)jk; i i (3.39)
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De�ning now the composite transformation

U(W; 0) = U(L(� p); 0)� 1U(�; 0)U(L(p); 0) (3.40)

which represents the composite Lorentz transformationW,

W = L(� (p)) � 1� L(p)

W k = L(� p)� 1� L(p)k = L(� p)� 1� p = k (3.41)

Therefore, W leaves the reference momentumk� invariant. The group of all such trans-
formations is the little group. Thus, given the reference momentum k, the unitary repre-
sentation of the one particle state is classi�ed by the representation of the little group.

1. P � P� = m2 > 0 : These are themassive particle states; k� = ( m; 0; 0; 0).
It follows from the explicit form of W � that W � W� = � m2 ~S2 = � m2s(s+ 1), where
s is the spin of the representation of the little group, and it takes the usual values

s = 0;
1
2

; 1; : : : (3.42)

2. P� P � = 0 : These are themassless particle states; k� = ( �; �; 0; 0).
It follows from the explicit form of W � that W� W � = 0. Since we also haveP� W � =
0, it follows that ~W � ~P = �j ~Wjj ~Pj and hence the vectors~W and ~P must be colinear,
~W = � ~P and thus

W � = �P � (3.43)

Again, using the explicit form ofW � , we haveW 0 = Pi Si = �P 0 and we see that�
is the projection of spin onto momentum, i.e.helicity which takes values,

� = 0; �
1
2

; � 1; : : : (3.44)

Hence any massless particles ofs 6= 0 has 2 degrees of freedom, photon� 1, neutrino
� 1

2 , graviton � 2.

3. P � P� < 0 : These are thetachyonic particle states; k� = (0 ; m; 0; 0).
These representations are unitary, and are acceptable as free particles. As soon as
interactions are turned on, however, they cause problems with micro-causality and
it is generally believed that tachyons are unacceptable in physical theories.

Note that all these unitary representations are in�nite dimensional (except for the triv-
ial representation). Then there are of course also all the non-unitary representations, which
we do not consider here. A standard reference is E.P. Wigner,\Unitary Representations
of the Inhomogeneous Lorentz Group," Ann. Math.40 (1939) 149.
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3.5 The basic principles of quantum �eld theory

A summary is presented ofthe fundamental principles of relativistic quantum �eld theory.
By analogy with quantum mechanics, these principles do not refer to any speci�c dynamics
(except for the fact that the dynamics is invariant under Poincar�e symmetry). Thus, the
principles generalize those of quantum mechanics to include the principles of relativity.

1. States of QFT are vectors in a Hilbert spaceH.

2. States transform underunitary representations of the Poincar�e group, which will be
denoted byU(� ; a),

jstatei ! j state0i = U(� ; a)jstatei (3.45)

3. There exists a unique ground state (the vacuum), usually denoted byj0i , which is
the singlet representation of the Poincar�e group,

U(� ; a)j0i = j0i (3.46)

4. The fundamental observables in QFT arelocal quantum �elds, which are space-
time dependent self-adjoint operators onH. They are generically denoted by� j (x);
speci�c notations for the �elds most relevant for physics will be introduced later.x

5. Throughout, the numbern of independent �elds� j (x), j = 1; � � � ; n will be assumed
to be FINITE. Generalizations with in�nite numbers of �elds can be constructed (for
example string theory), but only at the cost of severe complications, which usually
go outside the framework of standard QFT.

6. Poincar�e transformations on the �elds are realized unitarily in H , as follows,

� 0
j (x) � U (� ; a)� j (x)U(� ; a)y =

nX

k=1

Sjk (� � 1)� k(� x + a) (3.47)

Since the number of �elds is assumed �nite,S(� � 1) must be a �nite-dimensional
representation of the Lorentz group. Except for the trivialone, such representations
are always non-unitary. An important special case of this relation is when � = 1,

xNote that the operators or observables are thus time-dependent, and the states will be time-
independent. This formulation is usually referred to as theHeisenberg formulation of quantum mechanics,
as opposed to the Schr•odinger formulation in which observables are time-independent but states are time-
dependent.
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which yields the behavior of observables under translations (this includes under time-
translation, namely dynamics),

� 0
j (x) � e� ia � P� � j (x)eia � P� = � j (x + a) (3.48)

sinceU(I; a) = expf� ia � P� g. The transformation law when � 6= I will be examined
in greater detail later.

7. Microscopic Causality or local commutativitystates that any two observables� J and
� k that have no mutual causal contact must be simultaneously observable and must
therefore commute with one another,{

[� j (x � ); � k(y� )] = 0 if ( x � y)2 < 0 (3.49)

Classically, as no relativistic signal can connect these two observables, it should
better be possible to assign independent initial data. Quantum mechanically, it
should be possible to measure them simultaneously to arbitrary precision and this
independently at x � and y� .

8. There is a relation between states inH and �elds. From the �elds in QFT, it is
possible to build up the Hilbert space. The simplest states (besides the vacuum)
in Hilbert space are the1-particle states, denoted by jp; ii . For every 1-particle
speciesi , there must be a corresponding �eld� i (x) that produces this species from
the vacuum state,

h0j� i (x)jp; ii 6= 0 (3.50)

9. Symmetries other than the Poincar�e group will be realized by unitary transformations
on Hilbert space which induce �nite-dimensional transformations on the �elds,

� 0
j (x) � U (g)� j (x)U(g)y =

X

k

S(g� 1) j
k � k(gx) (3.51)

When g has no action onx, namely gx = x, the transformations generateinternal
symmetries; examples are 
avor, color, isospin etc. On the other hand, if gx 6x, the
transformations generatespace-time symmetries; examples are Poincar�e invariance,
scale and conformal symmetries, parity, supersymmetry. Time-reversal is realized by
an anti-unitary transformation.

{ Fermionic �elds will anti-commute.
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3.6 Transformation of Local Fields under the Lorentz Group

Fields may be distinguished by the di�erent �nite-dimensional representations of the
Lorentz group S(� � 1) under which they transform. It is convenient to decompose these
representations into a direct sum of irreducible representations, whose study we now initi-
ate. We apply the results ofx3.3 to the general transformation rule of (3.47), specialized
to Lorentz transformations. It is convenient to let � ! � � 1 and x ! � x, so that

� 0
j (x

0) =
nX

k=1

Sj
k(�) � k(x) x0 = � x (3.52)

When the transformation is continuous (we shall treat Parity and Time-reversal separately)
we may describe the transformation in�nitesimally,

� �
� = � �

� + ! �
� + O(! 2)

� 0
j (x) = � j (x) + �� j (x) + O(! 2)

S(I + ! ) = I �
i
2

! �� S�� + O(! 2) (3.53)

Combining these ingredients to compute�� j , we �nd

� (x) + �x � @� � (x) + �� (x) = � (x) �
i
2

! �� S�� � (x) + O(! 2) (3.54)

whence the transformation law naturally involves the totalLorentz generatorL + S,

�� (x) = �
i
2

! �� (L �� + S�� )� (x) (3.55)

1. The scalar �eld

The scalar has spin 0, corresponding to the representation (0; 0) in the notation of x3.3.
Thus, � 0(� x) = � (x) for all Lorentz transformations in L "

+ . In�nitesimally, we have

�� (x) = �
i
2

! �� L �� � (x) (3.56)

All irreducible representations are 1-dimensional; a single scalar �eld is denoted by� .

2. The vector �eld

Vector �elds are generally denoted byA � , such as for example the electro-magnetic
potential. The transformation law of a vector �eld is

A0
� (x0) = � �

� A � (x) (3.57)

34



which corresponds to the following in�nitesimal transformation law,

�A � (x) = A0
� (x) � A � (x) = �

i
2

! �� L �� A � (x) + ! �
� A � (x) (3.58)

(Using the transformation law for a scalar� , it is easily checked that the derivative of a
scalar @� � transforms as a vector with the above transformation law.) The explicit form
of the vector representation matrices may be deduced from this formula,

(S�� )�
� = i � �� � �

� � i � �� � �
� (3.59)

which is characteristic of the
�

1
2; 1

2

�
representation of the Lorentz group.

3. General tensor representations

These representations may be built up by taking the tensor product of vector repre-
sentations using the tensor product formula,

(j + ; j � ) 
 (j 0
+ ; j 0

� ) =
j � + j 0

�X

s� = jj � � j 0
� j

(s+ ; s� ) (3.60)

The spinss = s+ + s� are all integer. A rank n tensor B � 1 ��� � n transforms as

B 0
� 1 ��� � n

(� x) = � � 1
� 1 � � � � � n

� s B � 1 ��� � n (x) (3.61)

It is consistent with Lorentz transformations to symmetrize, anti-symmetrize or take the
trace of tensor �elds. For totally symmetric tensor, the spin and the rank coincide,n = s,
but upon anti-symmetrization, n > s in general. The representation (1; 1) corresponds to
the graviton. Fields of spin higher than 2 will never be needed in QFT, and in fact we
shall always specialize to �elds of spin� 1.

4. The Dirac spinor �eld

The Dirac �eld, usually denoted (x), is a 4-component complex column matrix, whose
transformation law is de�ned to be

U(� ; a) (x)U(� ; a)y = S(� � 1) (� x + a) (3.62)

where S(�) = R(� ; 0) is the spinor representation characterized by (1
2; 0) � (0; 1

2) in the
classi�cation of Lorentz representations. To obtain an explicit construction of S(�), we
proceed as follows.
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First, recall that the 2-dimensional spinor representation of the rotation group is re-
alized in terms of the 2� 2 Pauli matrices, � i , i = 1; 2; 3, de�ned to satisfy the relationk

f � i ; � j g = 2� ij . It is conventional to take the following basis,

� 1 =
�

0 1
1 0

�

� 2 =
�

0 � i
i 0

�

� 3 =
�

1 0
0 � 1

�

(3.63)

The representation generators areSi = � i =2, and satisfy the standard rotation algebra
relations [Si ; Sj ] = i� ijk Sk .

The spinor representations of the Lorentz algebra are realized analogously in terms of
the 4 � 4 Dirac matrices
 � , de�ned to satisfy the Cli�ord-Dirac algebra ,

f 
 � ; 
 � g = 2� �� (3.64)

The 4-dimensional Dirac spinor representation is de�ned bythe following generators,

S�� �
i
4

[
 � ; 
 � ] (3.65)

which satisfy the Lorentz algebra

[S�� ; S�� ] = + i � �� S�� � i � �� S�� � i � �� S�� + i � �� S�� (3.66)

This may be veri�ed by making use of the Cli�ord-Dirac algebra relations only.

As for any representation of the Lorentz group, (3.35) holds, which in this case may
be expressed as

S(�) S�� S(�) � 1 = (� � 1)�
� (� � 1)�

� S�� (3.67)

Furthermore, from the relation

[S�� ; 
 � ] = i � �� 
 � � i � �� 
 � (3.68)

it follows that S(�) 
 � S(�) � 1 = (� � 1)�
� 
 � or simply that the 
 � matrices areinvariant ,

provided both its \vector" and \spinor" indices are transformed,

� �
� S(�) 
 � S(�) � 1 = 
 � (3.69)

The 
 -matrices are the Clebsch-Gordon coe�cients for the tensorproduct of two Dirac
representations onto the vector representation.

k f A; B g � AB + BA is de�ned to be the anti-commutator of A and B .
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The Dirac spinor representation isreducible, as may be seen from the existence of the
chirality matrix 
 5 = 
 5, which is de�ned by


 5 = 
 5 =
i
4!

� ���� 
 � 
 � 
 � 
 � = i
 0
 1
 2
 3 (3.70)

Clearly, we have (
 5)2 = I and tr( 
 5) = 0, so that 
 5 is not proportional to the identity
matrix. The matrix 
 5 anti-commutes with all 
 � and therefore
 5 commutes with S�� ,

f 
 5; 
 � g = [ 
 5; S�� ] = 0 (3.71)

Thus, by Shur's lemma, the representationS is reducible, since its generators commute
with a matrix 
 5 that is not proportional to the identity matrix. (Notice tha t the 
 �

matrices do form an irreducible representation of the Cli�ord algebra.)

A basis for all 4� 4 matrices is given by the following set

I; 
 � ; 
 �� ; 
 ��� ; 
 ���� (3.72)

where
 � 1 ��� � n is the product 
 � 1 � � � 
 � n , completely antisymmetrized in itsn indices. Some
of these combinations may be reexpressed in terms of alreadyfamiliar quantities,


 �� = � 2i S ��


 ��� = � i � ���� 
 5
 �


 ���� = � i � ���� 
 5 (3.73)

5. The Weyl spinor �elds

The irreducible components of the Dirac representation area - chirality or left Weyl
spinor ( 1

2; 0) and an independent + chirality or right Weyl spinor (0; 1
2), corresponding to

the � 1 and +1 eigenvalues of the chirality matrix
 5. In a chiral basiswhere
 5 is diagonal,
we have the following convenient representation of the
 -matrices,


 5 =
�

� I 2 0
0 +I 2

�


 � =
�

0 � �

�� � 0

�

(3.74)

where I 2 is the identity matrix in 2 dimensions, and

� � = ( I 2; � i ) �� � = ( I 2; � � i ) (3.75)

The Dirac representation matricesS(�) as well as the Dirac �eld  (x) decompose into the
Weyl spinor representation matricesSL (�) and SR (�) and the Weyl spinor �elds  L (x)
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and  R (x) as follows,

S(�) =
�

SL (�) 0
0 SR (�)

�

 (x) =
�

 L (x)
 R (x)

�

(3.76)

where the Weyl representation matrices are given by

SL (�) = exp
�

�
i
2

(! + )�� M +
��

�

= exp
� i

2
~� � (~! + i~� )

�

SR (�) = exp
�

�
i
2

(! � )�� M �
��

�

= exp
� i

2
~� � (~! � i~� )

�

(3.77)

Here, ! � and M � are the self-dual and anti self-dual parts of! and M respectively, and
~! and ~� are real 3-vectors representing rotations and boosts respectively.

6. Equivalent representations

If S�� in the Dirac representation satis�es the structure relations of the Lorentz algebra,
then transposition and complex conjugation automaticallyalso produce representations of
the same dimensions, with matrices� St

�� and � S�
�� . These representations must be equiv-

alent to the Dirac representation and hence related by conjugation. These conjugations
re
ect the discrete symmetriesC and P (to be discussed shortly),

C � St
�� = C � 1S�� C

P � S�
�� = B � 1S�� B (3.78)

7. The Majorana spinor �eld

A Majorana spinor corresponds to a real representation (1
2; 0) � (0; 1

2) where the two
Weyl spinors are complex conjugates of one another. Complexconjugation by itself de-
pends upon the basis chosen, butcharge conjugation, to be de�ned in the subsequent
subsection, is a Lorentz invariant operation. Thus, the proper requirement for a spinor to
be \real" is provided by the Majorana spinor �eld condition,

 c(x) =  (x) (  c(x))c =  (x) (3.79)

A Majorana spinor is equivalent to its left �eld component (or its right �eld component).

