43
2} c.au.siol.e,w the fotal oli{{areéiu.( D€ Fa (E[:q!,ﬁ}

3’& 3&
dF, -Z ach cli!* 'o‘*eh qu]) dt

We cowm ﬂ-tSO Ub{‘am e {\ Oh{(tr&a{ia.( -Erpu...,:
'd’—"?:;'f’-it‘ .‘:%)*@}"H)
o\l: - 'Z(P,_&cl ch{f) . Q{i—lﬂdt

LS

comparing coeflicints yields

PL = 25" - E.-'_(Ei‘ '4:) caw be wverked fo
1 % qi (g B¢

H*H'-'g'; &) M H*‘BFA

e t&ut\{nm _{umc{‘tn% VS u-u.v.q%(\j -Efxe_ol.
.L) stort {mm tie O.ckiowu
S a6 T T pige - t]

ScU:[Z PL"—H'L S&&%‘E‘-‘
F(‘Ifuq(ﬁ‘t)

ka“:‘t : '\'Llf. qm{[{-}u W ‘i-l.ge_- (“.‘
e “C.aara.m.a,l-egn 'Ei;&_ C*-HOL ' 1(‘!:.:9;’9 J

o, (£, are H-O'L ixedl , because {‘L'-&-Sl'_ depeud
q"( ) ‘{L:-EP(.}{‘-) omd D is w-&u{:é

Dw, q;.
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vorickiow ai 0LXiDwW |

O=238= Db F*Cq:‘ﬁhkﬂ).*nl) B SQ:L". qa*al“@z)rti)

t

2 by 1 :
« (gt Z 38 q) ~3"._§_H L OH g
é.d Lz,..( S S U T > oy o

Yorma r_on.-tu.iwiu% the wrriatfion of velomties Sc“h
tow b ‘wmkegafed b oty
: %‘ i th
(ot pisgl = Sane gy
. 4, s,

} vyt vy 1
PL SCI,_ . - é‘dt Pzgq:

11

H

ta g '- 1‘
R AT SLRESCR SEN

Vote : the variakion of the wew c{: does wok
jamish at the t.u.d-[.)olui Hmeg ;'bu-{'
wt. have pf = - % from the {-rn.nsQomL:nu !
vafioflon 'm the wew veriables Pi oad, Q.
s wdepundent | S0 we get the
Cu.n.ﬂjﬁ col E.t{u.o.{'?.w.. Q

" DR -1
C[L = amr 'Pl.. = gq;_‘u

wthe wew  variables e the
{mschlm L8 comowncal
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o{'he,r {arﬂ-s O«E ﬂa& %&nm{-iug_ {uuc.{'t'nu

RPN S
PR AN P*-"‘%E‘., s B
L S
(BBIY)  que- %% <1£=-'%%

w ol cases H'= H+ % |

-seo.r{-io.\ decvatives oQ ¥,

. ¢ trewsformation

to con:éu%ﬂ-'&ol vanahle
Em-.'mla les:

A) ‘m":a..rr.ko.n.%e_ of coordinate awol wmomentuun
S ]
@3 - Z %9
calewlate Yoo Trmwsﬁormau?iw.s
.ok

- P R
F aqg q PL gqb -
(we have already discussed  this c.a.mhit.a(
trowg 'Eorm-éiam with H (ﬁ: B LIP.' )

2) Hormowie. osclletor |
we hhave  discussed the Houmilton -EA.H.C.{I‘DW
Higp)= &ri¢q

C.O”\-SLOLE.I" the %WQ..‘LM% -%J.&\C.Irlaw
=, (q, q )= % WL U0, q"‘ cotlq’)
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calewlate the transformation
-1 9% ,

ps ‘3_6[ = ww,q ot ')

A 1
SR te g o )

{4 ) ct(q ?l) = I m::.: sw.(ot )
o1 pe o, [T sielg) S0 - [ cos )
FLDW i‘fﬂ.ﬂ.&ﬁorm 'H/“f_ Ho.w.x {"{'ou. E‘(LK'C,'Q'EDH.

