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anol ey, (polar asgle

le: o.uale Lrow E)ro'acclm

2 | of ¥ oafo  x-¥ plwe
(a,giw.u:é'h.d w&[t)

3
0¢ l€<zr: A

la.co bilan dke.."'re.rm‘momé :

sintcos @  reosPcosf -rsiard SMLQI

- f
QMKSIKQIXS)_ sinsin®  rcosVsing v s:wﬁmslﬁ\

a(&”ﬁe) cos ¥ -rswa tf o
= r2 sia wniquely reversible
VO lumt b\e.w.e.wi Q)\Q?.f‘& {‘3‘ "o
V= 0

&V-‘-‘ t’z az_o\'l} 0\:‘ o\ﬂ&‘{l

E)‘-Q.\MP].L ' Calc_u(a:how of the voluwe OE_ a, SP\'{"Q

2 A

\J“ S hr e2 Sd-'?} Stw'?} SCJL({ = 2T Solrr Sdﬂ.

i 3 4T o3 o.:.cosl?
_ltr-é'-l— 3R
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Coordinete lines Scole {a.c:(o rs

;0T e - : \
g 4 r:rLSEuL'?} COSLe‘ Slu?ﬂ&iu’f,dﬁﬂ})
2 é—:—-,_ (Siv.?ﬁ 0s ¢, sin‘tﬂsinuﬂ mﬂ)
b,= 4
\ g; T v ('&'-?Sﬂms‘?I co% ?ﬁeith‘ -S'w.?}:
W Wwe

by =
g,: (s,‘m.'lzo- c.o&.\flsinﬂsinl{’fus.ﬂ @-f- = r (am?ﬂs..‘cg sl Co.sﬁg 0)

eay= !’\ws'lgcos(@f :os?gsimg -s‘m?}) ,lme = v sin ¥

—

E’_le = i::-&,'\d\.\-e \ C.OSLQ, O)
15ttt (corvilivar ortagonal)

total o -E{ere,u,(—;ad

dv = d7F &, + ro\?ﬂ-g,} X *’sim?}oﬁl{ae
D1 Q{ft,re.a.%i al 6 pe rator
T. &2 e

5 2 AB 2 A8
= &r@r*e‘?} r@’&*e“ﬁ .-smﬂ&e

Position vector: ¥F@)s rlt) T

—gr = 7.9' &29. + Slv‘l.?} '{ Q.t{ D{.rltimes
XY o (3
E‘Q} a \-e C.Oﬁ'lg' &Le ’2}' &r verkors -

(0

@ ® — 9 tos Dy - P s, ) usedd for

VESTAN N o
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Mechawics o{ the {rtt mass [aoiw.{ |

/ R— M%ll %l ble &x'FCH.SIOH
withou! re g‘lfcu-w.l w all directiong
o ﬂ-clt'h Ow

Cm COuFM(SOK ‘to

the leuiut sales of e

LY ) de.w.e_q.{»

K‘m.e_u.a,{-ics: deseribe  wmowt Mdu.{
(o c[ucs{im {or the comsge o{f&e wpw_wadj

Toslk:  caludate r ) Lor givea alt]- :t""(t) aud
ifial conditions G@,S- f-'@.,,] anol ;rQ..j

Tw/o m{'tgm.-‘:ous 3- % '\;-"~ %_*2—

Vs Vi) Solt' 3. (&)

SRR §ow i) - He o §ou’[w furae]
H IR INICENE 50& Sa d¢)
Cn.f‘l't.Sio.u. cooro\'lwa%eg { Eime - i-\ohfx.wole.nf: b&sis)

P = 2wl
V)= 5T = Zx ) E

Cyliaolri col coordivates ?&.): S E?S t EE&
3&.)- 2&34-3&@9_ +é-€a
ak) = (¢ -—g~e‘)c3 c(SF + 289 )ept 2 2y
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Stah.ufcal coordinates: Fltl=r Qé,.

use. total digeue.n.-éia.( : T = 0’.4' e'_':. tr ol?ﬂ'é.;.* inn.?}c!fea

.5

=> v@.]- S §§,+r'ﬁ'§v+ rémﬁté'e::c
comPa.risou wetla ';'3@\-- G'E,'c rE, yiells
‘& e.ﬁ. 1 SM"Q‘{ Q{

Wewse that lo Lh for cochh u.mfw)f vc.c.{or

?‘l’- = “- e.\e + [&gr
EQ = K:Q} + SE, (-0 weed o C.a.i'.:u(cz{:e “fﬁ’,g}g)

— — — -l
ke or‘["«ozonnl{- O=¢ 2} Cr = Loty €e &,
with D'J:EQQ) oLk (&q}. e‘-) éAQ’.E.‘r + E@. E:. ete

p= e,}. e_r =-e?} er =-

“-E_. e..,e="&v_&|{:"x

S-Q,{ E.,- ""&\e Q(:"‘SE"L?}{
SN . - RO
€y = (siny, cos4,0) Q9 820 , 89820

O = B‘Zv-‘?} +S zreéa_ =-&SE¢\?}'{'%CO$'&‘
= 0= -Y sia?}—siwvté cog2d

e?-’_ l{QQ&ﬁe,.{ ?9' &
2 ~PeosW By - s Y e,

a&)z%‘t:G. r’Z}—rSIa?J"-e)

+Q—t}+ 2r?} -r st} cosv?}e_v-

16 44 2046 (rsdd @ + 28V 9« 2c cosW cetﬁ-)
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Kinewatics

Exawples 1) Uui E‘ow«l)/ acclerafed wetion ¢ all:a,
‘m:"{'iol COUL(J.;‘EEQVLS : ?(tg\= ? ) 3&1:)::;0