8. The spin 3/2 �eld

Spin 3
2 can be either

�
3
2 ; 0

�
or

�
1
2; 1

�
and their charge conjugates. Only the latter is

physically signi�cant. It can be gotten from
� 1

2
;
1
2

�



� 1

2
; 0

�

=
�

1;
1
2

�

�
�

0;
1
2

�

(3.80)

The Rarita-Schwinger �eld  � precisely corresponds to the above representation plus its
complex conjugate. To project out the purely spin (1; 1=2) � (1=2; 1) part, the 
 -trace
must be removed which may be achieved by suplementary condition 
 �  � = 0.
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3.7 Discrete Symmetries

We group together here the transformations under the discrete symmetries P, T and
charge conjugationC of the basic �elds.

3.7.1 Parity

One distinguishes two types ofscalarsunder parity

P� (x)P y = + � (P x) scalar

P� (x)P y = � � (P x) pseudo� scalar (3.81)

This distinction is important as the particles � � and � 0 are for example pseudo-scalars,
while the He4 nucleus is a scalar. One also distinguished two types ofvectorsunder parity,

PA � (x)P y = + A � (P x) vector

PA � (x)P y = � A � (P x) axial vector (3.82)

Again, this distinction is very important; the weak interactions are mediated by a super-
position of a vector and an axial vector. Finally, under parity, the Dirac spinor transforms
as follows,

P (x)P y = ei� P 
 0 (x) (3.83)

which amounts to an interchange of left and right spinor components, and� P is an arbitrary
angle. (Note that a theory invariant under parity will have to contain both left and right
spinors of each species.)

3.7.2 Time reversal

Time reversal symmetry is the only case which cannot be realized by a unitary transfor-
mation in Hilbert space; instead it is realized by an anti-unitary transformation T , which
has the property of changing the sign of the numberi ,

T i = � iT (3.84)

Its action on the scalar, vector and Dirac sprinor is given by

T � (x)T y = � (Tx)

T A � (x)T y = � A � (Tx)

T  (x)T y = iC
 5 (Tx) (3.85)
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3.7.3 Charge Conjugation

From the simple relation (� i )� = � � 2� i � 2, it follows that

SL (�) � = � 2SR(�) � 2 (3.86)

As a result, thecharge conjugates c
L;R of  L;R , de�ned by

C L (x)Cy =  c
L (x) � � � 2 �

L (x)

C R (x)Cy =  c
R (x) � + � 2 �

R (x) (3.87)

transforms underSR(�) and SL (�) respectively.

Charge conjugation as de�ned above, was formulated in a speci�c basis of � -matrices,
which is why � 2 played a special role. It is possible to produce a basis independent
de�nition of charge conjugation as follows. For any basis, the charge conjugation matrix
C and the charge conjugate of a Dirac spinor are de�ned by


 t
� = � C � 1
 � C  c � C
 t

0 
� = C � t (3.88)

It follows that [ 
 5; C] = 0. In the chiral basis, the transposition equations read


 0;2 = � C � 1
 0;2C


 1;3 = + C � 1
 1;3C

which may be solved and we have

C =
�

� � 2 0
0 +� 2

�

(3.89)

up to a multiplicative factor, which one may choose to be unity. With this factor, the
preceding de�nition of charge conjugation on left and rightspinors is recovered.

3.8 Signi�cance of �elds in terms of particle contents

spin 0 possible Higgs �elds, pions etc.
spin 1 (vector �eld) gauge �elds, A � , the � -�eld

(anti-symmetric tensor) not used at present
spin 1/2 all the observed fermions

Weyl massless neutrinos
Dirac massive fermionse� ; e+ ; : : :
Majorana possiblymassive neutrino

spin 3/2 possibly the gravitino (supergravity)
spion 2 graviton
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3.9 Classical Poincar�e invariant �eld theories

The point of departure for the construction of Poincar�e invariant local quantum �eld
theories will almost always be a classical action for a set ofclassical �elds, which will have
to be local as well. Maxwell theory is an example of such a classical �eld theory where
the fundamental �eld is the gauge vector potential. Bosonic�elds are ordinary functions
of space-time; fermionic �elds, however, will have to be represented byanti-commuting or
Grassmann valued functions. These will be discussed in the next chapter.

Classical bosonic �elds� i (x) (not necessarily scalars) are real or complex valued or-
dinary functions of x. We assume that the number of �elds is �nite, i = 1; � � � ; n. The
fundamental actions in Nature appear to involve dependenceon time-derivatives (and by
Lorentz invariance also space-derivatives) only of �rst order. Therefore, the most general
bosonic action of this type takes the form,

S[� i ] =
Z

d4xL L = L
�

� i (x); @� � i (x)
�

(3.90)

The Euler-Lagrange equationsor �eld equations determine the stationnary �eld con�gu-
rations of S[� i ], and are given by

�S [� ]
�� i (x)

=
@L
@�i

(x) � @�

� @L
@(@� � i )

�

(x) = 0 (3.91)

The canonical momentum� �
j conjugate to � j , and the Hamiltonian are de�ned by

� �
j (x) �

@L
@(@� � j )

(x) H �
Z

d3x
� X

j

� 0
j @0� j � L

�

(3.92)

As usual, we have Poisson brackets de�ned by

f A; B g =
X

j

Z
d3~x

"
�A

�� 0
j (t; ~x)

�B
�� j (t; ~x)

�
�A

�� j (t; ~x)
�B

�� 0
j (t; ~x)

#

(3.93)

In particular, we have f � 0
j (t; ~x); � k(t; ~x0)g = � jk � 3(~x � ~x0).

A symmetry of the �eld equations is a transformation of the �elds � j such that every
solution is transformed into a solution of the same �eld equations. For continuous sym-
metries, the usual in�nitesimal criterion may be applied. The in�nitesimal transformation
�� j (x) = � 0

j (x) � � j (x) is a symmetry provided

� L = @� X � (3.94)

41



without the use of the �eld equations. If so, Noether's theorem may be applied, which
implies the existence of aconserved current,

j � �
X

j

� �
j �� j � X � @� j � = 0 (3.95)

and thus of a time independent charge

Q �
Z

d3x j 0(t; ~x) (3.96)

Furthermore, the transformation is recovered by Poisson bracketing with the charge,

�� j = f Q; � j g (3.97)

Poincar�e covariance of the �eld equations and Poincar�e invariance of the action requires
that the Lagrangian densityL transform as a scalar. As a special case, translation invari-
ance requires thatL have noexplicit x � dependence. Assuming Poincar�e invariance of a
LagrangianL , the conserved currents are as follows.

� Translations

�� j = a� @� � j ) X � = a� L

j � = � �
� a�

where the conservedcanonical energy-momentum-stress tensor{ or simply the stress
tensor { is de�ned by

� �� �
X

j

� j� @� � j � � �� L (3.98)

� Lorentz transformations

�� j = ! ��
� 1

2
x � @� � j �

1
2

x � @� � j �
i
2

S�� � j

�

) X � = � ! �� x � L

j � =
X

j

� �
j ! �� (x � @� � j �

i
2

S�� � j ) + ! �� x � L

= ! �� x � � �
� �

i
2

X

j

� �
j ! �� S�� � j

= ! �� x � T �
� (3.99)

The conserved and symmetricimproved stress tensoris given by

T �� = � �� + @� B ���

B ��� = � B ��� = � B ��� =
i
2

X

j

� �
j S�� � j (3.100)
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A more universal interpretation of the stress tensor is thatit is the quantity in a classical
(and quantum) �eld theory that couples to variations in the space-time metric and thus
to gravity (cfr Einstein's equations of gravity).
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4 Free Field Theory

Free �eld theory corresponds to linear equations of motion,possibly with an inhomoge-
neous driving source, and thus to an action which is quadratic in the �elds. In itself, free
�eld theory is not so interesting, because no interactions take place at all. Free �eld theory
o�ers, however, an excellent testing ground on which to realize the basic principles of QFT,
and many of the methods needed to deal with interacting �eld theory may be reduced to
problems in a theory that is e�ectively free. We shall deal successively with scalar, spin
1 and spin 1/2 free �eld theories. As stated from the outset, we restrict to Lagrangians
with at most �rst time derivatives on the �elds, and with Poin car�e invariance.

4.1 The Scalar Field

The most general classical Poincar�e invariant quadratic Lagrangian density and action of
a single real scalar �eld� (x) is given by

L 0(�; @� � ) =
1
2

@� �@� � �
1
2

m2� 2 S0[� ] =
Z

d4xL 0(�; @� � ) (4.1)

The Euler Lagrange equations are

2 � + m2� = 0 2 � @� @� (4.2)

The conjugate momentum� (x) is the time component of the �eld � � (x),

� � �
@L

@(@� � )
= @� � � = � 0 = @0� (4.3)

The Hamiltonian is

H0 �
Z

d3x[�@0� � L 0] =
Z

d3x
� 1
2

� 2 +
1
2

(~r � )2 +
1
2

m2� 2
�

(4.4)

The classical Poisson brackets are

f � (t; ~x); � (t; ~y)g = 0

f � (t; ~x); � (t; ~y)g = 0

f � (t; ~x); � (t; ~y)g = � 3(~x � ~y) (4.5)

It is straightforward to solve the classical �eld equationsby using either Fourrier transfor-
mation techniques, or by solving the corresponding di�erential equations. We shall not do
this here and directly pass to the quantization of the system; solving for the Heisenberg
�eld equations instead.
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� Canonical quantization

Canonical quantization associates with the �elds� and � operators that obey the
canonical equal time commutation relations,

[� (t; ~x); � (t; ~y)] = [ � (t; ~x); � (t; ~y)] = 0

[� (t; ~x); � (t; ~y)] = � i� (3) (~x � ~y) (4.6)

The Heisenberg �eld equations for the� -�eld are obtained as follows

i
@�
@t

(x) = [ � (x); H ] =
1
2

Z
d3~y

h
� (t; ~x); � 2(t; ~y) + ( ~r � (t; ~y))2 + m2� 2(y)

i

=
1
2

Z
d3~y

h
� (t; ~x); � 2(t; ~y)

i
= i� (x) (4.7)

while for the � -�eld they are derived analogously and found to be

i
@�
@t

(x) = [ � (x); H ] = i � � (t; ~x) � im 2� (t; ~x) (4.8)

Therefore, the Heisenberg �eld equations for the quantum �eld � (x) are the same as the
classical �eld equations, but now hold for the operator� (x),

(2 + m2)� (x) = 0 (4.9)

Although canonical quantization is not a manifestly Poincar�e covariant procedure, the �eld
equation are nonetheless Poincar�e invariant.

The Heisenberg equations are solved by Fourrier transformation in ~x only,

� (t; ~x) =
Z d3~k

(2� )3
a(t; ~k) ei~k�~x (4.10)

where the time-evolution ofa(t; ~k) is deduced from the �eld equations and is given by

•a(t; ~k) + ! 2
ka(t; ~k) = 0 ! k �

q
~k2 + m2 (4.11)

which can be solved,

a(t; ~k) =
1

2! k

�
a(~k)e� i! k t + ~a(~k)ei! k t

�
(4.12)

The reality condition on the classical �eld translates intothe self-adjointness condition on
the �eld � y = � , which in turn requires that ~a(~k) = ay(� ~k). Once this condition has been
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sati�ed, we may write the complete solution in a manifestly covariant manner,

� (x) =
Z d3k

(2� )32! k

h
a(~k)e� ik �x + ay(~k)eik �x

i
(4.13)

where k� = ( k0;~k); k0 = ! k , and henceforth, we shall us the notationsk � x = k� x � and
k2 = k� k� . While this expression may not look Lorentz covariant, it actually is. This may
be seen by recasting the measure in terms of a 4-dimensional integral,

d3k
(2� )32! k

=
d4k

(2� )4
2� � (k2 � m2)� (k0) (4.14)

and noticing now that it is invariant under orthochronous Lorentz transformations.

Commutation relations on� (x) and � (x) imply the commutation relations between the
a's, which are found to be given bya:

[a(~k); a(~k0)] = 0

[ay(~k); ay(~k0)] = 0

[a(~k); ay(~k0)] = (2 � )3 2! k � (3) (~k � ~k0) (4.15)

Using these results, an important consistency check of the basic principles announced
earlier may be carried out. The commutator of two� �elds is,

[� (x); � (x0)] =
Z d3k

(2� )32! k

�

e� ik �(x � x0) � eik �(x � x0)
�

(4.16)

which is a relativistic invariant, and depends only on (x � y)2. If ( x � y)2 < 0, then one
may make x0 � y0 = 0 by a Lorentz transformation. By the equal time commutation
relations, this commutator must thus vanish. This checks out because the integral also
vanishes, since the integration measure is even under~k ! � ~k, while the integrand is odd.
Thus, we have the relativistic invariant equation,

[� (x); � (x0)] = 0 when (x � x0)2 < 0 (4.17)

which expresses the property of microcausality of the� (x) �eld.

� A Comment on UV convergence

When the classical �eld equations are solved, the Fourrier coe�cients a(~k) are de-
termined by the initial conditions on the �eld. If the �elds � and � at initial time are
well-behaved, then the integration over momenta~k will be convergent.
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When the Fourrier coe�cients a(~k) are operators however, UV convergence of the~k
integral may be problematic, and indeed will be ! In those cases, the integral should be
de�ned with a UV regulator. We shall encounter the need for regulators soon.

� Fock space construction of the Hilbert space

The states of the QFT associated with the� �eld are vectors in a Hilbert space, which
we shall now construct. To this end, we view the operatora(~k) as the annihilation operator
for a � -particle with momentum ~k; similarly, its adjoint ay(~k) is the creation operator for
a � -particle with momentum ~k. A basis of states is de�ned as follows,

� The ground statej0i or vacuum a(~k)j0i = 0 for all ~k;

� The 1-particle state j~ki j ~ki = ay(~k)j0i ;

� The n-particle state j~k1; � � � ;~kn i j ~k1; � � � ;~kn i = ay(~k1) � � � ay(~kn )j0i .

The ground state is unique and may be normalized to 1, while particle states form a
continuous spectrum. Their continuum normalization follows by the use of the canonical
commutation relations, and we have for example,

h0j0i = 1 h~kj~k0i = (2 � )32! k � (3) (~k � ~k0) (4.18)

We can now check another basic principle : the one-particle state is obtained from the
vacuum by applying the �eld � ,

h~kj� (x)j0i = eik � x �
6= 0 (4.19)

The number operator, N is de�ned as follows,

N �
Z d3k

(2� )32! k
ay(~k)a(~k) (4.20)

and obeys the relations
(

[N; a(~k)] = � a(~k)
[N; ay(~k)] = + ay(~k)

(
N j0i = 0
N j~k1; � � � ;~kn i = nj~k1; � � � ;~kn i

(4.21)

As a result of these commutation relations,N counts the number of particles in state.

