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1 Introduction

In classical mechanicghe number of particles in a system is conserved, i.e. it imohanged
in time. To each pointlike particle, there is a set of positio and momentum coordinates,
the time evolution of which is governed by the dynamics of theystem. Quantum mechanics
may be formulated in two stages.

1. The principles of quantum mechanicssuch as the de nitions of states, observables,
are general and do not make assumptions on whether the numhsrparticles in the
system is conserved during time evolution.

2. The speci c dynamics of the quantum systemdescribed by the Hamiltonian, may or
may not assume particle number conservation. In introducty quantum mechanics,
dynamics is usually associated with non-relativistic meemical systems (augemented
with spin degrees of freedom) and therefore assumes a xednmoer of particles. In
many important quantum systems, howeverthe number of particles is not conserved

A familiar and ubiquitous example is that of electromagnetic radiation An excited
atom may decay into its ground state by emitting a single quaaom of light or photon.
The photon was not \inside" the excited atom prior to the emision; it was \created" by
the excited atom during its transition to the grounds state. This is well illustrated as
follows. An atom in a state of su ciently high excitation may decay to its ground state
in a single step by emitting a single photon. However, it maylso emit a rst photon to
a lower excited state which in turn re-emits one or more phots in order to decay to the
ground state (see Figure 1, (a) and (b)). Thus, given initiahnd nal states, the number of
photons emitted may vary, lending further support to the fatthat no photons are \inside"
the excited state to begin with.

Other systems where particle number is not conserved invelphononsand spin waves
in condensed matter problems. Phonons are the quanta assded with vibrational modes
of a crystal or uid, while spin waves are associated with utuating spins. The number
of particles is also not conserved in nuclear processes lilision and ssion.

1.1 Relativity and quantum mechanics

Special relativity invariably implies that the number of paticles is not conserved. Indeed,
one of the key results of special relativity is the fact that rass is a form of energy. A
particle at rest with massm has a rest energy given by the famous formula

E = mc? (1.1)
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The formula also implies that, given enough energy, one cameate particlesout of just
energy { kinetic energy for example. This mechanism is at wiorin re and light bulbs,
where energy is being provided from chemical combustion oleetrical input to excite
atoms which then emit light in the form of photons. The mechaism is also being used
in particle accelerators to produce new particles throughhe collision of two incoming
particles. In Figure 1 the example of a photon scattering o @ electron is illustrated. In
(c), a photon of low energy ( mec?) is being scattered elastically which results simply
in a de ection of the photon and a recoil of the electron. In ()l a photon of high energy
(  me) is being scattered inelastically, resulting not only in a d ection of the photon
and a recoll of the electron, but also in thgroduction of new particles

photon
photon
photon
initial /J_JJJ initial
\ final final
@ (b)
scattered photon scattered photon
photon photon

new particles
recoiled dectron .
recoiled dectron

© @)

Figure 1: Production of particles : (a) Emission of one photg (b) emission of two photons
between the same initial and nal states; (c) low energy eléis scattering, (d) high energy
inelastic scattering of a photon o a recoiling electron.
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The particle data table also provides numerous examples ddpicles that are unstable
and decay. In each of these processes, the number of parscienot conserved To list
just a few,

n'! p+e +
0! +

+ | +
et o+

As already mentioned, nuclear processes such as fusion asdion are further examples of
systems in which the number of particles is not conserved.

1.2 Why Quantum Field Theory ?

Quantum Field Theory (abbreviated QFT) is a formulation of aquantum system in which
the number of particles does not have to be conserved but magry freely. QFT does not
require a change in the principles of either quantum mechars or relativity. QFT requires
a di erent formulation of the dynamics of the particles invdved in the system.

Clearly, such a description must go well beyond the usual Seldinger equation, whose
very formulation requires that the number of particles in agstem be xed. Quantum eld
theory may be formulated for non-relativistic systems in wich the number of particles is
not conserved, (recall spin waves, phonons, spinons etc)end, however, we shall concen-
trate on relativistic quantum eld theory because relativity forces the number of particles
not to be conserved. In addition, relativity is one of the grat fundamental principles of
Nature, so that its incorporation into the theory is mandatel at a fundamental level.

1.3 Further conceptual changes required by relativity

Relativity introduces some further fundamental changes iboth the nature and the for-
malism of quantum mechanics. We shall just mention a few.

The Heisenberg uncertainty relations and the speed of light
In non-relativistic quantum mechanics, bothx and p are observables. This means that
eachseparatelycan be \measured" to arbitrary precision in an arbitrarily $ort time. The
measurement ok and p, jointly, is limited by the Heisenberg uncertainty relatians,

X p h & t E h

In a relativistic theory, neither p nor x can beseparatelymeasured to arbitrary accuracy
in an arbitrarily short time. Indeed, a measurement carrietbut in a time t induces a
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change in position on the order
x (v V9t

with v:VvPthe velocities before and after the measurement. Hence
(v V% t p h ) t p h=c

Thus, momentum (and similary position) can be measured to arbitrg precision only at
the expense of waiting an in nitely long time This implies that position and momentum
are inadequate observables in a relativistic quantum thegar

During an actual scattering process, the exact momentum caat be traced precisely.
This situation is of course intimately related with the factthat the number of particles is
not conserved during the interaction. If energy is converteinto mass, then the momentum
will have to be lowered, creating fundamental uncertainty fothe value of the momentum
during the interaction.

\Negative energy" solutions and anti-particles
The kinetic law for a relativistic particle of massm is

E2= mic + p2c

Positive and negative square roots fde naturally arise. Classically of course one may just
keep positive energy particles. Quantum mechanically, iatactions induce transitions to
negative energy states, which therefore cannot be excludatbitrarily.

Following Feynman, the correct interpretation is that theg solutions correspond to
negative frequencies, which describe physical anti-partes with positive energy traveling
\backward in time".

Local Fields and Local Interactions

Instantaneous forces acting at a distance, such as appearNewton's gravitational
force and Coulomb's electrostatic force, are incompatibigith special relativity. No signal
can travel faster than the speed of light. Instead, in a relatistic theory, the interaction
must be mediated by another particle. That particle is the graviton for the gravitational
force and the photon for the electromagnetic force. The trumteraction then occurs at
an instant in time and at a point in space, thus expressing thérces in terms oflocal
interactions only. Thus, the Coulomb force is really a limit of relativistc \retarded" and
\advanced" interactions, mediated by the exchange of photes. The exchange is pictorially
represented in Figure 2.

One may realize this picture concretely in terms of local els, which have local cou-
plings to one another. The most basic prototype for such a dlis the electro-magnetic
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Figure 2: The Coulomb force results from the exchange of pluots.

elearon

eld. Once a eld has been associated to the photon, then it Wibecome natural to asso-
ciate a eld to every particle that is viewed aselementaryin the theory. Thus, electrons
and positrons will have their (Dirac) eld. There was a time hat a eld was associated
also to the proton, but we now know that the proton is composé and thus, instead, there
are now elds for quarks and gluons, which are the elementanyarticles that make up
a proton. The gluons are the analogs for the strong force ofdhphoton for the electro-
magnetic force, namely the gluons mediate the strong forc&nalogously, thew and zZ°

mediate the weak interactions.

1.4 Some History and present signi cance of QFT

The quantization of the elctro-magnetic eld was initiated by Born, Heisenberg and Jor-
dan in 1926, right after quantum mechanics had been given itk nitive formulation by

Heisenberg and Schmdinger in 1925. The complete formulat of the dynamics was given
by Dirac Heiseberg and Pauli in 1927. In nities in perturbaive corrections due to high
energy (or UV { ultraviolet) e ects were rst studied by Oppenheimer and Bethe in the
1930's. It took until 1945-49 until Tomonaga, Schwinger anBleynman gave a completely
relativistic formulation of Quantum Electrodynamics (or QED) and evaluated the radia-
tive corrections to the magnetic moment of the electron. In950, Dyson showed that the
UV divergences of QED can be systematically dealt with by thprocess of renormalization.

In the 1960's Glashow, Weinberg and Salam formulated a remoalizable quantum eld
theory of the weak interactions in terms of a Yang-Mills thexy. Yang-Mills theory was
shown to be renormalizable by "t Hooft in 1971, a problem thatas posed to him by his
advisor Veltman. In 1973, Gross, Wilczek and Politzer disgered asymptotic freedom
of certain Yang-Mills theories (the fact that the strong foce between quarks becomes
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weak at high energies) and using this unique clue, they forhatied (independently also
Weinberg) the quantum eld theory of the strong interactiors. Thus, the elctro-magnetic,
weak and strong forces are presently described { and very acately so { by quantum
eld theory, speci cally Yang-Mills theory, and this combined theory is usually referred to
asthe STANDARD MODEL . To give just one example of the power of the quantum eld
theory approach, one may quote the experimentally measureahd theoretically calculated
values of the muon magnetic dipole moment,

%g (exp) = 1:001159652410(200)
1
59 (thy) = 1:001159652359(282) (1.2)

revealing an astounding degree of agreement.

The gravitational force, described classically by Einsteis general relativity theory,
does not seem to lend itself to a QFT description. String theyp appears to provide
a more appropriate description of the quantum theory of graty. String theory is an
extension of QFT, whose very formulation is built squarely m QFT and which reduces to
QFT in the low energy limit.

The devlopment of quantum eld theory has gone hand in hand wh developments
in Condensed Matter theory and Statistical Mechanics, espially critical phenomena and
phase transitions.

A nal remark is in order on QFT and mathematics. Contrarily to the situation with
general relativity and quantum mechanics, there is no goodakiomatic formulation" of
QFT, i.e. one is very hard pressed to lay down a set of simple stalates from which
QFT may then be constructed in a deductive manner. For many yes, physicists and
mathematicians have attempted to formulate such a set of axins, but the theories that
could be tinto this framework almost always seem to miss th@hysically most relevant
ones, such as Yang-Mills theory. Thus, to date, there is no tsdactory mathematical
\de nition" of a QFT.

Conversely, however, QFT has had a remarkably strong in uere on mathematics over
the past 25 years, with the development of Yang-Mills theorynstantons, monopoles, con-
formal eld theory, Chern-Simons theory, topological eldtheory and superstring theory.
Some developments is QFT have led to revolutions in mathemes, such as Seiberg-Witten
theory. It is suspected by some that this is only the tip of thaceberg, and that we are
only beginning to have a glimpse at the powerful applicatianof quantum eld theory to
mathematics.



2 Quantum Mechanics { A synopsis

The basis of QFT is quantum mechanics and therefore we shakdin by reviewing the
foundations of this dsicipline. In fact, we begin with a briesummary of Lagrangian and
Hamiltonian classical mechanics as this will also be of gtealue.

2.1 Classical Mechanics

Consider a system oN degrees of freedomy(t), i = 1; ;N. (For examplen particles
in R hasN =3n.) Dynamics is governed by the_agrangian function
dq(t
Law g N0 1)
or by the action functional
Z,
Sla]= dtL(g(®);a() (2.2)
1

The classical time evolution of the system is determined assalution to the variational
problem as follows

S[g]=0 d @L @L_

at)= at)=0 )  dT @ ag ° 2.3)

and these equations are thEuler-Lagrange equationsin general, the di erential equations
are second order irt, and thus the Cauchy data areqg(t;) and g(t;) at initial time t; :
namely positions and velocities.

Hamiltonian Formulation
The Hamiltonian formulation of classical mechanics proceeds as follows. We introduce
the canonical momenta

- @L . .
o @LL(q,q) ) alap (2.4)

and introduce the Hamiltonian function

N
H(p; 9 pia(p;d  L(g:q(p;a) (2.5)

i=1

For almost all the problems that we shall consider,L has noexplicit time dependence and all time-
dependence is implicit throughg (t) and g (t).



The time evolution equation can now be re-expressed as thieamilton equations

_ @H _ @H

= @p p = @] (2.6)

a
The time evolution of any functionF (p; q; f) along the classical trajectory may be expressed
as follows
@F

d_ o _ . @F
aF(p:q,t) - nyFg+ @t

fA; B —_—— == 2.7
9 . @@ @preq &)
The Poisson brackeftf ; g is antisymmetric and satis es the following relations
0 = fA;fB;Cgg+ fB;fC;Agg+ fC;fA;Bgg
fA;BCg = fA;BgC+ fA;CgB
fpigg = (2.8)

The second line shows that the Poisson bracket acts as a datien.

Symmetries
A symmetry of a classical system is a transformation on the degrees oéddom g

such that under its action, every solution to the corresporidg Euler-Lagrange equations
is transformed into a solution of these same equations. Symatries form agroup under
successive composition. An important special class comnsi®f continuous symmetries
where the transformation may be labeled by a parameter (or bseveral parameters) in a
continuous way. Denoting a transformation depending on arglle parameter 2 R by

( ), the transformation may be represented as follows,

():a®! a( ) g(t;0) = q(t) (2.9)

The transformation ( ) is a continuous symmetryof the LagrangianL if and only if the
derivative with repect to satis es the following property

@
@

obtained without using the Euler-Lagrange equations

L@t al )= oX(@a) (210)

Noether's Theorem
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The existence of a continuous symmetry implies the presenoé a time independent
charge Q (also sometimes called a rst integral of motion) by Noethes theorem. An
explicit formula is available for this charge

_Xedt )

Q ileO' @ -

X(pi;9) (2.11)

The relation Q = 0 follows now by using the Euler-Lagrange equations. In thidamiltonian
formulation, the charge generates the transformation in tun by Poisson bracketting,

Q@dt; )
@

Continuous symmetries of a giverL. form a Lie group. Lie groups and algebras will be
de ned generally in the next section.

=fQiq(t )g (2.12)

2.2 Principles of Quantum Mechanics

A quantum system may be de ned in all generality in terms of a ery small nhumber of
physical principles.

1. Physical Statesare represented by rays in a Hilbert spacel. Recall that a Hilbert
spaceH is a complex (complete) vector space with a positive de nitenner product,

which we denote byh ji:H H! Ca la Dirac, and we have

hji=hji

hji O

hji=0 ) j i=0 (2.13)
A ray is an equivalence class ik by j i ji, 2C f 0Og.

2. Physical Observablesare represented by self-adjoint operators oH. For the mo-
ment, we shall denote such operators with a hat, e.gf, but after this chapter, we
drop hats. The operators are linear, so thaf(aj i + b i)= ahj i + bAj i, for all
ji;j 12H anda;b2 C. Recall that for nite-dimensional matrices, Hermiticity
and self-adjointness are the same. For operators acting on @ nite dimensional
Hilbert space, self-adjointness requires that the domaird the operator and its ad-
joint be the same as well.

3. Measurements A state i in H has a de nite measured value for some observable
A if the state is an eigenstate o with eigenvalue ; Aj i = | i. (SinceA is
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self-adjoint, states associated with di erent eigenvalieof A are orthogonal to one
another.) In a quantum system, what you can measure in an expment are the
eigenvalues of various observables, e.g. the energy lewlatoms.

4. The transition probability for a given statej i 2 H to be found in one of a set of
orthogonal statesj ,i is given by

PG i'i ai)=jhjaij? (2.14)

for normalized statesh j i = h ,j 41 =1. The quantities h j ,i are referred to as
the transition amplitudes. Notice that their dependence on the statg i is linear,

so that these amplitudes obey the superposition principlewhile the probability

amplitudes are quadratic and cannot be linearly superimped.

Notice that amongst the principles of quantum mechanics, #re is no reference to a
Hamiltonian, a Schredinger equation and the like. Those gredients are dynamical and
will depend upon the speci ¢ system under consideration.

Commuting observables { quantum numbers
If two observablesA and B commute, [; B] = 0, then they can be diagonalized
simultaneously. The associated physical observables cdreh be measured simultaneously,
yielding eigenvalues and respectively. On the other hand, if £; B] & 0, the associated
physical observables cannot be measured simultaneously.

One denes a maximal set of commuting observalesas a set of observables
Ai; Ry A, which all mutually commute, [A;A;] = 0, for all i;j = 1; ;n, and
such that no other operator (besides linear combinations d¢he A;) commutes with all
A;. 1t follows that the eigenspaces for each of the sets of eigalues is one-dimensional,
and therefore label the states irH in a unique manner. Given the sef Aigiﬂ; -, the
corresponding eigenvalues are thguantum numbers

Symmetries in quantum systems
Symmetries in quantum mechanics are realized hynitary transformations in Hilbert
spaceH. Unitarity guarantees that the transition amplitudes and thus probabilities will
be invariant under the symmetry.

2.3 Quantum Systems from classical mechanics

A very large and important class of quantum systems derive dm classical mechanics
systems (for example the Hydrogen atom). Given a classicalechanics system, one can

12



always construct an associated quantum system, using tkherrespondence principleCon-
sider a classical mechanics system with degrees of freedgt);qg(t) 2 R, i =1; ;N
and with Hamiltonian H(p; . The associated quantum system is obtained by mapping
the realsp, and g into observables in a Hilbert spacéi. The Hilbert space may be taken
to be L2(RN), i.e. square integrable functions ofj. The Poisson bracket is mapped into
a commutator of operators. The detailed correspondence is

P g ! P 4
fp;gqg= j ! IH[Q;Q]= 7
fpipg=fg;q9=0 ! B;Bl=[4:4]=0

Under the correspondence principle, the Hamiltoniai (p; g) produces a self-adjoint op-
erators 1 (p;@). In general, however, this correspondence will not be unig, because in
the classical systemp and q are commuting numbers, so their ordering in any expressing
was immaterial, while in the quantum systemp’and ¢ are operators and their ordering
will matter. If such ordering ambiguity arises in passing fsim the classical to the quantum
system, further physical information will have to be suppéd in order to lift the ambiguity.