A £ ' °
F(H =V, * S ao dt = ‘Ga‘kao@“to)
‘. . &
FR)e 249 (tta)r Sat Jada
& t.
= v, *V, ({:-to) + Sd-t' A.,Q-"'tn)
te

SPec'w.( cage S

A) a‘° 2D b ‘Ecr . .S'fra.tgw.‘

- -

fs
\ ll“—t M&tOlﬁ
r@zfo
4 $° G:t *‘"
)

?_) Mtforu o.cce.(e,rﬁe_o( s'['ra.lgu-. iwe wotiow

V -0 O. # 0 o..‘( &o)?.
SR Co
—rE)

2)C.lrc.u[o\.r Wotiow Ow circle witl ({ix&i) todius R

Pk)=RE.  (r=R, f20  F=0),
?&)‘-‘-R‘Le E\E . e g—r

alt)= ~RQTE rRYE
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olp.{i».g, : o.u_au.[o,r Vt.[oc.{'(-)/ Ww = (e

Vdocl‘[‘y Mau;'('u.o‘-e l—& @ll=v:= Rw
R

centrigetal acceleratiow a,< -Ruw?
‘l‘om&o.w‘ia.( a.cce[e.ra:(c'on oue = R w w =0
(i for m Circwlar

define  oxiol veeter o= wiy wotiow)

ot - S - -
owh rewiite AP wxr@}:uﬂ?e{

'Tr:u.u.d.a.mwca.( lawse OQ cl.ymmfcs
- ustiow /luvas{tza:[-;ou * CoULSe 6{ wotio v

Note : oo finctions o) basis definitions : “position”
u‘{_‘.*! u
o df

IO) {o[(owin.g A«C_-Efd.i{‘fbus V:a—t

theprewms a) Axioms  (wotprovable )
b) conclusiows (enu%e. frow
watl, . Proaf"

Newhows Laws of wotiou
2 bogis  definctions:

{Drc&: P_Efor{' to c_[\o.u.ge state QG wmotiow
(or dope of abody) ; iwdireck definitron sk

wass  (werhl uo.ss) ‘-prope.rf:y of eacl body
Yo resigt o_%o.ius'\' c.[-.a.u.%es of w-o{-{ok,

sco.lor W,
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Axiowm 4 (Golili's law of iwerfa) :
Q‘l’k.e.n. exist sysfems of coordiwafes i whick)
o EOrc,e_- Ere.'& bociy (Msé {:moiu.f-] PErSES’FS tw
the stote '« the sfafe of resf or  iw sfafe
OE uni {orw S{'raia(&-liue wofiou

{ollowi-ﬂ-g ole.-E‘mf{-iou.s 4) Qorcc - {ree bool.)( . ko exterwal
iu.-Elu.eKC.e

2) e tiol sysfew. . coordinate
Systewm iu Jhick oxiown holdsg
- -

-3) Qim'r) mowmentiu : Pawm, v
(Prod—uc{‘ OE wass oud ve,fmf'\‘y)

Aciowe 2 (law of m’cc'ow)

rate of c_ka-v'-%& of wmomembum, = force
'ES' = F , 'ﬁ s mVEwmY
Eem.ar{’_s
o) -Hme.-iwo\cPewoLew( WMo SS 'F\)@.) : wm;, V()
- - - =
= W,V = m o = & (basic dynawical
P ]
eqwo.-[-iou.)
J_v;) $ pecial fe,(o.{ici’c)l
M = “"V}"?T"" l";\.;‘ #£0
A~a for v wm; M,

¢) chouges of wass alse possible -
rocleet , car ('E_u.v_nj U.k;‘ <0
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A

d.) Axiowe. : F = «p , choose

o=
E o
—_— = O
Miu

e.) clywa.m'ca] &c(w-w('iot.« of wotiow -

rhes. well defined : yields defiwition of rortio

Axiowm 3 - lLaw o{ reackon D.ctio = reactic

F, : Force of body 2 ou body 4
Fou borce  of boo\y A Ou -.bool)rz

S —
Faz = ~ F.'ld
No{-P_ . ollows to wensure wasses (w’tmr O\)

- A
Faz =7 FZA.
-

—
= - Q
M % My &y ) absolufs value
W

0, = WM, 0,

2a_ i Y2 (‘w.d.e_ wdent o©f 4ype ok Em:-)

%1 P F' t ?‘P ‘
o :

W, = W, Eﬁ W, Lixed mass Akg

[M""l h kg_\ -
{0!’& is ‘Qot.[ow{u.ca Clt.Eiw.i{'EDu. t = W O

[Fl: S5 -
Ax‘nowu 4 LS&P@IPOS\‘:E{DW Priwc.‘tt:)(t)
E= 2 F. ({orc.es add up like vtc.‘{ofs)

LZa
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torces Force £ieldl E.—. F Q_':i'-’, (:)

Exawples of mode| forces
a.) We.ia[r(' ) amvihﬁmg{ Eorc.e

—-—

Fs T Wy % W heauy Cgmv(fw&wai]wm
'i: C O, 0"‘ 3) gmui{y aczeleredion
ﬂ = .24 %a_
wmEea sSuye w-e,u.{‘ DE ™o (douga.{ion a{ .sPriwa)

i SP(‘E&%

wQass poiwf X7 amv;‘{-a.('{ouq( €ie.(ol

)
WL O - Mh% - O_s——g

tn A "

_.::‘_‘h_ : ‘\“-A{PMOL&M.{' o{ .su.bs%o;ce /masa Poiu‘l[

Lia ¥

Einghins Equi w(ence priwc}p[e W = mG,

| o
L wetagur Mf.’c [«.oois {0 ¢ T
Wi awd w, are @ i ®
Lquivo (ewt | - s
Wi sre w.m{- we.ctsu.r&me«.é

of weckiel wmass of heavy wass

‘tu am(Era.LaJ\ A Qo.b su]:zm(-

Lols o am\li‘f'a.'fq'omf
force tield
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b) Cmteal forces

e, 7, )= £GF,7 Ve, (rackal fore)
gravi'fa:(-iowa( force €)= - w,.I:
Coulow.b -EOrcc -EQ-}: 3‘%-"—2 Q¢ CLI?!

