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Abstract

Using an effective field theory framework we re-consider the problem of radiative corrections from
compact dimensions to the 4D gauge couplings. We evaluate the general structure of one-loop
contribution from Kaluza-Klein states to the 4D gauge couplings, in models with one- and two-
dimensional orbifold compactifications. The calculation includes the additional effect of a non-
vanishing constant gauge background (Wilson lines) which brings in important corrections. The
one-loop corrections are computed in three regularisation schemes: dimensional regularisation
(DR), Zeta-function regularisation (ZR) and proper-time cut-off regularisation (PT). The relations
among the results obtained in these schemes are carefully addressed and extensive technical details
are provided. With minimal re-definitions of the parameters involved, the quantitative results ob-
tained can be applied to most orbifold compactifications with one or two compact dimensions. We

mention a possible implication for the gauge couplings unification in such models.
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1 Introduction.

There currently exists a large interest in the physics of compact dimensions in the context of
experimental and theoretical efforts to understand the physics beyond the Standard Model (SM).
Model building beyond the Standard Model is in general based on additional assumptions such as
higher amount of symmetry (supersymmetry, gauge symmetry), additional compact dimensions,
string theory, etc, which attempt to explain the physics at high energy scales and which must
“recover” in the low energy limit the Standard Model physics. One way to “relate” these two very
different energy scales and thus provide an insight into physics beyond the SM is to study the
behaviour of the gauge couplings of the model by considering their one-loop radiative corrections.

In this paper we use an effective field theory (EFT) approach to discuss the one-loop effects
that compact dimensions bring to the four-dimensional gauge couplings. Such effects are related
to the so-called “threshold effects” due to Kaluza-Klein (KK) states associated with the compact
dimensions and charged under the gauge group considered. In general higher dimensional models
also have higher amount of gauge symmetry. The way this is broken to the SM gauge group affects
the 4D KK masses and thus the one-loop correction to the couplings. Examples of breaking the
higher dimensional gauge symmetries are the Hosotani [I] or Wilson line [2, B] mechanism which is
natural for manifolds not simply connected. We will discuss the corrections to the couplings due to
Kaluza-Klein states in the presence/absence of this symmetry breaking mechanism. We generalise
previous results [ for the one-loop effects of Kaluza-Klein modes to reveal new, interesting effects.

Radiative corrections due to compact dimensions have been studied in the past in the context of
string theory [, 8, 9, 0, [T, T2] or effective field theory approaches [, B, (see also [I3, 4, [15]). On
the field theory side, such analyses are usually performed for a particular choice of the regularisation
scheme - not always strongly motivated - and the link with other schemes is not always clear in
the models addressed. Further, the non-renormalisability of the models strengthens the case for
considering the results for radiative corrections in various regularisation schemes. The study of the
link between field and string theory results [I3, 14} [I5] for such corrections clarifies in some cases the
regularisation that the string ” prefers” on the field theory side, although the field theory limit of such
string calculations is itself subject to regularisation “ambiguities” [I4]. In this context, our purpose
is to provide for one- and two-dimensional orbifold compactifications, the general structure of the
one loop corrections to gauge couplings in three (ultraviolet) regularisation schemes, commonly
encountered in field theory: dimensional regularisation (DR), zeta-function regularisation (ZR)
and proper-time cutoff regularisation (PT). The choice of one or the other of these schemes is then
subject to the symmetries of the particular model considered. Our general analysis for the radiative

corrections can be very easily applied to specific models.



The analysis we perform starts from the observation that while the field content which con-
tributes to the one-loop corrections is strongly model dependent, the structure of the mass spectrum
of Kaluza-Klein modes is determined to a large extent by the (eigenvalues of the Laplacian A on
the) manifold /orbifold of compactification. For the rather particular but often considered cases of
an orbicircle or two-dimensional orbifold 72/Zy, the integrals over compact dimensions and sums
over associated non-zero Kaluza-Klein modes can be performed in a rather model-independent way.
Once this is done, this leaves the much simpler task of determining the exact values of the beta
functions to a model-by-model analysis.

More explicitly, note that the general structure of one-loop corrections to the inverse of the tree

level ("bare”) gauge couplings «;, induced by Kaluza-Klein modes, may be written formally as

()
QF =tr i

Indet A(o) (1)

A(o) is the (spectrum of the) Laplacian on the manifold/orbifold considered. [(c) is the one-
loop beta function of a “component” state of charge o under some symmetries of compactifica-
tion (boundary conditions) or a constant gauge background, and belonging to a particular mul-
tiplet /representation. The trace “tr” is taken over all states/representations of the theory which
have Kaluza-Klein modes associated. The above expression is nothing else than the familiar sum
over individual contributions each of logarithmic type. In the string context (2 can be related to
the free energy of compactification [9], (see also [I6]) and torsion [I7], [18].

In general the dependence of the spectrum of the Laplacian A on the charge (o) prevents one
from factorising the o dependence (full beta function) in front of the logarithm (I). However, one
may regard o as a fized parameter and compute Indet A(o) in general, for one and two dimensional
orbifolds. Effectively this means to replace A by its eigenvalues expressed in some mass units. In
an effective field theory the natural mass unit is that associated with its ultraviolet cutoff A. With
this argument eq.([l) gives the usual sum of logarithms >, In A/M,,(¢) known in field theory [20],
with M, (o) the mass of a Kaluza-Klein state of level n (for two dimensions n is replaced by a set
of two integers {ni,ns} associated each with one compact dimension). One then multiplies this
sum by (o) and performs the remaining model-dependent sum over o (denoted ”tr” in ([I)).

In the presence of a constant gauge background (Wilson lines) the Laplacian and its eigenvalues
are “shifted” by an amount function of o, related to the Wilson lines vev’s. The correction of
the Wilson lines to the gauge couplings may be regarded in some cases as an additional effect
(“perturbation”) to that due to Kaluza-Klein modes alone, for vanishing gauge background. This
idea may in principle be used for much more complex manifolds (for example Calabi Yau, G
manifolds) with Wilson lines background, to relate their associated one loop corrections to those

for vanishing background and the corresponding topological quantities (torsion) [I8].



There remains the interesting question of the regularisation of (). This equation only makes
sense in the presence of a regularisation both in the UV and IR. Indeed, det A vanishes for massless
modes and an IR regulator (mass shift) x is in general required to ensure Indet A is well-defined
before proceeding further. Thus one should in fact compute In det(A —x?2). This is “avoided” in the
sense that one usually evaluates only the (IR finite) contribution of the massive (Fourier) modes
alone, denoted Indet(A’). This means that one implicitly takes the limit x — 0 in the massive
modes’ sector. This leaves the IR regulator be present and act only in the sector of the massless
modes alone. Further, the correction In det(A’) requires itself a regularisation, this time in the UV
[13, [14] since the contribution of the KK tower is in general UV divergent and a regulator denoted
¢ (£—0) is introduced. The important point is that the limits y — 0 and £ — 0 of the above UV
and IR regularisation of In det(A’ —x?) do not necessarily commute in the massive modes’ sector !
The two regularisations and the UV and IR regions cannot be “decoupled” from each other and a
UV-IR “mixing” (UV divergent, IR finite) is present. See [T4] [19] for an example with two compact
dimensions and its string theory interpretation. Such situation can arise in non-renormalisable
theories due to summing over two infinite-level Kaluza-Klein towers, and is not present if the two
sums are truncated to a finite number of modes. We will encounter this issue in Section

In the following we compute the one-loop corrections due to massive modes to the 4D gauge
couplings for one and two dimensional orbifolds. This is done in three UV regularisation schemes:
dimensional regularisation (DR), (-function regularisation (ZR) and proper-time cut-off (PT) reg-
ularisation. As we shall also see for our particular analysis, the former two are actually very closely
related. In the last scheme (PT) the UV scale dependence appears naturally, in a form which -
for two compact dimensions case - is actually “preferred” by the (heterotic) string. This statement
is supported by the findings in [I3, 5] where such a regularisation recovered in a field theory ap-
proach, the (limit of “large” radii of the) one loop string thresholds to the gauge couplings in 4D
N=1 toroidal orbifolds with N=2 sub-sectors in the absence [I3] or presence [I5] of Wilson lines.

In the next section we discuss for one- and two-dimensional orbifold compactifications, the
structure of the 4D KK mass spectrum. This takes into account the effects of non-zero Wilson
lines vev’s which may be present and which “commute” with the orbifold projection of the model.
The structure of the 4D KK mass spectrum is the starting point for the main analysis of this work.
This is done in Section Bl where we compute the radiative corrections and their dependence on the
UV regulator/scale, in the regularisation schemes mentioned. The Appendix provides extensive
and self-contained technical details for general Kaluza-Klein integrals and series appearing in one-
loop calculations in dimensional regularisation, zeta-function regularisation and proper-time cutoff
regularisation. The exact mathematical relation among these is also provided. These results can

be useful for other applications involving one-loop radiative corrections from compact dimensions.



2 Orbifolds, Wilson lines and 4D Kaluza-Klein mass spectrum.

In this section we derive the general form of the 4D Kaluza-Klein masses for one- and two-
dimensional field theory orbifolds. Many details of the analysis may be different in specific models.
However, the structure of the 4D Kaluza-Klein masses that we find eqs.(d), ([I3) is general for such
orbifolds [21l 22] and this is used in Section Bl

Consider a one- and a two-dimensional orbifold of discrete group Zy. For the one-dimensional
case, its action is z — 2’ = 0;z and z denotes the extra dimension. For two compact dimensions
z,Z one has z — 2/ = 02, Z—Z = 0;%Z, with 0 = exp(2i7l/N), 1 = 0,1,---,N — 1. We denote

i = {u,z} and i = {u, 2,z} for one and two compact dimensions respectively, with u = 0,3. Then

the gauge field A; and a scalar multiplet ® in the fundamental representation transform as!

