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Suppressing phonon transport in nanowires: A simple model
for phonon–surface-roughness interaction
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Suppressing phonon propagation in nanowires is an essential goal towards achieving efficient thermoelectric
devices. Recent experiments have shown unambiguously that surface roughness is a key factor that can reduce the
thermal conductivity well below the Casimir limit in thin crystalline silicon nanowires. We use insights gained
from the experimental studies to construct a simple analytically tractable model of the phonon–surface-roughness
interaction that provides a better theoretical understanding of the effects of surface roughness on the thermal
conductivity, which could potentially help in designing better thermoelectric devices.
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I. INTRODUCTION

To convert waste heat to electricity or to use electricity
for refrigeration, an efficient thermoelectric material needs to
have a large electrical conductivity σ and at the same time a
poor thermal conductivity κ [1,2]. Typical bulk materials with
large σ are Fermi liquids, and they turn out to be inherently
inefficient [3,4] because the ratio of the two conductivities
at a given temperature, κ/σT , where T is the temperature,
is a fixed number independent of the material properties
(the Wiedemann-Franz law) [5]. On the other hand, it has
been widely recognized that these two conductivities can
be controlled independently in nanoengineered materials,
boosting the efficiency [6–10]. A typical nanodevice consists
of two large leads at different temperatures connected by a
quantum dot [11–14], a molecule [15–19], or a wire [20–22],
and one can, in principle, have finite power output at high
efficiency [23–25] in such systems. In particular, it has been
shown that thin disordered Si nanowires can be used to achieve
both high efficiency and large power output [26] provided
one operates in the nonlinear regime and takes advantage
of an interplay between the microscopic parameters of the
material and the thermodynamic parameters of the leads as
well as the connected load [23]. Since Si nanowires are
reliably reproducible, and the device is not very sensitive
to fine tuning of microscopic parameters, this looks highly
promising. However, one factor that has not been considered
in such systems in a systematic and quantitative way is the
effects of phonons. Indeed, a large contribution to κ from
phonons can seriously reduce the thermoelectric efficiency of
any device.

While heat conduction in molecular junctions [27,28] as
well as disordered waveguides [29] and wires [30–33] has
been considered theoretically in some detail, there has been a
series of recent experimental studies on Si nanowires [34–40]
that show the importance of surface roughness in wires with
diameters d < 150 nm. Li et al. [36] measured the thermal
conductivity κ as a function of temperature T , from 25
to 325 K, for a series of “smooth” Si nanowires (grown
by a vapor-liquid-solid process) of diameters 115, 56, 37,
and 22 nm. The dependence of κ on the diameters of
the wires (with the exception of the 22 nm wire) can be
understood in terms of the Boltzmann transport of phonons
through a tube with specular as well as diffuse boundary

scattering [41]. However, as shown by Hochbaum et al. [35],
if the wire is prepared in a different way (electroless etching
nanowires) such that the surface is “more rough,” even the
maximum diffusive surface scattering model cannot explain
the phonon thermal conductance which can be almost an
order of magnitude smaller near room temperature. In fact, the
thermal conductivity in such wires can reach the amorphous
limit when the diameter d ∼ 50 nm, even though the wire
is far from being amorphous. Apparently this surprisingly
small κ can be explained within a Born approximation for
phonon scattering where the surface roughness changes the
phonon dispersion relation [42]. However, it has been argued
that such an approximation should break down at wavelengths
comparable to the size of the scatterers. Indeed, an atomic
level investigation [43] concludes that the Born approximation
overestimates thermal resistance by an order of magnitude, and
so cannot explain the experiments of Hochbaum et al. On the
other hand, Monte Carlo simulations [44,45] show possible
phonon mean free paths below the Casimir limit (of the order
of the diameter), and molecular dynamics simulations [46–49]
for very thin wires (d � 15 nm) show a significant reduction
in the thermal conductivity in the presence of an oxide layer,
an amorphous surface, or a periodic ripple roughness. While
these atomistic numerical simulations illustrate the importance
of surface roughness on the thermal conductivity, a simple
analytically tractable model that captures the essentials of
the phonon–surface-roughness interaction as suggested by the
experiments has yet to be considered.

Lim et al. [37] have done a systematic characterization
of the surface roughness to understand the difference in the
two sets of wires studied in Ref. [35], and concluded that a
frequency-dependent phonon scattering from rough surfaces
is important. In this paper, we use these insights to construct
and develop a simple model of a phonon–surface-roughness
interaction and use standard analytical techniques to calculate
its effects on the phonon scattering rate. The calculations are
done at the simplest level of lowest-order perturbation theory
at zero temperature, but the robust features of the model
naturally lead to a frequency-dependent phonon scattering
whose strength depends on the peak value of the roughness
power spectrum. We find that while a constant form of
the roughness power spectrum washes out the signature
of the frequency-dependent scattering in the transmission
function, using the experimentally determined form of the
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power spectrum [37] leads to specific features that can be
tested experimentally. In addition, we identify an important
parameter of the model with a particular combination of the
parameters related to the rms surface-roughness profile and
the roughness correlation length. The thermal conductivity at
a fixed temperature decreases significantly as a function of this
disorder parameter.