Warmpuice oscillator {(r) = - k

¢) Loreatz fovcee
£ ql EGO) +Vr BET
(force on r_,&o_rge,cl particle in electric  fieldl E

—

awd m&ﬂ&ft wduelion 8 / oLeFe_u.aj.s Own
velocity I?)

ok) F—Fric‘(‘iowa.( {orce_s

.Y

-
F = —~afv)vVv V) >0

lwertiol Sys{'twusl Golilel trrnsforw atioy

cecall : weekial sys{ew. . Lorce free wass moves
oW a S'l'ra.n‘&&.{- line V= o
Cow gt 0'-2.!' two C-OO"Ol wa -, ~$')( S‘&MS

T woves re,(a.{-iv.'.[y to 2.

. . -
witw coustaub va.(ou‘fy Ve

, nk)s Y -t L)

M‘_‘\s
G
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Without lpss &{ %Wa.tf-ﬁy . to= N {o (J'o] = ()

& (-P) ?'G‘.) x ? L{] ) A Q;] ?0 t
vl - "(*-] v L’d v T 1) = -‘T'(P] *V,
alt) = Fll= Fl) Sl = '
Newtows low - m 3= w B ()
2oL

force free PCtrJric\e_ tw 2 & {orc.e {i ee 9&-Eec!gu.z‘
PR ‘m.e,r{'.'.o.l S\{S{‘E.w. &= Z' . iuu'{'.'o.( sysfe%
Tmns%sfmcéio“ betwesa iwe,c'{:o.f sys{e.ms
£= t' (0.580 lube  tiwe \ Golile
ORI N E romsformation

sfatdm{ relo.«‘:u:’ry ¢ Lorewts - Troms {orma.{ Jou

Qo{mlﬁw& Coordinoke Sys‘r&qu* Pseudlo Torce
'E'owu ‘T)o = ‘JQQ:] {ol(ows

VE) = V) v(tl+v&\+.
alt) = Bt 2V, ¢ V1t F oAl

:\;,fO:Z‘ s wot gw ‘wirta) sysfem 1{ 2 is opwe :

—
o a =0 lows = =0.=0 ,Fz0 w2
!
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iu_e.-‘eia.[

! ro{“u:l'iu.g coordinate syste w with cougond
a.uau-(a.r‘ VJOCH‘)( W
cy hndrical coordinatfes

Exomp le: 2 sy stem,

. t=0, TS
¢-¢ 2Kt % |
'{=‘{‘1—Lot 4

z= 2

- al ?
s {mm Nt.wl'0u's low: 3'3/{

1
wt
Z-‘ E:M';é Le
Fg= mags= ""'-(g 3"@ 9.
F"E MQT—M (8 'f+28'f)
Fa_..mo.e_wa
T Fewmr
F-;- O =M(S’—S "f.>=n[§ 8 (¢- w)]
F?- mo.ter.w\(g'\'{« 25‘{*
Fi

3 Vew 8¢ +28(¢-w)]
=W-dz_.:m 2’ =W.i!'.

S‘kb S‘hi'lk{'t Fs‘ F\& FE
F}g = Fg x u-.g...: LZ l%'+ un)
F;_- Fa

{orc.e. free booy w T has pstucle {orctswLZ
= mgwklke -(-m) L(( =0 Ceu.‘{nﬁu. a.l -Eafcc}
[:wg = “ng LW (Conolts {orc.t)
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Acbitcori ly Accelerated Qc{treme_ S)zs*w-.s.

Constder + iwerfial sysfem T with §¢, _,2' N
a.rbt'{'fa.rily' mo\dag S)(Sf&w. '-il with S'E' t’éf

) ! 3 ' )
vecbor A i Z ¢ A=z 2 al?
v24
calerlate  Fme d&rivw‘{w._ w 3
n 3 3
A Z ‘) =) Q)
—_— o; ¢, «+ Z QL‘ e .
A & W - Y - *E 1 ole.ut{‘ff'{m‘fou.
\ - 3 Y ) r,
q.‘f‘i —_ ' N ' -.3‘1‘ Ot ua.w,{w[ue_g
P :Ziﬁ‘if e+ D of 28 1
Tz L=q At b2 I dt |y
-! 3 -3
L' - Za: de'i. (
= \ Y
d-t lz =n Ll Z
. v y
A
o &

m“t) IISI—{[: 'Siu.otlzllwali
s‘,‘q@:'.

2h LA 8- Gt
8 41 S‘mm_[ﬁ'l wdt &= d@;;‘z\:)

Note :




-GO“‘

- Lﬁ&;l) J-t ..‘
dm.wgt due to rotafiow : i—{‘- = _u-;le
¢ Lotufion
I SMWY!
dA' dA - 2! holds for
3._—{7 z = a—;? l T ) )‘LA ( . €
p atbg‘f‘mry ver_(or)
Tiwee olo_riua.fcwe apera.éor
._9.‘-_. -
alt!-z"“ ol-&lza+ WX
{Of Posf{inu vector T'”= ?‘?._.,
d,l- l F = &#I _ ?‘ + — o)
dt i L l)_ e ls = delsr 7T )
> Dleri‘fa.iw"
0‘\_.’1-; olz;':, CL -ltl — £ 5
{h_ \g—'i. d.*-t Z b d.tlz d-t 2\*. WAV 4
)
= -4—?'-' r WX et ¥ & 7 '“1
t? 3! de 3 dttz *r
! 3 \ -
_ 2 < dr! d @ ~)
) Iﬁ-lz' raEly Tar T
o)
NP3
At (T
r g = l2'+ w x v