� Energy, Momentum and Angular Momentum
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The Hamiltonian, momentum and angular momentum may all be derived from the
stress tensor. The classical stress tensor for a scalar is given by

T ��
c = @� �@� � � � �� L (4.22)

and hence we have the translation and Lorentz generators

P � =
Z

d3xT 0�
c M �� =

Z
d3x(x � T0�

c � x � T0�
c ) (4.23)

Upon quantization, classical �elds are replaced with quantum �eld operators. Carrying
out this substitution for example on the Hamiltonian and momentum,

H =
Z

d3x
� 1
2

� 2 +
1
2

(~r � )2 +
1
2

m2� 2
�

~P =
Z

d3x� ~r � (4.24)

Using the mode expansion for� and � ,

� (x) =
Z d3k

2(2� )3

h
� ia(~k)e� ik �x + iay(~k)eik �x

i
(4.25)

one �nds

H =
Z d3k

(2� )32! k

! k

2

h
ay(~k)a(~k) + a(~k)ay(~k)

i

~P =
Z d3k

(2� )32! k

~k
2

h
ay(~k)a(~k) + a(~k)ay(~k)

i
(4.26)

Both operators commute with the number operator. Therefore, in free �eld theory the
number of particles in any state is conserved, as it was in non-relativistic quantum me-
chanics. In a fully interacting theory, particle number will of course no longer be conserved.

� The energy and momentum of the vacuum

To evaluateH j0i and ~Pj0i , we use the de�ning property of the vacuum state,a(~k)j0i =
0 for the �rst terms of the integrands of H and ~P. The second terms, however, require a
re-ordering of the operators before use can be made ofa(~k)j0i = 0,

a(~k)ay(~k) = ay(~k)a(~k) + [ a(~k); ay(~k)]

= 2! k(2� )3� (3) (0) (4.27)

Here, a problem is encountered as� (3) (0) = 1 . Actually, the quantity (2 � )3� (3) (0) � V
should be interpreted as thevolume of space, as may be seen by considering a Fourrier
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transform of 1 in �nite volume V, and then letting ~k ! 0. The fact that the energy of
the vacuum is proportional to the volume of space makes sensebecause the vacuum is
homogeneous and any vacuum energy will be distributed uniformly throughout space. For
the momentum, the integrand is now odd in~k and therefore vanishes,~Pj0i = 0.

For the vacuum energy, however, a more serious problem is encountered, as may be
seen by collecting the remaining contributions,

H j0i = V
Z d3k

(2� )3

1
2

! k j0i (4.28)

This quantity is quartically divergent. The physical origin of this in�nity is that there
is one oscillator for each momentum mode, contributing moreenergy to the vacuum as
momentum is increased.

Actually, we made a mistake in assuming that the quantum Hamiltonian was uniquely
determinedby the classical Hamiltonian. Indeed, to the quantum Hamiltonian, terms of
the form [� (t; ~x); � (t; ~x)] could be added which would vanish in the classical Hamiltonian.
Such terms contribute a constant energy density and are immaterial for the time-evolution
of the system, as they will commute with any �eld. Thus, it would have been more general
to include a constant energy density� in the Hamiltonian,

H � =
Z

d3x
� 1
2

� 2 +
1
2

(~r � )2 +
1
2

m2� 2 + �
�

H � = (2 � )3� (3) (0)� +
Z d3k

(2� )32! k

! k

2

h
ay(~k)a(~k) + a(~k)ay(~k)

i
(4.29)

and realizing that the constant� is a computable quantity that cannot be computed using
the �eld quantization methods advocated here.

Progress is made by realizing that the energy of the vacuum (in the absence of gravity) is
not physically observable. Instead, only di�erences in energy between states with di�erent
particle contents are observable. Therefore, the constant� may just as well be chosen so
that the vacuum has vanishing energy, or alternatively,

H �
Z d3k

(2� )32! k
! k ay(~k)a(~k) (4.30)

The process of realizing that certain quantities (such as the vacuum energy) cannot be
computed within the quantization procedure of the �elds andsubsequently �xing the
arbitrariness of these quantities in terms of physical conditions goes under the name of
renormalization (indicated with a subscript R on HR ). The physical conditions themselves
are calledrenormalization conditions.
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For renormalization in free �eld theory, it often su�ces to u se the operation of placing
all creation operators to the left and all annihilation operators to the right, which is referred
to as normal ordering, as was done here.

� Energy and momentum of particle states

Given the above results for the Hamiltonian and momentum operators, it is easy to
evaluate them on particle states,

H j~k1; � � � ;~kn i =
nX

i =1

! k i j~k1; � � � ;~kn i

~Pj~k1; � � � ;~kn i =
nX

i =1

~ki j~k1; � � � ;~kn i (4.31)

Finally, it may be veri�ed that all the generators of the Poincar�e algebra, namelyP � and
M �� will have the proper commutation relations with� , and reproduce the basic principle
of Poincar�e transformations of the scalar �eldU(� ; a)� (x)U(� ; a)y = � (� x + a).

� Time ordered product of two operators

A key concept in QFT is that of time ordering. For any two scalar �elds � 1 and � 2,
one de�nes their time-ordered productas follows,��

T � 1(t; ~x)� 2(t0; ~x0) = � (t � t0)� 1(t; ~x)� 2(t0; ~x0) + � (t0 � t)� 2(t0; ~x0)� 1(t; ~x) (4.32)

which can obviously be generalized to the case of the productof any number of �elds.
Time di�erentiation of the time ordered product follows a simple rule,

@tT � 1(t; ~x)� 2(t0; ~x0) = T@t � 1(t; ~x)� 2(t0; ~x0) + � (t � t0)[� 1(t; ~x); � 2(t; ~x0)] (4.33)

For a single �eld, the time ordered product is a Klein-GordonGreen function,

(2 + m2)xT � (x)� (x0) = @2
t T � (x)� (x0) + T(� � + m2)x � 1(x)� (x0)

= @tT@t � (x)� (x0) + T[� (@t )2� (x)� (x0)]

= � (t � t0)[� (x); � (x0)] = � i� (4) (x � x0) (4.34)

The operator2 + m2 may be supplemented with a variety of boundary conditions, so care
is needed when inverting it.

�� The Heaviside � -function, or step-function, is de�ned to be � (t) = 1 for t > 0 and � (t) = 0 for t < 0,
and � (0) = 1 =2. Its derivative, de�ned in the sense of distributions, is @t � (t) = � (t).
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� The Feynman propagator

The Feynman propagatoris de�ned by

GF (x � x0) � h 0jT � (x)� (x0)j0i

(2 + m2)xGF (x � x0) = � i� (4) (x � x0) (4.35)

so that GF is the inverse of the di�erential operatori (2 + m2). To evaluate the Feynman
propagator, we �rst compute

h0j� (x)� (x0)j0i =
Z d3k

(2� )32! k

Z d3l
(2� )32! l

h0j
h
a(~k)e� ik �x + ay(~k)eik �x

i

�
h
a(~l)e� il �x0

+ ay(~l)eil �x0
i
j0i

=
Z d3k

(2� )32! k

Z d3l
(2� )32! l

h0ja(~k)ay(~l)j0i e� ik �x+ il �x0

=
Z d3k

(2� )32! k
e� ik �(x � x0) (4.36)

Making the substitution k0 = ! k , l0 = ! l , and assembling both time orderings yields

GF (x � y) =
Z d3k

(2� )32! k

�

� (t � t0)e� i! k (t � t0)+ i~k(~x� ~x0) + � (t0 � t)e� i! k (t0� t )+ i~k(~x0� ~x)
�

Next, we make use of the following integral representation,valid for any 0 < � � 1,

1
2! k

h
� (t � t0)e� i! k (t � t0) + � (t0 � t)e+ i! k (t � t0)

i
= �

Z dk0

2�i
e� ik 0 (t � t0)

(k0)2 � ! 2
k + i�

(4.37)

to recast the Feynman propagator as follows,

GF (x � x0) =
Z d4k

(2� )4

i
k2 � m2 + i�

eik �(x � x0) (4.38)

The Klein-Gordon equation with an extrenal (� -independent) sourcej (x) may be solved
in terms of GF ,

(2 + m2)� (x) = j (x) , � (x) = i
Z

d4x0GF (x � x0)j (x0) (4.39)

Note that for m2j(x � x0)2j � 1, we have

GF (x � x0) =
� i

4� 2(x � x0)2
(4.40)

Feynman introduced a graphical notation for the propagatoras a line joining the pointsx
and x0. This is the simplest case of a Feynman diagran, and is depicted in Fig 3(a).
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� Time ordered product of n operators

The time-ordered product ofn canonical �elds � will play a fundamental role in scalar
�eld theory. First, notice that the theory has a discrete symmetry

� 0(x) = U� (x)Uy = � � (x) ,

(
Ua(~k)Uy = � a(~k)

Uay(~k)Uy = � ay(~k)
(4.41)

Under this symmetry, the vacuum is invariant (Uj0i = j0i ). By inserting I = UyU between
each pair of operators and the vacuum, we have

h0jT � (x1) � � � � (xn )j0i = h0jUyT(U� (x1)Uy) � � � (U� (xn )Uy)Uj0i

= ( � )nh0jT � (x1) � � � � (xn )j0i (4.42)

When n is odd, we �nd that h0jT � (x1) � � � � (xn )j0i = 0. When n = 2p is even, we proceed
by applying the kinetic operator in one variable,

(2 + m2)xn h0jT � (x1) � � � � (xn )j0i =
n� 1X

k=1

� i� (4) (xn � xk)h0jT � (x1) � � � �̂ (xk) � � � � (xn� 1)j0i

Here, �̂ stands for the fact that the operators� (xk) is to be omitted. The solution is again
obtained in terms of the Feynman propagatorGF (x � x0) as follows,

h0jT � (x1) � � � � (xn )j0i =
n� 1X

k=1

GF (xn � xk)h0jT � (x1) � � � �̂ (xk) � � � � (xn� 1)j0i (4.43)

The solution to this recursive equation is manifest,

h0jT � (x1) � � � � (xn )j0i =
X

disjoint pairs( k;l )

GF (xk1 � x l1 ) � � � GF (xkp � xkp ) (4.44)

where the sum is over all possible pairs without common points. The simple example of
the 4-point correlation function is given in Fig 3(b).

4.2 The Operator Product Expansion & Composite Operators

It is possible to re-analyze the issues of the vacuum energy of the free scalar �eld theory in
terms of a more general problem. The canonical commutation relations provide expressions
for the commutators of the canonical �elds. In the construction of the Hamiltonian, mo-
mentum and Lorentz generators,composite operatorsenter, namely the operators� (x)2,
� (x)2 and (~r � (x))2. These operators are obtained by putting two canonical �elds at the
same space-time point.

52



x x©

1

2 3

4 1

2 3

4
1

2 3

4

+ +

(a) (b)

Figure 3: Free Scalar Correlation Functions; (a) The Feynman propagator GF (x � x0),
(b) the 4-point function h0jT � (x1)� (x2)� (x3)� (x4)j0i .

From the short distance behavior of the Feynman propagator,(4.40), it is clear that
putting operators at the same point produces singularities, which ultimately result in the
in�nite expression for the energy density of the vacuum. So,one very important problem
in QFT is to properly de�ne composite operators. One of the most powerful ways is via
the use of the Operator Product Expansion (or OPE), a method that was introduced by
Ken Wilson in 1969. (Another way, which is mostly restrictedto free �eld theory or at
best perturbation theory, is normal ordering.)

If it were not for the fact that the product of local �elds at th e same space-time point
is singular, one would naively be led to Taylor expand the product of two operators at
nearly points,

? � (x)� (y) =
1X

n=0

1
n!

(x � y)� 1 � � � (x � y)� n (@� 1 � � � @� n � (y)) � (y) (4.45)

Instead, the expansion is rather of the Laurent type, beginning with a singular term.
In free �eld theory, the operators may be characterized by their standard dimension, and
ordered according to increasing dimension. In the scalar free �eld case, re
ection symmetry
� ! � � requires the operators on the rhs to be even in� and of degree less or equal to 2.
A list of possible operators for dimension less than 6 is given in table4.2.

If no further selection rules apply, the OPE of the two canonical �elds will involve all
of these operators and the coe�cient functions may be calculated. Thus, we obtain an
expansion of the type,

� (x)� (y) =
X

O

C�� O (x; y)O(y) (4.46)

The most singular part is proportional to the operator of lowest dimension, i.e. the identity,

� (x)� (y) =
� i
4� 2

I
(x � y)2

+ [ � 2](y) + � � � (4.47)
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Dimension spin 0 spin 1 spin 2 spin 3 spin 4
0 I
2 � 2

3 �@� �
4 � 2 � �@� @� �

@� �@� � @� �@� �
5 � 2 @� � �@� @� @� �

@� � 2 � @� �@� @� �
@� @� �@� �

6 � 2 2� �@� @� 2 � �@� @� @� @� �
@� � 2 @� � @� �@� 2 � @� �@� @� @� �

2 � 2 � @� @� � 2 � @� @� �@� @� �
@� @� �@� @� � @� @� �@� @� �

Table 2:

where the terms� � � vanish asx ! y. The coe�cient function of the identity operator
is the same as the limiting behavior as (x � y)2 ! 0 in the Feynman propagator. The
operator [� 2] refers to the �nite (or renormalized) operator associatedwith � 2. It may be
de�ned by the OPE in the following manner,

[� 2](y) � lim
x! y

 

� (x)� (y) +
i

4� 2

I
(x � y)2

!

(4.48)

This limit is well-de�ned and unique.

More generally, but still in the scalar free �eld theory, theOPE of any two operators
will be a Laurent series in terms of all the operators of the theory (not neccessarily of
order 2 in the �eld � ), and we have

O1(x)O2(y) =
X

O

CO1O2O (x; y)O(y) (4.49)

The coe�cient functions may be calculated exactly as long aswe are in free �eld theory,
and they will have integer powers. For an interacting theory, a similar expansion exists, but
fractional expansion powers will occur, refelecting the fact that in an interacting theory,
the dimensions of the operators will received quantum corrections.
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4.3 The Gauge or Spin 1 Field

The simplest free spin 1 �eld is the gauge vector potentialA � in Maxwell theory of E&M.
This �eld is real and its classical Lagrangian, in the absence of sources, is given by

L = �
1
4

F�� F �� F�� � @� A � � @� A � (4.50)

The customary electricE i and magneticB i �elds are components ofF�� ,

E i � Fi 0 B i �
1
2

� ijk Fjk (4.51)

By construction, the LagrangianL is invariant under gauge transformationsby any ar-
bitary real scalar function � (x), given by

A � (x) ! A0
� (x) = A � (x) � @� � (x) (4.52)

Two gauge �elds related by a gauge transformation have the same electric and magnetic
�elds and are thus physically equivalent.yy The canonical momenta are de�ned as usual,

� � �
@L

@(@0A � )
(4.53)

and are found to be

� 0 = 0 � i = E i (4.54)

The fact that � 0 = 0 implies that we are dealing with aconstrained system, namely the
canonical momenta and canonical �elds are not independent of one another. The �eld A0

has vanishing canonical momentum and is thereforenon-dynamical. This is an immediate
consequence of the gauge invariance of the Lagrangian and isalso re
ected in the structure
of the �eld equations,

@� F �� = 0 ,

(
~r � ~E = 0

@t
~E � ~r � ~B = 0

(4.55)

Indeed, ~r � ~E = 0 is a non-dynamical equation since it gives a condition that the canonical
momenta must satisfy at any time, including on the initial data. Yet a further manifesta-
tion of this phenomenon is that the second order di�erentialoperator, in terms of which

yyExcept on non-simply connected domains when there can be glovbal e�ects.
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the Lagrangian may be re-expressed (up to a total derivativeterm) is not invertible,

L =
1
2

A � (2 � �� � @� @� )A � (4.56)

The operator 2 � �� � @� @� is not invertible; it kernel are precisely gauge �elds of the
form A � = @� � , and gauge equivalent to 0. Clearly, the vanishing of one of the canonical
momenta causes complications for the quantization of the gauge �eld.