II. MODEL FOR PHONON–SURFACE-ROUGHNESS
INTERACTION

In order to study the effects of surface scattering in the
context of electron transport in thin films, Tešanović et al.
introduced an exact mapping that allowed a reformulation
of the problem in terms of a smooth surface with an
effective interaction Hamiltonian that includes channel-mixing
pseudopotential terms [50],

Heff =
∑
k,n

(ξq + En)c†k,nck,n

+
∑
k,q

∑
m,n

λ(q)Vmnc
†
k+q,nck,m. (1)

Here, c†,c are the electron creation and annihilation operators,
respectively, and the matrix Vmn contains channel-mixing
terms (En − Em)[z∂/∂z + (∂/∂z)z]mn, where En are the
eigenvalues of the film with a smooth surface parallel to the
x-y plane.

Adapting the same mapping to phonon transport in a thin
wire, it is clear that the channel-mixing term proportional to the
coordinate z will correspond to a localized phonon operator,
which couples to the bulk propagating phonons. The position
of the localized phonons must be randomly distributed if the
surface roughness is random. Since it is not possible to obtain
either the surface-roughness spectrum or the coupling of the
localized phonons from the mapping without detailed inputs
about the microscopic properties of the surface, we propose a
simple model where inputs from experiments can be used to
obtain a qualitative understanding of the effects of the phonon–
surface-roughness interactions. In particular, we assume that
a phonon Hamiltonian with extended imperfections on the
surface will have a pseudopotential φ(x − xl), where the sites
xl related to the localized phonon are randomly distributed.
The Hamiltonian for the propagating phonons interacting with
the surface roughness can then be written as

Hint =
∑

l

∫
dxA(x)A(x)φ(x − xl), (2)

where the phonon operator A(x) = b(x) + b†(x), with b and
b† being the usual destruction and creation operators for
the propagating phonons. We expect φ to be proportional to
ξ = a + a†, where a and a† are the destruction and creation
operators for localized phonons arising from surface disorder.
Moreover, a correlation of the type 〈φφ〉random would include a
measure of the root-mean-square fluctuations of the thickness
of the wire. We will implement these ideas as we develop the
model. For simplicity, we will use h̄ = 1.

Within the standard perturbation theory [51] for the time-
ordered Green’s function

D(x,x ′) ≡ −i〈T [A(x)A(x ′)]〉, (3)

the lowest nonzero contribution

〈δ(2)D(x,x ′)〉random = 1

2

∑
l,m

∫
dx1dx2 × 〈T [A(x)A(x ′)

×A(x1)A(x1)A(x2)A(x2)]〉F (x1,x2)

(4)

involves a thermal as well as disorder average,

F (x1,x2) ≡ 〈〈T φ(x1 − xl)φ(x2 − xm)〉〉random

=
∑
q1,q2

eiq1x1eiq2x2〈T φq1 (t1)φq2 (t2)〉

×
〈∑

l,m

e−iq1xl e−iq2xm

〉
random

. (5)

(A first-order contribution leads to an average over a single
phonon operator φq , which vanishes.) We now employ the
standard techniques used for impurity averaging of electrons
in a disordered media [52], namely,〈∑

l,m

e−iq1xl e−iq2xm

〉
random

= Nimpδq1+q2,0 + N2
impδq1,0δq2,0,

(6)

and use the idea mentioned above that φq is proportional to
the localized phonon operator,

φq(t) = uqξq(t). (7)

Then,

F (x1,x2) = iNimp

∑
q1

eiq1(x1−x2)uq1u−q1dq1 (t1 − t2), (8)

where we defined the impurity-averaged time-ordered local-
ized phonon Green’s function,

dq(t1 − t2) ≡ −i〈T [ξq(t1)ξq(t2)]〉, (9)

and kept only the term linear in the impurity number density
Nimp. Wick’s theorem then allows us to obtain the exchange
self-energy [51],

	p(ω) = Nimp

∑
q,ν

uqu−qdq(ν)D0
p−q(ω − ν), (10)

where D0
p(ω) is the noninteracting time-ordered propagating

Green’s function. For explicit calculations later, we note that
the noninteracting nonequilibrium lesser and greater Green’s
functions have the form [53]

D0,≶
p (ω) = −i2π [(1 + Np)δ(ω ± ωp) + Npδ(ω ∓ ωp)],

(11)

where Np is the number of phonons at momentum p and we
assume an acoustic dispersion relation ωp = vp, with v being
the sound velocity. On the other hand, if the surface disorder is
strong, we expect it to lead to strongly localized phonons, but
not necessarily strong coupling to the propagating phonons.
Thus the impurity-averaged localized nonequilibrium lesser
or greater phonon Green’s functions can be taken to have the
form

d≶
q (ν)= i2q

[
1 + Nq

(ν ± �q)2 + 2
q

+ Nq

(ν ∓ �q)2 + 2
q

]
, (12)
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where �q is the frequency and q is the width of the localized
phonon. Since the localized phonons arise from surface
disorder, we expect a broad distribution of �q including modes
inside the propagating phonon band.

To connect with experiments, we need an appropriate model
for uqu−q in (10). For a thin wire, a confining potential in the
transverse direction implies that uq should be proportional to
1/Md2, where M is the effective mass of an atom at the surface
and d is the wire thickness [50]. It should also be proportional
to a measure of surface disorder related to the fluctuations of
the wire thickness. We write

uqu−q = λ2

M2d4
W (q), (13)

where λ is a dimensionless strength of the coupling between
the localized and the propagating phonons assumed to be
small, and W (q) is proportional to the roughness power
spectrum S(q) which is a key measure of the roughness of
the wire [37,54].

