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Relativistic Kinematics

1905 Albert Einstein derives the special relativity theory from a sengbstulate:
speed of light is constant in all inertial refererframes.

A few important consequences that will be usedhéndourse (remember c=1):

1. Location of a particle is described by a 4-compaémeordinate vector xF=(t, x, ¥, 2)

2. Particle kinematics—by 4-component momentum vector

3. Another example: four-vector of electromagnetiddfie

P*=(E, po B, P
A= (g, A

4. Energy and 3-component momentum of a particle ngpwiith velocityv are given by:

E=y,m and p=y,mv,

wherg/, =

1-v

1

2

Important to remember: wherl (>>1),E~p

5. Components of all 4-vectors are transformed the saegway from one coordinate system to another

47 Az Coordinate system S’ CoordinateesysS'
i t t=vy, (' + ux’)
! , x' X=Yy(X' + ut’)
! o}' y y=y'
X z' =27
i u : e
O NG > = E E=u (E" + upy)
X X P P=Yu (P + UEY)
i Py B= Py
. P P= P
v"
S' system moves with respect to S-system in Linear translations naturally result in
positive direction x with velocity u; their E=B+ Ex+ Est... E'=Ei+ Eo*+ Est...
origins coinciding at t=0 p= p1+ Pat+ Pst... p'=p's+ p'at p'at...

6. Product of any two four-vectors is invariant i.e. independent of a coordinate system in whicis
calculated (note signs in definition of squaringettors):

ab=aH-ah

E.g.: momentum four-vector squared gives paricieass:

EZ_pZ — EZ_p(Z_pJZ_pZZZ rnZ

7. If some process takes tindd' in one coordinate system S' (without any chainggpatial coordinates), it
will appear taking longer time in the other (pddtclive longer in lab frame than at the rest frame

At=y, At
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Invariant Mass: Creating New Particles

Important concepts:
> energy/momentum conservatior(before = after)
> invariant mass ... = (before in lab frame) = (before in cm framefafter in lab frame) = (after in cm frame) = ...

Helpful tip:
- write an for energy/momentum conservation in 4-@enbtations
- move terms left/right as needed
- square left/right parts of an equation (pick thefe that simplifies calculations)

A beam proton of energy E collides with a targeitpn at rest. What is the minimum energy;,Bo allow for
creation of anti-proton and proton pair? For reagonbe discussed later, anti-protons or protonsaabe created
alone. This was the process through which antigm®tvere discovered at Berkley in 1956.

po\

To create proton-antiproton pair one needs to adugy E that is at least as much as 2r8:240GeV=1.9 GeV.
However, it will not work since the system of beproton plus target proton will have a non-zero motam

Dbeam+ btarget: b beam+ 0 = b bes
that have to be conserved. Therefore the fouigbestwill have to be moving, which will requireditional energy.

Let’s define the center-of-mass frame where thal ttomentum sum (of all four particles in this gaisezero. The
minimum energy in this CM frame is just the maségl gfarticles, or E=4m (2m comes from the beam and target
protons and other 2m—from a new born pair).

* The energy-momentum conservation in four-vectoatins: p ... = Py
» By squaring both sides, we get invariant massearsgluof the system at the beginning and at the end
* The final system invariant mass-squared, calcult¢ke center-of-mass frame, is:
2 _ =2 2 — —
n’]nv =E - p2_(4n)2_02_ (4”)2

* The initial invariant mass-squared in the lab comte system:

miv = Eib - mb :( Ebeam+ n)Z _(ﬂpoeam-'— 0)2 = Ebeam_ abbeaﬁ 2 mEbeé'r-n |2n: 2 rnEbe-!a;m2 2'
+  Both must be the same, which giveg,, . =7m=6.6 GeV

However, one can do the experiment at even lowergsn if the target is a nucleus instead of bamtqo. In this
case, protons, being bound to stay within a smadltial region of the nucleus, will necessarily haa@me
momentum as governed by the uncertainty princfgfép = h. This non-zero momentum of the order of 0.2 GeV/c,
when directed toward the beam particle, helps redbe kinematical threshold by a substantial amaNate that
the proton moving with momentum 0.2 GeV will havergy E~m, since m>>0.2 GeV.

miv = Eib - mb :( Ebeam+ n)_( eam_o'z)2 = Ebeam_ bbea* 2 mEbeé'r-n l?TH- 04 pbe;mo'oz#: 2 %ﬁ- 2 mEt@anﬂ:o_r;]Zj

from where:

E =™ _54Gev

beam —
(1+ 02)
m
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Invariant Mass: Particle Decays

Consider the following process:

dN/dE dN/dE

Looking at distributions of energy for electronanmne deduce that electron-positron pairs conra ftecays of an
intermediate particle (as shown) or created irsdm@e manner as numerous pions?

» Ifthere is an intermediate particle X, it may lerbwith variety (spread) of energies.

» After decaying, energies of electrons will be fertispread from event to event, depending on theetiim
of the decays...

» So the final distribution of electron energies nt@gk not very distinct from similarly spread of egies of
other particles emerging directly from the collisso..

However:

*  The energy-momentum conservation in four-vectoatons: p, = p. + P,

* By squaring both sides, we get invariant masseareguof the system at the beginnirli‘gf(, and at the

2 2
2 _ (= -
end, N, —(Eé, + Eé) ( p, + pé)
So, X-particle’s mass is just the invariant masgsoflecay products, in this case electron-posiprain

Therefore, an experimentalist should expect to semrrow spike in the distribution @N/ dme+e,. Its width

would be defined by the errors in measurementsoartdé natural width of the intermediate partialekated to its
finite lifetime (AEAt=h). If electrons and positrons were born indepergetitere would be some broad spectrum
without any pronounced spikes. dN/ dm

dN/ dm,

m

ee e

What if we are looking formedecay of a particle of mass M born in presencearfly othentparticles?

dN/ dm,,
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Angle Transformations

Let’'s consider a process of an electron of maschveery large energy (say, 20 GeV) scattering astadionary
proton (mass M~1 GeV). Transform the scatteringleaing the center-of-mass frame (theoretical catootes are
almost invariably done in such a system) to theeplexl scattering angi to the lab frame.

First, we need to find the velocityof the center-of-mass frame:

U =prot/Etor =p./ (E.+ M) =1, since p=E_>>M, and
Yu = sqrt(E./2M)

Therefore, if in the CM system the scattered etectras momentum.g (and scattering angk:.), the same vector
in the center-of-mass frame will have the follown@mponents:

O = Yu(derCODerm + UEm)  and ¢ = GenSinBepn,
from where:

tard, = aL ! g = (L) EBinBem / (coDem + 1)

From the last equation one can deriveéraportant observation for decay products:
- decays in rest frame give particles uniformly distted in 41> the most probable polar angleni?
- the most probable angle in lab frame i {and will be small for large boosts!)

Colliding billiard balls in the center of mass frarare scattered uniformly im4Looking at the same process in lab
frame, where one ball is at rest before collisimme should expect to see both ball scattered gtartyle, which
would get smaller and smaller as energy increases...