Transverse gauge quantization (Lorentz non-covariant)

A �rst approach in dealing with the complications that ensuefrom gauge invariance
and the constraints on the momenta is to make a gauge choice inwhich the constraint can
be solved explicitly. This will leave only dynamical �elds,on which canonical quantization
may now be carried out. The drawback of this approach is that it cannot be Lorentz
covariant, as a preferred direction is chosen in space-time.

With the help of a gauge transformation, any gauge �eld con�guration may be trans-
formed into a transverse gauge~r ~A = 0. As a result of the constraint ~r ~E = 0, one
automatically has A0 = 0 and the Lagrangian and canonical momenta reduce to

L = +
1
2

( _A i )2 �
1
2

B 2
i

� i =
@L

@(@0A i )
= _A i @i A i = 0 (4.57)

The last equation re
ects the gauge choice. The Euler-Lagrange equations are

(2 � �� � @� @� )A � = 0 (4.58)

and, in transverse gauge, reduce to

2 A i = 0 @i A i = 0 (4.59)

The �eld equations are solved �rst by Fourier transform,

A i (x) =
Z d3k

(2� )32! k

�

ai (~k)e� ik �x + ay
i (~k)eik �x

�

(4.60)

after which we must further impose the radiation gauge conditions, which result in the
following transversality conditionson the oscillators,

ki ai (~k) = ki a
y
i (~k) = 0 (4.61)
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It is convenient to introduce basis vectors for the two-dimensional space oftransverse
polarization vectors~"(~k; � ), � = 1; 2, which satisfy

8
><

>:

ki " i (~k; � ) = 0
" i (~k; � )� " i (~k; � ) = � ��

P
� " i (~k; � )" j (~k; � ) = � ij � k i k j

k2

(4.62)

In terms of this basis, we may introduce independent �eld oscillators a(~k; � ) in terms of
which the old oscillators may be decomposed as

ai (~k) =
X

�
a(~k; � )" i (~k; � ) (4.63)

and the �eld takes the form

A i (x) =
Z d3k

(2� )32! k

X

� =1 ;2

�

a(~k; � )" i (~k; � )e� ik �x + ay(~k; � )" �
i (~k; � )eik �x

�

(4.64)

Clearly, the photon has two degrees of freedom, even though the �eld A � has 4 components.

The canonical commutation relations amongst thea(~k; � ) and ay(~k; � ) are just as for
the scalar theory, but now with two independent components,

[a(~k; � ); a(~k0; � )] = [ ay(~k; � ); ay(~k0; � )] = 0

[a(~k; � ); ay(~k0; � )] = � �� 2! k(2� )3� 3(~k � ~k0) (4.65)

The equal time commutators may be expressed in terms of the �elds A i as follows,

[ _A i (t; ~x); A j (t; ~y)] = � iP ij � (3) (~x � ~y) ~Pij = � ij �
@i @j

�
(4.66)

from which it is clear again that only two degrees of freedom are independent. The
Hamiltonian is standard,

H =
Z

d3x
� 1

2
~E 2 +

1
2

~B 2
�

(4.67)

The Hilbert space is constructed very much as in the case of the single scalar �eld. The
vacuum j0i is de�ned by

a(~k; � )j0i = 0 for all ~k; � (4.68)

The n{particle states are found to be

jk1; � 1; k2; � 2; � � � ; kn ; � n i � ay(k1; � 1)ay(k1; � 1) � � � ay(k1; � 1)j0i (4.69)
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The (renormalized) Hamiltonian and momentum operators maybe worked out,

H =
Z d3k

(2� )32! k

X

�
! kay(~k; � )a(~k; � )

~P =
Z d3k

(2� )32! k

X

�

~kay(~k; � )a(~k; � ) (4.70)

Finally, the number operator may also be introduced,

N =
Z d3k

(2� )32! k

X

�
ay(~k; � )a(~k; � ) (4.71)

Since this is a free theory, we have [H; N ] = [ ~P ; N] = 0, so the number of photons is
conserved.
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Gupta-Bleuler Quantization (Lorentz Covariant)

The second approach is to keep Lorentz invariance manifest at all times, possibly at
the cost of giving up manifest gauge invariance. To see exactly what goes on, we introduce
a conserved external sourcej � , which we assume is independent ofA. The Lagrangian is,

L = �
1
4

F�� F �� �
�
2

(@� A � )2 � A � j � @� j � = 0 (4.72)

In this Lagrangian, for � 6= 0, the time componentA0 does have a non-vanishing conjugate
momentum, and the quadratic part of the Lagrangian involvesan operator 2 � �� � (1 �
� )@� @� which is invertible. The LagrangianL is, however,no longer gauge invariant, so in
the end we will have to deal with non-gauge invariant states.The canonical relations are

� 0 =
@L

@(@0A0)
= � �@� A � � i =

@L
@(@0A i )

= F io

[� � (t; ~x); A � (t; ~x0)] = i � �� � 3(~x � ~x0) (4.73)

The sign in the canonical commutation relation is chosen such that the canonical quan-
tization of the space components agree with the one derived previously. The sign for the
time-components is then forced by Lorentz invariance.

Specializing to the case� = 1 (Feynman gauge), the �eld equations reduce to2 A � = 0.
The decomposition ofA � (x) into modes then gives

A � (x) =
Z d3k

(2� )32! k

�

a� (~k)e� ik �x + ay
� (~k)eik �x

�

(4.74)

and the canonical commutation relations on the oscillatorsbecome,

[a� (~k); a� (~k0)] = [ ay
� (~k); ay

� (~k0)] = 0

[a� (~k); ay
� (~k0)] = � � �� 2! k(2� )3� (3) (~k � ~k0) (4.75)

We can still de�ne the vacuum by the requirement thata� (~k)j0i = 0, and one-particle
states by

j~k; � i = ay
� (~k)j0i (4.76)

The normalization of these states may be worked out in terms of the canonical commutation
relations as usual,

h~k; � j~k0; � i = � � �� 2! k(2� )3� (3) (~k � ~k0) (4.77)

While the oscillators ai create states with positive norm, as was the case in the scalar
theory, the operatorsa0 create states with negative norm, which cannot be physically
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acceptable in a quantum theory. These states areunphysical, and arise because we insisted
on maintaining manifest Lorentz invariance, which forced us to carry along more degrees
of freedom than physically needed or allowed. We now investigate how these unphysical
degrees of freedom are purged from the theory.

To see how this can be done, we notice that there is a free �eld in the theory that is a
pure gauge artifact. Look at the equations forA � :

@� F �� � �@� @� A � + j � = 0 (4.78)

Conservation ofj � implies that � 2 @� A � = 0; hence@� A � is a free �eld with no coupling
to the sourcej � . In view of the canonical quantization relations, we cannotsimply set
@� A � = 0. However, we had way too many states created byA � , so we may set it be
zero on the physical states. In fact this is truly bene�cial, because it implies that on the
physical states, the Heisenberg equation of motion is gaugeinvariant:

@� A � jphysi = 0 (4.79)

It is very important to remark that we work with two types of spaces: (1) The Fock space
for the full A � �eld, which contains states of negative norm; (2) The physical Hilbert space,
obeying the restrictions above.

To solve for the �eld in terms of the source,
�

2 � �� + ( � � 1)@� @�
�

A � = j � (4.80)

we introduce the photon propagator,
�

2 � �� + ( � � 1)@� @�
�

x
G�� (x � y) = � i� �

� � 4(x � y) (4.81)

The propagator is related to the time-ordered product of thequantum �elds,

G�� (x � y) = h0jTA� (x)A � (y)j0i (4.82)

It may be obtained in terms of a Fourrier integral,

G�� (x � y) =
Z d4k

(2� )4

"

� �� +
1 � �

�
k� k�

k2 + i�

#
� i

k2 + i�
e� ik �(x � y) (4.83)

Clearly, the propagator in Feynman gauge (� = 1) simpli�es considerably; in Landau
gauge (� = 1 ) it becomes transverse.
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4.4 The Casimir E�ect on parallel plates

Thus far, we have dealt with the quantization of the free electromagnetic �elds ~E and ~B,
Already at this stage, it is possible to infer measurable predictions, such as the Casimir
e�ect. The Casimir e�ect is a purely quantum �eld theory phenomenon in which the
quantization of the electromagnetic �elds in the presence of a electric conductors results in
a net force between these conductors. The most famous example involves two conducting
parallel plates, separated by a distancea, as represented in Fig4(a).

-- a --

(a) (b)

L

L

L
Ep =0

Figure 4: The Casimir e�ect : (a) electromagnetic vacuum 
uctuations produce a force
between two parallel plates; (b) the problem in a space box.

The assumptions entering the set-up are as follows.

1. For a physical conductor, the electric �eld ~Ep parallel to the plates will vanish for
frequencies much lower than the typical atomic scale! c. At frequencies much higher
than the atomic scale, the conductor e�ectively becomes transparent and no con-
straint is to be imposed on the electric �eld. In the frequency region comparable to
the atomic scale! c, the conductivity is a complicated function of frequency, which
we shall simply approximate by a step function� (! c � ! ).

2. The separationa should be taken much larger than interatomic distances, ora! c � 1.

3. In order to regularize the problems associated with in�nite volume, we study the
problem in a square box in the form of a cube, with periodic boundary conditions,
as depicted in Fig4(b).
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� Calculation of the frequencies
There are three distinct regimes in which the frequencies ofthe quantum oscillators

need to be computed. The momenta parallel to the plates are always of the following form,

kx =
2�n x

L
ky =

2�n y

L
nx ; ny 2 Z

Along the third direction, we distinguish three di�erent regimes, so that the frequency has
three di�erent branches,

! (i ) =
r

k2
x + k2

y + ( k(i )
z )2 i = 1; 2; 3 (4.84)

The three regimes are as follows,

1. ! > ! c : the frequencies are the same as in the absence of the plates,since the plates
are acting as transparent objects,

k(1)
z =

2�n z

L
nz 2 Z

2. ! < ! c & between the two plates.

k(2)
z =

�n z

a
0 � nz 2 Z

3. ! < ! c & outside the two plates.

k(3)
z =

�n z

L � a
0 � nz 2 Z

� Summing up the contributions of all frequencies

Finally, we are not interested in the total energy, but rather in the enrgy in the presence
of the plates minus the energy in the absence of the plates. Thus, when the frequencies
exceed! c, all contributions to the enrgy cancel since the plates act as transparent bodies.
Thus, we have

E(a) � E0 =
X

nx ;ny ;nz

� 1
2

! (2) (nx ; ny; nz) +
1
2

! (3) (nx ; ny ; nz) �
1
2

! (1) (nx ; ny ; nz)
�

(4.85)

When nz 6= 0, two polarization modes have~E with 2 components along the plates, while
for nz = 0, nx ; ny 6= 0, there is only one. Therefore, we isolatenz = 0,

E(a) � E0 =
1
2

X

nx ;ny

! (nx ; ny ; 0) (4.86)

+
X

nx ;ny

1X

nz =1

�

! (2) (nx ; ny; nz) + ! (3) (nx ; ny; nz) � 2! (1) (nx ; ny; nz)
�

Next, we are interested in taking the size of the boxL very large compared to all other
scales in the problem. The levels innx and ny then become very closely spaced and the
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sums overnx and ny may be well-approximated by integrals, with the help of the following
conversion process,

dnx =
Ldkx

2�
dny =

Lk y

2�
(4.87)

so that

E(a) � E0 =
L2

4� 2

Z + 1

�1
dkx

Z + 1

�1
dky

� 1
2

!� (! c � ! )

+
1X

nz =1

�

! (2) � (! c � ! (2) ) + ! (3) � (! c � ! (3) ) � 2! (1) � (! c � ! (1) )
��

Now, for ! (1) and ! (3) , the frequency levels are also close together and the sum over nz

may also be approximated by an integral,

1X

nz =1

! (2) � (! c � ! (2) ) =
L � a

�

Z 1

0
dkz

q
k2

x + k2
y + k2

z � (! c �
q

k2
x + k2

y + k2
z)

1X

nz =1

2! (1) � (! c � ! (1) ) =
L
2�

2
Z 1

0
dkz

q
k2

x + k2
y + k2

z � (! c �
q

k2
x + k2

y + k2
z)

Introducing k2 = k2
x + k2

y , and in the last integral the continuous variablen = akz=� , we
have

E(a) � E0 =
L2

2�

Z 1

0
dk k

� 1
2

k� (! c � k) +
1X

n=1

s

k2 +
� 2n2

a2
� (! 2

c � k2 �
� 2n2

a2
)

�
Z 1

0
dn

s

k2 +
� 2n2

a2
� (! 2

c � k2 �
� 2n2

a2
)
�

Introducing the function

f (n) �
Z 1

0

dk
2�

k

s

k2 +
� 2n2

a2
� (! 2

c � k2 �
� 2n2

a2
) (4.88)

we have

E(a) � E0

L2
=

1
2

f (0) +
1X

n=1

f (n) �
Z 1

0
dnf (n) (4.89)

Now, there is a famous formula that relates a sum of the valuesof a function at integers
to the integral of this function,

Z 1

0
dnf (n) =

1
2

f (0) +
1X

n=1

f (n) +
1X

p=1

B2p

(2p)!
f (2p� 1)(0) (4.90)
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where the Bernoulli numbers are de�ned by

x
ex � 1

=
1X

n=0

Bn
xn

n!
B2 = �

1
6

; B4 = �
1
30

; � � � (4.91)

Assuming a sharp cuto�, so that � is a step function, we easily computef (n),

f (n) =
1

6�

�

! 3
c �

� 3n3

a3

�

(4.92)

Thus, f (2p� 1)(0) = 0 as soon asp > 2, while f (3) (0) = � � 2=a3, and thus we have

E(a) � E0

L2
=

� 2

a3

B4

4!
= �

� 2

720
�hc

L2

a3
(4.93)

This represents a universal, attractive force proportional to 1=a4. To make their depen-
dence explicit, we have restored the factors of �h and c.

4.5 Bose-Einstein and Fermi-Dirac statistics

In classical mechanics, particles aredistinguishable, namely each particle may be tagged
and this tagging survives throughout time evolution since particle identities are conserved.

In quantum mechanics,particles of the same species are indistinguishable, and cannot
be tagged individually. They can only be characterized by the quantum numbers of the
state of the system. Therefore, the the operation of interchange of any two particles of the
same species must be a symmetry of the quantum system. The square of the interchange
operation is the identity.zz As a result, the quantum states must have de�nite symmetry
properties under the interchange of two particles.

All particles in Nature are either bosons or fermions;

� BOSONS : the quantum state is symmetric under the interchange of any pair of
particles and obeyBose-Einstein statistics. Bosons haveinteger spin. For example,
photons, W � , Z 0, gluons and gravitons are bosonic elementary particles, while the
Hydrogen atom, theHe4 and deuterium nuclei are composite bosons.