III. THE RELAXATION TIME

Use of second-order perturbation theory should be a
good start for qualitative predictions in our model since we
assume weak coupling of the propagating phonons to strongly
localized phonons. The most significant effect of the phonon–
surface-roughness interaction is to give rise to a single particle
relaxation time τi(ω) for the propagating phonons, given by the
imaginary part of the retarded self-energy. The nonequilibrium
Green’s function formulation [53] allows us to write the
imaginary part simply as 2 Im 	R

p (ω) = i[	<
p (ω) − 	>

p (ω)] =
−1/τi(ω). The lesser and greater self-energies for the three
phonon processes (propagating phonon emitting and absorbing
a localized phonon) have the form

i	≶
p (ω) = 2

Nimpλ
2

m2d4

∑
q

W (q)J≶
p,q (ω),

J≶
p,q (ω) ≡

∫ ∞

−∞
dν d≶

q (ν)D0,≶
p−q(ω − ν), (14)

where the factor 2 takes into account two possible diagrams
that turn out to be equivalent [27]. The calculation is particu-
larly simple at zero temperature,

J<
p,q (ω) − J>

p,q(ω) = 4πq

(ω + �q + ωp−q)2 + 2
q

− 4πq

(ω − �q − ωp−q)2 + 2
q

. (15)

The summation over the momenta q in (14) will depend
on how we model the momentum dependence of various
parameters. The experiments suggest that the crucial mo-
mentum dependence arises from the power-law form of the
roughness power spectrum, which we must keep. We simplify
our model by ignoring all other momentum dependences,
�q ≈ � and q ≈ . For the relaxation time calculation, we
will consider the effect of a single localized phonon in the
propagating phonon band, which can be easily extended to an
arbitrary number of localized phonons. (The effects of many
such phonons with a distribution of � will be explored while

considering the transmission function in Sec. IV.) According
to Lim et al. [37], S(q) is best described by a power law,
S(q) ∝ (q0/q)n, with n between 2 and 3, in the range of wave
vector q1 = 0.01 to q2 = 1 (nm)−1, while it is approximately
constant for q � q1. Then, the relaxation time τi due to the
phonon–surface-roughness interaction can be written as

1

2τi(ω)
= 4πNimpλ

2ρ0

M2d4

∫ ∞

0
dεW (ε)R(ε),

R(ε) ≡ 

(ω − � − ε)2 + 2
− 

(ω + � + ε)2 + 2
, (16)

where we have replaced the sum over the momenta by an
integral over the (positive) phonon energies ε with a constant
density of states ρ0, and used the model for the roughness
power spectrum,

W (ε) = W0

{
(ε0/ε1)n, for ε � ε1,

(ε0/ε)n, for ε1 < ε < ε0.
(17)

For the sake of definiteness, we will assume ε0 � ��  � ε1,
without loss of generality.

We first note that the contribution from W (ε) is larger for
larger exponent n, and the experiment suggests 2 < n < 3 for
many different types of disorder. For simplicity, we will use
n = 3 for all our illustrations. The large contribution from
small ε in W (ε) is largely offset from R(ε) by the small
factor ω/�3 in the regime where ω � �, and by the small
factor �/ω3 in the regime where ω � �. In contrast, this
contribution is enhanced by the large factor 1/ in the regime
where ω ≈ �. This gives rise to an energy-dependent scat-
tering which was first established experimentally in Ref. [37]
and plays a crucial role in our current model. The physical
picture is simple; propagating phonons with a frequency that
matches the frequency of the localized phonons are scattered
the most, the effectiveness of the scattering depending on how
sharply defined are the localized phonons. Figure 1 shows the
phonon–surface-roughness scattering relaxation rates for two
different choices of the roughness power spectrum parameter

0 2 4 6 8 10
0

50

100

150

200

Ω = 5

W(  ) = const.ε  

ε  = 0.151

n = 3

1ε  = 0.1

ω

τ (ω)i

Γ = 1
1 n = 3

FIG. 1. Single particle relaxation rate 1/τi(ω), in arbitrary units,
for two different choices of the roughness power spectrum parameter
ε1 defined in (17) compared with a Lorentzian [dotted (magenta)
line] and a constant W (ε) [dashed (red) line]. All energies are in units
of 0.
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ε1 in units of the localized phonon parameter  = 0. Note
that only a comparison among the two is intended; no attempt
has been made to fix the magnitude which depends on the
unknown prefactor in (16). Clearly, the surface scattering is
highly sensitive to the roughness parameter. The result is
qualitatively different if we choose W (ε) to be a constant,
as shown in Fig. 1, where the relaxation rate becomes flat at
large ω. In this case, for illustrative purposes we have chosen
W (ε) = W0(3

0/ε
2
0ε1), which would be the value at ε = 0 for

n = 1, but the general frequency dependence does not depend
on this particular choice.

An alternative model for the power spectrum is a
Lorentzian [42,55], of the form

W (ε) = �2 εc

ε2 + ε2
c

, (18)

where εc is inversely proportional to the disorder correlation
length Lc, and � is proportional to the rms surface profile. We
expect � to be proportional to the ratio of the mean surface-
roughness height h and the diameter d of the wire, � ∝ h/d.
In order to make a comparison with the power-law model, we
choose the value W (ε1) to be the same for both models. We
expect εc � ε1; for the purpose of an explicit illustration we
choose εc to be smaller than ε1 by a factor 5 and adjust W0 by
the same factor in order to obtain the same value of the power
spectrum at ε = 0. The result is shown by the dotted (magenta)
curve in Fig. 1. Thus the Lorentzian and the power-law models
give very similar results with appropriately chosen parameters.