Ap(x,012) = 9Py Ap(e,2) P,  (xe MY

O(x,0,z) = Py®(z,2) (2)

Yo = 1 for ji = p, and ~y = 6; ' for the compact dimension(s) index. Conditions () ensure that
terms in the action as | D ®DF®|? are invariant under the orbifold action. Suppose the action has a

symmetry G* before the orbifold action (@), so it is invariant under a gauge transformation U (z, 2)
A(z,2) = Ux,2) Ap(x,2) Ul (2,2) —iU(x,2) 0 U'(x, 2)
&' (z,2) = U(x,z)®(z,2) (3)
It can be shown that eq.(@) is invariant under a gauge transformation U(x, z) provided that
U(z,0,2) Py = Py U(x,2) (4)

Eq.( ) gives the remaining gauge symmetry after imposing the orbifold condition ). At fixed
points zf = 6z, this is generated by G = {T,, with T, = PgTan }. For broken generators (T,)
with P(;T;‘PeT = Wk T* (v = €?/N) and with wks = 6, the corresponding components A% of the

field A, respect A%(x,0z) = A%(z,z), and their non-zero vev’s will break the group G further.

2.1 One compact dimension: General structure of 4D Kaluza-Klein masses.

The initial fields satisfy periodicity conditions with respect to the compact dimension z
Aj(z,z+21R) = QAu(z,2) Q1

O(z,z+21R) = QP(z,2) (5)

!There is an inconsistency in the notation in eq.@, @) and @) in that for two compact dimensions the fields A,

® and operator U are actually functions of (x, z,Z) or (z,6,2,0,Z) rather than (z, z) or (x,6;2).



where @) is a global transformation. Eqgs.(dl) are invariant under a gauge transformation U(z, z) if

Now let us assume that A, of ([B]) has some non-zero components in the Cartan-Weyl basis of G*,
which is possible, see discussion after eq.( ). If so, it is then easier to do calculations in a new
gauge, with no background field i.e. A, = 0. This is achieved if we consider a z-dependent, non-
periodic gauge transformation. Then eq.(fl) is not respected and eq.(Hl) will change for the gauge-
transformed (“primed”) fields. We assume A, constant and for simplicity, that it lies in the Cartan
subalgebra of G*, A, = ALT}. The generators of the group G satisfy: [T7,Ty] = 0; [T1, Eo] = a1 Eq;
I,J=1,---,1kG, with « = 1,---,dimG — rkG. The non-periodic gauge transformation is

Viz)=e Q7! (A, =AlTY) (7)

We use A, = AﬁTI + A% Eq, Tr®) = Ar®, with @, the component A of the multiplet ®. With (%)
for U =V, conditions (@) for the fields transformed under V' become [T5]

A;f(ac, z+27R) = A;f(x, z2), AL =0,
A;f‘(m, 2+ 21R) = ¢'¥Pa A;f‘(a:, z), pa = —RALay,
P\(z,2 4+ 21R) = €2 D) (x,2), pr = —RALN; (8)

where A, respects eq.[@) and o = «, (\) for the adjoint (fundamental) representation. In the
following we refer to p, as Wilson lines or “twist” of higher dimensional fields with respect to
the compact dimension. The generator E, of G with p, # 0 is “broken” and the symmetry G
is reduced. How can we see this? From Klein-Gordon equation with no gauge background (since
A, = 0) but with constraint (§), we find that component fields with “twist” p, (¢ = «, A) have 4D

modes with mass
1
M2 (o) = X2+ (0 + po)? )

Eq.([ @) is the main result of this section and will be used in Section Bl It provides the structure
of 4D Kaluza-Klein mass spectrum which takes account of non-zero background fields AL. The
contribution 2 is only present if higher dimensional fields such as ® are massive?. For the gauge
fields x = 0 and My(«) # 0 if there is a non-zero p,. As a result the corresponding generator E,
is “broken”. See [23, 25] for specific examples and related discussions.

An important remark is in place here. Our derivation of the mass formula (@) is not necessarily

general. However, the important point is that its structure is generic and appears in many orbifold

2In such case y will play the role of infrared regulator in the radiative corrections to gauge couplings



compactifications S1/Zs, S1/Zs x Zy [21), 23] even in the absence of Wilson lines vev’s p,. In many
cases p, is just replaced by a constant (“twist”).

For generality the one-loop corrections from the KK modes are computed in Section Bl with
po an arbitrary parameter. Therefore any model dependence will only involve minimal redefinitions

of the parameters p,, R and x of the model.

2.2 Two compact dimensions: General structure of 4D Kaluza-Klein masses.

We repeat the above analysis for two compact dimensions. For compactifications on T?/Zy with
T? a two-dimensional torus, the higher dimensional fields satisfy now periodicity conditions with
respect to shifts along both dimensions. Under the following shifts of (z,Z) on the torus lattice:
(2/,2) = (z+2nRy e 2 + 21 Ry ™), (2", 2") = (2 + 27 Ry, 2 + 27 Ry), and 6 = 21 /N, one has

Ap(x; 2, 2) = Q Ap(w;2,2) QT b(z;2,7") = QP(x;2, 2),

Aji(x; 2" 7" = QAu(x;2,2) QT, O(z; 2", 7") = Q®(w;2,2) (10)
We assume that A,, Az of ([2l) have non-zero components in the Cartan-Weyl basis. For simplicity
we take A, = AgTI* , As = AéTI* and A,, As constant. We perform a z, z-dependent gauge transfor-
mation, V(z,2) = exp (—izA, — iZA5)Q~! which gauges away the constant gauge “background”,
so A, =0, AL = 0. Conditions () change after the transformation V" and the components of the
gauge-transformed fields satisfy, in the Weyl-Cartan basis

A;f‘(a;;z’,il) = ¢! 2P0 A;f‘(a:;z,i), (232 ,7) = 220 @ (132, Z),
A;f‘(a:;z”,i”) = ¢! 2mPLa A;f‘(a:;z,i), P\ (x5 2", 7") = 2P B (25 2, 2), (11)
pro = —Ri(AL + Aoy, pro = —Ro(Ale” + Ale™)or, o =a,) (12)

while A;f do not acquire any “twist”. Here 0 = « (6 =) for adjoint (fundamental) representations
respectively, ®, denotes a component A of the multiplet ® and we used T7 @) = A; D).
From the Klein-Gordon equation with no gauge background® but with “twisted” boundary

conditions ([I]) it can be shown that the 4D modes of component fields A;f‘, \ acquire a mass [15]

1|1 e’ 2

2
My, ny(0) = e R_2(n2 + p2,0) — R_l(nl +p10)|, o=aoro=2A (13)
or, in a different notation
2
M2 o~ o 2 = .
ni,n2 (O-) T2 []2 |’n‘2 + p27 U(nl + pL )| Y g Oé, >\
U=U+iUy; = Ry/Ri€e?®, (Uy>0); Ty(p) = 2 R1 Ry sin 0 (14)

3This was gauged away by V.



p+q

Figure 1: Generic one-loop diagram contributing to €2;, with KK modes in the loop. Its value for
¢*> = 0 can be read from eq.(IH), E3) for one and two compact dimensions, respectively. See also

Appendix A in [24].

where we introduced p a finite non-zero mass scale, to ensure a dimensionless definition for 75; the
dependence on p cancels out in My, ,,,. Eqgs.([[) to [I4) show that the symmetry G present after
orbifolding is further broken by the Wilson lines () or “twist” p;o # 0 since then My o(a) # 0,
the corresponding A;f‘ becomes massive and the generator E, is “broken”.

Eq.([3)) is the main result of this section and gives the general structure of 4D KK masses for
T?/Zx. Additional constraints may apply to A., A; and thus to Pio, @ = 1,2. However, for our
analysis below we simply regard p; , as arbitrary, fized parameters. This allows our results below
to be applied to specific models (see examples in [22]) with twisted boundary conditions, even in
the absence of Wilson lines (p; o = 0). Model dependent constraints can easily be implemented

onto the final results by using appropriate re-definitions of the parameters p;, U, T.

3 General form of one-loop corrections.

3.1 Case 1. One compact dimension.

For one compact dimension we showed that after compactification the mass of the Kaluza-Klein
modes is shifted by the Wilson line vev’s or "twists” p,. The mass formula () is of general structure
for 4D compactifications with one extra dimension. However, the exact value of p, (00 = a, \) as
given in ({), is specific to the case of Wilson line symmetry breaking only.

The correction to the tree level gauge couplings induced by the Kaluza-Klein states is given by

the Coleman-Weinberg formula (see for example [26] for a general derivation of €;(0))

1

QG

_ 1

1—loop @i

; 'Lorodt
+Q7 Q= Z Z Qi(0), Qo) E%;:) Z /0 7e_7rtM3n(0)/m (15)

tree T o=\« meZ reg.

where p is a finite, non-zero mass parameter which enforces a dimensionless equation for €2;.