If the classical system had a continuous symmetry, then by Nther's theorem, there
is an associated time-independnt charg®. Using the correspondence principle, one may
construct an associated quantum operato). However, the correspondence principle, in
general, does not produce a uniqu® and the question arises whether an operatd can
be constructed at all which is time independent. If yes, thelassical symmetry extends
to a quantum symmetry. If not, the classical symmetry is saido have an anomaly; this
e ect does not arise in quantum mechanics but only appears iquantum eld theory. A
particularly important symmetry of a system with time-independent Hamiltonian is time
translation invariance. Time-evolution is governed by thdHeisenberg equation

R0

- [A(t); K] (2.15)

The operatorsp} ¢ and B themselves are observable, and their eigenvalues are the-
mentum, position and energy of the state

The prime example, and which will be extremely ubiquitous ithe practice of quantum
eld theory is the Harmonic Oscillator. We consider here thesimplest case withN =1,

ﬁ=%&+%ﬁ&; 1> 0 (2.16)
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Notice that since there are no terms involving botlp‘and ¢, the passage from classical to
guantum was unambiguous here. Introducing the linear comimtions,

1 .
a p—(+ip+!
> h( p+!4q
&y p%( ip+!q) (2.17)
The system may be recast in the following fashion,

[&; 8]
A

1
hi (ava + %) (2.18)

The operators are referred to aannihilation &4 and creation&’ operatorsbecause their ap-
plication on any state lowers and raises the energy of the stawith precisely one quantum
of energyh! . This is shown as follows,

;4] = h'a
fH; & = +h & (2.19)
Thus, if JEi is an eigenstate with energ\E, so that HjEi = EjEi, then it follows that
H@Ei) = (E h!)®&Ei)
R@Ei) = (E + h! )@jEi) (2.20)

Using this algebraic formulation, the sytem may be solved wg easily. Note that 1 > 0,
so there must be a statgEqi & 0, such that 4Eqi = 0, whence it follows that Eq = %h!
and the energies of the remaining stategXJ"jEqi areE, = h! (n+ %).

2.4 Quantum systems associated with Lie algebras

Not all quantum systems have classical analogs. For exampbpuantum orbital angular
momentum corresponds to the angular momentum of classicalstems, but spin angular
momentum has no classical counterpart. Another example wiube the color assignment
of quarks, and one may even view avor assignments (namely ether they areup, down,
charm, strange, topor bottom) as a quantum property without classical counterpart. It is
natural to understand these quantum systems in terms of theheory of Lie groups and Lie
algebras. After all, spin appeared as a special kind of regentation of the rotation group
that cannot be realized in terms of orbital angular momentumand color will ultimately
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be associated with the gauge group of the strong interactisisU(3).. Even the quantum
system of free particles will be thought of in terms of represtations of the Poincae group.

Consider a Lie groupG and its associated Lie algebr&. Let be a unitary represen-
tation of G acting on a Hilbert spaceH. (For representations of nite dimensionN, we
haveH = CN.) This set-up naturally de nes a quantum system associatedith the Lie
algebra G and the representation . The quantum observables are the linear self-adjoint
operators (T?). The maximal set of commuting observables is the largesttsef com-
muting generators ofG. For semi-simple Lie algebras this is the Cartan sub-algedr We
conclude with a few important examples,

1. Angular momentum is associated with the group of space &dtons O(3); its unitary
representations are labelled by half integejs=0; 1=2; 1, 3=2; . Only for integer
| is there a classical realization in terms of orbital angulamomentum.

2. Special relativity states that the space-time symmetry pup of Nature is the
Poincae group. Elementary particles will thus be assoctad with unitary repre-
sentations of the Poincae group.

2.5 Appendix | : Lie groups, Lie algebras, representations

The concept of a group was introduced in the context of polymaial equations by Evariste
Galois, and in a more general context by Sophus Lie. Given amgabraic or di erential
equation, the set of transformations that map any solutionnto a solution of the same
equation forms agroup, where the group operation is composition of maps. As physic
is formulated in terms of mathematical equations, groups marally enter into the under-
standing and solution of these equations.

De nition of a group

Generally, a setG forms a group provided it is endowed with an operation, whickve
denote , and which satis es the following conditions

1. Closure :g;;» 2 G, theng; o 2 G;

2. Associativity 1 g1 (%2 %) =(9 @) G forall g;%; k2 G;
3. There exists a unitl such thatl g=g | =gforall g2 G;
4. Everyg2 G has aninverseg ! suchthatg ! g=g g !=1.
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Additionally, the group G. is calledcommutative or Abelianisg ¢, = g @ for all
O1; & 2 G. If on the other hand there is at least one paig;; g suchthatg, 9.6 @ 0,
then the group is said to benon-commutative or non-Abelian

Given a groupG, asubgroupH is a subset ofG that contains | such thath; h, 2 H for
all hy; hy, 2 H. An invariant subgroupor idealH of G is a subgroup suchthag h g 12 H
forallg2 G and all h 2 H. For example, the Poincae group has an invariant subgroup
consisting of translations alone. A group whose only invamt subgroups arefeg and G
itself is called asimple group.

Lie groups and Lie algebras

As we have encountered already many times in physics, groupraents may depend on
parameters such as rotations depend on the angles, translations degleon the distance,
and Lorentz transformations depend on the boost velocity)A Lie group is a parametric
group where the dependence of the group elements on all itsg@aeters is continuous (this
by itself would make it a topological group) and di erentiade. The number of independent
parameters is called thelimensionD of G. It is a powerful Theorem of Sophus Lie that if
the parametric dependence is di erentiable just once, thedaitional group property makes
the dependence automatically in nitely di erentiable, and thus real analytic.

A Lie algebra G associated with a Lie groupG is obtained by expanding the group
element g around the identity element|. Assuming that a set of local parameter;,
i=1; ;D has been made, we have

g(x) =1+ ® xiT'+ O(x?) (2.21)
i=1

The T' are the generatorsof the Lie algebraG and may be thought of as the tangent
vectors to the group manifoldG at the identity. The fact that this structure forms a group
allows us to compose and in particular form,

g(x)glyDa(xi) 'olyi)) * 2 G (2.22)
Retaining only the terms linear inx; and linear iny;, we have
1 1 » i 2.2
g(xi)alyNalxi) “alyi) ~=1+ XY [T T+ O(x%;y9) (2.23)
i;j =1
Hence there must be a linear relation,
o » oo
[T 7= fik Tk (2.24)
k=1
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for a set of constantsf ' which are referred to as the structure constants, which safly
the Jacobi identity,

O=[[T,TETI+[TH T T+ TS T T (2.25)

Lie's Theorem states that, conversely, if we have a Lie algebG, de ned by generators
T,i=1; ;D satisfying both (2.24) and (2.25), then the Lie algebra mayédintegrated
up to a Lie group (which is unique if connected and simply comcted). Thus, except for
some often subtle global issues, the study of Lie groups mag beduced to the study of
Lie algebras, and the latter is much simpler in general ! Exgptes include,

1. G= U(N), unitary N N matrices (with complex entries);g 2 U(N) is de ned by
g¥g=1; D = N2. Its Lie algebraG (often also denoted byU(N)) consists ofN N
Hermitian matrices, (iT )Y = (iT).

2. G = O(N), orthogonal N N matrices (with real entries);g 2 O(N) is de ned by
gg=1;D = N(N 1)=2. Its Lie algebraG (often also denoted byO(N)) consists
of N N anti-symmetric matrices, Tt = T.

3. Any time S appears before the name, the group elements have also unitestminant.
Thus G = SU(N) consists ofg such that g¥g =1 and detg=1. And G = SO(N)
consists ofg such that g'g = | and detg = 1. Notice that U(N) has two invariant
subgroups : the diagonalU(1) and SU(N).

Examples 1, 2 and 3 describeompact Lie groups which are de ned to be compact
spaces, i.e. bounded and closed. A famous non-comapct graaipdescribed next.

4. G = GI(N;R) and G = GI(N; C) are the general linear groups oN N matrices
g with det g 6 O (respectively with real and complex entries).G = SI(N; R) and
G = SI(N; C) are the special linear groups de ned by deg = 1.

Representations of Lie groups and Lie algebras
A (linear) representationR with dimension N of a groupG is a map

R:G | GL(N; C) or GI(N; R) (2.26)
such that the group operation is mapped onto matrix multiplication in GI(N),
R(ar @)= R(g1) R(%) & R(I) = In (2.27)

In other words, the representation realizes the abstract gup in terms of N N ma-
trices. A representationR : G ! GL(N;C) is called acomplex representation while
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R:G! GL(N;R) is called areal representation Two representationsR and R° are
equivalentif they have the same dimension and if there exists a constaintvertible matrix
S such that R{g) = S 'R(g)S for all g 2 G. A representation is said to bereducible if
there exists a constant matrixD, which is not a scalar multiple of the identity matrix,
and which commutes withR(g) for all g. If no such matrix exists, the representation is
irreducible. A special class of representations that is especially impant in physics is
that of unitary representations for which R : G! U(N). It is a standard result that
every nite-dimensional representation of a compact (or Iite) group is equivalent to a
unitary representation.

A representation of a Lie algebraG is a linear mapR : G ! G I(N; C), such that

. , h2
[R(T);R(T)] =
k=1

fIkR(TH) (2.28)

As R(T') are matrices, the Jacobi identity is automatic.

A representationR : G! GL(N) naturally acts on an N -dimensional vector space,
which in physics is a subspace of states or wave functions. élinear space is said to
transform under the representationR, and the distiction between the representation and
the vector space on which it acts is sometimes blurred.

2.6 Functional integral formulation

In preparation for the path integral formulation of quantum mechanics, for systems asso-
ciated with classical mechanics systems with degrees ofefdem p(t), q(t), we introduce
two special adapted bases, one for position and one for mormen. Taking the rst line
in the table as a de nition, the remaining lines follow.

The evolution operator

O(t) = expf itH=hg (2.29)

Position Basis
gd = gqi
ddid = (€ 9

| Momentum Basis |
IﬁJ'_IOi = pipi
doipi= (P° p

17 dgjgihg = 14

10 dpjpihpj = Iy

e+ |apqe ap — /q+ ah

e |pre+|bq — ,b+ bh

e ?Pjgi = jgq+ ahi

e" Pdjpi = jp+ bhi

Table 1:

18



governs the transition amplitudeh jO(t)j i, for an intital state j i to evolve into a nal
state j i after a time t. For systems whose only degrees of freedom grend g, such
amplitudes may be expressed in terms of the wave functiorgj i and hgj i of these
states using the completeness relations,

z,, Z,

. - - 1 . - - . .
h jO@)j i = . da de’hej ihg} i OB (2.30)

To evaluate the matrix elements of) in position basis, we make use of the group property
of 0, O(t°+ t% = 090 (t% and insert complete sets of position states,
z

O+ Yo = ddefiOCifhoTOia (2.31)

To evaluatei‘q(j()(t)jqi, we divide the time interval t into N equal segments of length =
t=N and insertN 1 complete sets of position eigenstates (labelled gy, k =1; ;N 1)
into the formula O(t) = O( )N. This yields

N 12y W
AO®iG = | dac MjO()ja (2.32)
k=1 k=1

whereqy = q°and o = q.

Each matrix element hgjO( )jac 1i may in turn be evaluated as follows. First, we
insert a complete set of states in the momentum basis (labedl by p,, k =1; ;N)

Z,,
hgO( )ik 4i = . dpcha O )jpihpejc 1 (2.33)

Using the overlaps of position and momentum eigenstates, \wave
hgpei = € P& g 4 = @ PR (2.34)

The reason for introducing also the basis of momentum eigeates is that now the needed
matrix elements of the quantum HamiltonianH (p; @) can be evaluated.

Inthe limit N !1 ,we have ! 0 and thus the evolution operator over the in nites-
imal time span may be evaluated by expanding the exponential to rst order wly,

0()= Iy iﬁﬁ+0( 2) (2.35)

We assume thatH is analytic in p and @, so that upon using the commutation relation
[p;6] = ih, we may rearrange? so as to put allp‘to the right and all € to the left in any
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given monomial. This allows us to de ne a classical functiohl (p; g) by
H(Pa) h aiR (p:Qipd (2.36)
and therefore, we have
hajO0()jpd = e ' P30y jp | (2.37)
Assembling all results, we now nd the following expressign

N1Zar W Zar W
O )jdi = lim da dp  SxPa=h (2.38)

k=1 1 =1 1 m=1

where

Sk(P; ) (k& 1) H(Px %) (2.39)

Inthe limit N !'1 |, fort xed, the label k on px and g becomes continuous,

pe ! opt9 t°= k = kt=N; = dt°
g ! o9
Sc(p;a ! dt® p(that)  H(p(t); a(t9) (2.40)

As a result, the product of exponentials converges as follsw

W i Zt
lim eSk(Pa=h = axp Iﬁ ) dt® pg H(p;9 (19 (2.41)

!
N1 m=1

The measure \converges" to a random walk measure, which isra#ed as follows,

N 124 W2 Z Z
lim doc dp= Dq Dp (2.42)

|
NIL o 1 =1 1

The nal result is the path integral formulation of quantum mechanics which gives an
expression for the position basis matrix elements of the dution operator,

z z . Z,
0®mid = Dgq Dpexp = di® pa H(pid (19 (2.43)

with the boundary conditions that q(t°=0) = gand g(t°= t) = ¢®. This formulation was
rst proposed by Dirac and rederived by Feynman.
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The quantity that enters the exponential in the path integrd is really the classical
action of the system,
z
Slp;d  dt® pg. H(p;a) (19 (2.44)

Therefore, in theclassical limit where one formally takes the limith ! 0, the part integral
will be dominated by the stationnary or saddle points of thentegral, which are de ned
as those points at which the rst order (functional derivatives of S[p; q with respect to p
and g vanish. It is easy to work out what these equations are

S @H
0= — = =
q ® “@q
S @H
0= > = = 2.45
p 9 “@p (2.49)

These are precisely the Hamilton equations of the classicdamiltonian H. Thus, we
recover very easily in the path integral formulation that inthe classical limit, quantum
mechanics receives its dominant contribution from classitsolutions, as expected.
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3 Principles of Relativistic Quantum Field Theory

The laws of quantum mechanics need to be supplemented withetlprinciple of relativity.
We shall ignore gravity and thus general relativity througlout and assume that space-time
is at Minkowski space-time¥ The principle of relativity is then that of special relativity,
which states that in at Minkowski space-time, the laws of physics are invariant under the
Poincae group. Recall that the Poincae group is the (semi-direct) prodat of the group
of translations R* and the Lorentz groupSO(1; 3),

ISO(1:3) R* < SO(L:3) (3.1)

Quantum eld theory is a quantum system, so we have the same déions of states in

Hilbert space and of self-adjoint operators correspondirtg observables. In addition, the
requirements that these states and operators transform csistently under the Poincae
group need to be implemented. In brief,

The states and observables in Hilbert space will transformnder unitary represen-
tations of the Poincae group.

The elds in QFT are local observables and transform under utary representations
of the Poincae group, which induce nite dimensional repesentations of the Lorentz
group on the components of the eld.

Micro-causality requires that any two local elds evaluate at points that are space-
like separated are causally unrelated and thus must commuger anti-commute for
fermions) with one another.

Before making these principles quantitative, it is helpfuto review the de nitions and
properties of the Poincae and Lorentz groups and to discgghe unitary representations of
the Poincae group as well as the nite-dimensional represmtations of the Lorentz group.

YHenceforth, we shall work in units wherec= h =1.
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3.1 The Lorentz and Poincae groups and algebras

In special relativity the speed of light as observed from derent inertial frames is the
same,c. Inertial frames are related to one another by Poincae trasformations, which in
turn may be de ned as the transformations that leave the Minkwski distance between
two points invariant.? This distance is de ned by

x° ¥9)% (x ¥)? x y)x y) (3.2)

where the Minkowski metric tensor is given by

52

diag[1 1 1 1] (3.3)

Clearly, the Minkowski distance is invariant undertranslations by a and Lorentz trans-
formationsby

x I x0 = X +a

RCi® U o y+a (34)
where the Lorentz transformation matrix must satisfy
= : o= : (hH = (3.5)

The above transformation laws form the Poincae group undethe multiplication law,
R( a)R( 25a) = R( 1 251+ 13) (3.6)
Special cases include,

1. a = 0 yields the Lorentz group, which is a subgroup of the Poin@ group. The
de nition (3.5) is analogous to that of an orthogonal matrix MtIM = 1|; for this
reason the Lorentz group is denoted b®(1; 3).

2. A further special case of the Lorentz group is formed by theubgroup of rotations,
characterized by % = 1; % = ', = 0. Boosts do not by themselves form a
subgroup; a boost in the direction 1 leaves®® = x23 and

x? = +x%h x'sh 0
x* = x%h + x'ch ch = 1 v2 (3.7)
Time and space coordinates are denoted by and x', i = 1;2;3 respectively. Space coordinates are

often regrouped in a 3-vectorx, while it will be convenient to measure time in distances, uig the speed
of light constant c via the relation x° ct. All four coordinates may then be conveniently regrouped ifo
a 4-vectorx , =0;1;2;3. Throughout, we adopt the Einstein convention in which repeated upper and
lower indices are summed over and the summation symbol is iniit.
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3. = | yields the translation group, which is an invariant subgrop of Poincae.

The Poincae algebrais gotten by considering in ntesimal translations bya and in-
nitesimal Lorentz transformations,

= + 1 ) | + | =0 ) ! + | =0 (38)

sothat! is antisymmetric, and has 6 independent components. It is stomary to de ne
the corresponding Lie algebra generatol® and M  with a factor of i,

R( ;a) = exp |§! M +iaP (3.9)
| 'é! M +ia P +O( %a%1a)

so that the generatorsP and M are self-adjoint in any unitary representation. The
structure relations of the Poincae algebra are given by

P:P] =0
M ;P] =+i P i P
M M J]=+i M i M i M +i M (3.10)

From these relations, it is clear that the generatordd  form the Lorentz subalgebra
while the generatorsP form the Abelian invariant subalgebra of translations

The Poincae algebra has an immediate and importantjuadratic Casimir operator,
namely a bilinear combination of the generators that commes with all the generators of
the Poincae algebra. This Casimir is themass square operator

m> PP (3.11)

which is in a sense the classical de nition of massn? is real, but despite its appearance,
it can take positive or negative values.
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3.2 Parity and Time reversal

Parity (or reversal of an odd number of space directions) antime reversal are elements
of the Lorentz group with very special signi cance in physi& They are de ned as follows,

P : xP=+x> x%= x x° Px =x
T @ xP= x0 x9=4+x X Tx = x (3.12)
Notice that the product PT corresponds tox® = x or = |.