The Lorentzian model allows us to identify the ratio (ε0/ε1)
with Lc and � to match the value W (ε = ε1), namely,(

ε1

ε0

)n−2

∝ Lc

�2
, (19)

where we have used εc ∝ 1/Lc. It is known that as � increases
and/or Lc decreases, the thermal conductivity decreases. The
above relation is then consistent with the fact that a decrease
in ε1 increases the scattering rate.

IV. TRANSMISSION FUNCTION

A potential signature of the validity of the model is the
presence of localized phonons within the phonon band, which
should be observable in the frequency-dependent transmission
function T (ω) given by

T (ω) =
∑

p

�LDR
p (ω)�RDA

p (ω). (20)

Here, �L,R are the couplings to the left and right leads which,
for simplicity, we take to be independent of ω, and DR,A are the
“dressed” retarded and advanced propagating phonon Green’s
functions that include the scattering off the localized phonons
as a self-energy contribution. This leads to

T (ω) =
∑

p

2ωp�L[
ω + i

2τ (ω)

]2 − ω2
p

2ωp�R[
ω − i

2τ (ω)

]2 − ω2
p

, (21)

where τ (ω) is the total relaxation time due to all scattering
mechanisms present in a nanowire. This includes not only the
τi due to the phonon–surface-roughness interactions calculated

above, but also scatterings from bulk impurities, anharmonic
terms, umklapp or boundary scattering, etc. In particular,
the umklapp scatterings are essential in order to explain
the saturation of the thermal conductivity as a function of
temperature T at room temperature. For our purposes, in
order to illustrate the effects of the phonon–surface-roughness
interaction, we will ignore all other scattering mechanisms
except the boundary scattering that contributes a small constant
term τb. The reason for keeping the boundary scattering term
is that for a smooth thin wire without any surface disorder, the
boundary scattering contributes a small but constant relaxation
rate, typically proportional to the inverse power of the diameter
of the wire [31]. This is in addition to any scattering due to
surface disorder and leads to a finite transmission at ω = 0.
Ignoring the umklapp scattering in particular will limit us to the
low-T regime only. Nevertheless, keeping only τi and τb would
allow us to obtain important low-temperature properties of the
thermal conductivity considered in the next section. We expect
the above two scattering processes to be independent such that
the two inverse scattering times can be added together accord-
ing to Matthiessen’s rule. As before, replacing the sum over
momentum by the corresponding energy integral, we obtain

T (ω) = 2πρ0�L�Rτ (ω) ∝ τbτi(ω)

τb + τi(ω)
. (22)

As seen in the previous section, a localized phonon with a
given frequency � in the propagating band will contribute
to an anomalously large scattering of propagating phonons
around �. For more than one localized phonon with
frequencies �i , i = 1,2, . . . , the transmission function should
develop minima around each of the �i , which are expected to
be randomly distributed due to disorder. However, depending
on the width of the localized phonons, it may or may not
be possible to identify the individual phonons from the
transmission function. As a simple but illustrative example,
we consider the effect of five localized phonons within the
range 0 < � < 20, arbitrarily chosen at � = 3, 5, 8, 13, and
14 in units of 0. We will choose τb such that T (ω) = 1 at
ω = 0.

Figure 2 shows the transmission function for three different
combinations of ε1 and  (assumed to be the same for all five
modes) for n = 3, compared with a constant W (ε).

While most phonon modes are identifiable for small  = 1,
increasing  tends to wash out the individual phonon dips. On
the other hand, a constant power spectrum function wipes
out all structures in the transmission function, as shown by
the (red) dashed line in Fig. 2. Thus careful experiments on
the frequency dependence of the transmission function and
a detailed analysis based on a realistic distribution of the
localized phonon parameters should allow one to determine
the characteristics of any localized phonons present and how
they change with surface disorder, as well as the role and
importance of the power spectrum function.

V. THERMAL CONDUCTIVITY

As mentioned in the Introduction, an efficient thermoelec-
tric device requires thermal conductivity κ to be as small as

075403-4



SUPPRESSING PHONON TRANSPORT IN NANOWIRES: A . . . PHYSICAL REVIEW B 96, 075403 (2017)

0 5 10 15 20
0

0.05

0.1

ω

(ω)T

Γ=1

Γ=2

Γ=1

ε  = 0.1

ε  = 0.1

ε  = 0.15
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W(  ) = const.ε 
Γ=1

FIG. 2. Transmission function T (ω), in arbitrary units, for n = 3
with different combinations of the parameters  and ε1, compared
with a constant W (ε) [dashed (red) line]. All energies are in units
of 0.

possible. The presence of localized phonons due to surface
disorder can suppress κ by reducing transmission at the
localized phonon frequencies. The linear response thermal
conductivity κ is given by the Landauer formula [56]

κ =
∫ ∞

0

dω

2π
K(ω), K(ω) ≡ ωT (ω)

∂η(ω)

∂T
, (23)

where η(ω) = 1/[exp(ω/kBT ) − 1] is the Bose distribution
function and kB is the Boltzmann constant. We use the
transmission function used in Fig. 2 with  = 1 to evaluate
κ as a function of the inverse of the roughness power spectrum
parameter, 1/ε1. Figure 3 shows a significant decrease in κ

with decreasing ε1. As mentioned before, either a smaller
roughness correlation length Lc or a larger rms surface profile
� is expected to decrease κ; our model suggests that a single

2 4 6 8 10
0

0.5

1

1.5

κ

ε11/

Γ = 1
n = 3

FIG. 3. Thermal conductivity κ , in arbitrary units at a fixed
temperature T = 1, as a function of 1/ε1. All energies are in units
of 0.

combination 1/ε1 = �2/Lc, where � ∝ (h/d) (h is the rms
height of the roughness and d is the diameter of the wire),
characterizes the surface disorder of the wire as far as the
thermal conductivity is concerned.

