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a b s t r a c t

The standard two-parameter (nearest-neighbor pair-interaction J2 and magnetic field h)
planar Ising model ferromagnet only has phase transitions in zero field. We generalize a
standard kagomé Ising model ferromagnet by adding localized triplet Ising interactions
J3. Exact solutions are obtained for the phase diagrams of the three-parameter model,
demonstrating finite-field phase transitions and criticality. Necessary conditions for the
latter findings include the pair-interaction parameter being ferromagnetic (J2 > 0), the
applied field parameter competing against the intrinsic triplet-interaction parameter,
the ratio of the triplet- and pair-interaction parameters residing within a determined
finite symmetrical interval, and the field parameter being properly tuned, viz., tracing
the pertinent field vs temperature phase boundary curve. The curvilinear shape of the
phase boundary facilitates the relative strength |J3|/J2 of the triplet interaction to be ex-
perimentally accessible. Employing generalized fluid–magnet correspondence relations,
it is mathematically convenient and informative to affiliate the above magnetic phase
diagrams with the corresponding fluid phase diagrams of the associated generalized
kagomé lattice-gas model.

© 2019 Elsevier B.V. All rights reserved.

1. Introduction

In statistical theories of highly cooperative systems, say, in phase transitions and critical phenomena, the standard two-
parameter (nearest-neighbor pair interaction and magnetic field) planar Ising model is distinctive [1]. In zero magnetic
field, it still prevails as the most realistic lattice-statistical model of phase transitions and criticality for which exact
solutions can be obtained for both thermodynamic quantities and correlations [2]. However, while various numerical
techniques have been developed [3–7], no exact solution for the planar Ising model has been found in the presence of a
finite magnetic field, despite many decades of efforts.
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The standard planar Ising model can be generalized to contain higher-order Ising interactions. Indeed, any Hamiltonian
having a finite density of finitely discrete commuting local variables can be cast as an Ising model. A simple physical
extension would be the addition of localized triplet Ising interactions [8–14]. Triplet interactions are pervasive in
nature [15–18], can be either attractive or repulsive, and not always negligible in strength compared to pair interactions
especially in the modern era of fabricated materials and cold-atom technology with optical lattices [19–21], the above
being active and ongoing research fields with widespread applications. More importantly, though, it develops that adding
triplet interactions to the standard two-parameter kagomé Ising model ferromagnet allows one to obtain exact phase
diagrams at finite fields. Although the field in this case is not an independent variable in the solution and has to be tuned,
exact solutions of such a generalized Ising model provides important insights into certain types of ‘finite-field induced
phase transitions’. Such effects may lead to increased experimental efforts in finding or fabricating novel materials with
non-negligible triplet interactions.

In the current paper, one theoretically investigates the magnetic canonical partition function of a generalized kagomé
Ising model. The generalized Ising model has not only magnetic field and nearest-neighbor pair interactions but also
triplet ‘‘interaction round-a-face’’ (IRF) [22] for each elementary triangle of the kagomé lattice. The method employed is
premised upon exact results obtained by Wu [23], Wu and Wu [24] and Lin and Chen [25]. The authors established that
the partition function of the current generalized (three-parameter) kagomé Ising model is equivalent, aside from known
prefactors, to the partition function of a standard (two-parameter) honeycomb Ising model with pair interactions and
field. Utilizing a weak-graph transformation, their theoretical developments [26,27] incorporated a honeycomb symmetric
eight-vertex model in a mediating role [28]. The grand partition function of a kagomé lattice-gas model with pair and
triplet interactions [29] (generalized kagomé lattice-gas model) is equivalent to the partition function of an associated
eight-vertex model which itself can be transformed, aside from known prefactors, into a partition function of a standard
honeycomb Ising model. (One remarks, neglecting triplet interactions, it is well-known that the half-filled lattice-gas
identifies with the Ising magnet in zero field). Towards the goal of determining phase diagrams of the generalized kagomé
Ising ferromagnet, a theory is formulated which first obtains similar exact phase diagrams of the generalized kagomé
lattice-gas model, and then employs generalized fluid–magnet simple correspondence relations to attain the goal (‘‘deux
d’un coup’’).