We would like to mention that the rhs formula for €; is obtained by evaluating one loop diagrams
for vanishing momentum (¢ = 0), such as that of I1(¢?) shown in Figure[ll with a tower of Kaluza-
Klein (KK) states each of mass M,, (o) (m integer) present in the loop. For more technical details
on how to obtain this expression for 2; see for example Appendix A in [24], or [20]. Note the
distinction between the dependence ("running”) of the couplings on the momentum scale g (see
Figure[l) for large ¢ and given by 1/a;(¢?)—1/a;(0) = (I1;(¢*) —11;(0)) /c; (0), and their dependence
on the UV cutoff (regulator) of the theory that we compute in this work for ¢> = 0 and given by
Q;. We will only briefly discuss the dependence on ¢ # 0 of the couplings, for a detailed analysis
see [B, T9].

Q;(0) is thus the contribution of an infinite tower of Kaluza-Klein modes associated with a
state of charge o in the Weyl-Cartan basis and of mass “shifted” by p(o) real, with o = A, « the
weights/roots belonging to the representation r. The “primed” sum over m runs over all non-zero
positive and negative integers (levels). The case when this sum is restricted to positive (negative)
levels only will also be briefly addressed. The effect of zero-modes is not included in €; since their
presence is in general model dependent. Thus zero-modes contribution should be added separately
to 1/a;. The important point to note is that while the sums over r and o = a, A in eq.(I3]) depend
on the field content and are thus model dependent, the integral and the sum in €2; over Kaluza-
Klein modes of non-zero level depend only on the geometry of compactification. It is this integral
and sum over KK levels which are difficult to perform exactly, and they are evaluated below.

Supersymmetry is not a necessary ingredient in formula ([[&). Supersymmetry is however
present in many models with compact dimensions which still regard MSSM-like models as the
viable “low-energy” limit. Regarding the beta functions 3; one has (we suppress the subscript )
that 3(c) = k.(0707)/tkG for o belonging to representation r; k. = {—11/3,2/3,1/3} for adjoint
representations, Weyl fermion and scalar respectively; k, essentially counts the degrees of freedom
in the corresponding representations. The Dynkin index T'(r) = (3°, 0707),/(rkG) where the sum
is over all weights/roots o belonging to representation r, each occurring a number of times equal to
its multiplicity [30]. With the definition b;(r) = Y, 5i(o) for the weights o belonging to r one has
bi=—11/3T;(A)+2/3T;(R)+1/3T;(S), to account for the adjoint, Weyl fermion in representation
R and scalar in representation S. In the supersymmetric case massive N=1 Kaluza-Klein states
are organised as N=2 hypermultiplets (vector supermultiplets) with b;=2T;(R) (b;=—2T;(A)).

The subscript “reg.” shows that formula () is not well defined in the UV region t — 0,
and a UV regularisation is required. We assume M,,(c) # 0 so no infrared (IR) regularisation
(i.e. for t — o0) is needed?. The use of a particular regularisation is in general dictated by the

symmetries of the initial, higher dimensional theory. If a string embedding exists for this theory, a

“See however the discussion in [4] for the case of two compact dimensions.



proper-time cutoff (PT) regularisation is - in specific cases - the appropriate regularisation choice
[13, 15]. However, in the absence of a fully specified such theory and to keep the analysis general

we compute {; in three regularisation schemes: DR, ZR and PT regularisation.

e Dimensional Regularisation (DR).

In this scheme €); of eq.[[@) has under the integral 1/t replaced by 1/t't¢ with ¢ — 0 the UV
regulator. In such case p is the arbitrary (finite, non-zero) mass scale introduced in the DR scheme
in d = 4 — € dimensions. This defines €2; in the DR scheme. Its evaluation is rather technical and
is presented in detail in Appendix [A] egs.([A=]) to [(A=I6)). The calculation of €2; uses expansions
in Hurwitz or Riemann zeta functions which do not necessarily involve a Poisson re-summation of
the “original” KK levels. This has the great advantage that one may be able to identify which of
the original KK levels brings the leading contribution to €;. Using eqs.(@), (A=1)), (A=), (A=IA)
one finds for €2; in the DR scheme

ql By /“ie—mm(aw
ZDR A o tlte

_ Bilo) { 1 In (Rpu)? B ln‘ 2 sinm(py + ixR)
A € wey po +ixR

2 } (16)

and the presence of the pole in € accounts for an UV divergence. To find the scale dependence of

this divergence in DR one may in general introduce a small/infrared mass shift y of the momentum
of the KK state. One would then expect the emergence in the final result of a term y/e to account
for a linear divergence (in scale), given the extra dimension present. However this procedure does
not apply to the case with one compact dimension only®. Therefore, unlike the case of two compact
dimensions to be discussed later, the presence of the pole alone does not tell us the nature of the
scale dependence of the UV divergence. Note also that a single state (such as the zero mode for
example) gives a leading one-loop contribution proportional to —1/e, which is of the same form
but of opposite sign to that found in eq.(IH) for the whole Kaluza-Klein tower, excluding the zero-
mode ! (compare R, vs. finite R in eq.([A=IA) of Appendix [Al). Further, this —1/¢ pole due to a

5This is somewhat similar to computing f d4p/p2 which in cutoff regularisation is quadratically divergent while
in DR is vanishing. However, a small mass shift y of the momentum leads to f d*p/(p*® + x?) which has a pole in
DR, which signals the usual quadratic divergence. In our case, even adding a small (mass)? shift (accounted for by
x?) does not introduce a scale dependence of the divergence in (G, such as x/e. For two (even number of) compact
dimensions, this procedure in DR does lead to the scale dependence of the leading divergence, which is a fundamental
difference from one (odd number of) extra dimension case. See also eq.([A=2])) in the Appendix which shows the

emergence of a linear divergence in DR when summing over positive (negative) modes only.

10



single state is also known to correspond in 4D to a UV divergence only logarithmic in scale (rather
than linear). Note however that the change of the couplings with momentum ¢ in Figlll is indeed
linear in the momentum scale ¢ and dominates if (¢R)?>O(1) [B, 9.

If p, is a non-zero integer, there exists a level ng such as M,,, = x and then x plays the role of
an IR regulator in eqgs.([H), ([@), and ensures that the term In[sin 7(p, + ixR)] remains finite. If
Po, X vanish the last term in ([[6) vanishes and one is left with the correction in the absence of the
“twist” or Wilson line background p, .

In deriving €2; we summed over both positive and negative Kaluza-Klein levels, as shown in
eq.(Id). However, it is interesting to analyse the effect of summing separately the contributions of
the positive (negative) levels. In such a case the corresponding value of 2;, denoted QF (Q;), is
computed in a similar manner. The result, derived in Appendix [Al eqs.([A=I]]), [A=21)) is

—In(27) — E + pg} In (]73532} (17)

of = ﬁi(g){iip—”

- 2¢ €

‘2
DR 47

+1In ‘F(l + po +ixR)
The divergent terms of Q3 are then

QF|  ~1/(2¢) £ po /e (18)

DR

The presence of the additional divergence p, /€ is triggered by a non-zero “background” p,, and is
cancelled in the sum Q:r + Q. of both positive and negative Kaluza-Klein levels, giving the overall
result ; in (). If p, has the value given in (B) and is thus proportional to the vev of A, and to R,
then p,/e may be regarded as a divergence linear in scale. It is also possible that in some models
one may actually have p, a constant, for example p, = +1/2, (or —1/2) then Q; () are finite
respectively, and the overall divergence in ; = Q:r +$; comes entirely from Q:r (€2;") respectively!
To conclude, the positive and negative Kaluza-Klein levels propagating in opposite directions in
the compact dimension, in a non-zero ”background” p,, contribute by different amounts to the
overall divergence of €);, and in special cases the positive or negative levels alone give (one-loop)

finite contributions only! This concludes our discussion in the DR scheme.

e (-function Regularisation (ZR).

Alternatively, one can employ a (-function regularisation of €2;. In this case the correction is
given (up to a factor 3;(c)/(4m)), by the derivative of (-function associated with the Laplacian,
evaluated in origin. As explained in detail in Appendix [Bl this means that §2; in this scheme is just

the derivative with respect to € of the value obtained in the DR scheme (divided by I'[—¢]), and
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evaluated for € = 0. From eqs.([), (), ([B=b), (BZ0) one has the result for §2; in the ZR scheme

_ @'(U)d{—ﬂ_e ' /”i —thma)/u?}
- T~ 2 f e

oF —
‘ 7R 47 d€ meZ

e—0

2 } (19)

This result is similar to that found in the DR scheme, with the notable difference that there is no

_ % { ~ In(Rp)? —ln’

2 sinw(ps + ixR)
po +ixR

pole structure present ! The above result is only logarithmically dependent on the mass scale p.
Note that, as discussed in Appendix [Bl p plays in the case of (-function regularisation the role of
the UV cutoff of the model. Finally, we remark that a zero-mode contribution - if included above -
would bring a similar dependence on u but of opposite sign (see also R and Rg in Appendix [B]).