The role of P and T is important in the global structure (or topology) of the Lorentz
group, as may be seen by studying the relationt = more closely. By taking the
determinant on both sides, we nd,

(det) 2=1 (3.13)

while the =0, =0 component of the equation is
1=( %) (' '9))i % 1 (3.14)
Transformations with det = +1 are proper while those with det = 1 are improper;

those with °, 1 are orthochronous, while those with 9, 1 are non-orthochronous.
Hence the Lorentz group has four disconnected components.

L, det =+1 ° +1  proper orthochronous

P o det =+1 ° 1  proper non orthochronous
det = 1 ° +1 improper orthochronous

L* det = 1 ° 1 improper non orthochronous

Since the identity is inL . , this component is the only one that forms a group. Parity and
time reversal interchange these components, for example

P :L, $ L
T :L, $ L*
PT : L, $ LI (3.15)

Each component is itself connected. Any Lorentz transforntian can be decomposed as a
product of a rotation, a boost, and possiblyT and P.

It will often be important to consider the complexi ed Lorertz group, which is still
de ned by = , but now with complex. We still have det = 1, but it
is not true that j °j 1. Hence within thecomplexi ed Lorentz group, L, and L% are
connected to one another.
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3.3 Finite-dimensional Representations of the Lorentz Alg ebra

The representations of the Lorentz group that are relevaniot physics may besingle-valued,
i.e. tensorialor double valued, i.e. spinorigljust as was the case for the representations of
its rotation subgroup. In fact, more generally, we shall benterested in single and double
valued representations of the full Poincae group, whichr@ de ned by

R( sa))R( 2a)= R( 1 ;a1 + 1ay) (3.16)

The representations of the Lorentz group then correspond twaving a; = a, = 0.

To study the representations ofO(1;3), it is convenient to notice that the complexi-
ed algebra factorizes, by taking linear combinations of rotadns J; and boostsK; with
complex coe cients. We de ne

1
Ji 5 ik Mk Ki My (3.17)

then the structure relations are
[Bi;J;1 = +1 i Ik

DKl = +1 Ky

[Ki;Kil = 1k Jk (3.18)
Clearly, one should introduce

1 .

Ni o 5@ 1K) (3.19)

so that the commutation relations decouple,

Thus, eachf N;" g generates arSU(2) algebra, considered here with complex coe cients.

The nite dimensional representations ofSU(2) are labelled by a half integer 0,
and will be denoted by (). It will be useful to have the tensor product formula,

i °
() (9= Q) (3.21)

I=ji 19

where the sum runs over integer spacings and the dimensiordim(j) = 2] +1. A familiar
example is from the addition of angular momentum represertians. For example the
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addition of spin 1/2 to an orbital angular momentum| produces total momentum states
with j = 1+1=2andj = 1=2.
The representation theory of the complexi ed Lorentz algeta is obtained as the prod-

uct of the representations of bothSU(2) factors, each of which may be described by the
eigenvalue of the corresponding Casimir operator,

NN j+(+ +1)
o . 1.3
N; N; (4 +1) i =0,51502 (3.22)

Thus, the nite-dimensional irreducible representationf O(1; 3) are labelled by (. ;] ).
SinceJs; = N3 + N3, the highest weight vector of the corresponding rotation @up is just
the sumj. + | , which should be thought of as thespin of the representation. Complex
conjugation and parity have the same action on these repregations,

(j si+)
(J 3i+) (3.23)

(G+55 )
P(+:)

and thus only the representationsj(j ) or the reducible representationsj¢:;j ) ( ;j+)
can be real { the others are necessarily complex.

Some fundamental examples

1. (0;0) with spin zero is thescalar, Its parity may be even orodd (scalar-pseudoscalar)

2. (3;0) is the spin 3 left-handed Weyl 2-component spinofand (0; 1)) is the right-
handed Weyl 2-component spingr Both are complex, and transform into one an-
other under complex and parity conjugation.

3. %;O) (0; 1) is the Dirac spinor when the left and right spinors areindependent
it is the Majorana spinorwhen the left and right spinors are complex conjugates of
one another, so that the Majorana spinor is real spinot

4. Tensor products of the Weyl spinors yield higherj(;j ) representations.

5. (3:2)=(3;0) (0;2) with spin 1 and 4 components is a 4ector, such as the E&M
gauge potential and the momentun® .

6. (1,0) (0;1) with spin 1, is a real representation under which rank 2 argymmetric
tensors transform. Examples are the E& M eld strength tensoF = F , as
well asM  themselves.
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7. (1;0) (resp. (01)) with spin 1 and 3 complex components is the so-called self
dual (resp. anti self-dual) antisymmetric rank 2-tensor. ® construct it in terms of
tensors, one de nes thadual by

1

F 2 F MB = s =1 (3.24)
SinceF = F , the eigenvalues of~are i, and the eigenvectors are
1 _ :
FooS(FiF) F = iF (3.25)

The self-dualF* corresponds to the representation (D) (and the anti self-dualF
to (0;1). Notice that the presence of in the de nition of the dual, and therefore of
F forces these representations to be complex. In particul&r™ and N; correspond
to the self-dual and anti self-dual part ofM . The precise relations are,

i

Mg = éiklelz iN

; (3.26)

j
8. (1;1) of spin 2 corresponds to the symmetric traceless rank 2 &, i.e. the graviton.

9. Generalizing ordinary orbital angular momentum to inclde time yields another rep-

resentation of the Lorentz algebra on functions of the cooirtates x ,
!

Q@ @.

L ix @ x @) @ @x @t; § (3.27)
A further generalization is to representations that inclué spin;
M L +S (3.28)

where the spin representatiorS satis es the Lorentz structure relations by itself,
while S commutes withP and L . Supplementing this algebra withP = i@
yields a representation of the full Poincae algebra.
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3.4 Unitary Representations of the Poincae Algebra

Next, the unitary representations of the Poincae algebraare reviewed and constructed.
Recall the structure relations of the algebra,

P:P] =0
M ;P] =+i P i P
M M J=+i M i M i M +i M (3.29)

In any unitary representation, the generatoral and P will have to be realized as self-
adjoint operators. Constructing the representations of ta Poincae algebra is a bit more
tricky than those of the Lorentz algebra, because the Lorentalgebra is semi-simple, but
the Poincae algebra has theAbelian invariant subalgebra of translations and is therefore
not semi-simple.

What are its representations? The Casimirs of the Lorentz gébraN;N; and N;" N;*
do not commutue withP any longer. HoweverP P is a relativistic invariant, and hence
a Casimir of Poincae. If we can nd another 4-vector that conmute with all P's, its
square will also be a Casimir. Thd?auli-Lubanski vector is de ned by

W % P M (3.30)

It commutes with momentum, W ;P ] = 0 and its square W W commutes with the
entire Poincae algebra and is therefore a (quartic) Casim operator for the Poincae
algebra. Now remember that the most general expression fidr  was

M =xP xP +S (3.32)
so that the angular momentum part cancels out and we are leftith
W = - PS (3.32)

The Casimirs of the Poincae group are thusP P and W W , and the states will be
labelled by P and W3. W generates arSU(2) type algebra for xed P :

W ;W ]=i P W (3.33)

which is the so-calledlittle group. The basic idea is to x P and then to obtain the
representations of the little group.

29



One-particle state representations

We apply the method above to the construction of the (unitary one-particle state
representations which are the most basic building blocks of the Hilbert spacof a QFT.
We choose to diagonalize the components of the momentum ogterr P since they mutualy
commute and commute with the mass operatan? = P P . We denote the eigenstates by
ip; i, wherep denotes the eigenvalues of the operatér and the labeli speci es whatever
remaining quantum numbers,

P jp;ii = p jp;ii (3.34)

One de nes aone particle stateas a representation in which the range of the labelis
discrete If one superimposes two one particle states, the index wduinclude relative
momenta, and this index would be continuous. At xedM 2, the range ofi is nite, both
in QFT and in string theory.

To obtain the action of the Lorentz group, we proceed as folis. First, we list the
transformations of the Poincae generators under Poincattransformations,

U( ;aM U( ;a) *

u( ;aP U( ;a) *

( H (hH W aP +aP)
( H P (3.35)

Applying these relations to one particle states, one estathes that the stateU( ;0)jp; ii

indeed has momentum p, as expectedP U( ;0)jp;ii = p U( ;0)jp;ii, and therefore
may be decomposed onto such states,
. e X . ..
U( ;0)jpsii = Cij (5P piji (3.36)

j
To nd this action and understand it, we specify a reference omentumk , for given M 2,
so that p is a Lorentz transform ofk

p =L (pk k?= m? (3.37)
Thus, the statesjp;ii may then be reconstructed as follows,
jpsii = U(L(p); O)jk; i (3.38)

Once this construction has been e ected, the action of gerarLorentz transformations
may be obtained as follows,

U( ;0)jp; i

U( O)U(L(p); 0)ik; ii
U(L( p); 0)U(W;0)jk;ii (3.39)

30



De ning now the composite transformation
U(W;0) = U(L( p);0) *U(; 0)U(L(p);0) (3.40)
which represents the composite Lorentz transformatiow,
LC () * L(p)
L(p) * L(Pk=L( P * p=k (3.41)

Therefore, W leaves the reference momenturk invariant. The group of all such trans-
formations is the little group. Thus, given the reference nmentum k, the unitary repre-
sentation of the one particle state is classi ed by the repsentation of the little group.

\W
Wk

1. P P = m?> 0: These are themassive particle statesk = (m;0;0;0).

It follows from the explicit form of W that W W = m2S?2=m?2s(s+1), where
s is the spin of the representation of the little group, and it takes the usal values
1
s=0;§;1;::: (3.42)

2. P P =0: These are themassless particle statek =(;; 0;0).
It follows from the explicit form of W that W W = 0. Since we also havé® W =
0, it follows that W P = j WjjPj and hence the vector§V and P must be colinear,
W = P and thus

W = P (3.43)

Again, using the explicit form of W , we haveW?® = P;S; = P ? and we see that

is the projection of spin onto momentum, i.ehelicity which takes values,

1.

éy

Hence any massless particles 8f6 0 has 2 degrees of freedom, photonl, neutrino
3, graviton 2.

=0; 1 (3.44)

3. P P < 0: These are theachyonic particle states k = (0; m;0;0).
These representations are unitary, and are acceptable agdrparticles. As soon as
interactions are turned on, however, they cause problemsttvimicro-causality and
it is generally believed that tachyons are unacceptable inhgsical theories.

Note that all these unitary representations are in nite dimensional (except for the triv-
ial representation). Then there are of course also all the naunitary representations, which
we do not consider here. A standard reference is E.P. Wigné&Ynitary Representations
of the Inhomogeneous Lorentz Group,” Ann. Math.40 (1939) 149.
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3.5

The basic principles of quantum eld theory

A summary is presented othe fundamental principles of relativistic quantum eld theory.

By analogy with quantum mechanics, these principles do noéfer to any speci ¢ dynamics
(except for the fact that the dynamics is invariant under Pancae symmetry). Thus, the

principles generalize those of quantum mechanics to inckidhe principles of relativity.

1.

2.

States of QFT are vectors in a Hilbert spaceél.

States transform underunitary representations of the Poincae group which will be
denoted byU( ;a),

jstatei ! j stated = U( ;a)jstatei (3.45)

. There exists a unique ground statetlie vacuum), usually denoted byjOi, which is

the singlet representation of the Poincae group,

U( ;a)j0i = jOi (3.46)

. The fundamental observables in QFT ardocal quantum elds, which are space-

time dependent self-adjoint operators oid. They are generically denoted by j (x);
speci ¢ notations for the elds most relevant for physics wi be introduced later*

Throughout, the numbern of independent elds ;(x),j =1; ;n will be assumed
to be FINITE. Generalizations with in nite numbers of elds can be constructed (for
example string theory), but only at the cost of severe comglations, which usually
go outside the framework of standard QFT.

Poincae transformations on the elds are realized unarily in H, as follows,

X
20 U (58 j(xU( ;@)Y= Sk( Y k( x+a) (3.47)
k=1
Since the number of elds is assumed nite S( !) must be a nite-dimensional
representation of the Lorentz group. Except for the trivialone, such representations
are always non-unitary. An important special case of this tation is when =1,

*Note that the operators or observables are thus time-depenent, and the states will be time-
independent. This formulation is usually referred to as theHeisenberg formulation of quantum mechanics
as opposed to the Schmedinger formulation in which observales are time-independent but states are time-
dependent.
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which yields the behavior of observables under translatisr(this includes under time-
translation, namely dynamics),

x) eP e P = j(x+a) (3.48)

sinceU(l;a) = expf ia P g. The transformation law when 6 | will be examined
in greater detail later.

7. Microscopic Causality or local commutativity states that any two observables ; and
x that have no mutual causal contact must be simultaneously slervable and must
therefore commute with one anothef,

[j(x); «y)=0 if (x y)?°<0 (3.49)

Classically, as no relativistic signal can connect these awobservables, it should
better be possible to assign independent initial data. Qu&mm mechanically, it
should be possible to measure them simultaneously to arkatly precision and this
independently atx andy .

8. There is a relation between states itd and elds. From the elds in QFT, it is
possible to build up the Hilbert space. The simplest statedbésides the vacuum)
in Hilbert space are thel-particle states denoted by |p;ii. For every l-particle
species, there must be a corresponding eld ;(x) that produces this species from
the vacuum state,

HOj (x)jp;ii & O (3.50)

9. Symmetries other than the Poincae group will be realiz#by unitary transformations
on Hilbert space which induce nite-dimensional transforrations on the elds,

00 U@ ,00U@ =" S( 9" (o (351)
When g has no action onx, namely gx = X, the transformations generatanternal
symmetries examples are avor, color, isospin etc. On the other handf gx &, the
transformations generatespace-time symmetriesexamples are Poincae invariance,
scale and conformal symmetries, parity, supersymmetry. ifie-reversal is realized by
an anti-unitary transformation.

{ Fermionic elds will anti-commute.

33



3.6 Transformation of Local Fields under the Lorentz Group

Fields may be distinguished by the dierent nite-dimensianal representations of the
Lorentz group S( 1) under which they transform. It is convenient to decomposehese
representations into a direct sum of irreducible represeaions, whose study we now initi-
ate. We apply the results 0fx3.3 to the general transformation rule of (3.47), speciakd

to Lorentz transformations. It is convenient to let ! Land x ! X, SO that
0 —_ X k 00—
09=" S0« X=X (3.52)
k=1

When the transformation is continuous (we shall treat Parig and Time-reversal separately)
we may describe the transformation in nitesimally,

= +1  +0(?
20 = ,-(x?+ () + 0(?)
S(h+1) = | IE! s +0(? (3.53)

Combining these ingredients to compute ;, we nd

)+ x @ X+ (x)= (x ié! S (x)+0(?) (3.54)

whence the transformation law naturally involves the totalLorentz generatorL + S,

(x) = iél L +S) (¥ (3.55)

1. The scalar eld

The scalar has spin 0, corresponding to the representatio®; Q) in the notation of x3.3.
Thus, { x)= (x) for all Lorentz transformations inL. . In nitesimally, we have
(X) = Ié! L (3.56)

All irreducible representations are 1-dimensional; a sitgyscalar eld is denoted by .

2. The vector eld

Vector elds are generally denoted byA , such as for example the electro-magnetic
potential. The transformation law of a vector eld is

A°(x%= A (x) (3.57)
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which corresponds to the following in nitesimal transfornation law,
A ()= A°X) A (X)= '5! L AG+! A (X (3.58)

(Using the transformation law for a scalar , it is easily checked that the derivative of a
scalar@ transforms as a vector with the above transformation law.) fie explicit form
of the vector representation matrices may be deduced fromighformula,

(S ) =i i (3.59)

which is characteristic of the %; % representation of the Lorentz group.

3. General tensor representations

These representations may be built up by taking the tensor pduct of vector repre-
sentations using the tensor product formula,

PO
(G+:0 ) (%= (S+:8) (3.60)
s =ij

The spinss= s, + s are all integer. A rankn tensorB ,  transforms as

B, (x)= B, .(X) (3.61)

It is consistent with Lorentz transformations to symmetriz, anti-symmetrize or take the
trace of tensor elds. For totally symmetric tensor, the spi and the rank coincide,n = s,

but upon anti-symmetrization, n > s in general. The representation (11) corresponds to
the graviton. Fields of spin higher than 2 will never be needein QFT, and in fact we

shall always specialize to elds of spin 1.

4. The Dirac spinor eld

The Dirac eld, usually denoted (x), is a 4-component complex column matrix, whose
transformation law is de ned to be

U( ;) (QU( ;a)=5S( 1) ( x+a) (3.62)

whereS() = R( ;0) is the spinor representation characterized by%( 0) (0:%)in the
classi cation of Lorentz representations. To obtain an eXgit construction of S(), we
proceed as follows.
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First, recall that the 2-dimensional spinor representatin of the rotation group is re-
alized in terms of the 2 2 Pauli matrices, ', i = 1;2;3, de ned to satisfy the relatiort
f I Ig=2 1 Itis conventional to take the following basis,

1. 01 >_ 0 i 3. 1 0
10 i 0 -0 1 (3.63)

The representation generators ar&' = =2, and satisfy the standard rotation algebra
relations [S'; SI] =i ik Sk,

The spinor representations of the Lorentz algebra are reaéid analogously in terms of
the 4 4 Dirac matrices , de ned to satisfy the Cli ord-Dirac algebra,

f ; g=2 (3.64)
The 4-dimensional Dirac spinor representation is de ned bthe following generators,
S -1 i ] (3.65)
which satisfy the Lorentz algebra
S ;S ]=+i S i S i S +i S (3.66)

This may be veri ed by making use of the Cli ord-Dirac algebg relations only.