VI. DISCUSSION

Before a quantitative comparison of the thermal con-
ductivity with experiments can be made as a function of
temperature and disorder, the model needs to be improved
in several different ways. First, it would require including
various scattering mechanisms that are important at room
temperature, and also the effects of changes in the phonon
dispersion relations. Second, it would be important to include
a realistic distribution of the parameters � and  due to
the random surface potential. In addition, for the purpose
of a thermoelectric device to be operated in the nonlinear
regime [26] which has been a major motivation for our search
of a nanowire with low thermal conductivity, an evaluation
of the full nonlinear thermal current at finite temperature
within perhaps a self-consistent Born approximation for the
nonequilibrium Green’s functions would be necessary to
understand the effects of a strong phonon–surface-roughness
interaction. Nevertheless, the most significant results of the
model are already evident at the simplest level considered here.
First, the localized phonons generated by surface disorder lead
to a strong frequency-dependent scattering time, as shown in
Fig. 1. For an arbitrary distribution of the localized phonon
frequencies, these frequency-dependent scatterings lead to
dips in the transmission function corresponding to the localized
modes, as shown in Fig. 2. Careful experiments on such
transmission functions can provide important insights into the
role of localized phonons in the phonon–surface-roughness
interactions. Finally, the importance of the power spectrum
parameter ε1, which can be identified with a combination of
the surface-roughness correlation length Lc and the rms value
of the roughness profile �, is evident from the significant
decrease of the thermal conductivity κ with decreasing ε1

shown in Fig. 3.
In summary, by constructing and analyzing a simple

analytically tractable model of a phonon–surface-roughness
interaction, we provide a theoretical understanding of why
certain special types of surface disorder in Si nanowires
might be more effective in suppressing phonon transport.
Frequency-dependent scattering off localized phonons in the
model coupled to the nontrivial power spectrum of surface
roughness lead to an observable structure in the transmission
function. This should allow experiments to check the impor-
tance of the localized phonon modes discussed in the model.
We hope that the understanding developed from the model on
the role of both the localized phonons and the power spectrum
function of the surface disorder will help in designing an
efficient thermoelectric device based on nanowires.

ACKNOWLEDGMENT

We acknowledge helpful discussions with S. Hershfield and
D. Maslov.

075403-5



K. A. MUTTALIB AND S. ABHINAV PHYSICAL REVIEW B 96, 075403 (2017)

[1] G. A. Slack, in CRC Handbook of Thermoelectrics, edited by
D. M. Rowe (CRC Press, Boca Raton, FL, 1995), p. 407.

[2] For a recent review, see, e.g., T. Takabatake, K. Suekuni, T.
Nakayama, and E. Kaneshita, Rev. Mod. Phys. 86, 669 (2014),
and references therein.

[3] See, e.g., Y. Dubi and M. Di Ventra, Rev. Mod. Phys. 83, 131
(2011), and references therein.

[4] G. J. Snyder and E. S. Toberer, Nat. Mater. 7, 105 (2008).
[5] See, e.g., N. W. Ashcroft and N. D. Mermin, Solid State Physics

(Holt, Rinehart and Winston, New York, 1976).
[6] L. D. Hicks and M. S. Dresselhaus, Phys. Rev. B 47, 12727

(1993); L. D. Hicks, T. C. Harman, X. Sun, and M. S.
Dresselhaus, ibid. 53, R10493(R) (1996).

[7] A. Majumdar, Science 303, 777 (2004).
[8] M. Paulsson and S. Datta, Phys. Rev. B 67, 241403(R) (2003).
[9] M. Dresselhaus, G. Chen, M. Y. Tang, R. Yang, H. Lee, D. Wang,

Z. Ren, J.-P. Fleurial, and P. Gogna, Adv. Mater. 19, 1043 (2007).
[10] P. Reddy, S. Y. Jang, R. A. Segalman, and A. Majumdar, Science

315, 1568 (2007).
[11] B. Sothman, R. Sanchez, and A. N. Jordan, Nanotechnology 26,

032001 (2015), and references therein.
[12] T. Nakanishi and T. Kato, J. Phys. Soc. Jpn. 76, 034715 (2007).
[13] M Wierzbicki and R. Swirkowicz, Phys. Rev. B 84, 075410

(2011).
[14] A. N. Jordan, B. Sothmann, R. Sánchez, and M. Buttiker,

Phys. Rev. B 87, 075312 (2013).
[15] J. Koch, F. von Oppen, Y. Oreg, and E. Sela, Phys. Rev. B 70,

195107 (2004).
[16] O. Karlström, H. Linke, G. Karlström, and A. Wacker,

Phys. Rev. B 84, 113415 (2011).
[17] P. Murphy, S. Mukerjee, and J. Moore, Phys. Rev. B 78,

161406(R) (2008).
[18] O. Entin-Wohlman, Y. Imry, and A. Aharony, Phys. Rev. B 82,

115314 (2010).
[19] C. M. Finch, V. M. Garcia-Suarez, and C. J. Lambert, Phys. Rev.