For both generalized models (magnet/fluid) on the kagomé lattice, the present investigations determine all possible
continuous and discontinuous phase transitions (exact phase diagrams). Due to the presence of triplet interactions,
the resulting temperature plots of phase boundaries and diameters of coexistence regions exhibit curvilinear portraits
contrasting the corresponding familiar rectilinear (i.e., straight) portraits of the standard models. In the corresponding
generalized kagomé Ising model with ferromagnetic pair interactions, this implies that finite-field phase transitions and
criticality can occur provided that the applied magnetic field parameter competes with the intrinsic triplet-interaction
parameter, and the field is properly tuned, viz., tracing the pertinent field vs temperature phase boundary curve. The
curvilinear form of the field-temperature phase boundary determines a range of field values within which, for a fixed
magnetic field, one crosses the phase boundary at a fixed temperature that depends on the ratio of the strengths of the
triplet and pair interactions. Systematically exploring the phase boundary experimentally would therefore provide a direct
way to not only just detect, but also to determine the relative magnitude of triplet interaction even in the presence of a
dominant pair-interaction in a given magnetic system.

To encounter phase transitions and criticality, the ratio values of the three- and two-spin interaction parameters neces-
sarily reside within a determined finite symmetrical interval. For antiferromagnetic pair interactions, no phase transitions
exist. To our knowledge, although there are a few interesting exactly solved models either with a pair interaction and a
magnetic field [30] or with a triplet interaction and a magnetic field [31], the literature in statistical physics and magnetism
lacks any other examples for planar lattice models of magnets with field, pair- and triplet-interactions (or corresponding
generalized fluid models) whose phase diagrams are known exactly.

The balance of the paper is organized as follows. Section 2 introduces the generalized Ising model on a kagomé lattice
and Section 3 provides the background and known results on which the current work is based. Section 4 establishes
generalized fluid–magnet correspondences. In Section 5, the ground state phase diagrams are obtained for the generalized
lattice-gas model and the generalized Ising magnet. Section 6 affords a comparatively transparent implementation of the
theory, obtaining exact phase diagrams for a special case of competing interactions. Section 7 considers the general case of
arbitrary values of competing interactions. Section 8 is a short discussion and summary. A direct proof of the equivalence
of the partition function of the honeycomb eight-vertex model with the current grand partition function of the generalized
kagomé lattice-gas model is included in Appendix A, while details of the calculations of the ground state phase diagrams
and the coexistence curves are shown in Appendices B and C, respectively.

2. The generalized Ising model

Consider a kagomé lattice (Fig. 1, solid edges) of N sites, and an Ising model Hamiltonian HI given by

−HI = h
∑

i

σi + J2
∑
⟨i,j⟩

σiσj + J3
∑
⟨i,j,k⟩

σiσjσk (1)

where σl = ±1, l = 0, 1, . . . ,N − 1 are the Ising variables, the summation
∑

⟨i,j⟩ is taken over all distinct nearest-
neighbor pairs of sites of a kagomé lattice and

∑
⟨i,j,k⟩ over all triplets of sites belonging to elementary triangles. The
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Fig. 1. A kagomé lattice (solid edges) is a two-dimensional periodic array of equilateral triangles and regular hexagons. The lattice is semiregular [33]
(all vertices equivalent, all edges equivalent, but not all faces equivalent) and has coordination number 4. A honeycomb lattice (dashed edges) can
be associated with the kagomé lattice. The mid-points of the edges of the honeycomb lattice may be viewed as the vertices of the kagomé lattice.
The kagomé lattice is thus termed the covering lattice of the honeycomb lattice.

magnetic field parameter [32] is h, and the pair interaction J2 > 0 represents a ferromagnetic interaction such that in the
absence of both h and the triplet interaction J3, the model is exactly soluble with an ordered phase at zero temperature
and a ferromagnetic–paramagnetic phase transition at a finite critical temperature [2]. Without the triplet interaction, the
Ising model with pair interactions in a field has not been solved exactly, despite many decades of efforts. It is somewhat
counter-intuitive that including the triplet interaction in addition to the magnetic field allows exact solutions of phase
diagrams in this highly correlated model. Although for fixed values of J2 and J3, the values of h are not independent but
must be tuned, nevertheless the exact solutions provide important insights into the long-standing problem of finite-field
phase transitions.