As for any representation of the Lorentz group, (3.35) holdsvhich in this case may
be expressed as

sS()s s() *=(C Y ( YH s (3.67)
Furthermore, from the relation
S ; 1= i (3.68)

it follows that S() S() '=( 1Y or simply that the matrices areinvariant,
provided both its \vector" and \spinor" indices are transformed,

S() S() '= (3.69)

The -matrices are the Clebsch-Gordon coe cients for the tensoproduct of two Dirac
representations onto the vector representation.

KfA;Bg AB + BA is de ned to be the anti-commutator of A and B.
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The Dirac spinor representation igeducible as may be seen from the existence of the
chirality matrix °= s, which is de ned by

i .
= 5= g =i°t23 (3.70)

Clearly, we have (®)? = | and tr( ®) =0, so that % is not proportional to the identity
matrix. The matrix ° anti-commutes with all  and therefore ®> commutes withS

f° g=[%s]=0 (3.71)

Thus, by Shur's lemma, the representatiors is reducible, since its generators commute
with a matrix ° that is not proportional to the identity matrix. (Notice tha t the
matrices do form an irreducible representation of the Cli od algebra)

A basis for all 4 4 matrices is given by the following set

L ; (3.72)
where ' n isthe product * n, completely antisymmetrized in itsn indices. Some
of these combinations may be reexpressed in terms of alreddyniliar quantities,

= 2S
= i 5
= ° (3.73)

5. The Weyl spinor elds

The irreducible components of the Dirac representation are - chirality or left Weyl
spinor (%; 0) and anindependent + chirality or right Weyl spinor (0; 1), corresponding to
the 1 and +1 eigenvalues of the chirality matrix °. In a chiral basiswhere ° is diagonal,
we have the following convenient representation of the-matrices,

5 _ 20 0

0+, = 0 (3.74)
wherel, is the identity matrix in 2 dimensions, and
=l " =l ) (3.75)

The Dirac representation matricesS( ) as well as the Dirac eld (x) decompose into the
Weyl spinor representation matricesS, () and Sg() and the Weyl spinor elds [ (X)
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and Rg(x) as follows,
_ SL() 0 _ L(X)
S() = = 3.76
0= "0 s0 B ) 879
where the Weyl representation matrices are given by
SL() = exp %(!*) M*  =exp %~ (+ + i~)
Se() = exp 'é(! ) M =exp '§~ *+ i) (3.77)

Here,! andM are the self-dual and anti self-dual parts of and M respectively, and
+ and ~ are real 3-vectors representing rotations and boosts resgieely.

6. Equivalent representations

If S inthe Dirac representation satis es the structure relatios of the Lorentz algebra,
then transposition and complex conjugation automaticallyalso produce representations of
the same dimensions, with matrices S' and S . These representations must be equiv-
alent to the Dirac representation and hence related by congation. These conjugations
re ect the discrete symmetriesC and P (to be discussed shortly),

C st = clsc
P S = B1!sB (3.78)

7. The Majorana spinor eld

A Majorana spinor corresponds to a real representation%(O) (0; 1) where the two
Weyl spinors are complex conjugates of one another. Comple&njugation by itself de-
pends upon the basis chosen, butharge conjugation to be de ned in the subsequent
subsection, is a Lorentz invariant operation. Thus, the pnoeer requirement for a spinor to
be \real" is provided by the Majorana spinor eld condition,

‘= X (0= (¥ (3.79)

A Majorana spinor is equivalent to its left eld component (a its right eld component).

8. The spin 3/2 eld

Spin 3 can be either 3;0 or ;1 and their charge conjugates. Only the latter is
physically signi cant. It can be gotten from
11 1 1 1
>3 50 = 1 > 0; > (3.80)
The Rarita-Schwinger eld precisely corresponds to the above representation plus its
complex conjugate. To project out the purely spin (11=2) (1=2;1) part, the -trace
must be removed which may be achieved by suplementary condit =0.
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3.7 Discrete Symmetries

We group together here the transformations under the disaee symmetriesP, T and
charge conjugationC of the basic elds.

3.7.1 Parity
One distinguishes two types ofcalarsunder parity

P (x)PY=+ (Px) scalar
P (x)PY=  (Px) pseudo scalar (3.81)

This distinction is important as the particles  and © are for example pseudo-scalars,
while the He,4 nucleus is a scalar. One also distinguished two typeswactorsunder parity,

PA (X)PY=+ A (PX) vector
PA (X)PY= A (Px) axial vector (3.82)

Again, this distinction is very important; the weak interadions are mediated by a super-
position of a vector and an axial vector. Finally, under paty, the Dirac spinor transforms
as follows,

P (x)PY=¢" ° (x) (3.83)

which amounts to an interchange of left and right spinor comgments, and » is an arbitrary
angle. (Note that a theory invariant under parity will have to contain both left and right
spinors of each species.)

3.7.2 Time reversal

Time reversal symmetry is the only case which cannot be rezdid by a unitary transfor-
mation in Hilbert space; instead it is realized by an anti-uitary transformation T, which
has the property of changing the sign of the numbeir,

Ti= iT (3.84)

Its action on the scalar, vector and Dirac sprinor is given by

T (X)TY = (Tx)
TA X)TY = A (Tx)
T (X)TY = iC ° (Tx) (3.85)
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3.7.3 Charge Conjugation

From the simple relation (') = 2 ' 2 it follows that
St() = %S() 2 (3.86)
As a result, the charge conjugates .z of |, dened by
CLC = [(x) 2 LX)
Cr(X)C= &(X) + 2 (%) (3.87)

transforms underSg() and S, () respectively.

Charge conjugation as de ned above, was formulated in a specbasis of -matrices,
which is why 2 played a special role. It is possible to produce a basis indement
de nition of charge conjugation as follows. For any basis,he charge conjugation matrix
C and the charge conjugate of a Dirac spinor are de ned by

t=ct cC ¢ cg§ =cCt (3.88)
It follows that [ °;C] = 0. In the chiral basis, the transposition equations read
02 = c 0,2C
13 = +C 1 3C

which may be solved and we have
2.0
C= 0 4 2 (3.89)

up to a multiplicative factor, which one may choose to be unjt With this factor, the
preceding de nition of charge conjugation on left and righspinors is recovered.

3.8 Signi cance of elds in terms of particle contents

spin O possible Higgs elds, pions etc.
spin 1 (vector eld) gauge elds,A ,the -eld
(anti-symmetric tensor) not used at present
spin 1/2 all the observed fermions
Weyl massless neutrinos
Dirac massive fermionse ;e";:::
Majorana possibly massive neutrino
spin 3/2 possibly the gravitino (supergravity)
spion 2 graviton
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3.9 Classical Poincae invariant eld theories

The point of departure for the construction of Poincae inariant local quantum eld

theories will almost always be a classical action for a set dfssical elds, which will have
to be local as well. Maxwell theory is an example of such a ct&=al eld theory where
the fundamental eld is the gauge vector potential. Bosonicelds are ordinary functions
of space-time; fermionic elds, however, will have to be repsented byanti-commuting or
Grassmann valued functions These will be discussed in the next chapter.

Classical bosonic elds j(x) (not necessarily scalars) are real or complex valued or-
dinary functions of x. We assume that the number of elds is nite,i = 1; ;n. The
fundamental actions in Nature appear to involve dependenamn time-derivatives (and by
Lorentz invariance also space-derivatives) only of rst ater. Therefore, the most general
bosonic action of this type takes the form,

z
S[il= d'L L=L i(x):@ i(x) (3.90)

The Euler-Lagrange equationr eld equations determine the stationnary eld con gu-
rations of S[ ], and are given by

S[]_ @ Q
= —(x ———— (x)=0 3.91
i(X) i( ) @ @@ i) () (3.91)
The canonical momentum ; conjugate to ;, and the Hamiltonian are de ned by
- (X) ﬁ(x) H ’ d®x X ‘@ L (3.92)
J @@ j) j ] J .
As usual, we have Poisson brackets de ned by
xZ A B A B
fA;Bg= o 3.93
’ PEx) %) %) (%) (3:93)

j
In particular, we havef °(t;%); «(tx9g= jx 3(x .

A symmetry of the eld equations is a transformation of the dds ; such that every
solution is transformed into a solution of the same eld equ#ns. For continuous sym-
metries, the usual in nitesimal criterion may be applied. The in nitesimal transformation

i(x) = J-O(x) j (x) is a symmetry provided

L = @X (3.94)
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without the use of the eld equations If so, Noether's theorem may be applied, which

implies the existence of a&onserved current
X

j i X @ =0 (3.95)
j
and thus of a time independent charge
z
Q d®x j O(t; %) (3.96)
Furthermore, the transformation is recovered by Poisson hcketing with the charge,

i =fQ; g (3.97)

Poincae covariance of the eld equations and Poincae igariance of the action requires

that the Lagrangian density L transform as a scalar. As a special case, translation invari
ance requires thatL have noexplicit x dependence. Assuming Poincae invariance of a
LagrangianL, the conserved currents are as follows.

Translations
j = a@ ) X =al
j = a

where the conservedanonical energy-momentum-stress tenspor simply the stress
tensor{ is de ned by

X
;@ L (3.98)
j
Lorentz transformations
1 1 i
j = | EX @ j EX @ j ES j ) X = ! X L
X .
] = !X @ | I—S i)+! xL
j 2
i X
j
= 1 xT (3.99)

The conserved and symmetriemproved stress tensois given by

+ @B
B = B = B =

T

'S (3.100)
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A more universal interpretation of the stress tensor is thait is the quantity in a classical
(and quantum) eld theory that couples to variations in the gace-time metric and thus
to gravity (cfr Einstein's equations of gravity).
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4 Free Field Theory

Free eld theory corresponds to linear equations of motionpossibly with an inhomoge-
neous driving source, and thus to an action which is quadratiin the elds. In itself, free

eld theory is not so interesting, because no interactionsake place at all. Free eld theory
o ers, however, an excellent testing ground on which to rei@ke the basic principles of QFT,
and many of the methods needed to deal with interacting eldheory may be reduced to
problems in a theory that is e ectively free. We shall deal stcessively with scalar, spin
1 and spin 1/2 free eld theories. As stated from the outset, & restrict to Lagrangians
with at most rst time derivatives on the elds, and with Poin cae invariance.

4.1 The Scalar Field

The most general classical Poincae invariant quadratic &grangian density and action of
a single real scalar eld (x) is given by

Z
Lo(;@ )= @@ S’ ? Sl 1= dxLo(;@ ) (4.1)

The Euler Lagrange equations are

2 +m? =0 2 @@ (4.2)

The conjugate momentum (x) is the time component of the eld (x),

Q 0
@@ ) @ @ (4.3)
The Hamiltonian is
H Zd3X[@o L ]—Zd3x Lot yea I 2 (4.4)

The classical Poisson brackets are

f (%), (ty)g = 0

f (tx); (tyg =0

ft%; (ty)g = (¢ ¥) (4.5)
It is straightforward to solve the classical eld equationsy using either Fourrier transfor-
mation techniques, or by solving the corresponding di erdral equations. We shall not do

this here and directly pass to the quantization of the systemsolving for the Heisenberg
eld equations instead.
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Canonical quantization

Canonical quantization associates with the elds and operators that obey the
canonical equal time commutation relations,

[ (tx); (G
[ (tx); (G
The Heisenberg eld equations for the - eld are obtained as follows

z i
d3yh (tx); 2(Ly)+(F (ty)*+ m? 2(y)

d3yh (t2); 2(t ’s/)I =i () (4.7)

[ (%), (ty)]=0
i Ox ) (4.6)

200=1 (:H]

2
1 z
2
while for the - eld they are derived analogously and found to be

i%t(xH CHI= i (%) Im? (6%) .8)

Therefore, the Heisenberg eld equations for the quantum le (x) are the same as the
classical eld equations, but now hold for the operator (x),

(2+m? (x)=0 (4.9)

Although canonical quantization is not a manifestly Poince covariant procedure, the eld
equation are nonetheless Poincae invariant.

The Heisenberg equations are solved by Fourrier transformi@n in x only,

Z
(tx) = (33‘; a(t; k) &k * (4.10)

where the time-evolution ofa(t; K) is deduced from the eld equations and is given by

q
a(t;RK)+ ! Za(t; k) =0 Iy k2 + m2 (4.11)

which can be solved,

a(t; R) = Z'L a(R)e " '+ g(R)e' ! (4.12)
Ik

The reality condition on the classical eld translates intothe self-adjointness condition on
the eld Y= , which in turn requires that &K) = @’( K). Once this condition has been
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sati ed, we may write the complete solution in a manifestly ovariant manner,

2 @Bk

2 )32 « "a(®e 7+ aR)e (4.13)

(x) =
wherek = (k%RK); k° = 1, and henceforth, we shall us the notationk x = k x and
k2= k k . While this expression may not look Lorentz covariant, it atally is. This may
be seen by recasting the measure in terms of a 4-dimensiomdégral,

¢k _ dk
)32, ()

(k¥ m?) (K% (4.14)

and noticing now that it is invariant under orthochronous Laentz transformations.

Commutation relations on (x) and (x) imply the commutation relations between the
a's, which are found to be given bya:

[a(k); ak9] = O
[2(K); @(K)] = O
[ak); @(KI] = (2 P2« Ok X (4.15)

Using these results, an important consistency check of theasic principles announced
earlier may be carried out. The commutator of two elds is,
‘ d°k ik (x x9 jk (x x9
X); (X)]= o e XD glexex 4.16

[0 6= oy (4.16)
which is a relativistic invariant, and depends only onX y)%. If (x y)2< 0, then one
may make x® y° = 0 by a Lorentz transformation. By the equal time commutation
relations, this commutator must thus vanish. This checks dubecause the integral also
vanishes, since the integration measure is even undet K, while the integrand is odd.
Thus, we have the relativistic invariant equation,

[ (x); (x9]1=0 when (x x%%<0 (4.17)
which expresses the property of microcausality of the(x) eld.

A Comment on UV convergence

When the classical eld equations are solved, the Fourrieroe cients a(kK) are de-
termined by the initial conditions on the eld. If the elds and at initial time are
well-behaved, then the integration over moment& will be convergent.
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When the Fourrier coe cients a(K) are operators however, UV convergence of tle
integral may be problematic, and indeed will be ! In those cas, the integral should be
de ned with a UV regulator. We shall encounter the need for regulators soon.

Fock space construction of the Hilbert space

The states of the QFT associated with the eld are vectors in a Hilbert space, which
we shall now construct. To this end, we view the operat@(K) as the annihilation operator
for a -particle with momentum K; similarly, its adjoint a¥(K) is the creation operator for
a -particle with momentum K. A basis of states is de ned as follows,

The ground statejOi or vacuum a(k)joi =0 for all K;
The 1-particle statejKi jRi = a(K)j0i;
The n-particle state jK;;  ;Kyi IRy R = @Ry a@(Ky)j0i.

The ground state is unique and may be normalized to 1, while gicle states form a
continuous spectrum. Their continuum normalization follavs by the use of the canonical
commutation relations, and we have for example,

hojoi =1 kY = (2 )32 Ok K9 (4.18)

We can now check another basic principle : the one-particléase is obtained from the
vacuum by applying the eld ,

HRj (x)joi = € * 60 (4.19)

The number operator N is de ned as follows,

gk
_ "
N 22, a’(R)a(R) (4.20)
and obeys the relations
( C ...
N;a®)] = a(k) Njor=o0 _ (4.21)
[N; a'(K)] = + a/(KR) NjRy;  Ral = njKRy; Rl

As a result of these commutation relationsN counts the number of particles in state.

Energy, Momentum and Angular Momentum
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The Hamiltonian, momentum and angular momentum may all be deved from the
stress tensor. The classical stress tensor for a scalar igegi by

T. —@@ L (4.22)
and hence we have the translation and Lorentz generators
z z
P = oxT? M = dExxT? xT?2) (4.23)

Upon quantization, classical elds are replaced with quanim eld operators. Carrying
out this substitution for example on the Hamiltonian and monentum,

4
1, 1 1
H = Bx = 2+ 2(F 2+ m? 2
J I Tt e gm
P = dr (4.24)

Using the mode expansion for and

(X) = © ok ia(R)e * * + iaY(R)ek 3 (4.25)
2(2 )? '
one nds
£ Bk 1yh !
T ey, 7k @'(R)a(R) + a(R)a’(k)
_ Z a3k g h , , i
P = @ya. 28 (R)a(R) + a(R)a’(K) (4.26)

Both operators commute with the number operator. Thereforein free eld theory the
number of particles in any state is conserved, as it was in ngelativistic quantum me-
chanics. In a fully interacting theory, particle number wil of course no longer be conserved.

The energy and momentum of the vacuum

To evaluateH jOi and Pj0i, we use the de ning property of the vacuum statea(k)j0i =
0 for the rst terms of the integrands ofH and P. The second terms, however, require a
re-ordering of the operators before use can be madeagk)j0i = 0,

a(k)a’ (k) a/(K)a(k) + [a(K); &'(K)]

212 )2 ¥(0) (4.27)

Here, a problem is encountered as® (0) = 1 . Actually, the quantity (2 )2 ®(©0) V
should be interpreted as thevolume of spaceas may be seen by considering a Fourrier
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transform of 1 in nite volume V, and then letting K ! 0. The fact that the energy of
the vacuum is proportional to the volume of space makes sengecause the vacuum is
homogeneous and any vacuum energy will be distributed unifoly throughout space. For
the momentum, the integrand is now odd irk and therefore vanishesPj0i = 0.

For the vacuum energy, however, a more serious problem is eantered, as may be
seen by collecting the remaining contributions,

Z 3 1

2y 3«0 (4.28)

Hjoi = V

This quantity is quartically divergent. The physical origin of this in nity is that there
is one oscillator for each momentum mode, contributing morenergy to the vacuum as
momentum is increased.