¥
x T+ :‘»&(3"‘:)

Hes

“izad . a
A - 1 R

mukiply with wm owd wse Newlods taw to wlafe forces

Nu:'[ =L E"‘\Mro-lmw d'r'l mwx(h?x")
h -

2\
-wmw X T
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O-Olol:‘{'i5 \"-G-( PSUJO {OTCES ('tuer’(‘o. {orces) :

- "
— —-‘

E'= i':: = V‘“a ~ 2w B x a—%—lz'-mzx(wx?')—mwxr
/ ) !
reloti ve aseelerodion Coriolig  Cewbrl {u_ao.(
ok coocdmacte 3)'5{‘6“*5' force force
Siﬂ?lt. Preblems o€ \Dyu.amlcs
. . ﬂGtous't
Newkow's  law F=P= mo =wmr¥r

2wd, order

Tor F=F (7,7,4)7  differeatial cquation for ?
Solution schewe -

“U Wr:‘i'iw% J.OU..M / S&"‘{"{w:& E-f:(u-cl.'én'ou-s O€ MO"E‘(OR
‘LC—O&S\‘J&\'MCA el {orce.s)

2) solution of the differential equation
(wmathe matical wathods )

3) ?‘W sical  digcussion of Solukion

tor ?= l—:\(t) : Similar to ki«aw.o.{;cs ‘i@_}:%ﬂ
solw tion: aleady discussed
t
Pl Tt Vo lt —to) + Sat (ot a )
t

o
Exo IM.PlC_ $:

A1) force - free wotiown .?=o, )= Ty, (t-t,)
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l) M-o{'t'ow tw l«.ouogeuwus Qlﬂ\!:{'a-{(owa.f "Et'c(ol

— - -k -5 - -
F=w'.% ) m o = w\% =>_a.=g

Pe)s v W0 53k 6N

witia)  cowditions éxamtale. free fall €rom kr.iawc N

T = @,o,lﬂ,)
v,z O
y—
Solwt iow ?Q‘-) = 2 £, L p K,‘@‘:K&@]:O

)(3&): lﬂ- - %g"—a / ;"'5&-" ‘gt
£all - time conclition A:‘G:Tl =0
= L\- %_ g‘&i

@) fF = I2 _R!I
COffLSPOW.d.iﬂ VL(OC’.(I’?‘ ;’.Siti'l:j: UF
UF-'- - 2\'1.%

Ffor forces that olape.uol ou the positiow or
the w,(oc.ff'y, wmoré soP‘A'ts{'ica.{eo( wa-é&.awma.gica.(

wetlo de l‘LCP.CLreoL :

LR ':
wm v = & (F,v,t) mv - F(F 7 e=C

cau.Plt_uL

digferential

oli€€e_re.u.4ia.l &c{m:‘:bw of w- He order : eqn of P
7 ordes

w} _fa-4) * -
£, L x,%x,£) =0

with c}:‘)‘\
M = L™ w-th  derivative
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%M&l solufiow of  di flerentual c,qm.{:ou of w-fl
Orden :
o ROt o)

whert éX‘E are  w wdepeadsud poramelers

éptda( solutiow (?W‘({CU(&(’ so lufiow) for Qixco(
sed g&LE whick are  deforunued {x. by witial
Conditions EKM(Q) E

Exaw&?lt : .
)&3 T % = O -Erow. w :m% \
' %“ (Ofal 1)
:é\e.urat solutiow
XgB)= ¥ t 2t - 3 %t&
for k=0, %X,V 2V, , x,0):
the po.ra.mp_:fe,rs are Y, KXo, 2 ° Vo
‘DQ'Q‘““'i'l';O“‘-'- L‘twt&r o‘.iEQtu’&m{io.{ @.C{t&a.‘éfok.
e @)
. - ¢
go oy ) X&) = ) “
", ‘/‘ | RO Lomgen
e tives wp to w-tn (l(t)go mhom(sm

Order appear Vwearly
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Su.Pe.rPosH'ww Prim:if:(e (linear houoaeueous 0E)
£ ox ) omd x,l&) solve LDE, also

X(£)= e, x () ¢, x, (&) solve it with
| o.rbifrwy constauts ¢

\Df_.%_i-ﬂ.;.{'i:ctt v Liwtar '\u.o‘..e.ee_mab.u(.)r Oi (Solu{'c‘o“) Eu.uz_é{aus
), o, x &) are likear ‘mi@etu&mé €

W,

2 %y xk)=0

134

15 awn io\.u.fc?.'{-y owty ﬁ:f K 2w ® Ko =7
%m:.ra.i Soletiow OE \m»uoameous LOE Q.\-{»l., grd.p_r}:
W
x&_,d“\..,gu)=jz_ oy %3 ()

where X3 @:] are.  lLweor ly i-tolc{::eua‘{u# solutiouns
(’m 2t omed Miwiwmen Paro.m{us {or auem{

WA = VL SO‘M.'H.OK
i\m 2w ' Comwnt hove wore thaw w ks
to parawe trize tatuaro.ﬁ solution
: ‘ et
Solukion of uL.ow.o%w.aws LDE sdzf':w c:&lu.{;k‘m'
&( Log ¢

"
?(t,x4,---,zfa)= 2 oy x3lt) v Xo &)
4=

geu.m\ solatiow ©f Wwow. LDE
(Suptrposition of w Special Solutious )
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APPH cotion s : Motiow with {ric*&;ou v the
hom 00 neous %mw”co.& oua( field

Iric'liow {OrCP.S W %ases T, § llqc.:.icls:

’l) Ncw*ou.\s loew of {ricfiow. f,&z: - (32 '\-;

2) Stoke's law of frictiow Fp‘%= -V
Trictiow Dbefween solids

. — A -
A stiolin VCTIO w 2 -

] o 9 fe chio fgs FLv

2:) S‘k&.‘kit {ric,{-;o“ FR:‘ 'Eu S
(CQW-FLwSO.{'ES UL‘I‘&(‘M[ {orc,e_ ) F, < F_\..)