B 79, 033405 (2009).
[20] L. D. Hicks and M. S. Dresselhaus, Phys. Rev. B 47, 16631

(1993).
[21] R. Bossisio, G. Fleury, and J.-L. Pichard, New J. Phys. 16,

035004 (2014).
[22] Y. M. Brovman, J. P. Small, Y. Hu, Y. Fang, C. M. Lieber, and

P. Kim, J. Appl. Phys. 119, 234304 (2016).
[23] S. Hershfield, K. A. Muttalib, and B. J. Nartowt, Phys. Rev. B

88, 085426 (2013).
[24] R. S. Whitney, Phys. Rev. Lett. 112, 130601 (2014).
[25] N. Nakpathomkun, H. Q. Xu, and H. Linke, Phys. Rev. B 82,

235428 (2010).
[26] K. A. Muttalib and S. Hershfield, Phys. Rev. Appl. 3, 054003

(2015).
[27] N. Mingo, Phys. Rev. B 74, 125402 (2006).
[28] M. Galperin, A. Nitzan, and M. A. Ratner, Phys. Rev. B 75,

155312 (2007).

[29] J. A. Sanchez-Gil, V. Freilikher, I. Yurkevich, and A. A.
Maradudin, Phys. Rev. Lett. 80, 948 (1998); D. H. Santamore
and M. C. Cross, ibid. 87, 115502 (2001).

[30] B. A. Glavin, Phys. Rev. Lett. 86, 4318 (2001).
[31] N. Mingo, Phys. Rev. B 68, 113308 (2003).
[32] S. G. Walkauskas, D. A. Brodio, K. Kempa, and T. L. Reinecke,

J. Appl. Phys. 85, 2579 (1999).
[33] D. L. Nika, A. I. Cocemasov, C. I. Isacova, A. A. Balandin, V. M.

Fomin, and O. G. Schmidt, Phys. Rev. B 85, 205439 (2012).
[34] A. I. Boukai, Y. Bunimovich, J. Tahir-Kheli, J.-K. Yu, W. A.

Goddard, III, and J. R. Heath, Nature (London) 451, 168 (2008).
[35] A. I. Hochbaum, R. Chen, R. D. Delgado, W. Liang,

E. C. Garnett, M. Najarian, A. Majumdar, and P. Yang,
Nature (London) 451, 163 (2008).

[36] D. Li, Y. Wu, P. Kim, L. Shi, P. Yang, and A. Majumdar,
Appl. Phys. Lett. 83, 2934 (2003).

[37] J. Lim, K. Hippalgaonkar, S. C. Andrews, and A. Majumdar,
Nano Lett. 12, 2475 (2012).

[38] J.-S. Heron, T. Fournier, N. Mingo, and O. Bourgeois,
Nano Lett. 9, 1861 (2009).

[39] C. Blanc, A. Rajabpour, S. Volz, T. Fournier, and O. Bourgeois,
Appl. Phys. Lett. 103, 043109 (2013).

[40] C. Blanc, J.-S. Heron, T. Fournier, and O. Bourgeois,
Appl. Phys. Lett. 105, 043106 (2014).

[41] N. Mingo, L. Yang, D. Li, and A. Majumdar, Nano Lett. 3, 1713
(2003).

[42] P. Martin, Z. Aksamija, E. Pop, and U. Ravaioli, Phys. Rev. Lett.
102, 125503 (2009).

[43] J. Carrete, L. J. Gallego, L. M. Varela, and N. Mingo, Phys. Rev.
B 84, 075403 (2011).

[44] A. L. Moore, S. K. Saha, R. S. Prasher, and L. Shi, Appl. Phys.
Lett. 93, 083112 (2008).

[45] D. Lacroix, Appl. Phys. Lett. 89, 103104 (2006).
[46] D. Donadio and G. Galli, Phys. Rev. Lett. 102, 195901 (2009).
[47] Y. He and G. Galli, Phys. Rev. Lett. 108, 215901 (2012).
[48] T. Zushi, K. Ohmori, K. Yamada, and T. Watanabe, Phys. Rev.

B 91, 115308 (2015).
[49] L. Liu and X. Chen, J. Appl. Phys. 107, 033501 (2010).
[50] Z. Tesanovic, M. V. Jaric, and S. Maekawa, Phys. Rev. Lett. 57,

2760 (1986).
[51] A. A. Abrikosov, L. P. Gorkov, and I. E. Dzyaloshinski,

Methods of Quantum Field Theory in Statistical Physics (Dover,
New York, 1975).

[52] See, e.g., S. Doniach and E. H. Sondheimer, Green’s Functions
for Solid State Physicists (Benjamin Cummings, San Francisco,
1974).

[53] J. Rammer, Quantum Field Theory of Non-equilibrium States
(Cambridge University Press, Cambridge, UK, 2007).

[54] J. Sadhu and S. Sinha, Phys. Rev. B 84, 115450 (2011).
[55] S. M. Goodnick, D. K. Ferry, C. W. Wilmsen, Z. Liliental, D.

Fathy, and O. L. Krivanek, Phys. Rev. B 32, 8171 (1985).
[56] See, e.g., M. Blencowe, Phys. Rep. 395, 159 (2004).