It is possible that in some models one has to consider in the definition of £2;, a summation only
over positive (or negative) Kaluza-Klein levels. The result denoted 2 (€2;) can be evaluated by

similar methods, see eq.(B=I{)) and gives

= ﬁjl(;) { In |1+ py + ixR]

2
+

1
—In(27) — [5 + po| In (RN)Q} (20)
The positive (negative) modes again bring a different UV behaviour (¢ dependence)

QF|  ~ —(1/2 £ py) In(Rpr)? (21)

ZR

For p, just a constant, the p,-dependent term is just an additional logarithmic correction (in p or
R) to the couplings. However, in the case p, is indeed due to a non-zero Wilson line vev (from
initial A, gauge fields), a linear dependence of the couplings on this vev/scale emerges. This term
can then have significant implications for the value of the gauge couplings. As it was the case in
the DR scheme, such terms cancel in the sum of positive and negative modes’ contributions. Note
again the different values of the contributions Q" and ; of positive and negative levels, to the
gauge couplings, for the case of non-zero ”background” p,. A special case is p, = F1/2 when
the coefficient of the logarithmic UV divergence (in p) of Qf is vanishing, and Q" (©;") has no u

dependence, with similarities to the DR case. This concludes our analysis in the ZR scheme.

e Proper-time Regularisation (PT).

The above results for €; can be compared to that obtained in the proper-time regularisation [I5]
which we review here for completeness. In this regularisation €2; of eq.([[H) has the lower limit of
its integral set equal to £ > 0, where £ — 0 is a dimensionless UV regulator. For details of the

calculation of €; in this scheme see Appendix [ of this work and Appendix A-1 of [I5]. From
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eqs.([ @), [C), ([C2), [CH) and with the notation A% = 12 /¢ one obtains for §2; in the PT scheme

Q; _ BZ(O-) i/mﬁe—ﬂtM;i(a)/;ﬂ
a7 e t
meZ

pPT

_ Bilo)
= i {ZRA—ln

(RA)? 2 sin(po+ixR)

2
wey po + xR } (22)

The & dependent terms combine naturally with the scale p to define the UV cut-off A of the model

and one obtains a dependence on AR only. Unlike the DR and ZR cases, a zero-mode contribution
to the above result - if included - would not cancel the leading linear divergence (in A ~ 1/,/€),
but only the logarithmic one (for more details compare R¢ and RéT in Appendix [ eq. ().

What is the meaning of the individual contributions to €2; ? Technical details show that the
term In |p, 4+ ixR| is similar to a contribution corresponding to a massive Kaluza-Klein state of
level zero. It may be interpreted as a one-loop effect of this state between the compactification
scale 1/R and the scale set by the Wilson lines vev’s, o7 < AL >with o accounting for a root/weight.
The term In[sin(..)] in ([22) is an effect due to “Poisson re-summed” (PR) Kaluza-Klein states (see
eq.(G=0)), with the dominant contribution from the lower PR levels. Further, the logarithm In(AR)
can be thought of as a one loop effect from the compactification scale to the UV cutoff scale A.
Finally, the term AR is due to the presence of a large enough number of Kaluza-Klein modes which
enable the Poisson re-summation. This term is due to the Poisson re-summed mode of zero-level.
Thus one should expect AR > 1 because AR approximates the number of Kaluza-Klein modes. In
fact the PT result (22) is valid provided that

max {1/R2%, 32, (<AL>0p)? + %} < A? (23)

derived from eq.([C) of Appendix [ Here we replaced p, in terms of the vev’s of Ag as in eq.( ).

More generally, for arbitrary p, this condition is
max {1/R2, x2, p2/R? +x*} < A? (24)

Therefore the result in the PT scheme is valid if R is large (in UV cutoff units) and if the gauge
symmetry breaking vev’s or (p,/R)? and the mass scale x? have a sum much smaller than the UV
cutoff. It is important to note that these constraints are not shared by the DR or ZR counterparts
found previously. This is important for in general to avoid a large UV sensitivity of the couplings
one would like to have AR ~ 1 which is a region for which the PT result does not hold accurately.
From comparing it with its DR counterpart, the presence of the pole 1/¢ of the latter may indicate
that even if AR is made smaller, of order unity, a UV divergence may still be manifest. Finally,

if one considered a string embedding of these models, the string counterpart of AR =~ 1 would be
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MsR ~ 1 with M; the string scale. In this case string effects due to additional winding modes
could become important.

Comparing the three results for €2; obtained in these different regularisation schemes one ob-
serves that the finite (regulator independent) part is the same in all regularisations. This is a strong
consistency check of the calculation. Regarding the divergent (i.e. regulator dependent) part, note
that the 1/e term of DR is replaced in the PT cut-off regularisation by the £ (A) dependent di-
vergent term, accounting for a linear divergence. Note however that the ZR counterpart has only
(rather “mild”) a logarithmic UV divergence. Eqs.([[8) to (22) provide generalisations of the results

in [24] for one compact dimension case.

3.2 Case 2. Two compact dimensions.

We consider now the case of a two dimensional orbifold compactification T2 /Zy. With the structure
of the mass spectrum given in eq.(Idl), one can compute the general form of the correction to the 4D
gauge couplings induced by non-zero level Kaluza-Klein modes associated with the two dimensions.

This correction can be used for a large class of models [22]. Formally, the correction is

Qf = Z Z Q;(0), Qi(0) = % 2,: /OO % ¢ M g (0)/ 2 (25)
T o=\a n1,n2€Z "0 reg.
Similarly to the case of one extra dimension, §2; is obtained by computing one loop diagrams
evaluated for ¢> = 0 (see Figure [ll) with Kaluza-Klein states of mass M,, ,(c) in the loop.

In the following we perform - for ¢ fixed - the integral and the sums over (ni,ns) # (0,0) in
eq.(Z3). The model dependence (beta functions (3;(o), sums over weights o, representations r) can
then easily be implemented on the final result for ©F. The presence of the state (n1,n2) = (0,0)
is also model dependent and its contribution should be considered/added separately. We again
discuss the value of Q; in DR, ZR and PT regularisation schemes for the UV divergence (¢ — 0) of
eq.(0). We assume M, ,, # 0 for all integers, so no IR divergence (at t — o0) exists. However,
if there exists a pair (nj, ny) for which M, », = 0 see the results in the PT scheme of [T4] and the

discussion in the DR scheme to follow.

e Dimensional Regularisation (DR).

In the DR scheme ; is defined with 1/t under its integral replaced by 1/t1*€ where € — 0 is the UV
regulator. The calculation is rather technical and is presented in Appendix [} eq.([D=1)) to (D7),
where the sums over n; o and integral in (2H) are evaluated. Using egs.([d)), [25), (D=2), (D=0 and
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(G=2), one evaluates €; in the DR scheme

0. Z XA w2, (o)
g tlte
DR ni,no€Z

V1(p2,0 — Up1,6|U) '2 2
: : + 2nUsp7 26
(02,0 - Upl,cr) 77(U) 2 ( )

where the special functions 7, ¥; are defined in Appendix[Gl The pole 1/¢ accounts for divergences

47 € ey

= filo) {1 —1In il —ln'

up to quadratic level. How can we see this? By introducing a small (mass)? shift 42 to Mﬁl o

(6 dimensionless, § < 1), ie. M2 — M2 .+ 4?0 under the integral in [5) and computing
the integral in this more general case one obtains for €2;, in addition to the divergence 1/¢, a
contribution w§Th/e. This is a quadratic divergence in scale (T “contains” a p?) that 1/e term
effectively signals in eq.([26) and (D=5). For additional technical details see Appendix [0l eq.(D=1),
[D=R))5. The emergence of the additional scale dependent contribution mdT% /e is to be contrasted
with what happened in DR in the one extra dimension case already discussed, where a small
mass shift did not introduce a (linear) scale dependence of the UV divergence. This is due to
the different UV behaviour of models with one (or odd number of) and two (or even number of)
compact dimensions, respectively. Also note that in the special case when there exists a pair (n1, ng)
such as My, », = 0, an IR regulator - in addition to the UV one - is required in eq.(2H), £8) to
ensure the convergence of the integral at ¢t — oo. The aforementioned shift ;25 of the KK masses
would in such special case act as an IR regulator in (Z8) and one would obtain in ([Z6) a term
w015 /e which represents an IR-UV “mixing” term between the IR sector (§) and UV sector (e) of
the theory. For a discussion on this UV-IR mixing see [I4] where its string theory interpretation
is also presented (see also [19]). Finally, considerations similar to those for one extra dimension
apply for the separate role of negative or positive Kaluza-Klein levels, respectively. This concludes

the discussion in the DR scheme.

e (-function Regularisation (ZR).

In this scheme 2; is related to the derivative of the Zeta-function associated with the Laplacian, as
discussed in Appendix[El In fact ; in ZR is the derivative with respect to € of 2; in DR divided by
I'[—€], and evaluated for € = 0. Using eqs.([d), (EH), (E=6), (G=4) one finds ©; in the ZR scheme

Bi(o) { /OO dt 2 (0)/ 2}
Q’i — 0 ni,n ©
ZR 4 de - ;ez e © o e—0
/BZ(U){ 191(/020_ljlola‘lj) 2 2 }
= — In[ThU3] — In ’ ’ +27U3 p7 o 27
[T S (e ] I 0

5This also has consequences for the change of the gauge couplings with momentum ¢ in Fig[llas discussed in [9).
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This result has a form similar to that in the DR scheme from which the pole structure has been
subtracted. The u scale dependence “hidden” in 75 should in this case be regarded as the UV cutoff
as discussed in Appendix [E] eq.(E=2). In this scheme there is thus only a logarithmic dependence
on the UV cutoff. Finally, the finite part is similar to that obtained in the DR scheme. It would
be of phenomenological interest to know which higher dimensional theories would require such a
regularisation, since in this case the UV cut-off dependence of the couplings is milder and the
models would then have less amount of sensitivity to this cut-off scale, possibly similar to that of
MSSM-like models.

e Proper-time Regularisation (PT).