The canonical partition function of (1) is

Z(L, K ,M) ≡ Trσ e−βHI

= eL
∑

i σi+K
∑

⟨i,j⟩ σiσj+M
∑

⟨i,j,k⟩ σiσjσk (2)

where β ≡ 1/kBT is the ‘inverse temperature’ and

L ≡ βh, K ≡ βJ2, M ≡ βJ3. (3)

As will be shown below, the mathematical technique employed here involves a mapping of Z(L, K ,M) to the partition
function of an Ising model on the associated honeycomb latticewithout triplet interactions, via the grand canonical partition
function of a generalized kagomé lattice-gas model. This, as a bonus, allows for the evaluation of exact phase diagrams for
the condensation of a kagomé lattice-gas with two- and three-particle interactions. An intrinsic symmetry of the partition
function

Z(L, K ,M) = Z(−L, K , −M) (4)

can easily be proven by global inversion σl → −σl of the Ising summation (dummy) variables in the definition (2). This
symmetry will be useful later in the study of the zero temperature phase diagram.

In the next section we briefly outline the mapping.

3. Equivalences of partition functions

The partition function of the three-parameter Ising model (1) on a kagomé lattice (Fig. 1, solid edges) can be mapped,
by means of a honeycomb eight-vertex model partition function, to the partition function of a standard two-parameter
Ising model on the associated honeycomb lattice (Fig. 1, dashed edges) with exactly renormalized pair-interaction and
field. The latter can be aptly solved for phase transitions and criticality under the necessary zero-field condition. While
this mapping can be done directly, it is easier, and in fact more useful for the present purposes, to employ an already
known mapping via a generalized lattice-gas model, as described below.

3.1. Generalized kagomé lattice-gas model

Consider a kagomé lattice (Fig. 1, solid edges) of N sites, embedding a lattice gas having both two- and three-particle
interactions. The model Hamiltonian Hlg is given by

−Hlg = ϵ2
∑
⟨i,j⟩

ninj + ϵ3
∑
⟨i,j,k⟩

ninjnk, (5)
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where ϵ2, ϵ3 are pair and triplet interaction parameters, respectively. The summation
∑

⟨i,j⟩ is taken over all distinct
nearest-neighbor pairs of sites, and

∑
⟨i,j,k⟩ over all triplets of sites belonging to elementary triangles. The lattice gas

variables nl are idempotent site-occupation numbers defined as nl = 1 if site l is occupied and 0 if site l is empty. In (5),
an infinitely strong (hard-core) repulsive pair potential has also been tacitly assumed for atoms on the same site, thereby
preventing multiple occupancy of any site as reflected in the dichotomic values of the occupation numbers.

In the usual context of the grand canonical ensemble, one introduces

H = Hlg − µN, (6)

where µ is the chemical potential with N being the conjugate total number of particles

N =

∑
i

ni, i = 0, 1, . . . ,N − 1. (7)

One therefore obtains the grand canonical partition function Ξ (µ,N , T ) as

Ξ (µ,N , T ) ≡ Trne−βH
= Trneβµ

∑
i ni

× eK2
∑

⟨i,j⟩ ninj+K3
∑

⟨i,j,k⟩ ninjnk (8)

where

K2 ≡ βϵ2; K3 ≡ βϵ3. (9)

For later use, it will be useful to represent the parameters of the generalized lattice-gas model as

x ≡ eK2; y ≡ eK3; z ≡ eβµ (fugacity). (10)

By changing from the Ising variable representation σl in (1) to an occupation-number representation nl of the lattice-gas
via the local transformations

nl =
1
2
(1 + σl), σl = ±1, l = 0, 1, . . . ,N − 1, (11)

it was shown in [29] that the grand canonical partition function Ξ (µ,N , T ) in (8) can be related to the magnetic canonical
partition function Z(L, K ,M) as