H(P BFA
2
DZM Cc&Q‘}l . %{EE;:' 51“_@11}] + 0

= ngF] c.os’"(c{‘) + o, P‘ sh"(ﬂ’) 2 W, P‘

COMDNL C.Ql.. ﬂ-qU-Q.JV ol

{J‘ %“;} = 0 F,.‘: consgt = ¢
gu} - ) '
4= Bp W q = et T

(Sb(u.{inu.s olmogt ‘Eriuiag
‘H.'EEXPI‘&-JCO-‘LiDh l:.); wae E)Q ﬁams{nruajcinu.s @‘2)

Q- 15S, selatp)

v

D = 12MWeek c_oe.{@?n&*(l)

wown Solukiows 0& harmow e pscllator.
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‘t) Hapwilton &awbi Tla.c,or);

Motirkion @ Fiwd o cononical '{*ra.as{:orma.-ﬁbh
whicle ima{ ly swplifies the e?umffous

OE wotiow

S{ru:legias.

1) choose  transformation thet wops to a Hl@ﬁé]
{Of’ which  the Eq‘ua-éms o{wu{-in-«. have
beew  solwed aleeady .

2) cleosse  trawsformation such thod afl
coordinafes 93 are cyclic. Thew: He H‘(ﬁ)

on’ : \
B =0 =g pos o (= const)
for -h-qe_ mole.pmalmé W , W havt
oH' ,
8{5 = comst = c[r‘. = U
Pi= %
C{L‘ = W tt (3;_ (tompmrc harwmowe

osc.x[ u."e-ur)
25  pacameters (oe;_, (SL) weed. to be
Lined by it couditions

3 ) chopse +rausg I{armu.{iaq Swele +that

H = cowst = H(KRX

O‘-‘.@i- ﬁk “=($;_‘=C.bu.st

/-)'E;f. QC"I&") {MQ_OL b)v lm."l'ta.{ Cou.o[.
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The &ymics o& tlee sys%em is then w the
‘l‘fMS.EDrMa:('-inu ;

q¢ = q¢ @‘rﬁl;t Yo% (A R4
po= b @B t) = ope (8,%4)
How to obtow desired '+rn;ns§orm{;%?

We wont H' = const = O

F - =i}
% H}=H‘l"%—+_“‘ O - Fz"‘FzLCU?:‘E)
(&tmn.-{-iuﬁ fwc.-é:'m)
we have | ,
o SF; ConowicoL|
pe = gcl"- +m.sformq.4iuq
' = 9%
17 &g

Thew o) ‘I_?: o d.l{Eeraw‘:ia.( ectua.-(-!'cm ﬁor F,_ :
°F, ofF. oF
H L qil‘“Jc{&) W *““Jﬁrt) t -a-_t& = {
Q{o.m.i l{Dn"&&.wbi diEEe.re,wFiq( tctm-!iuu.)

Notes :
) H3D w o first order , nonlintar D.E.
\w 2s8tA varables ; the solutiow
has 2s+d  poroweters G}.,E,?_)
- Oue Pu.m.m.ﬁcgr 6 ativial cowstant \2
K F, s a Solutiow , elso Fa¥9 s
b S0 \t.n.Jci.cm..
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2) The %emrm( solufion '« a sef of Qmm—é""g
{mwo“¥ow5 F, w0 aunmuﬁc Hhat i+ exists
3) The “J.ymMiéi of the Homi (fou { i Ow
W's0 s jusl o poiat iw  plast
Cspece WP - (B &)
So lwhion 0{. +ae prfain.a_f th[ﬁh b)‘ RSO
of the tradaforation ¥ e(FEFL) A
‘l) The &t'—trw@im%t -Eu..vuc.[cio-rx W the actiow:

FZ = S: S L@.lﬁr&l‘} dt x Coms t
.,

to see tWis, we vrecall: F: FE@:{;];&}

BFa Vo B€:
PL* 'aq;_ I Bp/
b ab, _
Ho= B« 'g—g'-_-— O HI'H
dF"= > %——LF : «-Q.FJ:_ A E.F.L
R ot -2 DU SR TO I O R Y

3 . vy !
{50:0 = Z(P:.ﬂ:.* qc P;.) tH - R

\, x ";—A Definition
=0 = 2 ?Lq.‘. -R = L QoQ the
La il o £t
mtegrkion over  t frow £, .. 4]
\"utlﬂﬂ . | weed &
¢t 2 — o,
aL, Kwow B &)
Fltta) N FQQ:“) = S de d.t = g L dt ‘t‘ﬂh::&a{t
L, 4