Ec‘u.u.iiow of wmotiow

3
w

fl

m§+6&% &> mF - F G
(1u|a.ow.o%ueous DE of 2. order)

Nb«-){'m‘s low ' wouw- Linear
Stke's low + liwear  DE witl whougeusfy wa@

ALY - S
w.l"i-o(r;wca

A) comstrw et  solutiow for kouoaeuwus 0t
VT 4w = O J.&c.oupll'_ e?mahous
W\;(L'{'O();\;_=O “-:4‘2‘3
(DE wH'L\. C.DM-S{'O-K‘(' CQQEEEC.I:QUL‘E.':) 25'/“-29/(6

neeod @ 2 liweor 1%&&?&%4 .SO[W&:‘OM_*;

t . L,
Awso.h x;_(t) ~ E-x x-(t): 5&.& ,x;_(thfc!t

s TES
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| t
‘weert ¢ W, K" c.'“’ + oLKe_‘{ =0

=3 w.xz tay = O "
an-tac)x = 0 Ba"o;k{z"?
two \;u.mu'(y iud-t.eﬂuuo(.e.w" Soluk fow s

ot
K‘l@} =t uzt,t
X)) e *®
3&%(&.( Solu.éicm: “ .
CR)= el vl e F
% @)
i ent
RSN wotion o©f Po.rﬁc(e
qu_ under Tafluguce of
N 'ErCC.{'{OVL owl:
- /

(‘Qu.[[ solution {or ¢=42
wow cous:du e 3 ™ ;(.3 + & );3 = - M%

iomskr ek e spedial selution wlere {riefiow
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center of uass-a.:
2 lolowow!c -skleronomic  cowstraiats

% = 0 (wheel does wet Hilt)

z, "R= 0 R: radius ©f whee

‘amotler  cowngteaint : UdocHy &) &wgu{mf ‘Jc[oci{)r f

i’\?l':RL.(J Ve X =V cos S

b ey s E%&Mt‘&}!
7’-‘- .= LR

rewnte  constraivt X - R '{ cos W =0

9 - Rt‘g e = O
d.iEQe.re.u.Jcia.(' {o"*u dx - R cosH d.({ =0

d){ - R Siwt}ol‘-e = 0
wot iutegrable : weed  time- dependence 2% ()
% oll 4 coordinates are ‘md.t.PLw-oLe.u.{'

Note. possible to rewnte as  coustrainf EOf'

Velo etties 3N .
Z Qim Ko * %i.t =0
=4

| (u.o{- - holowowic C.Ous‘ffo.iu.b)
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O Aloubert's Priu-c.iplt
taoa\'- Q.“W-in.a;ét cowstraint forees £ro &C[u.a.‘(ious of metio

2 - =
wp e = Kot Zg
7 S cougtmint {orce
d-""**i ( thread, tensiow , forte ow
force C %ru.q.‘{'o.&iou. , &L‘.‘Eac'_)
Spring foree, £riction )

Definitiow :  virtual &Es{;lac.ew-e.nk v
whinibestiwel chante of coordicates (cowpatible
with cowstraints ), wetantaneously execufed : 8¢=0

U'-D‘k'&.‘hou. s - Utr{-u.a.( .zS V\.Ol""'-OL[ dig{értcﬂ.‘hﬂ.l\
d : real (vaklee. wekicaliy

Emwmplc : parh‘c.[e_ w o tlevator

z 4
z\=v, ¢

- t"o

? X
real  displocewment dr = (i:) . G‘t;& dt£0
victwal dISPlact went BDF = é; ) 2 (Si.to) (SD")

#

o¢=0
Dbgiwi{'iow : Virktwal worle

— = -y —_

Swi_ - ‘Fc'g?;- -‘Fcl KL+ ZL

'~ N
--sh 2097 .
%oo.i vopliminate By frow wy re = Kov &,



A2 %~
Axiow : pri«-c.ip[l'_ G{ virfual worle

2 '-Z‘L‘g'-';;. = constrainet forces do uwod
) execufe Ouny worle for kughé
wovtme wk g

m{hply Newtou's &q'm.‘:l'cm with 87 .

OX{0w

" 'Y ) - N - A — — -
T w5 - 3RSt Zosn) Y yieoes
=4 L

Li"a.

N . .
=5 Z= Q(;_ ~ Eg) . 5':{‘ = O (\D'Afewiae.rf l':‘» Priwcfp(ﬂ

O-ddo.w{‘o.%t: wo congtraiut {orces

r.ii&o.d-uu.u.{-aae : %7::_ d-e.Pe.ucl oL ta.cb. 0‘("«&(’; wtre Ci:-.r;-!

3u-uo.li%col Cooroliwacfes CLragra.«ge. {or.«ah‘&u&)
Exowmples  (privciple of victwal work)

ﬁ) par{'ir_le Ow, Surfo.c.e; (also “oviv.g)

. ZLd?P  SWe 28720

2) Duwbb

) - ';u‘_ Virbeol olisP(a.c.e wewt §
& .