� FERMIONS : the quantum state is anti-symmetric under the interchange of any pair
of particles and obeyFermi-Dirac statistics. Fermions haveinteger plus half spin.
For example, all quarks and leptons are fermionic elementary particles, while the
proton, neutron and He3 nucleus are composite fermions.

zzThis statement holds in 4 space-time dimensions but it does not hold generally. In 3 space-time
dimensions, the topology associated with the interchange of two particles allows for braiding and the
square of this operation is not 1. The corresponding particles areanyons.
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Remarkably, the quantization of free scalars and free photons carried out in the pre-
ceeding subsections has Bose-Einstein statistics built in. The bosonic creation and an-
nihilation operators are denoted byay

� (~k) and a� (~k) for each species� . The canonical
commutation relations inform us that all creation operators commute with one another
[ay

� (~k); ay
� 0(~k0)] = 0. As a result, two states di�erening only by the interchange of two

particle of the same species are identical quantum mechanically,

ay
� 1

(~k1) � � � ay
� i

(~ki ) � � � ay
� j

(~kj ) � � � ay
� n

(~kn )j0i

= ay
� 1

(~k1) � � � ay
� j

(~kj ) � � � ay
� i

(~ki ) � � � ay
� n

(~kn )j0i

The famous CPT Theorem states that upon the quantization of a Poincar�e and CPT
invariant Lagrangian, integer spin �elds will always produce particle states that obey
Bose-Einstein statistics, while integer plus half �elds always produce states that obey
Fermi-Dirac statistics.

� Fermi-Dirac Statistics

It remains to establish how integer plus half spin �elds are to be quantized. This will
be the subject of the subsection on the Dirac equation. Here,we shall take a very simple
approach whose point of departure is the fact that fermions obey Fermi-Dirac statistics.

First of all, a free fermion may be expected to be equivalent to a collection of oscillators,
just as bosonic free �elds were. But they cannot quite be the usual harmonic oscillators,
because we have just shown above that harmonic operators produce Bose-Einstein statis-
tics. Instead, the Pauli exclusion principlestates that only a single fermion is allowed to
occupy a given quantum state. This means that a fermion creation operator b̂y for given
quantum numbers must square to 0. Then, its repeated application to any state (which
would create a quantum state with more than one fermion particle with that species) will
produce 0.

The smallest set of operators that can characterize a fermion state is given by the
fermionic oscillatorsb̂ and b̂y, obeying the algebra

f b̂;b̂g = f b̂y; b̂yg = 0 f b̂;b̂yg = 1 (4.94)

In analogy with the bosonic oscillator, we consider the following simple Hamiltonian,

Ĥ =
!
2

�
b̂yb̂ � b̂̂by

�
= !

�

b̂yb̂�
1
2

�

(4.95)

Naturally, the ground state is de�ned by b̂j0i = 0 and there are just two quantum states
in this system, namelyj0i and b̂yj0i with energies� 1

2 ! and + 1
2! respectively. A simple
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representation of this algebra may be found by noticing thatit is equivalent to the algebra
of Pauli matrices or Cli�ord-Dirac algebra in 2 dimensions,

� 1 = b̂+ b̂y � 2 = i b̂� i b̂y H =
!
2

� 3 (4.96)

Vice-versa, the
 -matrices in 4 dimensions are equivalent to two sets of fermionic oscillators
b̂� and b̂y

� , � = 1; 2. The above argumentation demsonstrates that its only irreducible
representation is 4-dimensional, and spanned by the statesj0i , b̂y

1j0i , b̂y
2j0i , b̂y

1b̂y
2j0i .

In terms of particles, we should a�x the quantum number of momentum ~k, so that
we now have oscillatorsb� (~k) and by

� (~k), for some possible species index� . Postulating
anti-commutation relations, we have

f b� (~k); b� 0(~k0)g = f by
� (~k); by

� 0(~k0)g = 0

f b� (~k); by
� 0(~k0)g = 2! k � �� 0(2� )3� (3) (~k � ~k0) (4.97)

where again! k =
q

~k2 + m2. The Hamiltonian and momentum operators are naturally

H =
Z d3k

(2� )32! k
! k

X

�
by

� (~k)b� (~k)

~P =
Z d3k

(2� )32! k

~k
X

�
by

� (~k)b� (~k) (4.98)

The vacuum statej0i is de�ned by b� (~k)j0i = 0 and multiparticle states are obtained by
applying creation operators to the vacuum,

by
� 1

(~k1) � � � by
� n

(~kn)j0i (4.99)

Using the fact that creation operators always anti-commutewith one another, it is straight-
forward to show that

by
� 1

(~k1) � � � by
� i

(~ki ) � � � by
� j

(~kj ) � � � by
� n

(~kn )j0i

= � by
� 1

(~k1) � � � by
� j

(~kj ) � � � by
� i

(~ki ) � � � by
� n

(~kn )j0i

so that the state obeys Fermi-Dirac statistics.
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4.6 The Spin 1/2 Field

In view of the preceeding discussion on Fermi-Dirac statistics, it is clear that the fermionic
�eld oscillators and thus the fermionic �elds themselves should obey canonical anti-
commutation relations, such as

f  � (t; ~x);  � (t; ~y)g = 0

f  y� (t; ~x);  y� (t; ~y)g = 0

f  � (t; ~x);  y� (t; ~y)g = i �h� �
� � (3) (~x � ~y) (4.100)

Here, � and � stand for spinor indices. The classical limit of commutation relations
(without dividing by �h) con�rms that classical bosonic �elds are ordinary functions. The
classical limit of anti-commutation relations (also without dividing by �h) for fermionic
�elds informs us that classical fermionic �elds must beGrassmann-valued functions, and
obey

f  � (t; ~x);  � (t; ~y)g = f  �
� (t; ~x);  �

� (t; ~y)g = f  � (t; ~x);  �
� (t; ~y)g = 0 (4.101)

Grassmann numbers are well-de�ned by the above anticommutation relations. It is also
useful, however, to obtain a concrete representation in terms of matrices. Letbj , j =
1; � � � ; N be N Grassmann numbers. These algebraic objects may be realizedin terms of

 -matrices in dimension 2N , de�ned to obey the Cli�ord-Dirac algebra f 
 m ; 
 ng = 2� mn I ,
with m; n; = 1; � � � ; 2N . The following combinations

bj �
1
2

(
 j + i
 j + N ) j = 1; � � � ; N (4.102)

will form N Grassmann numbers. Note thatf bj ; by
kg = � ij , so Grassmann numbers may

be viewed ashalf of the 
 -matrices.

� The Free Dirac equation

The �eld equations for the free Dirac �eld must be Poincar�e covariant and linear in
 (x). Of course, one might postulate (2 + m2) (x) = 0, but it turns out that this is
neither the simplest nor the correct equation. The Dirac equation is a �rst order partial
di�erential equation ,

(i
 � @� � mI ) (x) = 0 (4.103)

Here,
 � are the Dirac matrices in 4 dimensional Minkowski space-time andI is the identity
matrix in the Dirac algebra. Often, I is not written explicitly. We begin by showing that

67



this equation is Poincar�e invariant. Translation invariance is manifest, and we recall the
Lorentz transformation properties of the various ingredients,

@0
� = � �

� @�


 � = � �
� S(�) 
 � S(�) � 1

 0(x0) = S(�)  (x) (4.104)

Combining all, we may establish the covariance of the equation,

(i
 � @0
� � mI ) 0(x0) = ( i � �

� S(�) 
 � S(�) � 1� �
� @� � mI )S(�)  (x)

= ( iS(�) 
 � S(�) � 1@� � mI )S(�)  (x)

= S(�)( i
 � @� � mI ) (x) (4.105)

Group-theoretically, the structure of the Dirac equation may be understood as follows,

 � (
1
2

; 0) � (0;
1
2

) @� (
1
2

;
1
2

)

@ � (
1
2

;
1
2

) 

�

(
1
2

; 0) � (0;
1
2

)
�

= (0 ;
1
2

) � (1;
1
2

) � (
1
2

; 0) � (
1
2

; 1)

The role of the 
 -matrices is to project@ onto the spin 1/2 representations.

If  (x) obeys the Dirac equation, then (x) automatically also obeys the Klein Gordon
equation, as may be seen by multiplying the Dirac equation tothe left by (� i
 � @� � mI ),

(� i
 � @� � mI )( i
 � @� � mI ) (x) = ( 
 � 
 � @� @nu + m2) (x) = ( 2 + m2) (x)

But the converse is manifestly not true.

4.6.1 The Weyl basis and Free Weyl spinors

In the Weyl basis, we have


 5 =
�

� I 0
0 +I

�


 � =
�

0 � �

�� � 0

�

 =
�

 L

 R

�

(4.106)

where � � = ( I; � i ) and �� � = ( I; � � i ). In this basis, the Dirac equation becomes

�
i �� � @�  L � m R = 0
i� � @�  R � m L = 0

(4.107)

The mass term couples left and right spinors. When the mass vanishes, the two Weyl
spinors  L and  R are decoupled. It now becomes possible to set one of the chiralities to
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zero and retain a consistent equation for the other. The leftWeyl equation is

�� � @�  L = 0 (4.108)

The spinors L and  R transform under the representations (1=2; 0) and (0; 1=2) respec-
tively. The Weyl equation is Poincar�e invariant by itself.

� The Free Weyl and Dirac actions

The combination � �  y
 0 has a simple Lorentz transformation property in view of
the fact that 
 y

� = 
 0
 � 
 0, and we have

 0(x0) = S(�)  (x) ) ( 0)y =  y(x)S(�) y ) � 0(x) = � (x)S(�) � 1 (4.109)

Therefore, we readily construct an invariant action,

S[ ; � ] =
Z

d4xL L = � (i
 � @� � m) (4.110)

Viewing  and � as independent �elds, it is clear that the Dirac equation follows from
the variation of these �elds. The canonical momenta are�  = i � 
 0 and � � = 0 and the
Hamiltonian is given by

H =
Z

d3x [�  @0 � L ] =
Z

d3x � 
h
� i~
 � ~r + m

i
 (4.111)

In the Weyl basis, the action becomes

S[ L ; � L ;  R ; � R ] =
Z

d4x
h
 y

L i �� � @�  L +  y
R i� � @�  R � m y

L  R � m y
R  L

i
(4.112)

� Majorana spinors

Recall that a Majorana spinor is a Dirac spinor which equals its own charge conjugate.
In the Weyl basis, it takes the form,

 =

 
 L

� � 2 �
L

!

 c =  (4.113)

Hence, a Majorana spinor in 4 space-time dimensions is equivalent to a Weyl spinor. All
the properties can be deduced from this equivalence. Note that there exists an interesting
Majorana massterm,

L = � L i 6@ L +
1
2

m T
L � 2 L =

1
2

� i 6@ �
1
2

m �  (4.114)

The Majorana mass term violatesU(1) symmetry and so a spinor with Majorana mass
must be electrically neutral.
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� Solutions to the Free Dirac equation

The free Dirac equation may be solved by a superposition of Fourrier modes with 4-
momentum k� . Since any solution to the Dirac equation is also a solution to the Klein
Gordon equation, we must havek2 = m2, and there will be solutions withk0 < 0 as well
as k0 > 0. Just as we did in the case of bosonic �elds, it is useful to separate these two
branches, and we organize all solutions in the following manner, both with k0 > 0,

 + (x) = u(k; r )e� ik �x (k� 
 � � m)us(k) = 0

 � (x) = v(k; r )e+ ik �x (k� 
 � + m)vs(k) = 0 (4.115)

The superscriptr = 1; 2 labels the linearly independent solutions. That there areprecisely
two solutions for each equation may be shown as follows.

When m 6= 0, we introduce the following projection operators

� � (k) �
1

2m
(� k� 
 � + m) (4.116)

which satisfy

(� � )2 = � � � + + � � = I � + � � = 0 tr� � = 2 (4.117)

Hence the rank of both �� is 2, whence there are two independent solutions. The spinors
u and v may be normalized as follows,

X

r
u(~k; r )�u(~k; r ) = k=+ m

X

r
v(~k; r )�v(~k; r ) = k= � m (4.118)

Any bilinear in u and v may be calculated from this formula. For example, we have
8
>><

>>:

�u(~k; r )u(~k; s) = 2 m� rs

�u(~k; r )v(~k; s) = 0
�v(~k; r )v(~k; s) = � 2m� rs

8
>><

>>:

�u(~k; r )
 � u(~k; s) = 2 k� � rs

�u(~k; r )
 � v(~k; s) =?
�v(~k; r )
 � v(~k; s) = 2 k� � rs

(4.119)

Explicit forms of the solutions may be obtained as follows.

u(k; r ) =
�

+
p

k � � � (r )
+

p
k � �� � (r )

�

v(k; r ) =
�

+
p

k � � � (r )
�

p
k � �� � (r )

�

(4.120)

with

� y(r )� (s) = � y(r )� (s) = � rs (4.121)
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so that we may choose for example,

� (1) = � (1) =
�

1
0

�

� (2) = � (2) =
�

0
1

�

(4.122)

When m = 0, there are still two solutions u and two solutionsv, but the preceeding
normalization becomes degenerate. Choosek� = ( k0; 0; 0; � k0), so that the equations
become (
 0 � 
 3)u(k; r ) = 0 and ( 
 0 + 
 3)v(k; r ) = 0, each of which has again two
solutions. It su�ces to take k � ��� (r ) = k � �� (r ) = 0 to obtain normalized left and right
handed spinors. The above normalizations still hold good.

� Quantization of the Dirac Field

We are now ready to quantize the Dirac �eld. Since the �eld is complex valued, we
must introduce two sets of operators in the decomposition ofthe �eld solution,

 (x) =
Z d3k

(2� )32! k

X

r

�
u(k; r ) b(k; r )e� ik �x + v(k; r ) dy(k; r )e+ ik �x

�
(4.123)

The anti-commutation relations for  and  y translate into anti-commutation relations
between theb and d oscillators,

f b(~k; r ); by(~k0; r 0)g = 2! k � rr 0(2� )3� 2(~k � ~k0)

f d(~k; r ); dy(~k0; r 0)g = 2! k � rr 0(2� )3� 3(~k � ~k0) (4.124)

while all others vanish. The time-ordered product is de�nedby

T  � (x) � � (y) = � (xo � yo) � (x) � � (y) � � (yo � xo) � � (y) � (x) (4.125)

It is straightforward to compute the Green function:

SF (x � y) = h0jT  (x) � (y)j0i (4.126)

= ( i 6@+ m)xGF (x � y) =
Z d4k

(2� )4

i
6k � m + i�

e� ik (x � y)

� Mode expansion of energy and momentum

These expansions are obtained as soon as the quantized �els is available and we �nd,

P � =
Z d3k

(2� )32! k

X

r
k� [by(~k; r )b(~k; r ) + dy(~k; r )d(~k; r )] (4.127)
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wherek0 = ! k is always positive. Using canonical anti-commutation relations, we �nd the
commutators ofP � with the oscillators,

[P � ; b(~k; r )] = � k� b(~k; r ) [P � ; by(~k; r )] = + k� by(k; r )

[P � ; d(~k; r )] = � k� d(~k; r ) [P � ; dy(~k; r )] = + k� dy(~k; r ) (4.128)

Note that the positive signs on the right hand side for creation operators con�rms indeed
that by and dy create particles with positive energy only, whileb and d annihilate particles
with positive energy.
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� Internal symmetries

The massive or massless Dirac action is invariant under phase rotations of the Dirac
�eld, which form a U(1) group of transformations,

U(1)V  (x) !  0(x) = ei� V  (x) (4.129)

The associated conserved Noether currentj � and the time independent chargeQ are
obtained as usual,

j � (x) = � (x)
 �  (x) Q =
Z

d3xj 0 (4.130)

In the quantum theory, the operatorQ may be expressed in terms of the oscillators,

Q =
Z d3k

(2� )32! k

X

r
[by(~k; r )b(~k; r ) � dy(~k; r )d(~k; r )] (4.131)

Thus, we have the following commutation relations ofQ with the individual oscillators,

[Q; b(~k; r )] = � b(~k; r ) [Q; by(~k; r )] = + by(k; r )

[Q; d(~k; r )] = + d(~k; r ) [Q; dy(~k; r )] = � dy(~k; r ) (4.132)

Thus the particles created byby and by dy have opposite charge. It will turn out that
this quantity is electric charge and thatb corresponds to electrons, whiled corresponds to
positrons.