LY

- Hae dots wot ke,\[:; to c.a.lcu[a.éc FZ.
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Sowe si:t,t.ia.( co.6ts

;{) -l{u.u{l‘f'ow {uuc:éiaw (S CDuS&rUE.OL 3 %i O
(u. HE -
H(q gs 1315)_2—&'_0 | e Fl S)

Ansaty : (&pa-m.-‘mu. of +ime ole.{-"w(mcc]
SE.Ft): WEE)- EG L)
hen s |
S ARG

(i€ H is tohal cuegyy )
W(ﬁ"“) tomi [tows . characderisiic {uu;.-(ins;

?-) 5!-90-"&-51& problems
REP) = 2 W@ep) = Z g Ty, ) = £@)
awsot 2 WC’ 8') ? \});,Q:[.‘.IF?‘)
eacia -E_u.n-t.‘{-\bh obujs : .HL%E,%E

—

—
i
m™
|

S-dimen sional harmowic oscillator -
v S _P__
@,3)- 2 Stk

4 [\ |, 4 T _
“""5{\‘3@)*5“;% = G
S Q:rrol.lwu_ry) wow linear di€€um§iq_[
ﬁ-qwa’c:ﬂﬂs ) Sotve by 11‘&&%7&'\49&
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5) Ln.arn.uﬂt. we o nt €S {w (coutinous ) fieldls

50 {a.r countal (6 wumber of J.ean!.es of

Gredow q‘@):(&“....,qgﬂ (s degrees of fredow)
wow + Kitlds  @(E, F)  represents cue
o’-E%ﬂ"eﬂ of Eve.ecl,ouv.

Exmplr.‘- 4D chaiw of wasses, conmected by

Y ) S
" - - _ SPl't“-a

R ﬂ‘;ﬁi"::gmf:{fi‘i:‘l
l :"2 ?‘E L cﬂ'“fﬁ“"’ﬂ-*mw fixed by
A Lia "Ry q(ﬂ = ("Qn"ez, ‘(,€S>
agongt oo L= T
ekt eeergy  Te 3w 2 @

Yoy ! )
Po‘l'tvu{'.m.x \(: % k z Q{;_H‘ ;_)L

Cia.tc& .by calcuw a.-hu.ﬂ 4ls ﬁorca

8\1
Fl - = “k(% “fu ¥ K(Lean “(’3

(Lo"rt.r..{-. 5% St.{-'EMA Qo = Weeo =© for E"‘EO( Wa.[(sJ

i (M'Qt —k@l_h f{’L )
i v (et y]

L=4

p= o (mass poreaghh) B s
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Euwler -La.%mat. E.c[un.—haus. of metiou

o< 4 9L oL
d.t"g?é QLE

O= wm "EL = Q{Ln Q'L? H{'-“)

n vector wotation

Mg v Kq =0 M= S;é_m (masy watric ]
K: k '-};-:-4
-4 )~y
"4_?..*1‘
the {orc.t. wmatrian 19 | “{orce* ot aq

o rﬁn.{ S\,N—Mt.{-rit_ hm-(-rix
- Exists aw mr"t(m%oua( wabrix Lsuel that

W' ¥ W = J,;aa ()‘u‘“: }‘s) . ()‘« 1 )= 0
S
N

define : trawsformed coordinates

= W3 & ug = uug -g
Al @rfknga uq_L)

: ti%t,u.uu.(uts of K

&c{m{iovus Q-E mokio w ¢

Hltc\' * KULq =0 Qn-u.l.{-ipiy with, U7)
LMW g + uTRruy = O
e o e

M 0
dac.o:.:..g\e.oL tquo.{iom.;. of wotion

2 AL

W 0w X g
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solution s qi_‘@l:' A r_c,s@o;}. )t 8, Eiu(wr;t)

(A; aud B, fixed by iwikial
fbuolf,{ioua)
PGSHWWE D{ wmasses Via ‘frn.t&{arméfu-—; U,

Vote : N ER Q:ecomae K= o’ B
but for ae,u—t.m,a coSe (5 coupled osd lators | )
wot necessarcly \Post-(-:dﬂﬂ
A) Ay >0 stable dirtetion , osciflafions