"‘*/-f: 5?‘1
el o 57, S+ STx(R-7)
5w - 7 %8R (rotedion arousd )

= 2,87 «2,- (55 ¢ S92 .
= 8EeR) ¢ 23 qx(RR) EoA
« 8% PEu(ed) so R AA
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Nb{f_t {ric Ow -Eorc.es rlo no’( Obty Priwcip‘t

- N — A
BW'-"‘F&.:SE‘, Fe = */'-l?—e.l Vi
-Sliol'tu.g {ﬁ(‘.‘[‘th. with,
coustrajut force ?,;

AR

Next S‘['P.P= e.[imia.o!:& covssl:ra.ids, 'm‘(roalu.c.e
qeneralized coordinates

2e R lqemant)
tnkal clieetf‘em‘&a.(
S - g}
aPos 2 T dqst T

A 99s
colowlobe velocities (‘cﬂef ff-&'-'f-*t&\
S — - -
- == AT ol. a";
o= %& 3o, I i T B st
. ‘  Se. 2l st AL
Uzr*u.o.l A\SF?.C-;Y:-&WE : S*:-O aqtga :L:'aﬁ ’aqp—
BF. = 2L F= Sq; o> T, QR
- = 9% R SRS TR
cow. St der
_Swv_= Zﬂ KL. Br':- = LZ“ 2.:; KL‘SCT‘S g(ta
s Y
< éq Qa Sqa withe Qa* ;KL Dq;

enecaliaed forces

[Qﬂ wot weeeasorily * Lores
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consider cowsgervative sys{tm :

_‘ZL > __"'v'\_‘ UG':,,F”)

%mem.[izeol -Eorc.cs jlao.iu vule
e \J
= - V Ve gy = A
N.x‘[' : t‘t,wd{c sr.coml ter m :pat . S?\; Dos
L=0
d 32- -=, /9%(% 3-'-1 . *ai’:\
E 301(9011'- 91:9«( Y W% AL/
o -
= 9 :
chaw rn.{/:‘ ql .
NS - or.  dr
- Fo=S 3 — gr,; ‘ 5"” =z L
? Pt. 6 D8 2“;—‘ 1:—;4 wo ru'acﬁ g“l}/ ql WJ_
T T gk (R) A%
“Za 'a:;L i s - -Q_CG L oke gq‘l Ch
_ l" S ._A.'. i 3]__ -.1..;2' _ A 9 ;st'
“?Z““‘(z“@‘h ) 2 9 r{-_)g?]
S - .
= :J_.__ 8:[_ - 31 \ g EU&L{‘C- &H‘t.nzy
2\ By 5y) % ¢ AN

lu.s.e.rE i D' Alewe st 'Priw.c.iple
cl, ol 9T _ o




-A30-
Special cases
4) Sy stems with  holowouwsic constrmints (oufained in Q;)

ol coordinates i dependent Dq; wdependent
- set all Bqj,except out fo zero
- cach Ferw lLas Yo vauish |

d 9T 9T _ . 0.3 (p- K:)oh
d- Q—Q—j %'Qj 3=4-3 ;LP

‘G' ! .
2) const rvoLTIVE sys{-eus \wo constrniu ))
v .
Note %" =0 ; aund. we rewrte

;Z&[d.l: ac(;Q -v) - aq]@ U)IS%

define  L(9ed9c ¢) = T(Ha 8L, ) - Uiag, €
La.%m.ggﬁ {m’l‘c’ow
)+ 2) S 94 'mole.Pe.woL&ncl .

4 oL .5 L
dtﬁah’é“a a

(\l_.o.ara.m%a Cc:[u.a.'l':ms 68 wotion ©f 2ud kzmt)

™M s

-8

S diffecential QC{\U’-I‘;OKS ok 2« ordec
({‘o b&SL‘OWq_)
— %W-&ro.l solutiow hos 28 Pa.ro.ue.'l-u‘s J

@)‘5& -Eor exﬁ-""«?lt by wikia C.bkal-s"{'"ous
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?roFu{rie.s. o{ the La.%ra.u% {mc;(mq

S
_ T- 4 St > S on AR
4) L =T~V T..,_Z;u&rb , re-%ﬁ_%*g%
N i - . 3 .
T= 3 %_ HieRiqe * éZ_‘“]' qj ¥ %
a X a.:“._ 2
%= 2 %_:: " “é“e._)
S D2 o
xh g.“" St )'(Sch)
C o= PR\ [9A :
/‘a&- Z‘-“ e ﬁ\ Tﬂi) geuemftzeol w5885
\%’t?ﬁ seleronomic ctonstroiats %‘;—"-w , 000;' rxé=0
rewr.te ¢
—— - A . .
L= TV = Lvb v lo Ls T2 ki
S
L = &
L'\ vt L\OMO%LEE.ODLS * %a d ql
{u&im& of twe %%m(feco( Lo 3 &= Vf:q,,,_,qs,t)

vwlocities o& order w

DeCindion + € e, 24) 18 homogeatous of order w (g
it helds € (@r ,wpaxa) = & €0, ., k)

3.) Lo_%rcm%f_ Quw[-.ious Qre {wwiu\Ja.ria.u.{- wnder
poiwt 'l‘rau.s-e:rua.{fcms

(Qer- qs) < (T, - Ts)

choice ot {Q}i o.rbi'['ra.ry , only wuwber fixe ol

d 9L L {or 29 wd g,
T 5‘!—3 ~ %} =0 holds Lo {9;§ di"f;l
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o C.La.-.ac of coordinate syafew (carfesiaun &> Curw lwcm}
iuer&q,( &2 wow -w-erém) we extra terws (ps

force a)

Nott : Newlou's eouwafions wot forw twvnriawt
4

e oy polar coerdiwates
WX =TT *-Lr'-rte)--ﬁ_

WA, ‘.\; = - %‘;' v, ( 'e 2'{ t-;‘é—:f
| Apfilica:{'iows of the La.gmuze e_qua.:(ious 0f 2ud ind

P“‘Dcﬂd.wr&

'{) Formuwlate cowstmiuts Uaolou.owic.)