075403-6

https://doi.org/10.1103/RevModPhys.86.669
https://doi.org/10.1103/RevModPhys.86.669
https://doi.org/10.1103/RevModPhys.86.669
https://doi.org/10.1103/RevModPhys.86.669
https://doi.org/10.1103/RevModPhys.83.131
https://doi.org/10.1103/RevModPhys.83.131
https://doi.org/10.1103/RevModPhys.83.131
https://doi.org/10.1103/RevModPhys.83.131
https://doi.org/10.1038/nmat2090
https://doi.org/10.1038/nmat2090
https://doi.org/10.1038/nmat2090
https://doi.org/10.1038/nmat2090
https://doi.org/10.1103/PhysRevB.47.12727
https://doi.org/10.1103/PhysRevB.47.12727
https://doi.org/10.1103/PhysRevB.47.12727
https://doi.org/10.1103/PhysRevB.47.12727
https://doi.org/10.1103/PhysRevB.53.R10493
https://doi.org/10.1103/PhysRevB.53.R10493
https://doi.org/10.1103/PhysRevB.53.R10493
https://doi.org/10.1103/PhysRevB.53.R10493
https://doi.org/10.1126/science.1093164
https://doi.org/10.1126/science.1093164
https://doi.org/10.1126/science.1093164
https://doi.org/10.1126/science.1093164
https://doi.org/10.1103/PhysRevB.67.241403
https://doi.org/10.1103/PhysRevB.67.241403
https://doi.org/10.1103/PhysRevB.67.241403
https://doi.org/10.1103/PhysRevB.67.241403
https://doi.org/10.1002/adma.200600527
https://doi.org/10.1002/adma.200600527
https://doi.org/10.1002/adma.200600527
https://doi.org/10.1002/adma.200600527
https://doi.org/10.1126/science.1137149
https://doi.org/10.1126/science.1137149
https://doi.org/10.1126/science.1137149
https://doi.org/10.1126/science.1137149
https://doi.org/10.1088/0957-4484/26/3/032001
https://doi.org/10.1088/0957-4484/26/3/032001
https://doi.org/10.1088/0957-4484/26/3/032001
https://doi.org/10.1088/0957-4484/26/3/032001
https://doi.org/10.1143/JPSJ.76.034715
https://doi.org/10.1143/JPSJ.76.034715
https://doi.org/10.1143/JPSJ.76.034715
https://doi.org/10.1143/JPSJ.76.034715
https://doi.org/10.1103/PhysRevB.84.075410
https://doi.org/10.1103/PhysRevB.84.075410
https://doi.org/10.1103/PhysRevB.84.075410
https://doi.org/10.1103/PhysRevB.84.075410
https://doi.org/10.1103/PhysRevB.87.075312
https://doi.org/10.1103/PhysRevB.87.075312
https://doi.org/10.1103/PhysRevB.87.075312
https://doi.org/10.1103/PhysRevB.87.075312
https://doi.org/10.1103/PhysRevB.70.195107
https://doi.org/10.1103/PhysRevB.70.195107
https://doi.org/10.1103/PhysRevB.70.195107
https://doi.org/10.1103/PhysRevB.70.195107
https://doi.org/10.1103/PhysRevB.84.113415
https://doi.org/10.1103/PhysRevB.84.113415
https://doi.org/10.1103/PhysRevB.84.113415
https://doi.org/10.1103/PhysRevB.84.113415
https://doi.org/10.1103/PhysRevB.78.161406
https://doi.org/10.1103/PhysRevB.78.161406
https://doi.org/10.1103/PhysRevB.78.161406
https://doi.org/10.1103/PhysRevB.78.161406
https://doi.org/10.1103/PhysRevB.82.115314
https://doi.org/10.1103/PhysRevB.82.115314
https://doi.org/10.1103/PhysRevB.82.115314
https://doi.org/10.1103/PhysRevB.82.115314
https://doi.org/10.1103/PhysRevB.79.033405
https://doi.org/10.1103/PhysRevB.79.033405
https://doi.org/10.1103/PhysRevB.79.033405
https://doi.org/10.1103/PhysRevB.79.033405
https://doi.org/10.1103/PhysRevB.47.16631
https://doi.org/10.1103/PhysRevB.47.16631
https://doi.org/10.1103/PhysRevB.47.16631
https://doi.org/10.1103/PhysRevB.47.16631
https://doi.org/10.1088/1367-2630/16/3/035004
https://doi.org/10.1088/1367-2630/16/3/035004
https://doi.org/10.1088/1367-2630/16/3/035004
https://doi.org/10.1088/1367-2630/16/3/035004
https://doi.org/10.1063/1.4953818
https://doi.org/10.1063/1.4953818
https://doi.org/10.1063/1.4953818
https://doi.org/10.1063/1.4953818
https://doi.org/10.1103/PhysRevB.88.085426
https://doi.org/10.1103/PhysRevB.88.085426
https://doi.org/10.1103/PhysRevB.88.085426
https://doi.org/10.1103/PhysRevB.88.085426
https://doi.org/10.1103/PhysRevLett.112.130601
https://doi.org/10.1103/PhysRevLett.112.130601
https://doi.org/10.1103/PhysRevLett.112.130601
https://doi.org/10.1103/PhysRevLett.112.130601
https://doi.org/10.1103/PhysRevB.82.235428
https://doi.org/10.1103/PhysRevB.82.235428
https://doi.org/10.1103/PhysRevB.82.235428
https://doi.org/10.1103/PhysRevB.82.235428
https://doi.org/10.1103/PhysRevApplied.3.054003
https://doi.org/10.1103/PhysRevApplied.3.054003
https://doi.org/10.1103/PhysRevApplied.3.054003
https://doi.org/10.1103/PhysRevApplied.3.054003
https://doi.org/10.1103/PhysRevB.74.125402
https://doi.org/10.1103/PhysRevB.74.125402
https://doi.org/10.1103/PhysRevB.74.125402