Finally we briefly review here the value of €; in the proper-time cutoff regularisation scheme (PT)
[T5]. In this scheme €2; of [ZH) is defined with a (dimensionless) cutoff £ —0 in the lower limit of its

integral which acts as an UV regulator. After a long calculation one obtains the result (for details

see eqs.(Z0), (E=2)), ([E=0), ([G=4) and also eq.(52) in [15])

! 00
o = 9 v / At —riar?, (o))
PT 47T 1 ma€Z £ t
@'(U){B [(T2/€) Ua] ‘191(020—U010\U)‘2 2 }
- 22 g M2/8) PRl ’ N on Uy 2, 28
4m 5 meY (p2,0 - Upl,a) W(U) 2 101, ( )
Eq.([28) is valid if (see eq.(E=fl) and definition (I2))
maux{i 1 <Al'> o <AI>01} <A A2:M—2 (29)
Rl ’ R2 Sina’ # ’ # ’ o f

This condition requires “large” compactification radii (in UV cutoff units) and symmetry breaking
vev’s much smaller than A. Here we replaced p;, in terms of the vev’s of AL eq.([2) but for
arbitrary p; » this condition is: max{1/Ri,1/Rasiné, |p1+|/R1,|p20 — Up1,s|/(R2sinf)} < A.
Eq.(28)) shows the presence of a UV quadratic divergent term also known as “power-like” thresh-
old, given by T»/¢ = A2Ry Ry sin ) where A? ~ 1/¢ is the UV cutoff scale. A logarithmic correction
is also present, In(7%/€) = In(AR; Ry sinf), as well as a InUs = In(Rgsinf/R;) part. The remain-
ing terms in €2; include effects due to non-zero p, which bring in a finite, regulator independent

correction.

The field theory result (28)) has a great advantage over its DR and ZR counterparts in that it
allows a straightforward comparison with the heterotic string result with Wilson lines [I1], when
this string result is considered in the limit of large compactification radii/area (in string units) [I5],

as required by eq.@3). The UV regulator & ~ 1/A? has a natural counterpart in the (heterotic)

16



string in o/ ~ 1/M2 (M is the string scale). Therefore, T5/¢ of ([28) has a counterpart at the
string level in T5/o/, where T/ is the (imaginary part of the) Kéhler structure moduli. With the
correspondence of the fundamental lengths in field and string theory respectively, £ < o/, the result
(] is indeed similar [T5] to the limit of large radii of the heterotic string result [I1]. Such agreement
provides support for this regularisation scheme in our field theory approach, for the case of two
compact dimensions. String theory also brings additional corrections, non-perturbative on the field
theory side (world-sheet instantons) but their effect is exponentially suppressed O(e~2/¢") [IT].
For more details on the exact link with the corrections to the gauge couplings due to the heterotic
string with Wilson lines present, see [15].

The effective field theory result ([28]) also has an interesting limit, that of vanishing Wilson lines
vev’s or “twists” p; 5. For p; » —0 (o fixed) after using the relations in eq.(G=Il), (G=2) one finds

, /()
9% PT(pZ’U 0) = dn

In [dre ™ B (Do /8) Uy [p(U)]'],  To/¢ = A*RiRysing  (30)

For two compact dimensions this result generalises the “power-law” corrections (in the UV cutoff)
of ref.[24], by including the dependence on U = Ry/Rye™.

As shown in [T3, [T4] the field theory result ([B0) is also the exact limit of “large R;2” (in string
units) of the heterotic string result without Wilson lines [8]. The only difference” between ; of
@B0) and the above limit of the string result [§] is that the leading term 75/ in €; has a coefficient
which depends on the regulator choice (§) while in string case at “large R 2" the leading term is®
(w/3)T2/a’. With the correspondence £ < o' mentioned before, the exact matching of these two
terms thus requires a re-definition of the PT regulator & — (3/7)¢ or equivalently A? — 7/3 A2
Such specific normalisation of £ (or A) cannot be motivated on field theory grounds only.

It is interesting to mention that imposing on the field theory result (Bl one of the string
symmetries T <> U or T « 1/T, enables one to recover the full heterotic string result [§] from
that derived using only field theory methods. Thus one may obtain full string results by using only
field theory methods supplemented by some of the symmetries of the string, not respected by the
field theory approach, but imposed on the final field theory result. For more details on the exact
link with the heterotic string without Wilson lines see [I3, [[4]. This ends our discussion on the

corrections in the PT regularisation scheme and their relation to string theory.

Comparing the results for §2; in the three regularisation schemes eqgs.(20l) to ([25), one notices
that the finite (regulator independent) part of €2; is the same in all cases which is a good consistency

check of the calculation. An important point to mention is that the result in PT scheme has the

"See however ref.[T4] and discussions on page 4 and in the DR scheme above.
8The presence of /3 is a “remnant” of the modular invariance symmetry of the string.
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constraint that the compactification radii be large (in UV cutoff units). However, the results in
the DR and ZR schemes show that the finite part of the one-loop correction has the value found
without such restrictions.

Regarding the divergent part of the one-loop corrections, this is effectively dictated by the reg-
ularisation choice one has to make, in agreement with the symmetries of the model. Our discussion
above shows that for two compact dimensions PT regularisation is indeed appropriate in calcula-
tions seeking the link with their string counterparts. Further, the (-function regularisation leads to
an UV divergence which is milder (logarithmic) than in the PT scheme with possible phenomeno-
logical implications. This is important because models with “power-like” regime require in general
a significant amount of fine-tuning [31]. It is however difficult to justify, without the knowledge of
the full higher dimensional theory, in which case the (-function regularisation is the right choice.
The results obtained in eq.(Z8]) to ([Bl) also provide a generalisation, in three regularisation schemes
of the results in [24] for the radiative corrections from two compact dimensions.

The one-loop corrections obtained in the DR, ZR or PT schemes have strong similarities with
their one-dimensional counterparts, eqgs.([@l) to [22) with ToUs and p2 , — Up » of eqs.(Z8) to [25)
replaced in the one-dimensional case by Ru and p, respectively, while In(¢;/n) and the last term
have as counterpart in the one-dimensional case the term In[sin7(p +ix)]. A similar term appears
in compactification on G manifolds [I8] suggesting that this latter correction is rather generic.

We conclude with a remark on possible phenomenological implications. We found a result for
Q; with a divergence which depends - as expected - on the regularisation choice. Given that this is
a non-renormalisable theory, a natural question is whether one can make a prediction without the
knowledge of the fundamental, underlying theory which would otherwise dictate the regularisation
to use. If the gauge group G after orbifolding is a grand unified group which is further broken by
Wilson lines to a SM-like group, the coefficient of the (regularisation dependent) divergent terms
found in QF is the same for all group factors into which G is broken (G-invariant). If so, such
UV divergent terms of €] can then be absorbed into the redefinition of the initial 4D tree level
coupling of the group? G. The newly defined coupling can be regarded as the 4D “MSSM-like”
unified coupling. Further, the remaining, finite part of {2 brings a splitting term to this coupling,
due to Wilson lines vev p,, but independent on the UV cutoff (regularisation). Finally, the “MSSM-
like” massless states not included so far would bring the usual logarithmic correction (UV scale
dependent). This raises the possibility of allowing MSSM-like logarithmic unification even for large

compact dimensions, and the aforementioned splitting of couplings would “mimic” (at a scale of

9The method of “absorbing” the divergences in the initial tree level coupling also exists in heterotic string models
[I0] where gauge universal, gravitational effects are included in the tree-level coupling, in addition to the dilaton,

with the remark that this is actually dictated by the symmetries of the (tree level coupling of) the string.
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the order of the compactification scale) what could be regarded from a 4D point of view as further

running!® up to a high unification scale, such as that of the MSSM (at =~ 2 x 10'6 GeV) or higher.

4 Conclusions

The general structure of radiative corrections to gauge couplings was investigated in generic 4D
models with one and two dimensional orbifold compactifications. The analysis was based on the
following observation. Although one-loop corrections are dependent on the exact field content of
the model, for the compactifications considered one can still perform in a general case, the one-loop
integral and the sum over (non-zero) Kaluza-Klein levels associated with a given state, component
of a multiplet. This leaves the much simpler analysis of determining which states have associated
Kaluza-Klein towers, to a model-by-model analysis.

The evaluation of the one-loop radiative corrections from compact dimensions summed up the
individual effects of mon-zero-level Kaluza-Klein modes. The calculation was performed in three
regularisation schemes: dimensional, zeta-function and proper-time cutoff regularisations for the
UV divergences and the exact link among these results was investigated. The results in DR and
(-function regularisation schemes are very similar with the notable difference that the (UV) pole
structure of the DR scheme (1/€) is not present in the (-function regularisation. This applies to
both one and two extra dimensions cases. In the ZR scheme for §2; only a logarithmic divergence
in the UV cutoff scale is present. This is important, since it provides an amount of sensitivity
of the radiative corrections to this scale smaller than that of other regularisations, which may be
relevant for phenomenology. Another relevant feature of both DR and ZR schemes is that the finite
part of the results is valid for large or small compactification radii, for both one and two compact
dimensions cases.