Ξ (µ,N , T ) = e(L−2K+2M/3)N Z(L, K ,M) (12)

where Z(L, K ,M) is the magnetic canonical partition function given in (2), with

L = K2 +
K3

4
+

βµ

2
, K =

K2

4
+

K3

8
, M =

K3

8
. (13)

3.2. Equivalence of Ξ (µ,N , T ) and Z8V (a, b, c, d)

Ref. [29] showed that Ξ (µ,N , T ) is equivalent to the partition function of a honeycomb eight-vertex model
Z8V (a, b, c, d),

Ξ (µ,N , T ) = Z8V (a, b, c, d) (14)

where

a = x3yz3/2; b = xz; c =
√
z; d = 1 (15)

and x, y and z are defined in (10).
While relation (14) was earlier established in [29], a more direct proof has now been obtained by us which we include

in Appendix A.

3.3. Equivalence of Z8V (a, b, c, d) and Z∗(L∗, K ∗)

Consider a standard Ising model defined on the associated honeycomb lattice (Fig. 1, dashed edges) of N ∗(= 2N/3)
sites, with a Hamiltonian H∗

hc given by

−βH∗

hc = L∗
∑

i

µi + K ∗
∑
⟨ij⟩

µiµj, (16)

where each site-localized Ising variable µl = ±1, l = 1, . . . ,N ∗, and L∗, K ∗ are (dimensionless) parameters for the
magnetic field and nearest-neighbor pair interaction, respectively. The magnetic canonical partition function of the model



J.H. Barry and K.A. Muttalib / Physica A 527 (2019) 121326 5

(16) is then given by

Z∗(L∗, K ∗) = Trµe−βH∗
hc

= TrµeL
∗

∑
i µi+K∗

∑
⟨i,j⟩ µiµj (17)

where the trace symbol µ represents the set of total N ∗ Ising variables (no confusion with the chemical potential in (6)
should arise). It is known [23,24,34] that the magnetic partition function (17) is related to the honeycomb eight-vertex
model Z8V (a, b, c, d) as

Z8V (a, b, c, d) = (a∗/2 cosh L∗)N
∗

(cosh K ∗)−3N ∗/2

× Z∗(L∗, K ∗). (18)

where

tanh L∗
=

V
U

(
δ − A + C
δ + A − C

)1/2

, (19a)

e2K
∗

=
δ

|C − A|
, (19b)

a∗
=

FU
B(1 + η2)3/2

, (19c)

with

A = c2 − bd, B = ad − bc, C = ac − b2, (20a)

η = −
A + C

B
+

δ

B
sgn(C − A), (20b)

δ = [(A + C)2 + B2
]
1
2 ; F = η(Bη + 2C), (20c)

U = (b + d)η + a + c, (20d)
V = (a + c)η − (b + d) (20e)

and vertex weights a, b, c, d are given by (15) and (10). In terms of the parameters x, y, z defined in (10), the pair-
interaction parameter K ∗ is given by [29]

4K ∗
= ln

[
1 +

x2zl
[x2z(xy − 1) + x − 1]2

]
, (21)

where

l ≡ l(x, y) = (x2y − 1)2 − 4(x − 1)(xy − 1). (22)

Note that ferromagnetic K ∗ > 0 requires that l > 0 in (21).

3.4. Central equivalence of Ξ (µ,N , T ) and Z∗(L∗, K ∗), and zero field condition L∗
= 0

Combining (14) and (18), we finally obtain, aside from known prefactors, the central equivalence relation

Ξ (µ,N , T ) =

(
a∗

2 cosh L∗

)N ∗ (
1

cosh K ∗

) 3N∗

2

× Z∗(L∗, K ∗). (23)

between the partition function of a generalized kagomé lattice-gas model and the partition function of a standard
honeycomb Ising model in a magnetic field, the latter Ising model extensively studied in the literature and whose known
exact solutions have essential importance throughout the present investigations. In the case of ferromagnetic interactions
(K ∗ > 0) in (16), the zero-field condition L∗