2) fix $=3N-p cac»uu.[iea-i coorgiuate s avol trans formation
&) writke  doww La.grm«it {u-“-&%t'ow L= T(q":q‘,ﬁ)"\f@,(:)
‘r) de.rive Lo.tamae e.clu.a.{fou.s ok wolioy

o%_: 537:3 - QQ{;: =0 Solve. S differenfi
A

e,c[q.q,{(ous
5) "{'ra.uScEOrm to pa.rjcic[c. C.Dorolivm.'{es '-'T_ = Fa'; (-C'i@}'t)
amd  digeuss Solediouw §

At wood's free fall  waclive

z
A) holowoweic - sele rowouwi ¢ mustraints q: Fy
\h:\{’.:a“:zz;-o w\z-"

}(4'\' X‘Z = B_ =C_On_3'& " r:r
1
S= 6-S=4A4 0‘-0&'&2 O-E {reeo'.ow
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.".) choose : %&wermfiaeal coordiate

q= X, coustratnt gives x,2L-q

3) binedic eatrgy

Po-&u:h'or.f e,u.ar%y
Ve o qne g s s o g Bug e )]
ARk
'-l) L=T-V = %.(“‘«*““z)é[a* %Q“r‘"ﬂﬂ *3“‘=‘
oL L S0 cau be  emial

r———

dt o9 T O
(Mar ™) 3 = qQlewe) = O

. . — ' ] . -
DR BELy ke gl
L{re.t {a.(‘ with reduceod w )

5') Trn.ws{mmajc{ow back

y,_A'.-.qG;‘ ; K= L - C{Q:.S
G) constroink {orces by wse of Newta's ac(u.a.{io'« s
™ )'(‘4 =W, % tZ,
Ml % = W‘Z % * EZ ia.
Sul:'l'mcj(fna equotious

W, ;(; - W, ‘X‘.z_ = QM“-M&ZXZ* 2;«- %a
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wse X, = § , X;=-§ q = ..”...ag
(metms) q = (mamy)g +2,- 2,
w, —W
Q‘"Jm?-) v\w«;g QM w&)%*P T,
-2 O = 2.~ %, , L= 2,

G.M‘Ma &(12-&-{ Ow S
W, X, t W, X, = QM‘*W.Z) q + 22
('ﬂ““t,_) c{ = Q‘a*'“‘z)g 22
= ':'_ (Q‘a‘“‘z) E{. h Q“..'i‘wg) 2) = & “") —Q‘““"’-}

2w+,

N pa.rkc_les w cownserwmtive

foree {Ee_(ol Cwe c@uﬁ@'ﬁ:&)
/l) + 2.) +riviol

Qa= Xa s =Y, 1= €«

‘ > X2, Yy, 9>
3) L@‘,q‘,t) T~V

“Z“Q’i +y,_~i-) \
) 4 BL 3

at a‘;{'é‘i}fo

eﬁ(“‘i"t)"av =0

- =3 W, )( = - 5—
‘5}: (NQ-“A‘"- s Equ-w('c ou\
O w pare: D' Alewcbert
N et - - .
z (\J_;_—- PE-) Sr':_ =0 (O.u Sl‘;:“ m:le.fneu.alu.ﬁ)

N TN
Ky = g
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Gliol,in.g betad on ro'['n:éiu% wire

/ 2
wt .
"%
4) 2 constraints d W, —‘Z dr <0
2= 0 holowowic Scleronomic Swi" -Z &7 =0

y-'-' X tam @3{:) o lbmomit cheonamic
2) ﬁeurm[i%ui C.OOroliua{t : S= 3-2=34
r = C1

+rmus£or meLtiOw

X = q cos wt) z2=0
y = q Stw Qﬂ’:

\39 Lo.ara.ngc_ M;Qm L(q'éllﬁ):‘--r—\/
ey s T (g eqtwt) veo

L= z(‘{ c[ ‘“’1 = L, * L,
‘1) a h..a& &qu&.'ftovu
A oL 8L, d Bl
dt Bq ~ Bg dt d¢ - "1
2 Q—":‘- =

Awetiad COW&;+EQKS . q@) = r, 30 (o = A+B



qlt) = Q;wt -“’") ro cosh (ot |
ct(th w r, Siwh (w{:B

5) Trows for makiow bock | discussion
x: r, Cosh Qo{:) c.O.Sme;\
y = r, cosh v &) Siw (w &) =0

q = Wwire €05 @9{:3 >0 Qn. cre.asi-i-g a.cce[e,ru.{r'au)

€=z T- - \u(ﬁ{ tw'Q ) = i wowt oF [a{flsmk@otﬂ
Q;ucreastug t_mt"&y)

Gw.e.ra.(i%ﬁol. Momew(‘um awdd, C.\)/c.lic Cwo{faa"{&‘i

Definition - %merm[i%eal W o i b ua

- a L . @—*L_,__ ('—Clamae.
Pe s g-f_i“- Pe 8‘11 tQu. 2ud \r.uot
Sefinction  cyclic coordinate
18 - - _—
é—q]_-o =2 ]3:."0 , Pl = (OWGE
(cosa.se.r vatiow \o.w)

= choost Q¢ sucle that
wa.ziw.o.’k niwm Her Cyc{ff_

Exa,uplt 4} feee Po.r{-i.c’n& V=0
.- 3.
~V = T= ow (feytart) iz q
®L ] -
PLs B T ™9 P = O

Do = w gy =cOusc,

}
(\\LO w.!.u.{u,ut cowsStrvat :'oq_)
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Exa.w[::lg 2 kr_,Plu Proble.u

1) no congtroints

2)