In proper-time regularisation the leading divergences of the radiative corrections are for one
and two compact dimensions linear and quadratic in scale, respectively. The finite (regulator
independent) part is the same as in the DR and zeta-function regularisation, which is a strong
consistency check of the calculation. There is however one important difference in that the result
in the proper-time regularisation is only valid for large compactification radii (in UV cutoff units),
constraint not shared by the results in the DR and ZR schemes. The effect of zero-modes (whose
existence is model dependent) can easily be added to the results we obtained. In specific cases
they may even cancel the divergence from the entire KK tower of non-zero modes. Finally, we
also discussed the cases when for special values of the ”background” p., one obtains one-loop finite

results for the corrections due to positive or negative modes alone.

%n a 4D renormalisable theory.
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There remains the question of which regularisation scheme to use in (non-renormalisable) mod-
els with compact dimensions. Explicit calculations and comparison with the (heterotic) string
calculations show that proper-time cut-off regularisation - although not gauge invariant - is in
exact quantitative agreement with the limit of large compactification radii of the string results.
This important conclusion applies to the case of two compact dimensions which contribute to the
radiative corrections to the gauge couplings. Therefore this regularisation is an appropriate choice
for computing radiative corrections for the purpose of establishing the link with results from string
theory. For the case of one compact dimension the lack of string results prevents one from making
a similar statement, and the choice of regularisation should follow the usual guidelines such as its
compatibility with the symmetries of the model.

We addressed the possibility of making phenomenological predictions which are independent of
the UV divergence of the radiative corrections which, in the case of a grand unified group G broken
by Wilson lines vev’s/twist p,, can be absorbed in the redefinition of the tree level coupling. This
leaves a splitting of the couplings at the compactification scale possibly compatible with what can
be regarded from the perspective of a 4D (renormalisable) theory as further running up to a high,
MSSM-like unification scale.

The paper provides all the technical details necessary in models with one and two compact
dimensions which examine the one-loop corrections to the gauge couplings associated with Kaluza-
Klein modes and - if present - Wilson lines effects. Although we discussed only the dependence of
the one-loop corrections on the UV cutoff/regulator, the paper provides the technical results for
investigating the change of the gauge couplings with respect to the (momentum) scale g as well,
and this will be addressed in a future work. Extensive mathematical details of regularisations of
integrals and series present in one-loop corrections due to compact dimensions were provided in the
Appendix. The technical results found can be applied with minimal changes to many one- and two-
dimensional orbifolds. This can be done by simply making appropriate re-definitions/re-scalings of
the parameters of the models, such as the compactification radii (R), the twist of the initial fields

with respect to the compact dimensions or the Wilson lines vev’s (p).
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6 Appendix

We provide general results for series of integrals present in one-loop corrections to the gauge cou-
plings, evaluated in DR, {-function and proper-time cut-off regularisations, for one and two compact
dimensions (see also Appendix A-4 in [I5]). Notation used: A “primed” sum . f(m) is a sum

over m € Z—{0}; 327, , f(m,n) is a sum over all pairs of integers (m, n) excluding (m,n)=(0,0).

A One compact dimension in Dimensional Regularisation (DR)

e A.(1). We compute the following integral

o /
Ro= | tflf S el 5 >0, g>0. (A-1)
0

meZ

Q; of eq.(H) is then given by

= Bi(0)/(47) Re(B—1/(Ru)?; 6 — (x/1)% p = po) (A-2)

‘IDR

Proof: Consider first 0 < 6/6< 1. With the notation p = [p| + A,, [p] € Z, 0 <A, < 1 one has
o dt
RE = A t1+€

- r[—e]wf{(a + BAZ) = (5+ Bp*) + [Z[ﬁ(n + A2+ 68+ (A, — _Ap)] }

n>0

/
_ e_WtIBPQ _|_e—7rtﬁA,23 + Z e—wt(n+Ap)2,3:| €—7rt5
neZ

= T[-n[(6 + BAZ) — (6 + fp?)] + T[—e|(n )" [C[—?e, 1A+ C[~261— Ap]]

+ (wﬁ)ﬁk; F[kk!_ ‘! [%S]k {C[% — 26,1+ A + (A, — —Ap)}, 0<6/6<1 (A3

which is convergent under conditions shown. In the last step we used the binomial expansion [28]

Z[a(n +o)l+q =0 Z

n>0 k>0

[k + s]
ET[s]

[7] Cl2k+2s,c, 0<g/a<l  (A4)

Here (g, a] with a # 0,—1,-2,--- is the Hurwitz zeta function, (with ([q,a] = >, >¢(a +n)~? for
Re(gq) > 1). Hurwitz zeta-function has one singularity (simple pole) at ¢ = 1 and (]g, 1] = ([q] with
C[q] the Riemann zeta function. Further, using eq.([A=3]) and the identity

Clg,a] = a™ "+ Clg,a +1]
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we obtain that

Re = wT[~d[(6 + BAZ) — (5 + B?)] + () T[] {([—26, LA+ [-261— Ap]]

T T[=|[(6 + BAZ) — (8 + p2)] + (m)T[—¢] {C[—Ze, LA+ ([-26,1— Ap]}

1
|sinm[A, +i(5/8)2]]? { }
-1 —2In [T[1—-A 1+ A A-
n 7T2(Ag 4 5/5) n [ P] [ + P] ( 5)
provided that 5 5
0<—<1; — < (14A,)72 —<(2-A))? A-6
Since A, <1 we conclude that ([A=) is valid if the first condition (the strongest) is respected:
0< ° <1 (A-7)
/8 — ?
In the last step of deriving eq.([A=0) for each of the series in Zeta functions we used [29]
2k Tla+t]T[a — ]
— ([2k,a] =1 ; t A-8
]; i Cl2k,al =In Tz [t <al (A-8)

with t = i(é/ﬂ)%, a=1+A, 2—A, and from which the last two conditions in (A=) emerged.
Finally, in the last step in ([A=H) we also used

20,2 | .2
HI‘[l:I::L“:I:iy] B e ) x,y real. (A-9)
+

|sinw(z +iy) 2’

where the product runs over all 4 combinations of plus/minus signs in the argument of I" functions.
Eq.[A=3) can be easily proved using that I'[1 — 2] T'[1 + z] = 7nz/sin7z.
In eq.([A=l) we now evaluate the € dependent part for € — 0 by using (see for example [27])

([=2¢e,q] = % —q—2e %C[%q]\z:o +0(e)
d 1 1
oz dl=0 = Wllg - Sn(2r),  Il-¢=---7+0(),
¢ = l+elnz+ O(x) (A-10)

We finally find from eq.(A=), (A=0), (A=I0) that (if p € Z*, § = 0 is excluded)

© dt <~ 2 1 |2 sin7t(A +i(5/13)%)|2
Re—/ S emtlmiers L P . 0<6/8<1 (A1l
0 t1+6 mGZ6 € ! Weyﬂ(p2 5/ﬂ) / ( )
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e A.(2). We now evaluate R, for the case §/6 > 1 (with notation p = [p]+A,, [p] € Z,0 <A, < 1)

/

% dt
R, — ot m+p)26+0) /
/ t1+e oyt 0 t1+e

Z e—wt(n+Ap)25 _ e—wtﬂp2:| e Tto
nez

— Tlodn| S(B00+ 8, + 3 - 6+ 5) | (a12

neZ

We further use the well-known expansion given below (for details see for example (4.13) in [2§])

2 -5  _ T q %M -s
Ll v ey ra™ = vl
+ %E]Zq_sﬂa‘sﬂ ins‘w cos(2mn c) Ks—1/2(2m\/(17a) (A-13)

n=1
with @ > 0, ¢ # 0,—1,—2,--- and which is rapidly convergent for g/a > 1. K, is the modified
Bessel function of index w. The first term proportional to ¢/a gives the leading contribution;
the remaining ones give “instanton-like” corrections. This result is then used to evaluate (A=12]).
Compare ([A=T3)) rapidly convergent for ¢/a > 1 with [A=4]) valid for ¢/a < 1. Alternatively, instead
of [(A=I3)) one can simply use a Poisson re-summation in (A=I2)) and the definition of the modified
Bessel functions to reach the same result. With s = —e in [A=I3]) and with

1 s

[[—¢ = - v+ O(e), K_%(z) = Ee‘ (A-14)
one finds from [A=I2) and (A=I3)
1
o gt / il aPBH] \2smA +ie/)n)|
Teim - f 1 A-1
Re= [ = > : TR s> (A1)

meZ
To see the complementarity of (A=I1l) and ([A=IH)) note that the latter is not valid for § = 0 since
([A=13)) is not valid in that case.
In conclusion from egs.([A=11]), (A=13)) we have that

1
g L , }2smp+z(5/ﬁ)a)
— et —mt[(m+p)?B+d] _ = >
Re = /0 t1+e£€ -—In o (B2 1 0) , 6>0, 3>0.
RI = / %Ze‘”t[(m+p)25+5} ln}?smﬂ'(p—{—z(é/ﬁ)%) , 0>0,3>0. (A-16)
0

meZ
In eq.(A=T6]) we used the properties of the sine function to replace A, by p. The pole 1/e cancels

between zero-mode and non-zero modes’ contributions. Eq.([A=I0l) was used in the text eq.(IH).