https://doi.org/10.1103/PhysRevB.74.125402
https://doi.org/10.1103/PhysRevB.75.155312
https://doi.org/10.1103/PhysRevB.75.155312
https://doi.org/10.1103/PhysRevB.75.155312
https://doi.org/10.1103/PhysRevB.75.155312
https://doi.org/10.1103/PhysRevLett.80.948
https://doi.org/10.1103/PhysRevLett.80.948
https://doi.org/10.1103/PhysRevLett.80.948
https://doi.org/10.1103/PhysRevLett.80.948
https://doi.org/10.1103/PhysRevLett.87.115502
https://doi.org/10.1103/PhysRevLett.87.115502
https://doi.org/10.1103/PhysRevLett.87.115502
https://doi.org/10.1103/PhysRevLett.87.115502
https://doi.org/10.1103/PhysRevLett.86.4318
https://doi.org/10.1103/PhysRevLett.86.4318
https://doi.org/10.1103/PhysRevLett.86.4318
https://doi.org/10.1103/PhysRevLett.86.4318
https://doi.org/10.1103/PhysRevB.68.113308
https://doi.org/10.1103/PhysRevB.68.113308
https://doi.org/10.1103/PhysRevB.68.113308
https://doi.org/10.1103/PhysRevB.68.113308
https://doi.org/10.1063/1.369576
https://doi.org/10.1063/1.369576
https://doi.org/10.1063/1.369576
https://doi.org/10.1063/1.369576
https://doi.org/10.1103/PhysRevB.85.205439
https://doi.org/10.1103/PhysRevB.85.205439
https://doi.org/10.1103/PhysRevB.85.205439
https://doi.org/10.1103/PhysRevB.85.205439
https://doi.org/10.1038/nature06458
https://doi.org/10.1038/nature06458
https://doi.org/10.1038/nature06458
https://doi.org/10.1038/nature06458
https://doi.org/10.1038/nature06381
https://doi.org/10.1038/nature06381
https://doi.org/10.1038/nature06381
https://doi.org/10.1038/nature06381
https://doi.org/10.1063/1.1616981
https://doi.org/10.1063/1.1616981
https://doi.org/10.1063/1.1616981
https://doi.org/10.1063/1.1616981
https://doi.org/10.1021/nl3005868
https://doi.org/10.1021/nl3005868
https://doi.org/10.1021/nl3005868
https://doi.org/10.1021/nl3005868
https://doi.org/10.1021/nl803844j
https://doi.org/10.1021/nl803844j
https://doi.org/10.1021/nl803844j
https://doi.org/10.1021/nl803844j
https://doi.org/10.1063/1.4816590
https://doi.org/10.1063/1.4816590
https://doi.org/10.1063/1.4816590
https://doi.org/10.1063/1.4816590
https://doi.org/10.1063/1.4890963
https://doi.org/10.1063/1.4890963
https://doi.org/10.1063/1.4890963
https://doi.org/10.1063/1.4890963
https://doi.org/10.1021/nl034721i
https://doi.org/10.1021/nl034721i
https://doi.org/10.1021/nl034721i
https://doi.org/10.1021/nl034721i
https://doi.org/10.1103/PhysRevLett.102.125503
https://doi.org/10.1103/PhysRevLett.102.125503
https://doi.org/10.1103/PhysRevLett.102.125503
https://doi.org/10.1103/PhysRevLett.102.125503
https://doi.org/10.1103/PhysRevB.84.075403
https://doi.org/10.1103/PhysRevB.84.075403
https://doi.org/10.1103/PhysRevB.84.075403
https://doi.org/10.1103/PhysRevB.84.075403
https://doi.org/10.1063/1.2970044
https://doi.org/10.1063/1.2970044
https://doi.org/10.1063/1.2970044
https://doi.org/10.1063/1.2970044
https://doi.org/10.1063/1.2345598
https://doi.org/10.1063/1.2345598
https://doi.org/10.1063/1.2345598
https://doi.org/10.1063/1.2345598
https://doi.org/10.1103/PhysRevLett.102.195901
https://doi.org/10.1103/PhysRevLett.102.195901
https://doi.org/10.1103/PhysRevLett.102.195901
https://doi.org/10.1103/PhysRevLett.102.195901
https://doi.org/10.1103/PhysRevLett.108.215901
https://doi.org/10.1103/PhysRevLett.108.215901
https://doi.org/10.1103/PhysRevLett.108.215901
https://doi.org/10.1103/PhysRevLett.108.215901
https://doi.org/10.1103/PhysRevB.91.115308
https://doi.org/10.1103/PhysRevB.91.115308
https://doi.org/10.1103/PhysRevB.91.115308
https://doi.org/10.1103/PhysRevB.91.115308
https://doi.org/10.1063/1.3298457
https://doi.org/10.1063/1.3298457
https://doi.org/10.1063/1.3298457
https://doi.org/10.1063/1.3298457
https://doi.org/10.1103/PhysRevLett.57.2760
https://doi.org/10.1103/PhysRevLett.57.2760
https://doi.org/10.1103/PhysRevLett.57.2760
https://doi.org/10.1103/PhysRevLett.57.2760
https://doi.org/10.1103/PhysRevB.84.115450
https://doi.org/10.1103/PhysRevB.84.115450
https://doi.org/10.1103/PhysRevB.84.115450
https://doi.org/10.1103/PhysRevB.84.115450
https://doi.org/10.1103/PhysRevB.32.8171
https://doi.org/10.1103/PhysRevB.32.8171
https://doi.org/10.1103/PhysRevB.32.8171
https://doi.org/10.1103/PhysRevB.32.8171
https://doi.org/10.1016/j.physrep.2003.12.005
https://doi.org/10.1016/j.physrep.2003.12.005
https://doi.org/10.1016/j.physrep.2003.12.005
https://doi.org/10.1016/j.physrep.2003.12.005