= 0 is a necessary condition for the existence of a phase transition (if L∗
̸= 0, it

is well known [35], in the thermodynamic limit, that there is no finite temperature singular behavior in the ferromagnetic
Ising model free energy per spin, f , where −βf = limN→∞

1
N ln Z∗(L∗, K ∗)).

From (19a), the zero-field condition L∗
= 0 in Z∗(L∗, K ∗) is equivalent to the V = 0 condition, V given by (20e). As

shown in Ref. [29], this in turn is equivalent to the following cubic algebraic equation in the fugacity z:

z3 + a2z2 + a1z + a0 = 0, (24a)

with real coefficients

a2 =
3(x2y − 2xy + 1)

x3y(x3y2 − 3xy + 2)
, (24b)
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a1 = −
3(x2y − 2x + 1)

x5y(x3y2 − 3xy + 2)
, (24c)

a0 = −
(x3y − 3x + 2)

x6y(x3y2 − 3xy + 2)
, (24d)

where x, y and z defined in (10) are the parameters of the generalized lattice-gas model. Indeed, existence of this cubic
equation as a condition for phase transitions makes it easier to study the overall phase transition problem in either
of the magnetic models by first considering the associated phase diagrams for lattice-gas condensation described by
Ξ (µ,N , T ). In the following Section, generalized fluid–magnet correspondence relations will be obtained which will allow
the lattice-gas results to be interpreted in terms of the Ising magnet model (1) and vice versa.

4. Generalized fluid-magnet correspondences

The relations (13) between the parameters of the generalized magnet (1) and the generalized fluid (5) effectuate a
generalized fluid–magnet correspondence. The one-to-one mapping between fluid and magnetic phase boundaries is
direct and valuable. More definitely, let

ϵ3 ≡ −αϵ2, J3 ≡ −α′J2 (25)

define the parameters α and α′. Using (9) and (10), this implies

y = x−α. (26)

In addition, (3), (9), (13) and (25) can be combined using algebraic manipulations to yield the fluid–magnet correspon-
dence

h
J2

=
4

2 − α

(
µ

ϵ2
+

4 − α

2

)
. (27)

The relation between α and α′ turns out to be simply given by

α′
=

α

2 − α
. (28)

It is useful to define the reduced temperature t for the generalized kagomé lattice-gas model as

t ≡
K 0
2c

K2
, (29)

where K2 = βϵ2 (9) and K 0
2c is a known critical constant [36] for α = 0 (ϵ3 = 0), viz., K 0

2c = ln(3 + 2
√
3) = 1.86626 · · · .

In (29) one assumes that ϵ2 > 0 (the case ϵ2 < 0 is considered later). Similarly, the reduced temperature t ′ for the
generalized Ising model is defined as

t ′ ≡
K 0
c

K
, (30)

where K = βJ2 (3) and K 0
c is a known critical constant [36] for α′

= 0 (J3 = 0), viz, K 0
c =

1
4 ln(3 + 2

√
3) = 0.46656 · · · .

Note that J2 > 0 for all cases of magnetic phase transitions and criticality (see Fig. 2(b)).
Relating t to t ′, one obtains a simple correspondence,

t ′ =
2

2 − α
t, ϵ2 > 0. (31)

As indicated earlier, for completeness, the cases ϵ2 < 0 need to be examined separately in relating t and t ′. Consider the
2nd quadrant of ϵ2–ϵ3 space, particularly the dominant attractive wedge 3 < α < ∞ (see Fig. 2(a)). Since ϵ2 < 0, the
reduced temperature t is defined as t ≡

K0
2c

|K2|
. Then, as before, one obtains

t ′ =
2

α − 2
t, ϵ2 < 0. (32)

The ‘‘shift and rescale’’ correspondence relation (27) directly associates a magnetic phase boundary (reduced magnetic
field h/J2 vs reduced temperature t ′) with a liquid–vapor phase boundary (reduced chemical potential µ/ϵ2 vs reduced
temperature t) for a select value of α (or α′). The local change of variables in (11) initiated the derivation of the α, α′

transformations (28). The derivation did not employ partial traces or ‘‘thinning’’ of the number of degrees of freedom
in the models. The approach thus contrasts, say, familiar renormalization-group methods for locating and investigating
criticality. Notwithstanding, the simple non-linear algebraic transformation (28) possesses two fixed-points α = α′