23



e A.(3). We compute the integral

RE= | tfli D ermHmiera, 520, 3>0, (A-17)
0

m>0

which sums positive modes only. R- which sums negative modes only is then R = R (p — —p).
Q:Ff mentioned in the text, eq.([d) and corresponding to summing only positive (negative) Kaluza-

Klein modes is then given by

OF| = ilo)/(4m) RE(B—1/(Bu)*s 5= (x/n)* p — o) (A-18)

DR

The calculation proceeds almost identically to A.(1). The result is:

R} = 1 +24m ’F[l +p+i(8/8)"?

‘2
2¢ €

1
—1In(27) 4+ [5 + p} In(mpe”) (A-19)
which shows that a new divergence p/e is present. One can easily verify that
RE+R. =R (A-20)

with R, given in ([A=I6)). This shows that the divergence p/e of separate contributions from the
positive and negative modes respectively is cancelled in their sum which equals R.. While R,
corresponds to states propagating in both directions in the compact dimension in the “background”

p, RE account for effects propagating in one direction only.

Similar properties exist for the full one-loop radiative corrections Qfﬁ given below, corresponding to
positive and negative modes respectively. The radiative correction in DR due to positive (negative)

modes only is

aF o %?Rf(ﬁﬁl/(ﬂfu)?;5—>(x/u)2;p—>pg)
Bi(o) {1 | ps 2 1 g
_ ?{Z—Gi?ﬂn\r(upaﬂxfz)\ —1n(2w)+[§ipa] mW}(Am)

One has that Q + Q; = Q; with (; as in ({[H). The “linear” divergence p, /e cancels between

positive and negative modes’ contributions.
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B One compact dimension in (-function regularisation (ZR).

e Here we define/evaluate €; of eq.([d) in the ZR scheme. The one-loop correction to the gauge
couplings in Zeta-function regularisation is defined by (proportional to) the derivative of the Zeta
function associated with the Laplacian on the compact manifold and evaluated in 0. To see this

note that (-function of the Laplacian (eigenvalues A, > 0) is defined as

‘1 1 K> dt .,
= E —_— = E — e ™ B-1
8 8] m >\Lrgn F[S] m /0 th=s ‘ ( )
where we used that

s Lo dt gy ]
) _F[s]/o e Q>0 (B-2)

From (B=I)) the formal derivative of the zeta function C’A [0] is an infinite sum of individual logarithms
of Ap. With )., expressed in some mass units p, (A, = M2 /u?) one has the formal result

dCals]

P =— Zln)\m = Zln w/My,) (B-3)

and the link of §2; with the one-loop corrections is obvious; p acts as effective field theory UV cutoff.
From eq.(B=l) we have

d¢als]
ds

RcE

s e (B4)

which relates (-function regularisation of an operator to its value in the DR scheme. One can also

s=0

include the contribution of the zero mode m = 0 (if A\g # 0) in the definition of {a[s]. Accordingly
R¢ changes and is relabelled Rg
With \,, = (m + p)?8 + 6 as general eigenvalues of Laplacian for one-dimensional case (see

eq.(@)) with boundary conditions given in the text, and using the results of eq.(m

1
0 ! 2
o tite = € ey (5 + Bp?)

o0 2
RT = /0 tfi S emtlmee+8) _ _1n‘2 sinm(p +i(6/6)%) (B-5)
meZ
we finally find
d( n 12 sinw(p +i(5/8)2)[2
Y ) R
©de\T[ S (6 -+ 5p?)
T d T € T . . 1,12
R¢ =~ Ty R; _O:—IH‘Q sinm(p+1i(0/5)2) (B-6)
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Comparing the results of the last two sets of equations, one notices that (up to a constant) the
result in (-function regularisation is equal to that in DR from which the pole contribution was

subtracted.

Eqgs.(B), (B=4) ([B=0) allow us to evaluate €; of eq.([[d). This is given by
U = Bi0)/(4m) Re (6= x*/u, B = 1/(Bu)?, p— po) (B-7)

According to eq.(B=3)) p should be regarded as the effective field theory UV cutoff.

e Using the DR results eq.([A=I7) of summing over positive (negative) modes only

RE = /°° i’i S et lmEn? o]
€ o tite

m>0

_ 2% n g + |14 p+ z’(cS/ﬁ)m]\2 —In(27) + E - p] In(me?) (B-8)

one finds the associated (-regularised result for positive (negative) modes’ contribution

R _%{FT:] Ri} = In|T[L % p +i(5/8)"2)| —m(2r) + [% +p|In 3 (B-9)

The effect of positive (negative) modes on the gauge couplings in {-function regularisation is then

Q;F o %R? (5 — X*/u*; B — 1/(Rp)*; p — pa)
— %f) {m ‘r[1 + po + iXR]‘Q —In(27) + [% + pg} In (RL)Q} (B-10)

This result was used in eq.(Z1]).
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C One compact dimension in proper-time regularisation (PT).

e Here we provide technical details used to derive the result of eq.([22)). In the proper-time cutoff

regularisation, the generic structure of the one-loop corrections is
o0 dt ! + 2 S
Re = [ S emtlo®ondco (650520, 5> 0. (C-1)
£ neZ

Q; of eq.([22) is then given by

Q| = Bi(0)/(47) Re(B — 1/(Ru)*; p— po; §— X2 /1?5 € =€) (C-2)

PT

To obtain R¢ we use eq.(A-9) of Appendix A-1 of [T5]. One has

0o !
Re = / %Ze—wt[(w)m/m
B¢

neZ
2 6_2/\/5 . . 1,2
~ [(,0 4 5/5)7@} ~In S —In[2 sinm(A, +i(3/9)F) (C-3)
with A, defined after eq.([A=2)) and which is valid if:
1 1
< {1; = } (C-4)
m/B" w(p* + /)
One concludes that
1,12
A ~ . . L
Re = X [T Mot -, VT, |2 sinm(p+i(6/8)%)
nezlé ! € [re?(6 + Bp?)]
RT = Y / T oo ont) - 2|2 sinn(o+i(3/8)%)|” (C-5)
¢ 1 VB

nez

with condition (C=Z)). In the above equations we replaced A, by p.

Note that adding the zero-mode to R¢ does not cancel the leading linear divergence unlike
the cases of DR or ZR schemes! To understand the differences among the various regularisation
schemes it is useful to compare the above result of the PT regularisation eq.([C0), ([Cl) with that
of DR regularisation eq.([A=I6), and that of (-function regularisation eq.(B=0l).

Eq.(C3) was used in the text, eq.(22).
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D Two compact dimensions in Dimensional Regularisation (DR).

e For two compact dimensions we evaluate the integral:

% dt '
L.= / pE Z e‘””‘mﬁpQ_U(mﬁpl)'Q, 7>0;, U=U +iU; (D-1)
0

m1,mo€Z

Q; of eq.(28) is then given by

Q| = Bi(o)/(4m) Le(r — 1/(TyUs), pi — pir) (D-2)

DR

Proof: To compute L, we use the Poisson re-summation eq.([G=H), so the integrand of L. becomes

/ !/ /
Z et TImatp2—U(mitp1)|* Ze—ﬂt7|m2+p2—Up1\2_|_Z Z e~ Tt TImatpa—U(ma+p1)[?

mi,m2 m2 mi1 mo€Z

/ /
_ Ze—ﬂtﬂmg-i-pg—Upl\Q + 1 Ze—ﬂtTUQ2 (ml—i-pl)2
mo VitT mi
1 ro 2
- Z Z e~ T~ U3 (mi+p1)?+2mima (p2 Ut (p1+ma)) (D-3)
VIT 2
1 e

A prime on the double sum in the lhs indicates that the mode (m;, ma)#(0,0) is excluded. If p;

_l’_

is non-integer the three series in the rhs of ([D=3)) can be integrated separately over (0,00) to find

L. = Li+ Lo+ Ls, where
o dt 1
L, = / Ze‘””‘mﬁp?_w)”? == —1In|2sin7(ps — Upy) >+ 1n [7r T |po — Up1|2]
0 tl—l—e — €
1 0 dt ! {7 U2 (mi+p1)2 1
- - e —7tT p1)* _ - 2
= t3/2+ﬁmzle 2 (m1+p1 _sz2[|p1|+6 Dy +42 ],

/ !/
Z Z e—ﬂ'ﬁlg #—WtTUQQ(ml+p1)2+27ri1h2(p2—U1(pl—‘rml))

m1 mo

L. — 1 [ dt
3 = FA $3/2+e
01(Ap, = UA,|U)
n(U)

where A, denotes the positive definite fractional part of y defined as y = [y|+A,, 0 < A, < 1, with

2 1
= ln’ZSinw(pg—Upl)‘ —27TU2[\,01|+6—A,01}—111‘

(D-4)

[y] an integer number. ¥ (z|7) and n(U) are special functions defined in the Appendix, eqs.([G=3).
To evaluate L; we used eq.([A=I0]) with the following replacements for the arguments of this

equation: 8 — 7, p — pa — Uypy and § — 7UZp?. To compute Ly we used the results of Appendix

28



A of ref.[T5], eq.(A-22) or more generally eqs.(A-43), (A-45). Regarding L3, taking the limit ¢ — 0
is allowed under the integral before performing the integral itself or the two sums. This is justified
by technical calculations (not shown) which prove that Ls is bound by an expression which has
no poles in ¢ — 0. This is actually expected because the integrand is well defined for ¢ — 0 or
t — oo when € = 0. After setting e = 0 the integral equals that evaluated in eqgs.(A-28) to (A-31)
in Appendix (A-3) of ref [15].
Adding together Ly, Ly, Ls we find for U = Uy + iUy, 7 > 0
At KN atrimates—Umytpn)?
L. = /0 Z e [ma+p2—U(mi+p1)]

tl-‘,—e
mi1,mo€Z

1 91(A,, —UA 2
= —+Infr7e’] —In 1(Bp, =~ UA,|U)
€ [p2 = Up]n(U)
Further, one can make the replacement A, — p;, due to the identity given in eq.(G=l). Eq.(D=5)
was used in the text, eq.(28]).

