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1. Gauß theorem / Divergence Theorem

Given the surface S(V ) with surface normal vector ~n of the volume V . Then, we define the
surface integral

∮
S(V )

~F · d~f =
∮
S(V )

~F · ~n df over a vector field ~F .

a) Evaluate the surface integral for the vector field ~F (~r) = 3xy ~e1 − 2y2 ~e2 − xz ~e3 over a
cuboid bounded by x = 0, x = 2, y = 0, y = 2, z = 0, z = 1. Then use Gauß theorem and
verify it. Calculate the left and right hand side of Gauß theorem explicitly and show that
they are indeed the same.

b) Use Gauß theorem to prove that for any closed surface S(V ) of a volume V holds∮
S(V )

~r · d~f = 3V .

Hint: Gauß theorem ∮
S(V )

~F · ~n df =

∫
V

~∇ · ~FdV

2. Vector Calculus identities

Given a scalar field φ(~r) and a vector field ~A(~r), prove the following vector calculus identities:

a) ~∇ · (φ ~A) = (~∇φ) · ~A+ φ(~∇ · ~A)

b) ~∇× (φ ~A) = (~∇φ)× ~A+ φ(~∇× ~A)

c) ~∇× (~∇φ) = 0

d) ~∇ · (~∇× ~A) = 0

Hint: To shorten the writing effort, use the index notation for the dot product and cross product,
see Sheet 0. For the components of the Nabla operator, you can use the following notation
~∇i = ∂i = ∂

∂xi
. Remember the fact that Nabla is a differentiation operator.
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3. Continuity equation, curl

a) Given the velocity field ~v(~r, t) and ρ(~r, t) of a compressible liquid. In this case the conti-
nuity equation

∂ρ

∂t
+ ~∇ · (ρ~v) = 0

holds. Consider the case where the density does not explicitly depend on time and show
that the following equation follows

|~v|∂ρ
∂v̂

= −ρ~∇ · ~v ,

where ∂φ
∂n̂ = n̂ · ~∇φ is the derivative of the scalar field φ in the direction of the unit vector

n̂.

b) Now, consider a velocity field ~v = ~v(x, y) of a fluid in two dimensions which is given by
~v(x, y) = u(x, y)~e1 − v(x, y)~e2. Show that in an incompressible fluid (ρ = const.) which
has no curl, the following equations hold

∂u

∂x
=
∂v

∂y
,

∂u

∂y
= −∂v

∂x

Exercise sheets available at: http://www.physik.uni-leipzig.de/~kreisel/en/teach.php

2

http://www.physik.uni-leipzig.de/~kreisel/en/teach.php
http://www.physik.uni-leipzig.de/~kreisel/en/teach.php