Actually, we made a mistake in assuming that the quantum Harttonian was uniquely
determinedby the classical Hamiltonian. Indeed, to the qudaum Hamiltonian, terms of
the form [ (t;%); (t;%)] could be added which would vanish in the classical Hamiltgan.
Such terms contribute a constant energy density and are imrtaxial for the time-evolution
of the system, as they will commute with any eld. Thus, it woud have been more general
to include a constant energy density in the Hamiltonian,

z

H = & %2+%(r~ )2+%m22+
- 3 (3 z d°k L P y y !
H = (2) 0) + (2)732"( > a’(RK)a(k) + a(k)a’(R) (4.29)

and realizing that the constant is a computable quantity that cannot be computed using
the eld quantization methods advocated here.

Progress is made by realizing that the energy of the vacuumm(ihe absence of gravity) is
not physically observable. Instead, only di erences in engy between states with di erent
particle contents are observable. Therefore, the constantmay just as well be chosen so
that the vacuum has vanishing energy, or alternatively,

Z Bk

SR 7T

e @(R)a(k) (4.30)
The process of realizing that certain quantities (such as éhvacuum energy) cannot be
computed within the quantization procedure of the elds andsubsequently xing the
arbitrariness of these quantities in terms of physical comibns goes under the name of
renormalization (indicated with a subscript R on Hgr). The physical conditions themselves
are calledrenormalization conditions
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For renormalization in free eld theory, it often su ces to use the operation of placing
all creation operators to the left and all annihilation opeators to the right, which is referred
to as normal ordering as was done here.

Energy and momentum of particle states

Given the above results for the Hamiltonian and momentum opators, it is easy to
evaluate them on particle states,

>

HjRy; Ry

PRy Rl
1

RijKy; 5Kl (4.31)

i=1

PjRy; Rl

Finally, it may be veri ed that all the generators of the Poincae algebra, namelyP and
M  will have the proper commutation relations with , and reproduce the basic principle
of Poincae transformations of the scalar eldU( ;a) (x)U( ;a)Y= ( x+ a).

Time ordered product of two operators

A key concept in QFT is that of time ordering. For any two scalar elds ; and »,
one de nes theirtime-ordered productas follows,

T (%) 2% = (t 19 (%) 5+ (t° t) 2% 1(t%) (4.32)

which can obviously be generalized to the case of the produat any number of elds.
Time di erentiation of the time ordered product follows a smple rule,

@T (%) 21530 = T@ 1(t%) 259+ (¢ O 1(t%); 2t 9] (4.33)

For a single eld, the time ordered product is a Klein-GordonGreen function,

(2 + m?)T (x) (X9 @T () (xX)+ T + m)y 1(x) (x)
@@ (x) )+ T[ (@ (x) (X)]

t Ol 0 = i Px x9 (4.34)

The operator2 + m? may be supplemented with a variety of boundary conditionsoscare
is needed when inverting it.

The Heaviside -function, or step-function, is de ned to be (t)=1for t> Oand (t)=0for t< O,
and (0) = 1=2. Its derivative, de ned in the sense of distributions, is @ (t) = (t).

50



The Feynman propagator

The Feynman propagatoris de ned by
Ge(x x%  hoT (x) (x9j0i
2+ m?),Ge(x xY = i ®Wx x9 (4.35)

so that G is the inverse of the di erential operatori(2 + m?). To evaluate the Feynman
propagator, we rst compute

. o f ek 4@ h KX o oyrn gk 5
o (x) (x%j0i = oy, @) |H)J a(R)e ** + a¥(k)é

H 0 H Oi .
aNe "<+ a¥(Ne' X joi

z z

d3k d3| . N . -

= \ ik x+il x
(2 )32 (2 )32 lmja(k)a (Mjdi e

d’k ik (x x9
= —_ 4.
RGP e (4.36)
Making the substitution k% = I, 1° =1, and assembling both time orderings yields
G — z d’k t to) ikt tO+iR(x %9 4 0 t i (10 D)+HIR(X %)
F(x y)= m ( € ( )e
Next, we make use of the following integral representatiowalid for any 0 < 1,
1 h , _ i z dk® e kot 19
=t the "kt 4 (10 pgttet ) = — : 4.37
o, (e (" De 21 (K2 12+] (4.37)
to recast the Feynman propagator as follows,
Z .
d*k i i«
Ge(x XV FviE e & (4.38)

The Klein-Gordon equation with an extrenal ( -independent) sourcg (x) may be solved
in terms of Gg,

z
(2+m?) (x)=]j(x) , (x)=i d%Ge(x x9j(x9 (4.39)
Note that for m?j(x x9?j 1, we have
Ge(x x9= WIX%Z (4.40)

Feynman introduced a graphical notation for the propagatoas a line joining the pointsx
and x° This is the simplest case of a Feynman diagran, and is depct in Fig 3(a).
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Time ordered product of n operators

The time-ordered product ofn canonical elds will play a fundamental role in scalar
eld theory. First, notice that the theory has a discrete synmetry

Ua(R)UY =  a(R)

W=V ew= 0, V(R = a(K)

(4.41)

Under this symmetry, the vacuum is invariant JjOi = j0i). By inserting | = UYU between
each pair of operators and the vacuum, we have

MOJT (X1) (Xn)jOi

HjU'T(U (x)U”) (U (x))U)Ujdi
( )"OIT (x1)  (xn)jOi (4.42)

When n is odd, we nd that lOjT (x;) (Xn)jOi = 0. When n =2pis even, we proceed
by applying the kinetic operator in one variable,

(2 + M), 0T (x1)  (xn)i0i = * i D0 x)MT (x2) ") (% 10
k=1

Here, " stands for the fact that the operators (xy) is to be omitted. The solution is again
obtained in terms of the Feynman propagatoGg (x  x9 as follows,

1
ROIT (x1)  (xn)jOi = . Ge(Xn X)MT (x))  “(x)  (xa 00 (4.43)
k=1

The solution to this recursive equation is manifest,

0T () ()i0i= Ge(e X)) Ge(, X))  (444)

disjoint pairs( k;l)

where the sum is over all possible pairs without common posit The simple example of
the 4-point correlation function is given in Fig 3(b).

4.2 The Operator Product Expansion & Composite Operators

It is possible to re-analyze the issues of the vacuum enerditioe free scalar eld theory in
terms of a more general problem. The canonical commutatiorlations provide expressions
for the commutators of the canonical elds. In the construdbn of the Hamiltonian, mo-
mentum and Lorentz generatorscomposite operatorsenter, namely the operators (x)?,

(x)? and (~ (x))2. These operators are obtained by putting two canonical elsl at the
same space-time point.
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@ ®)

Figure 3: Free Scalar Correlation Functions; (a) The Feynnmapropagator Ge(x X9,
(b) the 4-point function NOJT (X1) (X2) (X3) (X4)jOi.

From the short distance behavior of the Feynman propagatof4.40), it is clear that
putting operators at the same point produces singularitiesvhich ultimately result in the
in nite expression for the energy density of the vacuum. Samne very important problem
in QFT is to properly de ne composite operators. One of the & powerful ways is via
the use of the Operator Product Expansion (or OPE), a methodhat was introduced by
Ken Wilson in 1969. (Another way, which is mostly restrictedo free eld theory or at
best perturbation theory, is normal ordering.)

If it were not for the fact that the product of local elds at th e same space-time point
is singular, one would naively be led to Taylor expand the prduct of two operators at
nearly points,

*
? (x) ()= X %(X )t ox oyr@ @ ) ) (4.45)
h=o N!
Instead, the expansion is rather of the Laurent type, beginng with a singular term.
In free eld theory, the operators may be characterized by thir standard dimension, and
ordered according to increasing dimension. In the scalaef eld case, re ection symmetry
! requires the operators on the rhs to be even inand of degree less or equal to 2.
A list of possible operators for dimension less than 6 is givén table4.2.
If no further selection rules apply, the OPE of the two canowrial elds will involve all
of these operators and the coe cient functions may be calcated. Thus, we obtain an
expansion of the type,

) 0= C o(xy)Oy) (4.46)

O

The most singular part is proportional to the operator of lowst dimension, i.e. the identity,

+[ 2y + (4.47)

|
4 2(x y)?



| Dimension| spin0 | spinl | spin2 | spin3 | spin4d |
0 I
2 2
3 @
4 2 @ @
@@ @@
5 2@ @ @@
@ 2 @@@
@@ @
6 22 @ @2 @ @@@
@ 2@ @@2 @ @ @@
2 2 @@ 2 Q@@ @
@@ @ @@@ @
Table 2:
where the terms  vanish asx ! y. The coe cient function of the identity operator

is the same as the limiting behavior asx( y)?! 0 in the Feynman propagator. The

operator [ ?] refers to the nite (or renormalized) operator associateavith 2. It may be
de ned by the OPE in the following manner,
!
2 - v
AW im0 O 5 (4.48)

This limit is well-de ned and unique.

More generally, but still in the scalar free eld theory, theOPE of any two operators
will be a Laurent series in terms of all the operators of the #ory (not neccessarily of
order 2 in the eld ), and we have

X
01(x)O2(y) =
o

Co,0,0(X;Y)O(y) (4.49)
The coe cient functions may be calculated exactly as long asve are in free eld theory,
and they will have integer powers. For an interacting theorya similar expansion exists, but
fractional expansion powers will occur, refelecting the ¢a that in an interacting theory,
the dimensions of the operators will received quantum co#ons.
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4.3 The Gauge or Spin 1 Field

The simplest free spin 1 eld is the gauge vector potentiah in Maxwell theory of E&M.
This eld is real and its classical Lagrangian, in the absemcof sources, is given by

L = %F F F @A @A (4.50)

The customary electric; and magneticB; elds are components ofF |,

1
Ei Fio Bi 5 ik Fix (4.51)

By construction, the LagrangianL is invariant under gauge transformationsby any ar-
bitary real scalar function (x), given by

AX! A=A KX @ (x (4.52)

Two gauge elds related by a gauge transformation have the se electric and magnetic
elds and are thus physically equivalent’Y The canonical momenta are de ned as usual,

Q
Q@A )

(4.53)

and are found to be
°=0 '= E! (4.54)

The fact that ° = 0 implies that we are dealing with aconstrained system namely the
canonical momenta and canonical elds are not independent one another. The eld Ag
has vanishing canonical momentum and is thereforeon-dynamical This is an immediate
consequence of the gauge invariance of the Lagrangian andlso re ected in the structure
of the eld equations,

r E=0

@F =0 . @ r B=0

(4.55)

Indeed,~ E =0 is a non-dynamical equation since it gives a condition thiahe canonical
momenta must satisfy at any time, including on the initial dda. Yet a further manifesta-
tion of this phenomenon is that the second order di erentiabperator, in terms of which

WExcept on non-simply connected domains when there can be glbal e ects.
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the Lagrangian may be re-expressed (up to a total derivativierm) is not invertible,

L = %A (2 @@)A (4.56)

The operator 2 @@ is not invertible; it kernel are precisely gauge elds of the
form A = @ , and gauge equivalent to 0. Clearly, the vanishing of one dfi¢ canonical
momenta causes complications for the quantization of the gge eld.

Transverse gauge quantization (Lorentz non-covariant)

A rst approach in dealing with the complications that ensuefrom gauge invariance
and the constraints on the momenta is to make a gauge choiceviich the constraint can
be solved explicitly. This will leave only dynamical elds,on which canonical quantization
may now be carried out. The drawback of this approach is thatt icannot be Lorentz
covariant, as a preferred direction is chosen in space-time

With the help of a gauge transformation, any gauge eld con gration may be trans-
formed into a transverse gauge™ A = 0. As a result of the constraint " E = 0, one
automatically has Ag = 0 and the Lagrangian and canonical momenta reduce to

— Y 1— 2
L = +5(A)* 3B
= = ; =
i @aA) A; @A =0 (4.57)

The last equation re ects the gauge choice. The Euler-Lagnge equations are
(2 @@)A =0 (4.58)
and, in transverse gauge, reduce to
2A; =0 @A =0 (4.59)

The eld equations are solved rst by Fourier transform,

2 @Bk

22, a(R)e ** + al(R)ek (4.60)

Ai(x) =

after which we must further impose the radiation gauge contitbns, which result in the
following transversality conditions on the oscillators,

kiai(K) = kia/(K) =0 (4.61)
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It is convenient to introduce basis vectors for the two-dimegsional space oftransverse

polarization vectors*~(K; ), =1;2, which satisfy
8
2 ki"i(K; )=0
sp iR) iR ) = . (4.62)
' RO)K )=y 2

In terms of this basis, we may introduce independent eld odtators a(k; ) in terms of
which the old oscillators may be decomposed as

a®) = ak )ik ) (4.63)

and the eld takes the form
A R S R )ik e M+ (R )R )X 4.64
i(x) = mz1;2a(a)|(a)e a2k )& ) (4.64)

Clearly, the photon has two degrees of freedom, even thoudtet eld A has 4 components.

The canonical commutation relations amongst the(k; ) and a(K; ) are just as for
the scalar theory, but now with two independent components,

[a(k; ); a(R% )]
[a(k; ); @(K% )]

[2(k; ); @(R% )]=0
202 )23k K9 (4.65)

The equal time commutators may be expressed in terms of thelds A; as follows,
A2 A= Py Ox ) =, %9 (4.66)

from which it is clear again that only two degrees of freedomrea independent. The
Hamiltonian is standard,

z 1 1
H= d QEZ+ éB2 (4.67)

The Hilbert space is constructed very much as in the case ofdtsingle scalar eld. The
vacuumjOi is de ned by

a(k; )joi =0 for all K; (4.68)
The n{particle states are found to be
jki; 1ikes 20 Skay i @(ky Da'(ke 1) @(ky 10 (4.69)
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The (renormalized) Hamiltonian and momentum operators mape worked out,

y4 3 X
H = (2(;73k2'k ea'(R; Hak; )
d*k X
P = B Ra'(R; da(k; ) (4.70)

Finally, the number operator may also be introduced,

£ gk x

Since this is a free theory, we haveH[N] = [P;N] = 0, so the number of photons is
conserved.
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Gupta-Bleuler Quantization (Lorentz Covariant)

The second approach is to keep Lorentz invariance manifest @l times, possibly at
the cost of giving up manifest gauge invariance. To see exigcivhat goes on, we introduce
a conserved external sourcg , which we assume is independent &. The Lagrangian is,

1 . ,
L= 21F F E(@A )2 A @ =0 (4.72)
In this Lagrangian, for 6 0, the time componentA, does have a non-vanishing conjugate
momentum, and the quadratic part of the Lagrangian involvesan operator 2 (1

)@@ which is invertible. The LagrangianL is, however,no longer gauge invariantso in
the end we will have to deal with non-gauge invariant statesThe canonical relations are

0 — @- — i — @- — io
- @aAy - @A = @aA) "
[ (%), A@Ex9] = 0@ 3(x %) (4.73)

The sign in the canonical commutation relation is chosen sudhat the canonical quan-
tization of the space components agree with the one derivedepiously. The sign for the
time-components is then forced by Lorentz invariance.

Specializing to the case = 1 (Feynman gauge), the eld equations reduce t@ A =0.
The decomposition ofA (x) into modes then gives

Z Bk
(2 )321

and the canonical commutation relations on the oscillatorbecome,

A (x)= a (R)e ® X+ &/ (k)ek (4.74)

[a (R);a (K9] = [&(R);@(K)]=0
[a (R); @ (RY] = 242 ) 9k x) (4.75)

We can still de ne the vacuum by the requirement thata (K)jOi = 0, and one-particle
states by

iR i = a (RO (4.76)

The normalization of these states may be worked out in termg the canonical commutation
relations as usual,

R R i = 21,2 )2 OK K9 (4.77)

While the oscillators a create states with positive norm, as was the case in the scala
theory, the operatorsay create states with negative norm which cannot be physically
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acceptable in a quantum theory. These states atmphysical and arise because we insisted
on maintaining manifest Lorentz invariance, which forced s1to carry along more degrees
of freedom than physically needed or allowed. We now invegéite how these unphysical
degrees of freedom are purged from the theory.

To see how this can be done, we notice that there is a free eld the theory that is a
pure gauge artifact. Look at the equations foA :

@F @ @A +) =0 (4.78)

Conservation of] implies that 2 @A = 0; hence @A is a free eld with no coupling
to the sourcej . In view of the canonical quantization relations, we cannosimply set
@A = 0. However, we had way too many states created by , so we may set it be
zeroon the physical states In fact this is truly bene cial, because it implies that on the
physical states, the Heisenberg equation of motion is gaugwariant:

@A jphys = 0 (4.79)

It is very important to remark that we work with two types of spaces: (1) The Fock space
for the full A eld, which contains states of negative norm; (2) The physal Hilbert space,
obeying the restrictions above.

To solve for the eld in terms of the source,
2 +( lHoe@ A =j (4.80)
we introduce the photon propagator,
2 +( lHee XG x y)= i “x vy (4.81)

The propagator is related to the time-ordered product of thguantum elds,

G (x y)=HTA (X)A (y)j0i (4.82)
It may be obtained in terms of a Fourrier integral,
G (x )—Z - o1 k" e K&y (4.83)
= 2 KZ+i K2+ '

Clearly, the propagator in Feynman gauge ( = 1) simpli es considerably; in Landau
gauge ( = 1) it becomes transverse.
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4.4 The Casimir E ect on parallel plates

Thus far, we have dealt with the quantization of the free elémmagnetic elds E and B,
Already at this stage, it is possible to infer measurable pdéctions, such as the Casimir
e ect. The Casimir e ect is a purely quantum eld theory phenomenon in which the
guantization of the electromagnetic elds in the presencef@ electric conductors results in
a net force between these conductors. The most famous exaenpivolves two conducting
parallel plates, separated by a distance, as represented in Fig4(a).

Ep =0

0. L

@) )

Figure 4: The Casimir e ect : (a) electromagnetic vacuum utuations produce a force
between two parallel plates; (b) the problem in a space box.

The assumptions entering the set-up are as follows.