The massless Dirac actionhas achiral symmetry, which consists of a phase rotation
independently on the left and right handed chirality �elds,

U(1)L

�
 L (x) !  0

L (x) = ei� L  L (x)
 R (x) !  0

R (x) =  R (x)
(4.133)

U(1)R

�
 L (x) !  0

L (x) =  L (x)
 R (x) !  0

R (x) = ei� R  R (x)

By taking linear combinations of the phases,� V = � L + � R and � A = � L � � R , we may
equivalently rewrite the transformations in terms of Diracspinors,

U(1)V  (x) !  0(x) = ei� V  (x)

U(1)A  (x) !  0(x) = ei� A 
 5
 (x) (4.134)

The U(1)A is referred to asaxial symmetry, and the associated conserved current is the
axial (vector) current and the and time independent charge is the axial charge, given by

j �
5 (x) = � (x)
 m u
 5 (x) Q5 =

Z
d3xj 0

5 (4.135)
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4.7 The spin statistics theorem

The spin statistics theorem states that in any QFT invariantunder CPT symmetry, integer
spin �elds must be quantized with commutation relations, while half plus integer spin �elds
must be quantized with anti-commutation relations. This is in fact what we have assumed
so far. We now show that this is necessary by studying some counterexamples.

4.7.1 Parastatistics ?

The �rst question to be answered is why we should have commutation or anticommutation
relations at all, instead of some mixture of the two. To see this concretely, consider the
case of Dirac spinors. Time translation invariance requires that [H; b(~k; � )] = � k0b(~k; � )
and thus for free �eld theory, we must have

[H; b(~k; � )] =
X

� 0

Z d3k0

(2� )3

1
2

[b+ (~k0; � 0)b(~k0; � 0); b(~k; � )] (4.136)

The only way to realize this for all~k is to have the following relation amongst theb's,

X

� 0

1
2

[by(~k0; � 0)b(~k0; � 0); b(~k; � )] = � 2! kb(~k; � )(2� )3� 3(~k � ~k0) (4.137)

Let us now postulate not the usual commutation or anti-commutation relations, but gen-
eralization thereof which allows for some mixture of the two. For simplicity, we shall retain
a structure that is bilinear in the operators,

b(~k; � )by(~k0; � 0) + F+ by(~k0; � 0)b(~k; � ) = G+ (~k;~k0)

b(~k; � )b(~k0; � 0) + F� b(~k0; � 0)b(~k; � ) = G� (~k;~k0) (4.138)

We always require these relations to be local in space-time so that F� are independent
of ~k and ~k0. When F� 6= � 1, these relations are some-times referred to asparastatistics.
Working out the cubic equation now yields

G� = 0 F+ = F� G+ = (2 � )32! k � 3(~k � ~k0) (4.139)

Now look at the last equation and interchange~k and ~k0,

b(~k)b(~k0) + F� b(~k0)b(~k) = 0 (4.140)

b(~k0)b(~k) + F� b(~k)b(~k0) = 0 (4.141)

Combining the two, we �nd F 2
� = +1. Therefore, the only possibilities are commutation

relations or anticommutation relations. This can be done similarly for any �eld.
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4.7.2 Commutation versus anti-commutation relations

The next question to be addressed is how one decides between commutation relations
and anticommutation relations. For a change, let's work with a complex scalar �eld and
attempt quantization with anticommutation relations:

� (t; ~x) =
Z d3x

(2� )32! k

h
a(~k)e� ikx + cy(~k)eikx

i

� + (t; ~x) =
Z d3k

(2� )32! k

h
c(~k)e� ikx + ay(~k)e+ ikx

i
(4.142)

and postulate anticommutation relations between the �elds� and � dagger,

f _� y(t; ~x); � (t; ~y)g = � i � 3(~x � ~y) etc. (4.143)

Anticommutation relations also follow on the oscillators,

f a+ (~k); a(~k0)g = � (2� )3! k � (3) (~k � ~k0)

f cy(~k); c(~k0)g = +(2 � )32! k � (3) (~k � ~k0) (4.144)

The fact that the two signs are opposite means that particle and antiparticle together
cannot have both positive norm. If we attempt to quantize thefermion theory with
equal time commutation relations, we get similar violations of known and well-established
physical principles.
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5 Interacting Field Theories { Gauge Theories

Free �eld theories were described by quadratic Lagrangians, so that the equations of motion
are linear. Interactions will occur when the �elds are coupled to external sources or to
one another. As for free �eld theory, we shall insist on the interactions being Poincar�e
invariant (when the source is external, it should be also transformed under the Poincar�e
transformatiions) and local. In a fundamental theory of Nature, there is no room for
external sources, since the descriptions of all phenomena is to be given in a single theory.
Often, however, the e�ects of a certain sector of the theory may be summarized in the
form of external sources, thereby simplifying the practical problems involved.

5.1 Interacting Lagrangians

We begin by presenting a brief list of some of the most important fundamental interacting
�eld theories for elementary particles whose spin is less orequal to 1. These interacting
�eld theories are described by local Poincar�e invariant Lagrangians.

1. Scalar �eld theory

The simplest case involves a free kinetic term plus an interaction potential.

L =
1
2

@� �@� � � V(� ) (5.1)

2. The linear � -model

This is a theory ofN real scalar �elds with quartic self-couplings,

L =
1
2

NX

a=1

@� � a@� � a �
�
4

 NX

a=1

� a� a � v2)2

!

(5.2)

3. Electrodynamics

This theory governs most of the world that we see,

L = �
1
4

F�� + � (i 6@� m) � eA�
� 
 �  (5.3)

4. Yang-Mills theory

Yang-Mills theory describes the electro-weak and strong interactions. It is associated
with a simple Lie algebraG, with generatorsTa, a = 1; 2; � � � ; dimG and structure
constantsf abc. The Lagrangian is

L = �
1
4

X

a
F a

�� F a�� F a
�� = @� Aa

� � @� Aa
� + g

X

c
f abcAb

� Ac
� (5.4)

It is also possible to couple these various theories to one another.
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5.2 Abelian Gauge Invariance

Consider a charged complex �eld (x), which transforms non-trivially under U(1) gauge
transformations:

 (x) �!  0(x) = U(x)  (x) U(x) = eiq� (x) (5.5)

Bilinears, such as the current, are invariant under these transformations

� �  (x) �! � �  (x) � = I; � � ; � �� : : : � 5 (5.6)

Derivatives of the �eld, however, do not transform well,

@�  (x) �! U(x) @�  (x) + @� U(x)  (x) (5.7)

so that the standard kinetic term � 6@ is not invariant.

In QED, we have also a gauge �eldA � , whose transformation law involves an in-
homogeneous piece inU, in such a way that the covariant derivative D �  transforms
homogeneously,

8
><

>:

D � � @� + iqA �

D 0
�  0(x) = U(x) D �  (x)

(5.8)

Working out the required transformation law ofA � , we �nd

A0
� = A � +

i
q

U� 1@� U = A � � @� � (5.9)

We are now guaranteed that� 6D is invariant.

In additiion,

[D � ; D � ] = iqF��  (5.10)

which may be used to de�ne the �eld strengthF�� . (Comparing with general relativity,
one hasA � � � k

�� is a connection, whileF�� � R���� is a curvature).

5.3 Non-Abelian Gauge Invariance

On a multiplet of �elds  i i = 1; : : : ; N , we are free to consider a larger set of transfor-
mations

 (x) �!  0(x) � U(x) (x) matrix form

 i (x) �!  0
i (x) � Ui

j (x) j (x) component form (5.11)

whereU(x) 2 G`(N; R) or G`(N; C) depending on whether the �elds i are real or com-
plex.
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While it is possible (and sometimes useful, such as in supergravity) to consider ab-
solutely general gauge groups, for our purposes, we shall always be interested in groups
with �nite-dimensional unitary representations, i.e. compact groups. We denote these
generically by G, and soU(x) 2 G, for any x. This guarantees that bilinears of are
gauge-invariant

� �  ! � �  � = I; 
 � ; 
 �� ; 
 5 : : : (5.12)

Just as in QED, covariant derivatives are again de�ned so that their transformation law
is homogeneous. This requires introducing anon-Abelian gauge �eldA � (x), which is an
N � N matrix so that

8
><

>:

D � � @� + iA �

D 0
�  0(x) � U(x) D �  (x)

(5.13)

To work out the proper transformation law of A � , we need to be careful and take into
account that the �elds are now all (non-commuting) matrices.

(@� + igA0
� )U(x) (x) = U(x)(@� + iA � ) (x) (5.14)

or

U� 1(x)(@� + iA 0
� (x))U(x) (x) = ( @� + iA � ) (x) (5.15)

Working this out, and expressingA0
� in terms of A � and U, we have

A0
� (x) = U(x)A � (x)U� 1(x) + i (@� U)(x)U� 1(x) (5.16)

We proceed to compute the analogue of the �eld strength:

[D � ; D � ] = [ @� + iA � ; @� + iA � ] = i (@� A � � @� A � + i [A � ; A � ]) (5.17)

and therefore the object analogous to the �eld strength is

F�� � @� A � � @� A � + i [A � ; A � ] F 0
�� (x) = U(x)F�� (x)U� 1(x) (5.18)

Notice that while for QED, the relation between �eld strength and �eld was linear, here
it is non-linear. Thus, the requirement of non-Abelian gauge invariance has produced a
novel interaction.
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5.4 Component formulation

We assume that the gauge transformation belong to a Lie groupG (compact), and that  
transforms under a representationT of G, which is unitary. At the level of the Lie algebra,
we have the expansion

U(! a) = I + i! aTa + O(! 2) a = 1; : : : ; dim G (5.19)

where ! a are the generators of the Lie group andTa are the representation matrices ofG
in the representationT. They satisfy (Ta)y = Ta and the structure relations

[Ta; Tb] = i f abcT c (5.20)

where f abc is totally antisymmetric and real.

The transformation laws in components now take the form

(
� (x) =  0(x) �  (x) = i! a(x)Ta (x)
�A � (x) = A0

� (x) � A � (x) = � Ta@� ! a + i! c[T c; A � ]
(5.21)

ThereforeA � transforms under the adjoint representation ofG. The matrix A � itself acts
in the representationsT on  . Thus, we may decomposeA � as follows:

A � = Aa
� Ta a = 1; : : : ; dim G (5.22)

The transformation law of the component is

�A a
� = � @� ! a � f cba! cAb

� (5.23)

= � (@� ! a � f abcAb
� ! c) (5.24)

Recalling that f abc are the representation matrices for the adjoint representation, and that
! a itself transforms under the adjoint representation, we have

�A a
� = � (D � ! )a (D � ! )a � @� ! a � f abcAn

� ! c (5.25)

The �eld strength in components is

(
F�� � F a

�� Ta

F a
�� = @� Aa

� � @� Aa
� � f abcAb

� Ac
�

(5.26)

Of course,F�� also transforms under the adjoint rep. ofG.

79



5.5 Bianchi identities

D � is an operator on the space of �elds and therefore must satisfy the Jacobi identity

[D � ; [D � ; D � ]] + [ D � ; [D � ; D � ]] + [ D � ; [D � ; D � ]] = 0 (5.27)

In 4-dimension, this equality is equivalent to

� ���� [D � ; [D � ; D � ]] = 0 (5.28)

Using [D � ; D � ] = iF �� , we get theBianchi identity ,

� ���� D � F�� = D �
~F �� = 0 (5.29)

It generalizes the case of QED:@�
~F �� = 0.

5.6 Gauge invariant combinations

(
tr F�� F ��

tr F��
~F �� ~F �� � 1

2 � ���� F��
(5.30)

To pass to components, use the fact that the Cartan-Killing form is positive-de�nite and
use the normalization

tr TaTb =
1
2

� ab (5.31)

We then have
8
>><

>>:

tr F�� F �� = 1
2F a

�� F a��

tr F��
~F �� = @� K �

K � � � ���

�
@� F�
 � 1

3A � A � A 


�
= \Chern-Simons term"

(5.32)

When G is a simple group, these invariants are the only ones possible. When G is not
simple, it must be of the form of a product of simple groups times a product ofU(1)
factors.

G = G1 x : : : x Gp x U(1)1 x : : : x U (1)q

A1� : : : Ap� B1� : : : Bq�

F1�� : : : Fp�� G1�� : : : Gq��

g1 : : : gp e1 : : : eq

(5.33)

and we have independent invariants for each:
(

tr Fi�� F i��

tr Fi��
~F i�� (5.34)
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The Abelian factors in general may mix; they can however be diagolized,

qX

i;j =1

Cij Gi�� G��
j �!

qX

i =1

1
e2

i
Gi�� G��

i (5.35)

and for the simple parts

pX

j =1

1
g2

j
tr Fj�� F ��

j (5.36)

5.7 Classical Action & Field equations

A suitable action for the Yang-Mills �eld is given by the expression (dimension 4), for each
simple group component

S[A; J ] � �
1

2g2

Z
d4x tr F�� F �� +

�
8� 2g2

Z
d4x tr F��

~F �� �
2
g

Z
d4x(JA � ) (5.37)

whereJ � � J �a Ta is a gauge current coupling to the Yang-Mills �eldA � and g is a coupling
constant. It is often convenient to change normalization ofthe �eld by factoring out the
coupling constantg.

A � �! gA�
1
g

F�� �! F�� = @� A � � @� A � + ig[A � ; A � ] (5.38)

The action is then

S[A; J ] = �
1
2

Z
d4x tr F�� F �� +

�
8� 2

Z
d4x tr F��

~F �� � 2
Z

d4x tr J � A � (5.39)

and its variation is given by

�S = �
Z

d4x tr( F �� �F �� + 2J � �A � ) (5.40)

To evaluate this variation, one makes use of the following relations,

igF�� = [ D � ; D � ]
�D � = ig�A �

ig�F � = ig[�A � ; D � ] + ig[D � ; �A � ] (5.41)

which imply that the variation of the �eld strength is very simple,

�F �� = D � �A � � D � �A � (5.42)
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�S = � 2
Z

d4x tr( F �� D � �A � + J � �A � ) (5.43)

We'd like to integrate by parts, but D � is not quite a derivative in the usual sense. Non-
theless, all proceeds as if it were.

tr F �� D � �A � = tr F �� (@� �A � + ig[A � ; �A � ])

= @� (tr F �� �A � ) � tr @� F �� �A � + ig tr( F �� A � �A � � F �� �A � A � )

= @� (tr F �� �A � ) � tr �A � D � F �� (5.44)

Hence, we have

�S = � 2
Z

d4x tr( � D � F �� + J � )�A � (5.45)

Thus, the �eld equations are

D � F �� = J � (5.46)

As a consequence, the currentJ � is covariantly conserved.