= 0, 1.
The fluid–magnet mapping (27) between phase-boundaries is now extended to include the mapping between coexis-

tence curves. A detailed derivation for a liquid–vapor coexistence curve (particle number density ρ vs reduced temperature
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Fig. 2. Ground state phase diagrams for the generalized (a) fluid and (b) magnet. The regions of long-range order are shaded by oblique lines, while
the vacant regions are disordered (devoid of long-range order). The parameter α in (a) is defined by the ray-line form ϵ3 = −αϵ2 , and parameter α′

in (b) is defined by the ray-line form J3 = −α′J2 . The dashed (red) lines, α = 3 and α = 1.5 in (a) and α′
= ±3 in (b), are discontinuous (first-order)

transition lines as is the solid (black) line α = 0. However, the dashed lines do not extend into finite temperatures whereas the solid line extends
as a first-order surface (due to a non-vanishing surface tension).

t) will be developed in Section 6 for a specific value of α. Presently, the mapping or one-to-one correspondence with a
magnetic coexistence curve (magnetization m vs reduced temperature t ′) for relevant values of α′ can be found forthwith
via thermal averaging of the local transformation (11). Specifically,

m = 2ρ − 1, (33)

where the dimensionless magnetization is defined as m ≡ ⟨σl⟩ and the particle number density is defined as ρ ≡ ⟨nl⟩.
Now that the generalized fluid–magnet correspondences have been established, it is more convenient to first consider

the thermal phase diagrams of the two-parameter lattice-gas model (5) and then use (27), (28), (31) and (32) to obtain
the magnetic phase diagrams of (1). This procedure will be used in the following sections.

5. Ground state phase diagrams

Given the fluid–magnet correspondences, we start with the two-parameter lattice gas model (5). However, before con-
sidering the thermal phase diagrams of (5), it is important to locate the ordered regions in its ϵ2–ϵ3 interaction parameter
space that underlie or support thermal phase transitions and criticality. Other regions in ϵ2–ϵ3 space are disordered,
i.e., devoid of long-range order. More markedly, we systematically establish the ground state (zero temperature) phase
diagram. In these pursuits, the approach will be to take the zero temperature limit (T → 0) of relevant finite-temperature
expressions, with the convenient parametrization of the interaction parameters given in (25).

Assuming the zero-field condition L∗
= 0 with its consequent cubic equation for the fugacity, one examines the

zero-temperature limits of K ∗ and compares them with the known literature critical value [36] K ∗
c =

1
2 ln(2 +

√
3) =

0.65847 · · ·, thereby partitioning the ordered from the disordered regions in ϵ2–ϵ3 space. Specifically, if K ∗(T → 0; α) >

K ∗
c , there exists an onset of long-range order (critical point) at some finite temperature given by x(α)c where K ∗(x(α)c ) = K ∗

c ,
with the long-range order parameter increasing as the temperature is lowered, eventually saturating to unity at absolute
zero. However, if K ∗(T → 0; α) < K ∗

c , the region under inspection remains disordered down to absolute zero. Evaluating
the parameter K ∗(T → 0; α) requires solely the asymptotic solutions of the cubic algebraic equation (24) for the fugacity.

The search for ground state phase boundaries in the ϵ2–ϵ3 space is simplified by the fact that the entire 1st-quadrant
(Fig. 2(a)) must be ordered since both interactions are positive, and similarly the entire 3rd quadrant must be disordered
since both interactions are negative, so we need to concentrate only on the 2nd and the 4th quadrants. The actual
calculations can be simplified even further by using the fluid–magnet correspondence and the symmetry (4) of the
magnetic partition function in the J2–J3 space. Thus one first obtains the ground state phase boundary in the 2nd quadrant
of the ϵ2–ϵ3 space by considering the limiting value of K ∗(T → 0; α), using next the fluid–magnet correspondence to
obtain the corresponding phase boundary in the J2–J3 space for J3 > 0, then using the symmetry in the J2–J3 space to obtain
the phase boundary for J3 < 0, and finally mapping the latter back to the ϵ2–ϵ3 space which gives the phase boundary in
the 4th quadrant. The details are found in Appendix B. The resulting ground state phase diagrams are exhibited in Fig. 2.