1. For a physical conductor, the electric eldE, parallel to the plates will vanish for
frequencies much lower than the typical atomic scale.. At frequencies much higher
than the atomic scale, the conductor e ectively becomes tresparent and no con-
straint is to be imposed on the electric eld. In the frequeng region comparable to
the atomic scale! ., the conductivity is a complicated function of frequency, Wwich
we shall simply approximate by a step function(! . !).

2. The separationa should be taken much larger than interatomic distances, @ . 1.

3. In order to regularize the problems associated with in té volume, we study the
problem in a square box in the form of a cube, with periodic bawalary conditions,
as depicted in Fig4(b).
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Calculation of the frequencies
There are three distinct regimes in which the frequencies dfe quantum oscillators
need to be computed. The momenta parallel to the plates arevays of the following form,
2Ny 2ny
L L
Along the third direction, we distinguish three di erent regimes, so that the frequency has
three di erent branches,

kg =

Ky N;Ny 2 Z

r
10 = g2+ kz+ (k)2 i=1;23 (4.84)

The three regimes are as follows,

1. !'>1 .: the frequencies are the same as in the absence of the plasesce the plates
are acting as transparent objects,

kM = 2: 2 n2Z
2. 1 <! . & between the two plates.
k@ = r;z 0 n2z
3. 1<l [ & outside the two plates.
kQ = Ln—za 0 n,22

Summing up the contributions of all frequencies

Finally, we are not interested in the total energy, but rathe in the enrgy in the presence
of the plates minus the energy in the absence of the plates. 0$) when the frequencies
exceed ., all contributions to the enrgy cancel since the plates actsatransparent bodies.
Thus, we have

X 1 1 1
E(a) Eg= 1@gngn)+ 2O (ngsngsny) 2P Y(nyongsn,)  (4.85)
Nx;Ny;Nz 2 2
When n, 6 0, two polarization modes haveE with 2 components along the plates, while
for n, =0, ny;ny 60, there is only one. Therefore, we isolata, = 0,

1 X

E@ Eo = 5 I (nx; ny; 0) (4.86)
Nx:Ny
X %
+ L @(ngngsn)+ 1 O (ngnging) 20 D(ng;nyiny)
NxNy nz=1

Next, we are interested in taking the size of the bok very large compared to all other
scales in the problem. The levels im, and n, then become very closely spaced and the
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sums ovem, and ny may be well-approximated by integrals, with the help of thedllowing
conversion process,

dn, = Lgkx dny = L2_ky (4.87)
so that
12 Z+1 Z 1 1
E@ Eo = 25 . dky . di, 5! (te 1)
2 1@ (. 1)+ 1@ . 18y 200 . 1)
nz=1

Now, for ! @ and! @, the frequency levels are also close together and the sum rome
may also be approximated by an integral,

L azl

qg —v q — —
1@ (1, 1@) dk, KZ+kZ+K2 (1o K2+ K2+ K2)

nz=1

200 . 1M

nz=1

Z, 9 q___
dk; kz+ ki+ ks (!¢ kg + kg + k2)

L
— 2
2 0

Introducing k? = kZ + k7, and in the last integral the continuous variablen = ak,= , we

have
S

L1241 1 * 2n2 2n2
E Eo = — kk 2k (¢ k)+ k2 + 12 k2
@ Eo = 5, dkkgk(e K+ (8 =)
s
Z, L. e 2 2 2n2
k2 + !
0 dn a (e a2 )
Introducing the function
z s 2n2 2n2
1 dk n n
D 2 o 1 2 2
f(n) . 2 k k2+ 7 e k 2 ) (4.88)
we have
R 21
E(@ Eo = }f (0) + f (n) dnf (n) (4.89)
L2 2 n=1 0

Now, there is a famous formula that relates a sum of the valued a function at integers
to the integral of this function,

z

1 B 1 * * B,
, G =3O+t y oot @ 20 (4.90)
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where the Bernoulli numbers are de ned by

X R X" 1 1
= Brn— Bo= = Bs= —; 491
e 1 ., "nl 7 6 ' 30 (4.92)
Assuming a sharp cuto, so that is a step function, we easily computé (n),
B 1 3 3n3
f(n)= 5 e 2 (4.92)
Thus, f @ D(0) =0 as soon asp > 2, whilef ®(0) = ?=&, and thus we have
E(a) Eo 2 B4 2 L?
—— = ——= —hc— 4.93
L2 B4 720 (4.93)

This represents a universal, attractive force proportioriao 1=a. To make their depen-
dence explicit, we have restored the factors &f and c.

45 Bose-Einstein and Fermi-Dirac statistics

In classical mechanics, particles ardistinguishable namely each particle may be tagged
and this tagging survives throughout time evolution since grticle identities are conserved.

In quantum mechanics,particles of the same species are indistinguishapknd cannot
be tagged individually. They can only be characterized by # quantum numbers of the
state of the system. Therefore, the the operation of interetnge of any two particles of the
same species must be a symmetry of the quantum system. The aguof the interchange
operation is the identity.”* As a result, the quantum states must have de nite symmetry
properties under the interchange of two particles.

All particles in Nature are either bosons or fermions;

BOSONS : the quantum state is symmetric under the interchamgof any pair of
particles and obeyBose-Einstein statistics Bosons haventeger spin For example,
photons, W , Z°, gluons and gravitons are bosonic elementary particles, idthe
Hydrogen atom, theHe, and deuterium nuclei are composite bosons.

FERMIONS : the quantum state is anti-symmetric under the inerchange of any pair
of particles and obeyFermi-Dirac statistics. Fermions haveinteger plus half spin

For example, all quarks and leptons are fermionic elementaparticles, while the
proton, neutron and Hesz nucleus are composite fermions.

ZZThis statement holds in 4 space-time dimensions but it does at hold generally. In 3 space-time
dimensions, the topology associated with the interchange fotwo particles allows for braiding and the
square of this operation is not 1. The corresponding particts areanyons
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Remarkably, the quantization of free scalars and free phate carried out in the pre-
ceeding subsections has Bose-Einstein statistics built.inThe bosonic creation and an-
nihilation operators are denoted bya’ (K) and a (K) for each species . The canonical
commutation relations inform us that all creation operatos commute with one another
[@Y (K); @'o(K9] = 0. As a result, two states di erening only by the interchange of two
particle of the same species are identical quantum mechaaliy,

a/ (k) @ (k) @ (K) @& (K)o
=al (k) @ (k) a (k) & (K)o

The famous CPT Theorem states that upon the quantization of a Poincae and CPT
invariant Lagrangian, integer spin elds will always produwe particle states that obey
Bose-Einstein statistics, while integer plus half elds alays produce states that obey
Fermi-Dirac statistics.

Fermi-Dirac Statistics

It remains to establish how integer plus half spin elds ared be quantized. This will
be the subject of the subsection on the Dirac equation. Herele shall take a very simple
approach whose point of departure is the fact that fermionsbey Fermi-Dirac statistics.

First of all, a free fermion may be expected to be equivalenbta collection of oscillators,
just as bosonic free elds were. But they cannot quite be theswal harmonic oscillators,
because we have just shown above that harmonic operators guoce Bose-Einstein statis-
tics. Instead, the Pauli exclusion principlestates that only a single fermion is allowed to
occupy a given quantum state. This means that a fermion creiah operator ¥ for given
guantum numbers must square to 0. Then, its repeated applittan to any state (which
would create a quantum state with more than one fermion partie with that species) will
produce 0.

The smallest set of operators that can characterize a fernmicstate is given by the
fermionic oscillatorsb and &, obeying the algebra

fh:bg = f0;Bg=0 fH:bg=1 (4.94)
In analogy with the bosonic oscillator, we consider the faiving simple Hamiltonian,
|
A= bb By =1 b 2 (4.95)

Naturally, the ground state is de ned by fj0i = 0 and there are just two quantum states
in this system, namelyj0i and &j0i with energies %! and +%! respectively. A simple
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representation of this algebra may be found by noticing thait is equivalent to the algebra
of Pauli matrices or Cli ord-Dirac algebra in 2 dimensions,
|
=B+ By 2=ip ity H='§3 (4.96)
Vice-versa, the -matrices in 4 dimensions are equivalent to two sets of feramic oscillators
B and®, = 1:;2. The above argumentation demsonstrates that its only ircible

representation is 4-dimensional, and spanned by the stati, /joi, Bjoi, B/Bjoi.

In terms of particles, we should a x the quantum number of monentum K, so that
we now have oscillatord (K) and b’ (K), for some possible species index Postulating
anti-commutation relations, we have

fb (K);bo(RYg= fO'(K);0o(kYg=0

fb (R);Po(RYg=2! o2 ) OK K9 (4.97)
q
where again! y = K2+ m2. The Hamiltonian and momentum operators are naturally
z
d3k X
= 1
H 22, k  P'(RK)b (K)
z 3
= 9 % b ® (4.98)
S (@) '

The vacuum statej0i is de ned by b (K)jOi = 0 and multiparticle states are obtained by
applying creation operators to the vacuum,

b (K1) b, (Kq)jOi (4.99)

Using the fact that creation operators always anti-commutgith one another, it is straight-
forward to show that

0,(k) B(R) P (k) U, (RO
= P(R) PR) B (R) U (RO

so that the state obeys Fermi-Dirac statistics.
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4.6 The Spin 1/2 Field

In view of the preceeding discussion on Fermi-Dirac statiss, it is clear that the fermionic
eld oscillators and thus the fermionic elds themselves sbuld obey canonical anti-
commutation relations such as

f@tx);, (tyg =20
f Y@, Y{ty)g =0
fx); Y@Ey)g = ih O vy (4.100)

Here, and stand for spinor indices. The classical limit of commutatio relations
(without dividing by h) con rms that classical bosonic elds are ordinary functims. The
classical limit of anti-commutation relations (also withait dividing by h) for fermionic
elds informs us that classical fermionic elds must beGrassmann-valued functionsand
obey

fotx);, mGy)g=1t (t»; tGy)g=Ff (%), (ty)g=0 (4.101)

Grassmann numbers are well-de ned by the above anticommutan relations. It is also
useful, however, to obtain a concrete representation in t&s of matrices. Leth, j =
1, ;N be N Grassmann numbers. These algebraic objects may be realizederms of

-matrices in dimension R, de ned to obey the Cli ord-Dirac algebraf ,; ng=2 mnl,
with m;n;=1; ;2N. The following combinations

b %(ﬁijw) j=1; N (4.102)

will form N Grassmann numbers. Note thafh;blg = j, so Grassmann numbers may
be viewed adhalf of the -matrices.
The Free Dirac equation

The eld equations for the free Dirac eld must be Poincae ovariant and linear in
(x). Of course, one might postulate Z + m?) (x) = 0, but it turns out that this is
neither the simplest nor the correct equation. The Dirac eaition is a rst order partial
di erential equation,

i @ ml) (x)=0 (4.103)

Here, are the Dirac matrices in 4 dimensional Minkowski space-tienandl is the identity
matrix in the Dirac algebra. Often, | is not written explicitly. We begin by showing that
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this equation is Poincae invariant. Translation invariance is manifest, and we recall the
Lorentz transformation properties of the various ingrediats,

@ = @
S() s() *
™9 = S() (x) (4.104)

Combining all, we may establish the covariance of the equati,

i @ m) ) =( sO) sO ' @ mHS() (x
= (is() s() ‘@ m)Ss() (x)
= S()(i @ ml) (x) (4.105)
Group-theoretically, the structure of the Dirac equation nay be understood as follows,
1 1 11
(5:0 (@3 @ (55
11 1 11 1.1 1
@ (33 (GO0 @3 =03 @y G0 G

The role of the -matrices is to project@ onto the spin 1/2 representations.

If (x) obeys the Dirac equation, then (x) automatically also obeys the Klein Gordon
equation, as may be seen by multiplying the Dirac equation tthe leftby ( i @ ml),

(i @ m)i @ ml) X)=( @Qu+m? (X)=(2+m?) (X)

But the converse is manifestly not true.

4.6.1 The Weyl basis and Free Weyl spinors

In the Weyl basis, we have

5 _ I O _ 0 _ L
= 0 4 = 0 = (4.106)
where =(I; Yand =(I; ). In this basis, the Dirac equation becomes
i @, mgr=0
@- m -0 (4.107)

The mass term couples left and right spinors. When the massniahes, the two Weyl
spinors | and g are decoupled. It now becomes possible to set one of the cliiies to
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zero and retain a consistent equation for the other. The leftVeyl equation is
@ =0 (4.108)

The spinors | and g transform under the representations (22;0) and (0, 1=2) respec-
tively. The Weyl equation is Poincae invariant by itself.

The Free Weyl and Dirac actions

The combination Y 0 has a simple Lorentz transformation property in view of
the factthat Y= ©° © and we have

“)=s0) 0 ) (P= s ) M= ()S() * (4109

Therefore, we readily construct an invariant action,

z
S[; 1= d%*L L= (i @ m) (4.110)
Viewing and as independent elds, it is clear that the Dirac equation fdbws from
the variation of these elds. The canonical momenta are =i °and =0 and the
Hamiltonian is given by
A Z h i
H= &[] @ L]= d i~ F+m (4.111)

In the Weyl basis, the action becomes
z h [
S[ Ly Ly Ry R] = d4X )LII @ L+ )él @ R m )L/ R m )é L (4112)

Majorana spinors

Recall that a Majorana spinor is a Dirac spinor which equal$s own charge conjugate.
In the Weyl basis, it takes the form,
|

= ; ¢ = (4.113)

L
Hence, a Majorana spinor in 4 space-time dimensions is eqlent to a Weyl spinor. All
the properties can be deduced from this equivalence. Noteaththere exists an interesting

Majorana massterm,
1 1 1
L= i +-m [ 2 =2 —m 4.114
LI 6@ ML L= 5 i 6@ > ( )
The Majorana mass term violatedJ(1) symmetry and so a spinor with Majorana mass
must be electrically neutral.
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Solutions to the Free Dirac equation

The free Dirac equation may be solved by a superposition of lwier modes with 4-
momentum k . Since any solution to the Dirac equation is also a solutiorotthe Klein
Gordon equation, we must havé? = m?, and there will be solutions withk® < 0 as well
ask® > 0. Just as we did in the case of bosonic elds, it is useful tosarate these two
branches, and we organize all solutions in the following maer, both with k° > 0,

+(X) = u(k;r)e *kx (k m)u’(k) =0
(x) = v(k;r)e"*kx (k  +m)v¥(k)=0 (4.115)
The superscriptr = 1; 2 labels the linearly independent solutions. That there arprecisely
two solutions for each equation may be shown as follows.

When m 6 0, we introduce the following projection operators
1
K —( k + 4.11
G m) (4.116)
which satisfy
( )= L+ =1 ., =0 tr =2 (4.117)

Hence the rank of both  is 2, whence there are two independent solutions. The spigor
u and v may be normalized as follows,

u(k;r)u(k;r) K+ m

v(K;r)v(K;r)

r

K m (4.118)

Any bilinear in u and v may be calculated from this formula. For example, we have

8 8
3 u(R;r)u(k;s)=2m s 3 u(Rr) ulk;s)=2k s
u(k;r)v(k;s) =0 5 uk;r) v(k;s)=? (4.119)
V(K;r)v(K;s) =  2m s - V(Rr) v(K;s)=2k s
Explicit forms of the solutions may be obtained as follows.
P— P—
o tpk o (n) - tpk ()
u(k;r) = N p K ) v(k;r) = p K ) (4.120)

with
(r) ()= (r) (8= s (4.121)
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so that we may choose for example,

W= W= ; @= @= ; (4.122)

When m = 0, there are still two solutions u and two solutionsv, but the preceeding
normalization becomes degenerate. Chooke = (k% 0;0; k°), so that the equations
become (°  3u(k;r) = 0 and ( °+ 3)v(k;r) = 0, each of which has again two
solutions. It su ces to take k (r)=k (r) = 0 to obtain normalized left and right
handed spinors. The above normalizations still hold good.

Quantization of the Dirac Field

We are now ready to quantize the Dirac eld. Since the eld is emplex valued, we
must introduce two sets of operators in the decomposition tiie eld solution,

Z Pk

3 X
0= Ty,

u(k;r) b(k;r)e ** + v(k;r) d'(k;r)et k> (4.123)

The anti-commutation relations for and VY translate into anti-commutation relations
between theb and d oscillators,

fio(k;r); P(R%r9g
fd(k;r); (kK%r9g

21 o2 ) 2R K9
21 w2 )2 3k K9 (4.124)

while all others vanish. The time-ordered product is de nedy

T X)) M= & y) 0 O ¢ x) & (4.125)

It is straightforward to compute the Green function:

Se(x y) = MIT () o (4.126)
4 ; _
(I @'I' m)xGF (X y) = (g l;46( r|n+ I e ik(x vy)

Mode expansion of energy and momentum
These expansions are obtained as soon as the quantized asvailable and we nd,

2k X y
P = Gy, K BERDNRN+ PRnNdR] (4.127)
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wherek® = I is always positive. Using canonical anti-commutation retins, we nd the
commutators of P with the oscillators,

[P ; b(K;r)]
[P d(R;r)]

k b(R;r) [P ; O'(K;r)]=+k b'(k;r)
k d(k:r) [P d(k:r)] =+ k d(K:r) (4.128)

Note that the positive signs on the right hand side for creatin operators con rms indeed
that b’ and d¥ create particles with positive energy only, whilé and d annihilate particles
with positive energy.
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Internal symmetries

The massive or massless Dirac action is invariant under pleasotations of the Dirac
eld, which form a U(1) group of transformations,

Uy xX)! =€V (x) (4.129)

The associated conserved Noether currefmt and the time independent chargeQ are
obtained as usual,

z
)= ) Q= d%° (4.130)
In the quantum theory, the operatorQ may be expressed in terms of the oscillators,
—Z Pk X b'(K; r)(K; d’(R; r)d(k; 4.131
Q= Q)T!kr[ (R;r)b(R;r) (R;r)d(k;r)] (4.131)

Thus, we have the following commutation relations o with the individual oscillators,
[Q; b(K;r)] b(K; 1) [Q; B'(R;r)] =+ P'(k;r)
[Q; d(R;r)] + d(KR;r) [Q d(K;ir)]= d(K;r) (4.132)
Thus the particles created by’ and by d have opposite charge. It will turn out that

this quantity is electric charge and thatb corresponds to electrons, whild corresponds to
positrons.