.l) AN <0 wstable directiou Xos LW
QU= A; coshfyit)+ & syl
3) »<=D qilti s Ag+ B ¢

Pemacles:)for s coupled osciflazors , the
Lagrange function cou be writhe as:

L@ ) 1T - 3TkE)

M awe,m.laed woss wateix
K+ force wa kel x

finetr toams iw q do wot occur 1€
q=0 s the &cfu.iiibriuu position

)I'E the wmass watrix is wot
dtﬂ-&omal ows wewds awsfher tro. S oroad

g = UL q where Uy is the
a%aom[ watrix that Atagoua[:aes M

uH MU = olm.% (HAI “‘55
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Limit 1 S=> 00 |, aa—>0 : pm:coust  (pacoust
- .1 ‘-&.ﬂ ‘{L
L= 3 1.-4 o [}A l{ - -J
mi/': _ ,\elfls{:n:_
d-t.s.c,np-ham b{ luuaduolma{ e,iaﬁ’cic‘. waves of
o. sticle < >
- -7 s v v v v l L Q:J — Lf@f&)
i__; _ positiow position of
of wassy iuQim'Ji:;-}. .
' waag € lguum
o SO ) )
0= 0 Q. »0 o
LY
PR3
L Qeadt ) - IRACN )+ Py &) e @, nea) - 2 WE ) Q&-,K-&)
QD0 &L 0-""”} a ha
. 2wk, )
T B

forwally, the tme dervodive becowmes o
pactial d.e.nuum&

G, — of
The \.O.(go.»ae. -S...u.c,-Linu. ..be.c.mze.s
el ek s
£, = 3 pt-p(Backy?

< 4o (Rent |, 2 (lagrage
£= 3 p ) S ) djia&s)
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E,qua..-ﬁiau.s o{ wotiou

32 a! ?u.:i-iﬂ.{ D.C.
Os= p e - 6 B

(ujaut. e.q:m-{-inu _{_or 10&3&;01‘:“&{ spwad waves
w o howogentons stick)

La,ara.u.ﬂe._ {oruua.{fsu« {&r C.lbw{'f.’uau!s -Eie.(tis

La..%‘m.w&t. -Qu.u.c..{iﬁm @t%mfim-éinx to mf\qpfao&m:usin
L= gd‘) Qﬁ(l?l %-:};3‘?; t;?)
v

aoke e correspondences
P - @ queenlized coordiaales

.g_l'.g 5!{ ~» %e,we.ra.(iteo( velowfies

7
£, 7 > additionwn! explict Aependences
ttami.lton's  priaciple
- 8s= 8 (dtav g -0
- Q2

+— Space - tiwe  yolume

vasiakion of tue dagrees of gudon (¢, 3% Tg)
W Vorigtiow of the. -Et‘e,(d\ ow the
Surfoce of - & LPG-'F))Q_Q_-: O

QCQMPQ:"&, . wo variatiow of Qi at &, o.mol -(:J
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nge  chorin rule  to ob{'&iu. {_or variadiow

£ ‘ae 98 ¢
0= Sd.-!-. dUKB Y+ 3(33 ; %})%@hﬂ
_ (%‘ﬁ %@ﬂe
tw":t.%k‘l‘lﬁm a a l —-a a£
AT Rl Y 2
"5u{ace termsg , Ve ,
. \wtsoy ra £iow
U’Q.MtEL\ : bf:%fmr-@s
| 28 D & 25 ¢ ] R
o dﬁotu[—-___——— Sy 2 2L gy
§L t oY  OF B@%B Ea ‘ g@ﬁt ;(
i | varia tion outach ¢
=0 v inIPquu:l’:'

Enler La.%ro.n%e_ e.c[u.u.‘hnus
-Ebr C’D"L{tﬂwﬁ {u..n.c.-Emus,

Em_mPlt: [o.%ro.u.%iu.a -%)r' sticle
£= 5 p(3 1“"(313‘
R . < n @ a_@_
3§70, SgytrE g
¢ 62
BB 2
| | Qggg u_\:uue.)
Note.: for mulkiple @t_lols P~ Y xs= A..v, Wi have
08 9 2% 2 2 °& _ p  Culer-lagruge
AT N TS N egu. for fac
? T&) O (0 ) {;J&{Lp,((t,,?)