D � D � F �� =
1
2

[D � ; D � ]F �� =
1
2

[F�� ; F �� ] = 0 (5.47)

D � J � = @� J � + ig[A � ; J � ] = 0 (5.48)

5.8 Lagrangians including fermions and scalars

The basic Lagrangian for a gauge �eldA � associated with a simple gauge groupG, in the
presence of \matter �elds"

� fermions in representationsTL and TR of G;

� scalars in representationTS of G.

Then the Lagrangians of relevance are of the form

L = �
1

2g2
tr F�� F �� + � L 
 � (i@� � gAa

� Ta
L ) L + � R 
 � (i@� � gAa

� Ta
R ) R

+ D � � + D � � � V(� ) (5.49)

whereV(� ) is invariant under G and

D � � � @� � + igAa
� Ta

s � (5.50)
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Actually, when T?
L 
 TR 
 TS contains one or more singlets, one may also have Yukawa

terms

� ( � L � R + � R � +  L ) (5.51)

In addition, if T?
L 
 TR contains singlets, one may also have a \Dirac mass term"

M ( � L  R + � R  L ) (5.52)

Finally, if TL = TR , then the theory is parity conserving, while it is parity violating when
TL 6= TR .

5.9 Examples

1. QCD (ignoring the weak interactions);G = SU(3)c

 t = ( u d c s t b)c (5.53)

� c = color SU(3)

� each 
avor is in fundamental representationSU(3)

� TL = TR = 3 � : : : � 3| {z }
6 times

= T

L = �
1

2g2
3
tr F�� F �� +

6X

f =1

�qf 
 � (i@� � g3Aa
� Ta)qf �

6X

f =1

mf �qf qf (5.54)

2. SU(2)L weak interactionsU(1)Y (no QCD);

q =

 
u
d

!

`L =

 
e�

� e

!

L

`R = e�
R (5.55)

L = �
1

2g2
2
tr F�� F �� + �qL 
 � (i@� � g2Aa

� Ta
L � g1B � Y q

L )qL + �qR 
 � (i@� � g1B � YR)qR

+ D � � + D � � + �̀
L 
 � (i@� � g2Aa

� Ta � g1Y `
L B � )`L + �̀

R 
 � (i@� � g1B � )`R

� V (� + � ) � �qL �q R � �̀
L �` R � �qL

~�q R (5.56)
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6 The S-matrix and LSZ Reduction formulas

So far we have only discussed�elds, but we are interested in the interaction ofparticles.
However remember from the introduction that the positions and the momenta of the
particles are not directly observable. In particular theposition can never be observed to
arbitrary precision due to the occurrence of anti-particles. On the other hand, momenta
of particles are observable provided one observes the particles asymptotically as � t ! 1 ,
then � p ! 0.

Hence we will be interested in observing the dependence on the momenta of incoming
and outgoing particles. To do this we idealize the interaction.

In OutInteraction regio n

Figure 5: Idealized view of the process of free initial, interacting and free �nal particles

The basic assumption is that ast ! �1 , the particles behave as free particles. Is this
true for the interactions that we know of ?

1. Strong nuclear forces at internuclear distances are governed by the Yukawa potential,

�
1
r

expf� r m � g (6.1)

These are so-calledshort-rangedand e�ectively vanish beyond the size of the nucleus.
This is why e�ectively, in day to day life, we do not see their e�ects. For short ranged
forces, the idealized view should hold.

2. The weak forces are also short ranged,

�
1
r

expf� r M W � g or �
1
r

expf� r M Z 0 g (6.2)
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3. The electro-magnetic force falls o� at in�nity as well,

�
1
r 2

(6.3)

By contrast with the weak and strong forces however, this fall-o� is only power-like
and such forces are referred to aslong-ranged. This means that electro-magnetic
�elds can extend over long distances and will not be con�ned to some small interac-
tion region. For example, the galactic magnetic �elds extend over many parsecs. The
idealized picture may or may not hold. We should foresee di�culties at low energies
and low momenta (so-called IR propblems) when we apply the idealized view here.

4. The force of gravity behaves in the same manner as the electro-magnetic force and is
also long-ranged. Fortunately, the force of gravity is not on the menu for this course.

5. The most problematic of all { and the most interesting { is QCD which describes the
strong forces at a fundamental level. The force between two quarks is constant, even
for large distances (ignoring quark pair creation) and the quarks arecon�ned, as it
would require an in�nite amount of energy to separate two quarks that are subject
to a law of attraction that is constant. This e�ect is so dramatic that the spectrum
is altered to a hadronic spectrum.

6.0.1 In and Out States and Fields

If at t ! �1 the particles are free, then we better introduce a free �eld for them, which
are the so-calledin-�eld , denoted generically by �Iin (x). The Fock space associated with
� in is H in , and the states are labelled exactly as the free �eld states were. If at t ! + 1
the particles are free, we introduce freeout-�elds � J

out (x) and the Fock space isH out .

Of course we also have the Hilbert space of the full quantum �eld theory, which we
denote by H. Axiomatic �eld theory requires H in = H out = H. Here, however, we shall
attempt to de�ne these di�erent theories, to link them and then to check the nature of the
various Hilber spaces. Obviously, we should have the property H in = H out , which is called
asymptotic completeness.

The n-particle in-states created byin �elds are denoted by

jin; p1; � � � ; pn ; I 1; � � � ; I n i (6.4)

with particle momenta p1; � � � ; pn and internal indices I 1; � � � ; I n . The out-states created
by the out �els are of the form

jout; q1 : : : qm ; J1 � � � Jm i (6.5)
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where the m-particle out state has particle momenta q1 : : : qm , and internal indices
J1 : : : Jm . Note that it makes sense to label states in this way since momenta are ob-
servable to arbitrary precision in thet = to � 1 limit.

6.0.2 The S-matrix

The fundamental question in scattering theory and in quantum �eld theory is going to be
as follows. Given an initial in-state (the state of the system at t ! �1 ),

jin p1; : : : pn ; I 1; : : : I n i (6.6)

what is the probability (given the dynamics of the theory) for the �nal out-state (the state
at t ! + 1 ) to be

jout q1 : : : qm ; J1; � � � ; Jm i (6.7)

The answer is given by the inner product of the two states, as always

Sf  i = hout q1 : : : qm ; J1 � � � Jm jin p1; : : : pn ; I 1 � � � I n i (6.8)

and the probability is

Wf  i = jSf  i j2 (6.9)

Clearly, this question can be asked for every state inH in onto every state inH out . Assuming
asymptotic completeness,H in = H out , then there should exist a matrixS that relates the
in-states to the out-states,

jouti = Sjini (6.10)

The equivalence of the two Hilbert spaces requires thatS be unitary. This may also be
seen from the fact that for a given initial state, a summationover all possible �nal states
must give unit probability. Thus, the S-matrix must be unitary ! Consequently, we may
describe all these overlap probabilities in terms ofjini or jouti states and theS-matrix.

6.0.3 Scattering cross sections

From the probability, one can compute the thing the experimental high energy physicist
talks about all day and dreams about: the scattering cross section. We shall limit ourselves
to an initial state with only 2 particles.
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The incoming state is now in general awave packetwith distribution � , so

jini =
Z d3p1

(2� )32po
1

Z d3p2

(2� )32po
2
� 1(p1)� 2(p2)jin p1; p2i (6.11)

This wave packet is associated with a distribution ~� (x) (for a free particle) and positive
energy

~� (x) =
Z d3p

(2� )32! p
e� ip �x � (p) (6.12)

The 
ux is given by

� � �
Z d3p

(2� )32po
j� (p)j2 =

# of particles
unit of time

(6.13)

To isolate the interaction part from the free part, it is useful to decompose theS-matrix
into an identity part and a T matrix part, describing interaction

S = I + iT (6.14)

Energy momentum conservation then implies that

hf jT jp1; p2i = (2 � )4� 4(Pf � p1 � p2)hf jT jp1; p2i (6.15)

In general, one will be interested in scattering cross sections for which hf ji i = 0. (If
ji i = jf i , one deals with so-calledforward scattering, and we shall not deal with it here.)
In the above case

hf jSji i = hf ji i � ihf jT ji i = � ihf jT ji i (6.16)

and

Wf  i = jhf jSji ij 2 = jhf jT ji ij 2 (6.17)

Wf  i =
Z

dp1

Z
dp2

Z
dp0

1

Z
dp0

2 � �
1(p1)� 1(p0

1)�
�
2(p2)� 2(p0

2)(2� )4� (p1 + p2 � Pf )

� (2� )4� (p1 + p2 � p0
1 � p0

2)hf jT jp1; p2i � hf jT jp0
1; p0

2i (6.18)

Using now the fact that

(2� )4� 4(k) =
Z

d4xe� ikx (6.19)

we may represent the second momentum conservation� -function as a Fourrier integral,

Wf  i =
Z

d4x
Z

dp1

Z
dp2dp0

1

Z
dp0

2�
�
1(p1)� 1(p0

1)�
�
2(p2)� 2(p0

2)

� (2� )4� 4(p1 + p2 � Pf )e� ip 1+ p2 � p0
1 � p0

2)�xhf jT jp1; p2i � hf j� jp0
1; p0

2i (6.20)

Now we assume that the distributions� 1 and � 2 are very narrow, and sharply peaked
about momenta �p1 and �p2. We assume that the variation of the� 's is so small over this

87



distribution that the matrix elements of T are essentially constant over that variation. We
then have

hf jT jp1; p2i � h f jT jp0
1; p0

1i ' h f jT j �p1; �p2i (6.21)

Hence

Wf  i =
Z

d4xj ~� 1(x)j2j ~� 2(x)j2(2� )4� 4(�p1 + �p2 � Pf )jhf jT j �p1; �p2ij 2 (6.22)

Now to get the cross section, we want the transition probability per unit volume and per
unit time:

dWp i

dtdV
= j ~� 1(x)j2j ~� 2(x)j2(2� )4� 4(�p1 + �p2 � Pf )jhf jT j �p1; �p2ij 2 (6.23)

Now the relative 
ux between distributions � 1 and � 2 is given by

4jm2
 2p1 � m1
 1p2jj ~f 1(x)j2j ~f 2(x)j2 (6.24)

and therefore, the di�erential cross section is given by

d� = (2 � )4� 4(Pf � �p1 � �p2)
1

2E12E2j~v1 � ~v2j
jhf jT j �p1; �p2ij 2 (6.25)

The normalization holds for scalar, photons and spin 1/2 particles all the same!

6.1 Relating the interacting and in- and out-�elds

The quantum �eld theory is formulated in terms of interacting �elds � (x) instead of the
free �elds � in(x) and � out (x). To compute elements of theS matrix, we need to connect
the statesjini and jouti to the interacting �elds in the theory. We carry this out here for
the case of a single scalar �eld� . Other cases are completely analogous.

The in and out-�elds satify the free �eld equations

(2 + m2)� in (x) = 0

(2 + m2)� out (x) = 0 (6.26)

as well as the canonical commutation relations

[ _� in (x); � in (y)]� (x0 � y0) = � i � (x � y)
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[ _� out (x); � out (y)]� (x0 � y0) = � i � (x � y) (6.27)

The in and out states are now built with the help of the Fouriermode operators:

jin p1; � � � ; pn i = ay
in (~p1)a

y
in (~p2) � � � ay

in (pn )j0i

jout q1; � � � ; qm i = ay
out (~q1)ay

out (~q2) � � � ay
out (qm )j0i (6.28)

Recall the normalizations of the free in and out-�elds with the 1-particle states,

hin pj� in(x)j0i = eip �x

hout qj� out (x)j0i = eiq�x (6.29)

Note that the normalization on the rhs is 1.

As remarked above, the dynammics of the theory is described by neither � in nor � out ,
but rather by the interacting �eld � . In some sense, the �eld� should behave like� in or
� out according to whethert ! �1 or t ! + 1 .

To see concretely how this happens, consider the overlap of the �eld � with the 1-
particle states. Accoding to general principles, the �eld� should have non-zero overlap
with jin pi . The x- and p-dependence of this overlap is determined by Poincar�e symmetry
in the following manner,

hin pj� (x)j0i = hin pjeix �P � (0)e� ix �P j0i = eip �xhin pj� (0)j0i

=
p

Zeip �x (6.30)

Z is indepedent ofp. We therefore conclude that

hin pj� (x)j0i =
p

Zhin pj� in(x)j0i

hout pj� (x)j0i =
p

Zhout pj� in(x)j0i (6.31)

Therefore, we have { in a somewhat formal sense { the following limits

lim
t !�1

� (x) =
p

Z� in (x)

lim
t ! + 1

� (x) =
p

Z� out (x) (6.32)

This limit cannot really be understood in the sense of a limitof operators, but rather must
be viewed as a limit that will hold when matrix elements are taken with states containing
a �nite number of particles.
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6.2 The K•allen-Lehmann spectral representation

To evaluateZ , we construct the K•allen-Lehmann representation for the interacting theory.
The starting point is the commutator,

i �( x; x0) = h0j[� (x); � (x0)]j0i (6.33)

Let us collectively denote all the states of the theoryjni . Then, using completeness of the
states jni , we insert a complete set of normalized states,

i �( x; x0) =
X

n

�

h0j� (x)jnihnj� (x0)j0i � h 0j� (x0)jnihnj� (x)j0i
�

(6.34)

Translation symmetry of the theory allows us to pull out thex-dependence using� (x) =
eix �P � (0)e� ix �P so that

i �( x; x0) =
X

n
jh0j� (0)jnij 2

�

e� ip n �(x � x0) � eip n �(x � x0)
�

(6.35)

Using 1 =
R

d4q�(q � pn), we have

i � 0(x; x0) =
Z d4q

(2� )3
� (q)

�

e� iq(x� x0) � eiq(x � x0)
�

(6.36)

where thespectral densityis de�ned to be

� (q) � (2� )3
X

n
� 4(q � pn )jh0j� (0)jnij 2 (6.37)

Notice that � is positive, and vanishes when eitherq2 < 0 or q0 < 0. Also it is Lorentz
invariant, and therefore can only depend uponq2. Thus, it is convenient to introduce the
function � (q2) as follows,

� (q) = � (q0)� (q2) � (q2) = 0 if q2 < 0 (6.38)

Recall the free commutator,

i � 0(x � y; m2) =
Z d4q

(2� )3
� (q0)� (q2 � m2)

�

e� iq(x� y) � eiq(x � y)
�

(6.39)

Hence we may express the commutator of the fully interacting�elds as,

�( x � x0) =
Z 1

0
d� 2� (� 2)� 0(x � x0; � 2) (6.40)

This is the K•all�en-Lehmann representation for the commutator.
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The contribution to the spectral density due to the one particle state is given in terms of
the constant Z . The remaining contributions come from states with more than 1 particle,
and may be summarized as follows,

�( x � x0) = Z � 0(x � x0; m2) +
Z 1

m2
t

d� 2� (� 2)� 0(x � x0; � 2) (6.41)

Here, m2
t is the mass-squared at which the remaining spectrum starts.