The massless Dirac actiorhas achiral symmetry, which consists of a phase rotation
independently on the left and right handed chirality elds,

0 1 00 = @t L

U 0 1 800 = Rk
(4.133)

0 10 =

U(Dr W0 1 800 = @n w(

By taking linear combinations of the phases,y = |+ rand Ao = | R, We may
equivalently rewrite the transformations in terms of Diracspinors,

U(d)v x)! =€V (x)
U(L)a x)! W=€dr° (x) (4.134)

The U(1)4 is referred to asaxial symmetry, and the associated conserved current is the

axial (vector) current and the and time independent charge is the axial charge, givdy
z

is()= (x) "u® (x) Qs=  ds (4.135)
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4.7 The spin statistics theorem

The spin statistics theorem states that in any QFT invariantunder CPT symmetry, integer
spin elds must be quantized with commutation relations, while half plus iteger spin elds
must be quantized with anti-commutation relations. This is in f&t what we have assumed
so far. We now show that this is necessary by studying some cterexamples.

47.1 Parastatistics ?

The rst question to be answered is why we should have commutan or anticommutation
relations at all, instead of some mixture of the two. To see th concretely, consider the
case of Dirac spinors. Time translation invariance requisethat [H;b(R; )] = k°b(K; )
and thus for free eld theory, we must have

X % ko1

o (2 )3§[b+(ka' IKS 9; bK; ) (4.136)

[H;b(K; )] =

The only way to realize this for allk is to have the following relation amongst thdjs,
X
2R BRSO bk N = 2K )@ )° R KD (4.137)

Let us now postulate not the usual commutation or anti-commiation relations, but gen-
eralization thereof which allows for some mixture of the twoFor simplicity, we shall retain
a structure that is bilinear in the operators,

b(k; JP'(KS )+ Fo B(KS WK )
bR RS Y+ F BKS bk )

We always require these relations to be local in space-time that F are independent
of R and kK2 When F 6 1, these relations are some-times referred to parastatistics
Working out the cubic equation now yields

G (K; K9
G (kK:K9 (4.138)

G =0 F. = F G, =(2 )21, 3k K9 (4.139)
Now look at the last equation and interchang& and R°,

b(R)K(R) + F b(K)D(K)
bKIB(K) + F B(K)B(KY)

Combining the two, we nd F?2 = +1. Therefore, the only possibilities are commutation
relations or anticommutation relations. This can be done siilarly for any eld.

0 (4.140)
0 (4.141)
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4.7.2 Commutation versus anti-commutation relations

The next question to be addressed is how one decides betweemmutation relations
and anticommutation relations. For a change, let's work wh a complex scalar eld and
attempt quantization with anticommutation relations:

z

t _ d®x N Re * + (R i|<xi
+ (4. ‘ d3k h ikx y + ikx |

and postulate anticommutation relations between the elds and %agger,
fY6%); (ty)g = i 3x ¥) etc. (4.143)

Anticommutation relations also follow on the oscillators,

fa’ (k); a(Rg
f(R); o(K)g

2 ) PR K9
+2 )2 Ok KY (4.144)

The fact that the two signs are opposite means that particle rad antiparticle together
cannot have both positive norm. If we attempt to quantize thefermion theory with
eqgual time commutation relations, we get similar violatioa of known and well-established
physical principles.
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5 Interacting Field Theories { Gauge Theories

Free eld theories were described by quadratic Lagrangianso that the equations of motion
are linear. Interactions will occur when the elds are cougd to external sources or to
one another. As for free eld theory, we shall insist on the teractions being Poincae
invariant (when the source is external, it should be also trasformed under the Poincae
transformatiions) and local. In a fundamental theory of Natire, there is no room for
external sources, since the descriptions of all phenomesate be given in a single theory.
Often, however, the e ects of a certain sector of the theory ay be summarized in the
form of external sources, thereby simplifying the practidgproblems involved.

5.1 Interacting Lagrangians

We begin by presenting a brief list of some of the most imponté fundamental interacting
eld theories for elementary particles whose spin is less equal to 1. These interacting
eld theories are described by local Poincae invariant Lgrangians.

1. Scalar eld theory
The simplest case involves a free kinetic term plus an inteson potential.

=J@@ V() (5.1)

2. The linear -model
This is a theory of N real scalar elds with quartic self-couplings,
!

X X
@ a@ a a a V2)2 (52)

1
L= - —
2a=1 4 a=1

3. Electrodynamics

This theory governs most of the world that we see,
1

L = Z,F + (6@ m) eA (5.3)

4. Yang-Mills theory

Yang-Mills theory describes the electro-weak and strongtaractions. It is associated
with a simple Lie algebraG, with generatorsT?, a=1;2; ;dimG and structure
constantsf @¢, The Lagrangian is
1X X
L= 7 F°F° F? = @A* @A*+g f*APAC (5.4)
a Cc

It is also possible to couple these various theories to oneadiner.
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5.2 Abelian Gauge Invariance

Consider a charged complex eld (x), which transforms non-trivially under U(1) gauge
transformations:

! =Ux (%) U= et ™ (5.5)
Bilinears, such as the current, are invariant under these @ansformations
(x) ! (x) =1, ;  ® (5.6)
Derivatives of the eld, however, do not transform well,
@ (x)! Ux) @ (x)+ @U(x) (x) (5.7)

so that the standard kinetic term 6@ is not invariant.

In QED, we have also a gauge eldA , whose transformation law involves an in-
homogeneous piece itJ, in such a way that the covariant derivative D  transforms
homogeneously,

8
2 D @ + igA
S (5.8)
D2 %) = UX)D (x)
Working out the required transformation law ofA , we nd
A= A +:—4u l@U=A @ (5.9)
We are now guaranteed that @ is invariant.
In additiion,
[D ;D] =iqF (5.10)

which may be used to de ne the eld strengthF . (Comparing with general relativity,
one hasA kK is a connection, whileF R iS a curvature).

5.3 Non-Abelian Gauge Invariance

On a multiplet of elds ; i =1;:::;N, we are free to consider a larger set of transfor-
mations

(x) ! Ax) U(x) (x) matrix form

i(x) ! x) Ul j(x) component form (5.11)

whereU(x) 2 G (N;R) or G'(N; C) depending on whether the elds ; are real or com-
plex.
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While it is possible (and sometimes useful, such as in supergty) to consider ab-
solutely general gauge groups, for our purposes, we shalvays be interested in groups
with nite-dimensional unitary representations, i.e. conpact groups. We denote these
generically by G, and soU(x) 2 G, for any x. This guarantees that bilinears of are
gauge-invariant

! =1, ;oS (5.12)

Just as in QED, covariant derivatives are again de ned so thatheir transformation law
is homogeneous. This requires introducing @on-Abelian gauge eldA (x), which is an
N N matrix so that

8
2 D @ + iA

> (5.13)
" DY qx) Ux)D (x)

To work out the proper transformation law of A , we need to be careful and take into
account that the elds are now all (non-commuting) matrices

(@+igA°)U(x) (x)= U()(@+ A ) (x) (5.14)
or
U )@+ IA°())U(X) (x)=(@+iA ) (x) (5.15)
Working this out, and expressingA° in terms of A and U, we have
A%(x) = U(X)A (X)U (x)+ i(@U)(x)U (x) (5.16)
We proceed to compute the analogue of the eld strength:
[D:D] = [@+iA ;@+iIA] = i(@A @A +i[A ;A (5.17)
and therefore the object analogous to the eld strength is
F @A @A +i[A ;A ] FO (x)= UX)F (x)U *(x) (5.18)
Notice that while for QED, the relation between eld strengh and eld was linear, here
it is non-linear. Thus, the requirement of non-Abelian gaug invariance has produced a

novel interaction.
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5.4 Component formulation

We assume that the gauge transformation belong to a Lie group (compact), and that
transforms under a representatiom of G, which is unitary. At the level of the Lie algebra,
we have the expansion

Ul)=1+il ,T2+0(?% a=1;::::dimG (5.19)

where! , are the generators of the Lie group and? are the representation matrices ofs
in the representationT. They satisfy (T?)Y = T? and the structure relations

[T T =ifeeTe (5.20)

wheref 2¢ js totally antisymmetric and real.

The transformation laws in components now take the form

(
X)= ) ()= i L0T? (x)
A (X)=A%X) A (X)= Te@! .+ il J[TSGA ] (5.21)

Therefore A transforms under the adjoint representation ofs. The matrix A itself acts
in the representationsT on . Thus, we may decompos@& as follows:

A = A*T? a=1;:::;dmG (5.22)
The transformation law of the component is

Aa

@2 feha AP (5.23)
(@2 facAPr 9 (5.24)

Recalling that f 2°¢ are the representation matrices for the adjoint representian, and that
I 2 jtself transforms under the adjoint representation, we hasy

A2= (D !)3 (D1)2 @& facpn e (5.25)
The eld strength in components is

CF o pera

Fa = @Aa @Aa f abcpb pc (5-26)

Of course,F also transforms under the adjoint rep. ofa.
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5.5 Bianchi identities

D is an operator on the space of elds and therefore must satysthe Jacobi identity
D;D;DN+[D;[D;DJ+[D;[D;D]J=0 (5.27)
In 4-dimension, this equality is equivalent to
[D.[D;D]J=0 (5.28)
Using D ; D 1= iF , we get theBianchi identity,
DF =DF =0 (5.29)

It generalizes the case of QED:@F =0.

5.6 Gauge invariant combinations

(trFF

tr F F F 1 F

(5.30)

To pass to components, use the fact that the Cartan-Killingdrm is positive-de nite and
use the normalization

tr T3TP = % ab (5.31)
We then have
8
3trF F =3iF2F?
. tr F F = @K (5.32)
K @F A AA = \Chern-Simons term"

When G is a simple group, these invariants are the only ones poss&blWhen G is not
simple, it must be of the form of a product of simple groups ties a product ofU(1)
factors.

G= Gix 1t xGpx U@)1x ::: xU(Q),
A il Ap B1 i Bq
F1 i Fp G, i Gy (5.33)
O1 O € D &
and we have independent invariants for each:
( .
tr Fi F!
tr Fi F (5:34)
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The Abelian factors in general may mix; they can however beatjolized,
X1

CiGi G, ! -G G (5.35)
I,] =1 i=1 Qz

and for the simple parts

X1
—tr Fj F (5.36)
2 J J

j=1 9

5.7 Classical Action & Field equations

A suitable action for the Yang-Mills eld is given by the expession (dimension 4), for each
simple group component

12 z 0Z
. 4 4 4
S[A; J] 27 d'xtr F F +8—292 dxtr F F g d*x(JA ) (5.37)
whereJ J 2 T?is a gauge current coupling to the Yang-Mills eldA andgis a coupling
constant. It is often convenient to change normalization athe eld by factoring out the
coupling constantg.

A gA
1 .
g5 ! F =O@A @A +igAA] (5.38)
The action is then
1Z Z Z
S[A;J] = > dxtr F F + 57 dxtrF F 2 dtrd A (5.39)
and its variation is given by
Z
S = dxtr(F F +2J A) (5.40)

To evaluate this variation, one makes use of the following legions,

gk = [D ;D]
D = igA
igF = ig[A :D]+ig[D ; A ] (5.41)

which imply that the variation of the eld strength is very simple,

F =D A D A (5.42)
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Z
S= 2 dxxt(F DA +J A) (5.43)

We'd like to integrate by parts, but D is not quite a derivative in the usual sense. Non-
theless, all proceeds as if it were.

trF DA =trF (@A +ig[A ;A )
= @QrF A) tr@F A +igtr(F A A F A A)
= @trF A) tr ADF (5.44)
Hence, we have
z
S= 2 dxxt( DF +J)A (5.45)

Thus, the eld equations are
DF =1 (5.46)
As a consequence, the currerlt is covariantly conserved

_1 . _1 . —
DDF =3D:DJF =3F ;F ]=0 (5.47)

DJ =@J +ig[A;J]=0 (5.48)

5.8 Lagrangians including fermions and scalars

The basic Lagrangian for a gauge eldA associated with a simple gauge groug, in the
presence of \matter elds"

fermions in representationsl, and Tr of G;

scalars in representatiorils of G.

Then the Lagrangians of relevance are of the form

L = Z—;trF F + L (@ gA'TY) L+ r (i@ gATR) R
+D *D V() (5.49)
whereV ( ) is invariant under G and
D @ + igA2T2 (5.50)
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Actually, when T? Tg Ts contains one or more singlets, one may also have Yukawa
terms

(L r*¥ R "L (5.51)
In addition, if T’ Tgr contains singlets, one may also have a \Dirac mass term"
M(L rR*+ R L) (5.52)

Finally, if T_ = Tgr, then the theory is parity conserving, while it is parity vidating when
T, 6 Tgr.

5.9 Examples
1. QCD (ignoring the weak interactions);G = SU(3).
'=(udcsth® (5.53)
¢ = color SU(3)

each avor is in fundamental representationSU(3)

To=Te=3_i 3=T

6 times
1 X . X
L= _StrF F + g (@ gA*THg ms G G (5.54)
293 f=1 f=1
2. SU(2). weak interactionsU(1)y (no QCD);
! !
u . e .
a= 4 L= R = g (5.55)
e L
1 . .
L= g FF +a (@ oA"Y oB Yha +k (@ &B YRk
2
+D *D +°L (i@ @A®T® @V, B)L+ r (i@ @B )&
V(") adr L r QTr (5.56)
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6 The S-matrix and LSZ Reduction formulas

So far we have only discusse@lds, but we are interested in the interaction ofparticles.
However remember from the introduction that the positions ad the momenta of the
particles are not directly observable. In particular theposition can never be observed to
arbitrary precision due to the occurrence of anti-particle. On the other hand, momenta
of particles are observable provided one observes the pelgis asymptoticallyas t!1
then p! O.

Hence we will be interested in observing the dependence oretinomenta of incoming
and outgoing particles. To do this we idealize the interaain.

Interaction regio n

Figure 5: Idealized view of the process of free initial, intacting and free nal particles

The basic assumptionisthatas! 1  , the particles behave as free particles. Is this
true for the interactions that we know of ?

1. Strong nuclear forces at internuclear distances are goved by the Yukawa potential,
1
- expf rm g (6.1)

These are so-calledhort-rangedand e ectively vanish beyond the size of the nucleus.
This is why e ectively, in day to day life, we do not see their eects. For short ranged
forces, the idealized view should hold.

2. The weak forces are also short ranged,

1 1
- expff rMw ¢ or - expf r Mzog (6.2)
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3. The electro-magnetic force falls o at in nity as well,

1

2 (6.3)
By contrast with the weak and strong forces however, this fiab is only power-like

and such forces are referred to deng-ranged This means that electro-magnetic
elds can extend over long distances and will not be con nedotsome small interac-
tion region. For example, the galactic magnetic elds exteshover many parsecs. The
idealized picture may or may not hold. We should foresee dialties at low energies
and low momenta (so-called IR propblems) when we apply theedlized view here.

4. The force of gravity behaves in the same manner as the electnagnetic force and is
also long-ranged. Fortunately, the force of gravity is notmthe menu for this course.

5. The most problematic of all { and the most interesting { is @D which describes the
strong forces at a fundamental level. The force between twaiarks is constant, even
for large distances (ignoring quark pair creation) and thewprks arecon ned, as it
would require an in nite amount of energy to separate two qus that are subject
to a law of attraction that is constant. This e ect is so dramaic that the spectrum
is altered to a hadronic spectrum.

6.0.1 In and Out States and Fields

Ifatt! 1 the particles are free, then we better introduce a free eldof them, which
are the so-calledn- eld, denoted generically by | (x). The Fock space associated with
in IS Hin, and the states are labelled exactly as the free eld statesene. Ifatt! +1

the particles are free, we introduce freeut- elds ], (x) and the Fock space i$H .

Of course we also have the Hilbert space of the full quantum le theory, which we
denote byH. Axiomatic eld theory requires Hi, = Ho, = H. Here, however, we shall
attempt to de ne these di erent theories, to link them and then to check the nature of the
various Hilber spaces. Obviously, we should have the propeH;, = Hqy, which is called
asymptotic completeness

The n-particle in-states created byin elds are denoted by

LA Y o " EHR P (6.4)

with particle momenta p;; ;p, and internal indicesl;; ;l,. The out-states created
by the out els are of the form

jout; Gp:iiiQn; Ji Jmi (6.5)
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where the m-particle out state has particle momentaq,:::¢,, and internal indices
Ji:::Jm. Note that it makes sense to label states in this way since mamta are ob-
servable to arbitrary precision in thet = to 1 limit.

6.0.2 The S-matrix

The fundamental question in scattering theory and in quanton eld theory is going to be
as follows. Given an initial in-state (the state of the systm att! 1 ),

jin pgiiipn; Loy (6.6)

what is the probability (given the dynamics of the theory) fo the nal out-state (the state
att! +1)tobe

jout u::iGy; Ji;  ;dmi (6.7)
The answer is given by the inner product of the two states, adveays
S i=houtqu::i:ign; Ji Imjinpgiiipn; I i (6.8)
and the probability is
Wp =S ij? (6.9)

Clearly, this question can be asked for every state Hj, onto every state inH ;. Assuming
asymptotic completenessHi, = Hoy, then there should exist a matrixS that relates the
in-states to the out-states,

jouti = Sjini (6.10)

The equivalence of the two Hilbert spaces requires th& be unitary. This may also be
seen from the fact that for a given initial state, a summatiorover all possible nal states
must give unit probability. Thus, the S-matrix must be unitary ! Consequently, we may
describe all these overlap probabilities in terms gfni or jouti states and theS-matrix.