Suttalble cOoral.'na:(es : kaericd cc'or'oliwa.{cs

(C‘ucltl‘h) = (",'w','{ ) x=r sintd cos ¥
~3) Lo.%m.uae. {_wu.c,-[u‘o“ y =r si-..'pa- (_Osle
L=T-V 2 = rcosy
N %“& Foar2 U v’-sif‘zﬂ-cez) + K:"M

La%ra.wag &clu.a,{ (OW S

cyclic  coordinate
2 = = 2 o ‘ -
Py 5% W SM?}LQ = owsE
T- COMPOWQWG O& Cl.u-%u.&!.r MD“‘-LW‘::H-'M

L!; = wrd Siwa?ﬂ- Le
Note : direction oef &2 axis O.rbi‘fra.ry , ClhooS e
———

- v—
LE" L ) L= f-?xﬁ = cons €
R
( W.O'E{O% (- )‘-"‘y Pl&lﬂ f_l I"'\L-'-"q‘

w this cage V= I | 1% = 0O

ngrﬁ-&g’. {u.wc.‘&iou -S_EMPUE(QS )
L: %L;"z-i- rtl‘e&)-l-g:_“—

rE wOLiwe V\.% Q,Clu_q_{'{ob‘
—d_—. @....L_' —— .g_L.._ - O ‘e + 2 KMM
dt 2¢ Br ~ mor o~ omr Yot =0

re

Qc\e.d-ico.l to result {row Mtw%oj)




~{38-

Now- holowomic Sys{'e,ums (or: wo wse of holowomic
coustraints)

¥ constrasuts in differenfial forw

Metleod : La.%ra.u%e e_c‘u.a.&ou. of st kind |
La%ru_u.%t waltiplier

/l) cowstramts ‘to{mlly P’
p constrainis w di £fevential forw

aN ) B
:..Z Qtu Tar - ;fu.t) O\Kw."r {it Q'“...,rm&)ol—ﬁ.o

- A,.._P

1:' - P holowomic congtramts

'E" (M ru,t)= O v = P*Al'";?}
2) o mkrocluce —1: IN- (P"P) %u-e.m.(iea:i coorolinats

G R
(q,“...} q] ) not all l'wo{b?-

b) rewrlte §  cowstraints
1

"\z:a. e (qh K qa'{: ) OLq“"* L:"-e (01“ ﬁa:*)‘“c
LA I:.

3) rewrite  cowgtraints for vickual c'.:spla.caw.e.u:(&
-i LY
E\n-‘ Lim (q‘u )qa'lt)gcl“* = e

'-() m_"ca-o c:l,u.c,e La_amae_ W—U..H‘\P[lﬂ.r )\ (ﬁ) "{Ml:%.f

A ) Z S {90 95, ) Bqu=0

WAz oA
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Swwm ec(m%eo%s _-

P
g M i_- Aim @l“""ﬂé.{:) %C[m."" O

c
kY

5) D Alewbert 's Priwc.{Pft conservative Sys{tms

i ( oL d 9L L=T-V
E\ﬁ;“ﬂ ?m)g“[u=0') e
] Ctut '
QL 5L
%4(3_‘11“ e 54 " Z’x Qm) 3qu=0
6) Now we have
Qar = C{i-p ‘mole.‘acu.d:.u.‘: C-OO"Cliha.{es : 3?

qi"P*i } ) ch OL&PML«:P CDOro'.{v'.q_{es : F
ﬁl"-' A sl that  the p aqu.a.{(ou._. woled. :

o)L _d sL & |
aq« At 54, + ,g_ N Qg = 0 s 34,3

) C‘u. tu.tlt.[:tw.af.au-.,{- .Eo,- va_ = a P
Z a?“\. fﬁl 8 {- z >~ Qtwﬂ.>gqu~o

m-

Yor all  w= 4. A L\D ol &

0\ 8 - = \ 1+ LQus.
&.t g‘%-m qm L.Zd)\ Qt.M. 3 P CI
vewrite  dif Rerential o wghrain s .£Or
P uvelowouns
CL"M = O , rolgm{' -
z’" q s 43 c::.[i'\'p s )cl‘_

(C,OwS{'l“O.w.‘l'S {or ge_meraheeol wra[ouikfes)
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lm-{erpre:{a}wu. o{ Mo L=T-V

Q; geumlizei force s

9T 9T _ £
T2 dt Sql‘“ aqz - Q‘a Z)\ Q-‘a

L-'-"-A

e_ue.mhzui counstrou t

force s ¥
ExamPlL : A-Pwoookls free Lall  wockine

4) con straints :‘l'o[&[fy S = p

A constraint W differeakial form 1 e
Wy
chQ t+ 4 X, = (& |
& holowo wmic coustraints Vo= Y23 2,52,=0

.7.) j: E— &4 = 2 %eme.mffeea( coordinafes

|
q.‘:‘-)(.‘ ! ‘{a"xa

rewrite  constraiwte

dq, +dgy= O Gezd, ag=d, b0
4) wteo duce Lu.gro.u.%e. ruftiplier A,

E M A = A § threadd  forces
= M Bay = Ny

Ow W, awd W, o
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5) LO.afa.n.gL {M&Ic ou

L=T-V = g- Q“" q:'-+ ”“:.512) t 9 G& "[4"““2‘1&)
6) Lo.grauge Locu.a.é:'ows + coustraints for velocities

m“ﬁm -w, = Ay
dq.r dq,=0 => q,+q, =0
Solve  2+A4 equ.odciws Pouse Q90

' “4&‘\4"“42 oW, q;"“‘zg

- w ..Mz
Py - w q = - ___,_‘1______.
4 “\q*wl % e W.A'\' MZ

Yox o~ 0q MW 3.0% % (Fhread tewsiow)

s 3 W r M,
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