+ 27U> A2

oy >0 (D-5)

Using the properties of ¥; (Appendix [Gl) one also finds an interesting limit of L for p; = pa= 0:

o dt ’ —7ntT|me—Um 1
Le(pra = 0) z/ e 3o emmtrimemUmil® E+1n[7ev/(47r)]_1n|n(U)|4, 7> 0. (D-6)

0 m1,me€Z

in agreement with eq.(B-12) of ref. [I3]. Note that the contribution of the (0,0) mode - if added

to L, - would cancel the pole 1/e and In7|ps — Upy| term above.

e One important observation is in place here. To find the scale dependence of the divergence (1/¢)
of L, in the DR scheme one can introduce a small/infrared (mass)? parameter ;26 (§ dimensionless,
§ > 0) in addition to the (mass)? of the Kaluza-Klein states in the exponent in eqs.(2H), (D=1]).
This amounts to multiplying the integrand in eq.(Z0) by e~ ™31 or that in (D=1 by e~ ™0 After

a long algebra one obtains the following change for L, Lo, L3:

Ly — Lj=1L, if §—0
0 1
Ly — L’Q:L2+%W, it 50
2
Ly — Lg = L3, if 6d—0 (D-7)
As a result
/
Ll — /OO i Z e—ﬂ'tT‘m2+p2—U(m1+p1)|2—7T5t
[ 1+e
o t m1,2€Z
, , , w0 1 . )
= 1+L2+L3 = L6+?W, Wlth 5—>O, 5,T>0; U:U1+ZU2 (D-8)
2
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with L. given in (D). Therefore a divergence is emerging ¢/(7Uze), induced by the change of
Ly. With 7 = 1/(T3Us) the divergence is proportional to 75 /¢, and is quadratic in mass, given the
definition of T5. It is similar to that of proper-time regularisation (75/¢), see Appendix [l Note
that L which brings in this term is a contribution from both compact dimensions, as Kaluza-Klein
modes’ effects from one dimension and Poisson re-summed Kaluza-Klein zero-modes of the second

compact dimension. Also note a particular and useful limit of eq.([D=8)), that with p; = ps = 0.

e For future reference we also give the result of computing the integral:

dt
ke E/o i 2 emmtTIUmimmaPontep s 00 5> 0, U=Up +iUs. (D-9)

m1,me€Z

Proof: Following the steps in eq.(D=3)) one has LY = L} + L3 + Lj with

© dt I 2 1 |2sinh (6 /7)1/2|?
L = / e TtTmM, mét _ — [ :|
=3

1 tlte p— € Terd
L¥ = oo dt ! —WtTUQQm%—T('(St
2 = \/— t3/2+e
Uy ) ) _ 2} F[k—l—l/Z]{ k+1
= In |4 TrU. 2 U- 2k +1
3 +6TU2+TU2 n{ﬂe TUS | + NS QZ k1) TU22 C[2k + 1]

k>1

!/

I = L o dt Zie—wﬁz%/(tr)—wtﬂ-U§m§—2i7rﬁz2m1U1—7r5t
3 = \/7_- 0 $3/2+€

mi1 1o

4
1 — e~ 2n(6/m+UZm)/2 2inUim: (D-10)

= —lnH

mi>1
For L} we used eq.([B=If), for L} see eq.(B-11) to (B-15) in Appendix B of [I4]. For Lj one may
set € = 0 (no poles at t — 0 or t — 00) and use the integral representation of Bessel function K /5

with K;/5(2) given in (A=T4). Adding together the above contributions one has

. 1
L= 1—i—7T—5L—ln [47‘(’6 71 In (U)\4] +7T—51n(4we_77U22)—21nM+W(§) (D-11)
e €1l T TU, m(6/7)? T

with the constraint 0 < 6 |U|?/(U27) < 1,0 < §/(7U2) < 1. Also W(y — 0) — 0 and is defined as

k+1 _ e 2n(y+Usm}) 24 2inUrmy E
([2k+1] —In H

m1>l

Tk +1/2) [
(k+1)! U2

W(y) = 2v/rUs ) |

k>1

(D-12)

‘]_ _ 62i7rUm1 ‘4
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E Two compact dimensions in (-function regularisation (ZR)

e Here we derive the result for Q; of eq.([27) in the text. The one-loop correction to gauge cou-
plings in (-function regularisation is proportional to the derivative of (-function associated with
the Laplacian on the compact manifold, evaluated in 0 (See also the discussion in Appendix [Bl).

¢-function of the Laplacian (eigenvalues A, , > 0) is defined as

all= Y m—=gg X [ e (1)

m,neZ " MLn m,n€Zz

where we used eq.(B=2) and the “primed” sum excluded the (0,0) mode. Note that as in the one
extra-dimension case, one can express A, in some mass units p, Ay, = M,%ln / ,u2 and one has
that, formally

d¢als]
ds

! !
== InApy=> In(u/Myy)? (E-2)
s=0 m,n m,n

and one can see the link of this derivative with the one-loop radiative corrections, given by a sum
over individual logarithmic corrections, with u acting as the UV cutoff of the model. Up to a beta

function coefficient, eq.(EZ2) is also in agreement with the formal expression in eq.(d).
From eq.([EZ) one has

_dCals] a1 o dt
Le= ds s:o_E[ﬁ Z/O 751—_36 } (E-3)

m,neZ 5=0

which relates (-function regularisation of an operator to (the derivative of) its DR result.

With general eigenvalues of Laplacian for the two-dimensional case (see eq.(Id))
Amn = Tl(m2 + p2) = U(mi+p1)?,  7>0 (E-4)

and using L. of eq.(D=H), one has

d T € 191(A,02 — UAPl‘U) 2 2
Ly = —<{——L.; =1 —1 2nUs A E-5
‘ de{r[—d } 7 “‘ o2 —Upiln(@) | 720 (E-5)

One can further replace A, — p;, due to the identity in eq.(G=4l). The result in ¢-function regular-

isation is equal to that in DR from which the contribution of the pole was subtracted.

e Eq.(E=) was used to evaluate ; in the text eq.(27) with

0 = B(0)/l4m) Le(r—1/(Tal). pi = pic) (E-6)
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F Two compact dimensions in proper-time regularisation (PT).

e In the PT regularisation one evaluates (see the Appendix in ref.[IH])

o dt <
L5 = /5 7 Z e—wtrlmz-i-pz—U(ml-i-Pl)\Q’ 6 N 07 £ > 07 > 0. (F—l)

mLQEZ

with U = Uy + iUs.
Therefore §2; of eq.([28]) is

i = Bilo)/(47) Le (1 — 1/(T2U2)) (F-2)

PT

Using the results of the Appendix in ref.[I5] one has

1 91(A,, —UA,|U) 2 5
L = { +1In }—l—ln me’T| —In p2 oL + 21 Us A F-3
Sl il B G Y e sy Bn (Y
with the condition
1 2 2
e {v3,1/03} (F-4)
The (divergent) expression in the curly braces is corresponding to 1/e in the DR result, eq.(D=0).
Finally
T, me? 01(Ap, = UA,|U) P 2
Le (17— 1/(T5U: = —+In———1In + 21 Us A F-5
¢ VIR = e N, G - U @) B (9)
with

1 1 ol |Pz—U01|}
— LI LY F-6
maX{leRQSiHH’ R17 Rgsin9 < ( )

which was derived in eq.(52) of [15]. Here T = u?RyRysin, Uy = Ra/Ry exp(if) and A% = p?/¢.
One can make the replacement A, — p;, due to the identity given in eq.(G4).
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G Mathematical Appendix, Definitions and Conventions.

e In the text we used the special function 7

77(7_) = 7r7,7'/12 H 27,7r7'n

n>1

n(=1/r) = V—irn(r), nr+1)=

e We also used the Jacobi function

/2 (7) (G-1)

V1(z]7) = 2¢"/®sin(nz) H (1 —¢")(1 - q"e*™)(1 — q"e %), qg= ¥
n>1
- - Z n i7r7'(n—i—l/2)2 e(2n+1)i7rz (G-Q)
nEZ
which has the properties
9, (0l7) = 2mP(r), 9)(0|7) = 891 (v|7)/Ov|,—0
I r+1) = ™9 v|r),
hwv+1|r) = —0i(v|r),
Nw+7|T) = —e TTE Y (v|7)
N(—v/T|—-1/7) = i/ Ar1/2 exp(imv?/7) 91 (v|7) (G-3)

Our conventions for 1 are those of ref.[3]. ¥;(z|7) above is equal to ¥ (7wz|7) of [27], eq.8.180(2).

e Using these properties one can show that

2 2
~In \191(% - UAP1|U)‘ +2705A2 = —In \191(,02 - U,o1|U)‘ + 27Uy p? (G-4)

where A, is the fractional part of p; defined as p; = [p;] + A,

pleZ, 0<A, <1

e Throughout the Appendix we used the Poisson re-summation formula:

Z e—wA(n—l—cr _ —7rA 1724 2irho (G-5)

nez \/_ nez
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