More particularly, using (28), the α = 3/2, 3 (red) first-order lines of the fluid in Fig. 2(a) map, respectively, to
the α′

= −3, 3 (red) first-order lines of the magnet in Fig. 2(b). Also, the ground-state reduced magnetic field h/J2
can be conjoined with the ordered state in Fig. 2(b). The conjunction is easily established by substituting the known
ground-state values of reduced chemical potential µ/|ϵ2| (see Appendix B) into the phase boundary relation (27) and
then transforming α into α′ using (28). As notable results, the oblique-lined region in Fig. 2(b) above the J2 > 0 axis has
ground-state values h = −(2/3)J3, −3 < α′ < 0 (h < 0), and below the J2 > 0 axis, h = −(2/3)J3, 0 < α′ < 3 (h > 0).



8 J.H. Barry and K.A. Muttalib / Physica A 527 (2019) 121326

Consequently, one points out that there are thermal phase transitions in the generalized (three-parameter) kagomé Ising
model with ferromagnetic pair interactions in the presence of magnetic fields as long as there simultaneously exists an
appropriate triplet interaction in competition with the magnetic field. In fact, one notes that the ground-state energies in
the oblique-lined region of Fig. 2(b) reveal that their triplet and Zeeman energies exactly cancel one another at absolute
zero temperature. Lastly, note that the remarks above are in full compliance with reflection symmetry (4) across the
J2-axis, a symmetry earlier identified in the partition function.

6. Exact phase boundaries and coexistence curves for fixed-point α = α′ = 1

The case chosen is illustrative, affording a comparatively transparent implementation of the theory. The considered
α = 1 ray line in ϵ2–ϵ3 space (Fig. 2(a)) resides in the 4th quadrant and reveals an ordered ground state. The fluid–magnet
correspondence (28) shows that in the corresponding magnet case, this will correspond to α′

= 1, in the 4th quadrant of
the J2–J3 plane.

From (26), the value α = 1 implies xy = 1, which simplifies the solution of the cubic equation (24) enormously, as
shown in Appendix B, allowing a simple analytic expression for the physical solution of the fugacity given by (B.16),

z =
1
x2

[(x − 1)2/3 − 1]. (34)

In the case under study, one proceeds to obtain the resulting companion phase diagrams, viz., phase boundary and
co-existence curves.

6.1. The phase boundary

The phase boundary corresponds to the field vs temperature curve in the magnetic case and the chemical potential vs
temperature curve in the lattice-gas case. In the present formulation, one starts with the lattice-gas case and obtains the
magnetic case using the fluid–magnet correspondence relation (27).

Employing (34) and (10),

ln z = βµ = −2 ln x + ln[(x − 1)2/3 − 1]

= −2βϵ2 + ln
[(

eK2 − 1
)2/3

− 1
]
, (35)

yielding the reduced chemical potential
µ

ϵ2
= −2 +

1
K2

ln
[(

eK2 − 1
)2/3

− 1
]
. (36)

In terms of the reduced temperature (29), (36) becomes

µ

ϵ2
= −2 +

t
K 0
2c

ln
[(

eK
0
2c/t − 1

)2/3
− 1

]
. (37)

The relation (37) is the sought liquid–vapor phase boundary in reduced variables as displayed in Fig. 3(a). The corre-
sponding magnetic phase boundary is included in Fig. 3(b). Along the above phase boundary (37), the reduced ground
state chemical potential is obtained as

lim
t→0

(
µ

ϵ2

)
= −2 +

2
3

= −
4
3
. (38)