0 m 2 m 2
t

Figure 6: Support of the spectral function� (� 2)

If the interactions in the theory are very weak, the particles will behave almost as free
particles. If we further assume that no bound states occur inthe full spectrum (but even
at weak coupling this assumption may be false, see the hydrogen atom), then we can give a
general characterization of the spectral function and the nature of the thresholds of� (� 2).
A state with n (nearly) free particles starts contributing to � (� 2) provided

� 2 = ( p1 + p2 : : : + pn )2

= ( po
1 + po

2 + : : : + po
n )2 � (~p1 + ~p2 + : : : + ~pn )2 � n2m2 (6.42)

Thus, under the assumptions made here, there will be successive thresholds starting at 4m2,
9m2, 16m2 etc. In most theories however, the spectrum may be much more complicated.

To obtain Z , it su�cies to take the x0 derivative at both sides and setx0 = x00. This
produces the canonical commutators, as follows,

� 3(~x � ~x0) = Z � 3(~x � ~x0) +
Z 1

m2
t

d� 2� (� 2)� 3(~x � ~x0) (6.43)

and identifying the coe�cients of � (~x � ~x0), we get

1 = Z +
Z 1

m2
t

d� 2� (� 2) (6.44)

Since� (� 2) � 0, any interacting theory will have

0 < Z < 1 (6.45)

In particular, Z = 1 is possible only when� = � in is a free �eld. On the other hand,Z = 0
would mean that the �eld � does not create the 1-particle state, which is in contradiction
with one of our basic assumptions.
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One may also obtain a K•allen-Lehmann representation for the two-point function in
terms of similar methods,

h0jT � (x)� (x0)j0i =
Z 1

0
d� 2� (� 2)GF (x � y; � 2) (6.46)

Notice that the �eld � which governs the dynammics and which obeys canonical com-
mutation relations is not the �eld that obeys a canonical normalization on one-particle
states. There is a multiplicative factor between the two �elds. This is the �rst non-trivial
example of the phenomenon of renormalization: the parameter that govern the dynamics
in the theory like the �eld, the mass, the coupling constantsare not the parameters that
are observable in the asymptotic regime. Later on it will be convenient to work directly
with this renormalized �eld

� R(x) �
1

p
Z

� (x) (6.47)

Of course the �eld � R will no longer satisfy canonical commutation relations.

6.3 The Dirac Field

A similar treatment is available for the Dirac �eld  (x). We restrict to quoting the results
here. The normalizations of the in and out �elds and of the interacting �eld are as follows,

h0j in (x)jin p; � i = u(p; � )e� ip �x

h0j (x)jinjp; � i =
q

Z2h0j in (x)in p; � i

=
q

Z2h0j out (x)jout p; � i (6.48)

The K•allen-Lehmann representation is obtained by introducing the spectral density

� �
� (q) = (2 � )3

X

n
� 4(pn � q)h0j � (0)jnih � � (0)j0i (6.49)

so that, using Lorentz invariance, one gets

� �
� (q) = � (q0)

�

� 1(q2)(6q) �
� + � 2(q2)� �

�

�

(6.50)

The result is most easily expressed in terms of the free scalar propagator,

h0f  � (x) � � (x0)gj0i =
Z 1

0
d� 2

�

i� 1(� 2) 6@x + � 2(� 2)
�

�

� GF (x � x0; � 2) (6.51)

Properties of � 1 and � 2 are as follows,� 1(� 2) � 0, � 2(� 2) � 0, and �� 1(� 2) � � 2(� 2) � 0.
The spectral representation forZ2 is obtained again via the equal time commutators,

ih0jf  � (x) � � (x0)gj0i = Z2S(x � x0) +
Z 1

m2
t

d� 2
�

i� 1(� 2) 6@x + � 2(� 2)
�

�

� GF (x � x0; � 2)
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and we get

1 = Z2 +
Z 1

4m2
d� 2� 1(� 2) (6.52)

6.4 The LSZ Reduction Formalism

It is now our task to evaluate theS-matrix elements in terms of quantities which can be
expressed in terms of the dynammics of the QFT. We shall treatin detail here the case
of the real scalar �eld; the other cases may be handled analogously. The key object of
interest is the transition amplitude

hout q1 � � � qm jin p1 � � � pn i (6.53)

We shall work out a recursion formula which decreases the number of particles in the in
and out states and replaces the overlap with expectation values of the fully interacting
quantum �eld � . To this end, we isolate the in-particle with momentumpn , and write

hout q1 � � � qm jin p1 � � � pn i = hout � jin � p n i

jin � i = jin p1 � � � pn� 1i

jout � i = jout q1 � � � qm i

jin p1 � � � pn i = ay
in(pn)jin � i (6.54)

6.4.1 In- and Out-Operators in terms of the free �eld

The decomposition into creation and annihilation operators of a free scalar �eld' (x) with
massm and its canonical momentum@0� (t; ~x) are given in terms by

' (t; ~x) =
Z d3k

(2� )32! k

�
a(~k)e� k�x + ay(~k)eik �x

�

@0' (t; ~x) =
Z d3k

(2� )32

�
� ia(~k)e� ik �x + iay(~k)eik �x

�
(6.55)

The creation and annihilation operators may be recovered byby taking the space Fourier
transforms

ay(~k) = � i
Z

d3x
�

e� ik �x $
@0 ' (x)

�

a(~k) = + i
Z

d3x
�

e+ ik �x $
@0 ' (x)

�

(6.56)

Here, the symbol
$
@stands for the antisymmetrixed derivativeu

$
@0 v � u@0v � @0uv. The

left hand side is independent of the time coordinatex0 at which the �eld ' (x) is evaluated
on the left hand side as long as the momentum satis�esk2 = m2.
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6.4.2 Asymptotics of the interacting �eld

Next, we make use of the fact that, when evaluated between states, where it is to play the
role of creation operator, the �eld tends towards free �eld expectation values,

lim
x0 ! + 1

houtj� (x)jini � Z � 1
2 houtj� out(x)jini

lim
x0 !�1

houtj� (x)jini � Z � 1
2 houtj� in(x)jini (6.57)

Combining this result with the free �eld formulas for the creation operators for in- and
out-operators, we obtain (omitting now the in- and out-states matrix elements),

ay
in(~k) = �

i
p

Z
lim

x0 !�1

Z
d3x

�

e� ik �x $
@0 � (x)

�

ay
out(

~k) = �
i

p
Z

lim
x0 ! + 1

Z
d3x

�

e� ik �x $
@0 � (x)

�

ain(~k) = +
i

p
Z

lim
x0 !�1

Z
d3x

�

e+ ik �x $
@0 � (x)

�

aout(~k) = +
i

p
Z

lim
x0 ! + 1

Z
d3x

�

e+ ik �x $
@0 � (x)

�

(6.58)

Using the fact that the di�erence between the same quantity evaluated at x0 ! �1 may
be expressed as an integral,

lim
x0 ! + 1

 (x) � lim
x0 !�1

 (x) =
Z + 1

�1
dx0@0 (x) (6.59)

we obtain the following di�erence formulas between in- and out-operators,

ay
in(~k) � ay

out(
~k) = +

i
p

Z

Z
d4x@0

�

e� ik �x $
@0 � (x)

�

ain(~k) � aout(~k) = �
i

p
Z

Z
d4x@0

�

e+ ik �x $
@0 � (x)

�

(6.60)

These combinations admit further simpli�cations which maybe seen by working out the
integrand and using the fact thatk2 = m2,

Z
d4x@0

�

e� ik �x $
@0 � (x)

�

=
Z

d4x
�
(k0)2� (x) + @2

0 � (x)
�

e� ik �x

=
Z

d4xe� ik �x(2 + m2)� (x) (6.61)

Thus, we obtain the following formulas,

ay
in(~k) � ay

out(
~k) = +

i
p

Z

Z
d4x e� ik �x(2 + m2)� (x)

ain(~k) � aout(~k) = �
i

p
Z

Z
d4x e+ ik �x (2 + m2)� (x) (6.62)
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Clearly, for a free �eld, satisfying (2 + m2)� = 0, there is no di�erence between the in-
and out-operators, but as soon as interactions are turned on, they are no longer equal.

6.4.3 The reduction formulas

The next step is the evaluation of the operator di�erence (6.62) between the statesjin � i =
jin p1 � � � pn� 1i and jout � i = jout q1 � � � qm i ,

hout � j
�
ay
in(~qm ) � ay

out(~qm )
�

jin � i =
i

p
Z

Z
d4x e� iqm �x (2 + m2)hout � j� (x)jin � i (6.63)

Thus, we have

hout p1 � � � pn jin q1 � � � qm i

= hout p1 � � � pn jay
out(~qm )jin q1 � � � qm� 1i (6.64)

+
i

p
Z

Z
d4x e� iqm �x (2 + m2)hout p1 � � � pn j� (x)jin q1 � � � qm� 1i

The �rst term on the rhs vanishes, unless it happens to be thathout p1 � � � pn j contain
precisely the particle with momentum~qm , in which case the amplitude contributes with
strength unity. Therefore, this term corresponds to a disconnected contribution to the
scattering process (see Fig.7). The disconnected contributions simply reduce to S-matrix
elements with fewer particles and may be handled recursively.

=

Figure 7: Contribution to the S-matrix with disconnected part.

Henceforth, we concentrate on the connected contributions, denoted with the corre-
sponding su�x. The reduction formula for peeling o� a singleparticle thus reduces to

hout p1 � � � pn jin q1 � � � qm i conn (6.65)

=
i

p
Z

Z
d4x e� iqm �x (2 + m2)hout p1 � � � pn j� (x)jin q1 � � � qm� 1i

Clearly, the process may be repeated on all incoming particles, until all incoming particles
have been removed,

hout p1 � � � pn jin q1 � � � qm i conn (6.66)

=

 
i

p
Z

! m mY

j =1

� Z
d4yj e� iq j �yj (2 + m2)yj

�

hout p1 � � � pn j� (y1) � � � � (ym )jin 0i
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where the statejin 0i stands for the in-state with zero in-particles.

It remains to remove also the out-particles. However, now there is a new issue to be
dealt with. The removal of the out particles must always occur to the left of the removal of
the in-particles, since the two operator types will not havesimple commutation relations.
This ordering is achieved by ordering the later times to the left of the earlier times, since
out-states correspond tox0 ! + 1 while in-states correspond tox0 ! �1 . Since out-
states will have to be removed using annihilation operators, there is also an adjoint to be
taken. Thus, the �nal formula is

hout p1 � � � pn jin q1 � � � qm i conn (6.67)

=
im (� i )n

p
Z

m+ n

nY

k=1

� Z
d4xk e+ ip k �xk (2 + m2)xk

�

�
mY

j =1

� Z
d4yj e� iq j �yj (2 + m2)yj

�

hout 0jT � (x1) � � � � (xn )� (y1) � � � � (ym)jin 0i

The key lesson to be learned from this formula is that the calculation of any scattering
matrix element requires the calculation in QFT of only a single type of object, namely the
time ordered correlation function, orcorrelator,

h0jT � (x1) � � � � (xn )j0i (6.68)

Much of the remainder of the subject of quantum �eld theory will be concerned with the
calculation of these quantities.

6.4.4 The Dirac Field

The derivation for the Dirac �eld is completely analogous, though the precise 1-particle
wave functions are of course those associated with the Diracequation instead of with
the Klein-Gordon equation. Furthermore, one will have to becareful about taking the
anti-commutative nature of the �eld  into account. For example, for in-�elds we have

 in (x) =
Z d3k

(2� )32! k

X

� = �

�
bin (k; � )u(k; � ) e� ik �x + dy

in(k; � )v(k; � ) eik �x
�

(6.69)

which gives rise to the following expressions for the in- andout-operators,

bin (k; � ) =
Z

d3x�u(k; � ) eik �x 
 0 in (x)

dy
in(k; � ) =

Z
d3x�v(k; � ) e� ik �x 
 0 in (x)

by
in (k; � ) =

Z
d3x � (x)
 0 e� ik �xu(k; � )
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din(k; � ) =
Z

d3x � (x)
 0 e� ik �xv(k; � ) (6.70)

The 1-particle state normalizations with the in-�eld  in and with the fully interacting �eld
 are as follows,

h0j in(x)jin p � i = u(p; � )e� ip �x

h0j (x)jin p � i =
q

Z2u(p; � )e� ip �x (6.71)

You see that one can get a similar formula as for the bosonic scalar case, but now you have
to be careful about where the spinor indices are contracted.Clearly, everything is again
expressed in terms of time-ordered correlators for the fully interacting fermion �elds,

h0jT  � 1 (x1) � 2 (x2) : : :  � n (xn ) � � 1 (y1) : : : � � p (yp)j0i (6.72)

6.4.5 The Photon Field

Since the lontgitudinal photons are free, we are only interested in scattering transverse
photons. k� � � (k) = 0

h� (k1� )outj� ini = � outj� � (k� ) ini
+ h� outj� � aout (k) � � � aout (k) � � � ain (k)j� ini

= � i
Z

t
d3xeikx $

@o h� outj� (k) � AT out (x) � � (k)AR in (x)j� ini

= � i Z 1=2
3

Z

t !1
d3xeikx $

@o h� outj� (k) � AT (x)j� ini

+ i Z � 1=2
3

Z

t !�1
d3xeikx $

@o h� outj� (k)AT (x)j� ini

= � i Z � 1=2
3

Z
d4x

n
eikx @2

oh� outj� (k) � AT (x)j� ini

� (@2
oeikx )h� outj� (k) � AT (x)j� ini

o

= � i Z � 1=2
3

Z
d4x

n
eikx (2 + � 2)xh� outj� (k) � AT (x)� ini

o
(6.73)

Now:

AT
� (x) = A � (x) +

1
m2

@� @� A (6.74)

(2 + � 2)xAT
� (x) = ( 2 + � 2)A � +

1
m2

2 @� (@� A) +
� 2

m2
@� @� A

= ( 2 + � 2)A � � @� (@� A) + �@� (@� A)
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= j � ; our best friend! (6.75)

Hence, in the non-forward regime, we have the simple formula:

h� (k; � ) outj� ini == i Z 1=2
3

Z
d4xeikx h� outj� � (k)j � (x)j� ini (6.76)

Now let's play this game over with two photons:

h� (kf ; � f )outj� (ki ; � i )ini

= � Z � 1
3

Z
d4x

Z
d4yei (kf x� k i y)(2 + � 2)y

h� outjT � f � j (x)
�

� i � (A(y)) +
1

m2
@(@A)(y)

�

j� ini (6.77)

You see that this isnot just the time ordered product of the currents, there will be some
additional terms, arising however only atxo = yo. By locality, the contribution must now
be entirely localized at~x = ~y = ~y as well. One can show, after a lot of work that one
exactly gets theT � product. What else could it be?

h� (kf ; � f ) outj� (ki ; � i ) ini

= � Z � 1
3

Z
d4x

Z
d4yei (kf x� k i y)

h� outjT � � f � j (x)� i � j (y)j� ini (6.78)

It is straightforward to generalize this formula.
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