6.0.3 Scattering cross sections

From the probability, one can compute the thing the experimaal high energy physicist
talks about all day and dreams about: the scattering crossaen. We shall limit ourselves
to an initial state with only 2 particles.
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The incoming state is now in general avave packetwith distribution , so

z z
L d*p, d*p, L

jne= 2)%20 (2 )32 1(P1) 2(p2)jin pa; P2 (6.11)
This wave packet is associated with a distribution (x) (for a free particle) and positive
energy

z

— d3p ip x
P
The ux is given by
z :
d*p ., .., #of particles
2 )32 (PI™= it of time (6.13)

To isolate the interaction part from the free part, it is usetil to decompose theS-matrix
into an identity part and a T matrix part, describing interaction

S=1+iT (6.14)

Energy momentum conservation then implies that
HiTipupadi =2 )* *Pr pr p)HF T jpy; poi (6.15)
In general, one will be interested in scattering cross seatis for which hf jii = 0. (If

jit = jfi, one deals with so-calledorward scattering, and we shall not deal with it here.)
In the above case

H jSjii = Hjii i jTjii = iHFjTjii (6.16)
and
W; = jhfjSjiij2 = jhf jTjiij2 (6.17)
Z Z Z Z
Wi i =  dpr dpe dp} dd i(py) 1(PD) a(P2) 2P9)(2 )* (it P2 Pr)

) (potp. B PN Tjpp.i HFT jpd; pi (6.18)

Using now the fact that ,
(2 )* k)= d*xe (6.19)

we may represent ;he sezcond Zmomentuzm conservatioffunction as a Fourrier integral,
Wi i = d' dpn dpdp)  dp 1(Py) 1(P)) 2(P2) 2(PD)
(2 )" “P+pz Pr)e PP P PO T jprpgi K jpdipdi (6.20)
Now we assume that the distributions ; and , are very narrow, and sharply peaked

about momentap; and p,. We assume that the variation of the 's is so small over this
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distribution that the matrix elements of T are essentially constant over that variation. We
then have

HiTipiped h fiTiplipli h fiT jpspa (6.21)

Hence
z
Wi = d%m00i%200i%2 )* “(pr+ P Po)jhf T jpu; paii > (6.22)

Now to get the cross section, we want the transition probaliiy per unit volume and per
unit time:

iy 00200172 ) H(pa+ pe PN T jpa; paif ® (6.23)

Now the relative ux between distributions ; and , is given by
4imy o My 1plifi(X)j%fa(x)j? (6.24)

and therefore, the di erential cross section is given by

d =2 )**Pr P p) jhf JT jpu; paij 2 (6.25)

1
2E12E M W

The normalization holds for scalar, photons and spin 1/2 pé#cles all the same!

6.1 Relating the interacting and in- and out- elds

The quantum eld theory is formulated in terms of interacting elds (x) instead of the
free elds i,(xX) and oy (X). To compute elements of theS matrix, we need to connect
the statesjini and jouti to the interacting elds in the theory. We carry this out here for

the case of a single scalar eld. Other cases are completely analogous.

The in and out- elds satify the free eld equations

(2+m? in(x) = 0
(2 + m?) ou(x) = 0 (6.26)

as well as the canonical commutation relations

[5n(X); ()] (X° Y9
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[0 (¥); W] (x° ¥ = i (x ) (6.27)

The in and out states are now built with the help of the Fouriermode operators:

al,(p)ah ()  ah(pn)ioi
aout (B)au (&) @t (Gn)joi (6.28)

jinpy  pal
jout op; ;O

Recall the normalizations of the free in and out- elds with he 1-particle states,

hin pj in(x)j0i = €°~
hout gj out(X)jOi gd (6.29)

Note that the normalization on the rhs is 1.

As remarked above, the dynammics of the theory is describeg heither i, nor o,
but rather by the interacting eld . In some sense, the eld should behave like i, or
out @ccording to whethert ! 1 ort! +1.

To see concretely how this happens, consider the overlap diet eld  with the 1-
particle states. Accoding to general principles, the eld should have non-zero overlap
with jin pi. The x- and p-dependence of this overlap is determined by Poincae synainy
in the following manner,

hn pj (x)j0i = hin pje*? (0)e * Pjoi

eP *hin pj (0)j0i
ZeP (6.30)

Z is indepedent ofp. We therefore conclude that

pP_ . -
Zhin pj in(x)j0i
Zhout pj in(X)j0i (6.31)

hin pj (x)j0i
hout pj (x)j0i

Therefore, we have { in a somewhat formal sense { the follovgrimits
. P
Jimo) = T Z W
. P
im (x) = Z out(X) (6.32)
t +1
This limit cannot really be understood in the sense of a limiof operators, but rather must
be viewed as a limit that will hold when matrix elements are tlen with states containing
a nite number of particles.
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6.2 The Kallen-Lehmann spectral representation

To evaluateZ, we construct the Kallen-Lehmann representation for therteracting theory.
The starting point is the commutator,

i (xx9 =0 (x);  (x)0i (6.33)

Let us collectively denote all the states of the theoryni. Then, using completeness of the
statesjni, we insert a complete set of normalized states,

X
i (x;x9= Hoj (x)jnihnj (x%j0i h 0j (x9jnihnj (x)j0i (6.34)
n
Translation symmetry of the theory allows us to pull out thex-dependence using (x) =
e* P (0)e * P so that

X . .
i ( x:x%=" jh0j (0)jnij2 e Pnx X9  gpn (x X9 (6.35)

n

R
Using 1= d* (g pn), we have

Z
i 00X = (34;‘3 (@) e Ak ¥ darx X (6.36)

where thespectral densityis de ned to be
3X 4 . . T
(@ (@) (@ pn)ihg (0)jnij (6.37)
n

Notice that is positive, and vanishes when eithes? < 0 or ¢° < 0. Also it is Lorentz
invariant, and therefore can only depend upor?. Thus, it is convenient to introduce the
function (¢?) as follows,

(@= () () (F)=0 if <0 (6.38)
Recall the free commutator,
Z dq . .
ok yim) = oo (@) (@ m?) ey dat ) (6.39)

Hence we may express the commutator of the fully interactinglds as,
z 1
(x xy= d?2(? ox x57 (6.40)
0
This is the Kalen-Lehmann representation for the commuator.
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The contribution to the spectral density due to the one parttle state is given in terms of
the constantZ. The remaining contributions come from states with more tha 1 particle,

and may be summarized as follows,
z 1
(x x%=2Z ox xPm?H)+ ,d 2 (2% ox x% 9 (6.41)

mi

Here, m? is the mass-squared at which the remaining spectrum starts.

2
t

0 m 2 m
Figure 6: Support of the spectral function ( 2)

If the interactions in the theory are very weak, the particle will behave almost as free
particles. If we further assume that no bound states occur ithe full spectrum (but even
at weak coupling this assumption may be false, see the hydesgatom), then we can give a
general characterization of the spectral function and theature of the thresholds of ( 2).
A state with n (nearly) free particles starts contributing to ( 2) provided

2

(Pt p2iiit pn)?
(PL+ps+ 4 p)’ (Bt ptitm)’ n'm? (6.42)

Thus, under the assumptions made here, there will be sucdesghresholds starting at 4n?,
9m?, 16m? etc. In most theories however, the spectrum may be much moreroplicated.

To obtain Z, it su cies to take the x° derivative at both sides and setx® = x®. This
produces the canonical commutators, as follows,

z 1
3(x =7 3(x XD+ d? (?3x % (6.43)
m¢
and identifying the coe cients of (% %9, we get
vA 1
1=7+ 2d2(2) (6.44)

m

Since ( ?) 0, any interacting theory will have
0<zZ< 1 (6.45)

In particular, Z = 1 is possible only when = i, is afree eld. On the other hand,Z =0
would mean that the eld does not create the 1-particle state, which is in contradicin
with one of our basic assumptions.
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One may also obtain a Kallen-Lehmann representation for # two-point function in

terms of similar methods,
z

0T () 630 = 2 (96 v ) (6.46)

Notice that the eld  which governs the dynammics and which obeys canonical com-
mutation relations is not the eld that obeys a canonical normalization on one-partie
states. There is a multiplicative factor between the two ells. This is the rst non-trivial
example of the phenomenon of renormalization: the parametthat govern the dynamics

in the theory like the eld, the mass, the coupling constantsare not the parameters that
are observable in the asymptotic regime. Later on it will beanvenient to work directly
with this renormalized eld

<(X) p% ) (6.47)

Of course the eld r will no longer satisfy canonical commutation relations.

6.3 The Dirac Field

A similar treatment is available for the Dirac eld (x). We restrict to quoting the results
here. The normalizations of the in and out elds and of the intracting eld are as follows,

O in(X)jinp; i = g(p; Je X
hoj (X)jinjp; i = ; ZoH0j in(x)in p; i
= Z0j ow(X)jout p; i (6.48)
The Kallen-Lehmann representation is obtained by introdaing the spectral density
X . . .
(@=@2 )  *pn QMO (0)jnih (0)j0i (6.49)
n
so that, using Lorentz invariance, one gets
@= () (D)@ + 2oAF) (6.50)
The result is most easily expressed in terms of the free saaaopagator,
Z 1

Hof - (x)  (x)gjoi = , g Zia( )@+ % Ge(x x5 9 (6.51)

Properties of ; and , are as follows, 1( ) 0, »( 2 O0,and (% o ? O.

The spectral representation foiZ, is obtained again via the equal time commutators,
vA 1
iif (x)  (x9gjoi = Z,S(x  x9Y+ , d2ida@+ 232 Ge(x x% 2

mi
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and we get
z 1
1=2,+ d? 4?3 (6.52)
4m2

6.4 The LSZ Reduction Formalism

It is now our task to evaluate the S-matrix elements in terms of quantities which can be
expressed in terms of the dynammics of the QFT. We shall treah detail here the case
of the real scalar eld; the other cases may be handled anatmgsly. The key object of
interest is the transition amplitude

houtopy Gnjin pr pni (6.53)

We shall work out a recursion formula which decreases the nber of particles in thein
and out states and replaces the overlap with expectation values dfid fully interacting
guantum eld . To this end, we isolate the in-particle with momentump,, and write

houtqpy gunjinps  pai = bhout jin p,i
jin i = jinp pnal
jout i = joutcp Gl
jinp  pai = a (pa)iin i (6.54)

6.4.1 In- and Out-Operators in terms of the free eld

The decomposition into creation and annihilation operata of a free scalar eld (x) with
massm and its canonical momentum@ (t; %) are given in terms by

1 . z d3k k x y ik x
(t, 'X) = m a(k)e + a (k)e

@ (%) = Zids ia(k)e * X+ ja¥(K)ek * 6.55
60 = oo a®e *r ®) (6.55)

The creation and annihilation operators may be recovered Hyy taking the space Fourier

transforms
z

i dx e @' ()
Z
a®) = +i & e @’ (%) (6.56)

(k)

$ $
Here, the symbol@stands for the antisymmetrixed derivativeu @ v u@v @uv. The
left hand side is independent of the time coordinate® at which the eld ' (x) is evaluated
on the left hand side as long as the momentum satis d& = m?.
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6.4.2 Asymptotics of the interacting eld

Next, we make use of the fact that, when evaluated between gts, where it is to play the
role of creation operator, the eld tends towards free eld gpectation values,

0Iiml houtj (Xx)jini Z %h)utj out(X)jini

x0l +

0Iign houtj (X)jini Z %h)utj in (X)jini (6.57)
x9!

Combining this result with the free eld formulas for the creation operators for in- and

out-operators, we obtain (omitting now the in- and out-staés matrix elements),
z

a (k) = p% Jim o e " @ (%
Bu® = P Im dx e e (0
an® = +p= fim  &x e g (9
aout(®) = + pl? Jim T @ (6.58)

Using the fact that the di erence between the same quantity ealuated atx°! 1 may

be expressed as an integral,
Z,,
im  (x) lim (X)) = dx’@ (x) (6.59)
1

X0l +1 x011

we obtain the following di erence formulas between in- andw-operators,

Z
8l (®) &y (®) @ e ** @ (X

N-ﬂ:_' N-ﬂj_'

+

z

an(K)  agui(R) = i@ e @ () (6.60)

These combinations admit further simpli cations which maybe seen by working out the

integrand and using the fact thatk? = m?,
z z
@ e @ (0 = dx (K92 0+ @ () e
z
= d'*e *X2 + m? (x) (6.61)

Thus, we obtain the following formulas,

z
8 (R)  ag(R) = + d'x e **(2 + m?) (x)
z

ain(K)  aout(R) d'x &K X(2 + m?) (x) (6.62)
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Clearly, for a free eld, satisfying @ + m?) = 0, there is no di erence between the in-
and out-operators, but as soon as interactions are turned pthey are no longer equal.

6.4.3 The reduction formulas

The next step is the evaluation of the operator di erence (62) between the stategin i =
jinp:  pn i andjout i =joutq  Oi,

Z
hout j & (eh)  ayelen) jin i = pl? d*x e @ X2 + mAkout | (x)jin i (6.63)
Thus, we have
hout p1  pojin Gt G
= foutpy  prighy(ehiin G (6.64)

+p'? d*x e @ X(2 + m)hout p,  poj (X)jiN G G 1

The rst term on the rhs vanishes, unless it happens to be thabout p; p,j contain
precisely the particle with momentum+,, in which case the amplitude contributes with
strength unity. Therefore, this term corresponds to a disemected contribution to the
scattering process (see Fig.7). The disconnected contritans simply reduce to S-matrix
elements with fewer particles and may be handled recursiyel

= - =Os

Figure 7: Contribution to the S-matrix with disconnected pat.

Henceforth, we concentrate on the connected contributionslenoted with the corre-
sponding su x. The reduction formula for peeling o a single particle thus reduces to

hout pr pEjin G Oniconn (6.65)
= p'? d*x e @ X(2 + m)hout p, P (X)jin G G 1

Clearly, the process may be repeated on all incoming pargd, until all incoming particles
have been removed,

hout py  pajin i Gmiconn (6.66)
i ™y Z .
= P= d'yj e Y (2 +m?)y, houtp,  paj (Y1) (Ym)iin Oi
i=1
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where the statejin Oi stands for the in-state with zero in-particles.

It remains to remove also the out-particles. However, now #re is a new issue to be
dealt with. The removal of the out particles must always ocauto the left of the removal of
the in-particles, since the two operator types will not havesimple commutation relations.
This ordering is achieved by ordering the later times to theeft of the earlier times, since
out-states correspond tax® ! +1 while in-states correspond tax® ! 1 . Since out-
states will have to be removed using annihilation operatorshere is also an adjoint to be
taken. Thus, the nal formula is

hout pp  pnjin i Gwiconn (6.67)
im( |)n ¥ 4 +ipk X 2
= P—m7m d*x, € Pk (2 + m9)y,
Z k=1
w Z

d'y; e (2 + m?)y hout OT (x1)  (Xa) (Yo)  (Ym)jin Oi
j=1
The key lesson to be learned from this formula is that the cal@ation of any scattering
matrix element requires the calculation in QFT of only a sinkg type of object, namely the
time ordered correlation function, orcorrelator,

T (X1) (Xn)j0i (6.68)

Much of the remainder of the subject of quantum eld theory wi be concerned with the
calculation of these quantities.

6.4.4 The Dirac Field

The derivation for the Dirac eld is completely analogous, hough the precise 1-particle
wave functions are of course those associated with the Diraquation instead of with
the Klein-Gordon equation. Furthermore, one will have to becareful about taking the
anti-commutative nature of the eld into account. For example, for in- elds we have

Z ok

n(X) = 22, X: ba(k; Ju(k; ) e ™ X+ di(k; Jv(k; )€ (6.69)

which gives rise to the following expressions for the in- armlt-operators,
z

ba(ki ) = d®xu(k; ) € * % i1(x)
d(k; ) = i d®*xv(k; )e ®* 0 (%)
b, (k; ) = d®*x (x) %e ®*u(k; )
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y
dn(k; ) = & (x) %e **y(k; ) (6.70)

The 1-particle state normalizations with the in- eld j, and with the fully interacting eld
are as follows,

O n(X)jinp i = H(& )e ip X
HOj (x)jinp i Z,u(p; )e Px (6.71)

You see that one can get a similar formula as for the bosonicaar case, but now you have
to be careful about where the spinor indices are contracteclearly, everything is again
expressed in terms of time-ordered correlators for the fulinteracting fermion elds,

T, (x1)  (x2): (%) o(ya):ir (Yp)i0i (6.72)

6.4.5 The Photon Field

Since the lontgitudinal photons are free, we are only inteséed in scattering transverse
photons. k (k) =0

h (ky)outj ini= outj (k) ini
+h outj a’™(k) a (k) a"(k)j ini
8 )
= d3xze"‘x @h outj (k) AT (x) (K)ARN(x)j ini

t

= iz P @h outi (k) AT(X)j ini

114
viz, " Pxe @h outj (KAT(X)j ini
zul oo
= iz, d' @h outj (k) AT(x)] ini
. (0]
(@) outj (k) AT(X)j ini
n 0
= iz, d'% &%+ d.h outj (k) AT(X) ini (6.73)
Now:

AT(X)= A (x)+ %@@A (6.74)

2+ 2)AT(X)

2
(2+ IA + 2@@A)+ 0@ A
(2+ A @@A)+ @(@A)
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= j :  our best friend! (6.75)

Hence, in the non-forward regime, we have the simple formula
z
h (k; Youtj ini==izZ3° d'*e*h outj (K)j (x)j ini (6.76)

Now let's play this game over with two photons:

h (kg )outy (ki; )ini
- 23 1 d4X d4yé(kf X kiy)(2 + 2)y
, . 1 o
houT ¢ j(x) i (AY)+ Q@A) | ini (6.77)
You see that this isnot just the time ordered product of the currents, there will be some
additional terms, arising however only atx°® = y°. By locality, the contribution must now

be entirely localized atx = ¥ = ¥ as well. One can show, after a lot of work that one
exactly gets theT product. What else could it be?

h (ki;ze) ougj (kis i) ini
— Z, 1 g d4yé(kfx kiy)
h outjT ¢ j(X)i j(y)j ini (6.78)

It is straightforward to generalize this formula.
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