In order to locate the critical point, one needs to calculate its critical coordinates tc , µc/ϵ2. Towards obtaining tc , one first
substitutes xy = 1 and (34) into (21) yielding

K ∗(α = 1) =
1
6
ln[x − 1], (39)

where K ∗ is associated with parameter α = 1. At criticality, (39) becomes K ∗
c (α = 1) =

1
6 ln[xc − 1], where

K ∗
c =

1
2 ln[2 +

√
3] = 0.65847 · · · is a critical constant [36] of the traditional honeycomb Ising ferromagnet with purely

nearest-neighbor pair interactions. Thus, xc is found to be

xc(α = 1) = 1 + (2 +
√
3)3. (40)

Finally, using (10), (29) and (40), the reduced critical temperature tc for the current α = 1 case becomes

tc(α = 1) =
K 0
2c

K2c(α = 1)
=

K 0
2c

ln xc

=
ln[3 + 2

√
3]

ln[1 + (2 +
√
3)3]

= 0.4701 · · · . (41)
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Fig. 3. (a) Liquid–vapor phase boundary where α ≡ −ϵ3/ϵ2 = 1. Plotting (37), the reduced chemical potential µ/ϵ2 vs reduced temperature t
defined in (29). As comparison, the traditional case α = 0 is included. The α = 1 phase boundary is the monotonically decreasing solid (green)
curve beginning at zero temperature with µ/ϵ2 = −4/3 and ending at a critical point (solid green circle) whose coordinates are tc = 0.4701 · · ·,
µ/ϵ2 = −1.3553 · · ·. The dashed curves are (analytic) extensions of the phase boundary curves into the disordered regions. The dashed green (α = 1)
curve eventually diverges logarithmically (µ/ϵ2 → −∞ at t−∞ = ln(3 + 2

√
3)/ln 2 = 2.69244 · · ·), associated with an empty lattice (ρ = ρmin = 0).

(b) Corresponding magnetic phase boundary with α′
≡ −J3/J2 = 1. Plotting (27) with µ/ϵ2 given by (37), the reduced magnetic field h/J2 vs reduced

temperature t ′ defined in (30). As a comparison, the traditional case α′
= 0 is included, satisfying a reduction requirement of the theory. The α′

= 1
phase boundary is the monotonically decreasing solid (green) curve beginning at zero temperature with h/J2 = 2/3 and ending at a critical point
(solid green circle) with coordinates t ′c (= 2tc ) = 0.9402 · · ·, hc/J2 = 0.5788 · · ·. The dashed green (α′

= 1) curve eventually diverges logarithmically
(h/J2 → −∞ at t ′

−∞
= 2 ln(3 + 2

√
3)/ln 2 = 5.3848 · · ·), associated with a magnetically saturated lattice (m = mmin = −1).

Directly using (37), the reduced critical chemical potential µc/ϵ2 is given by

µc

ϵ2
(α = 1) = −2 +

tc
K 0
2c

ln
[(

eK
0
2c/tc − 1

)2/3
− 1

]
= −2 +

ln[(2 +
√
3)2 − 1]

ln[(2 +
√
3)3 + 1]

= −1.3553 · · · , (42)

where (41) and (40) have been used.
In Fig. 3(a), the critical coordinates (41) and (42) locate the critical point (solid circle) which is the end-point of the

monotonically decreasing liquid–vapor phase boundary (solid curve).
The corresponding magnetic phase diagram is obtained by using the fluid–magnet relation (27), with µ/ϵ2 given by

(37) and α and t changed to α′ and t ′ using (28) and (31), respectively. The phase boundary curve starts at t ′ = 0 with a
value

lim
t ′→0

(
h
J2

)
= −2 +

8
3

=
2
3
. (43)

The critical temperature is t ′c = 2tc , using (31) and α = 1, where tc is given by (41). The critical field is given using (27)
with critical chemical potential µc/ϵ2 given by (42) and t replaced by t ′/2. In Fig. 3(b) the critical coordinates t ′c and hc/J2
locate the critical point (solid circle) which is the end point of the monotonically decreasing magnetic phase boundary.

As Fig. 3 makes clear, the chemical potential (or field) vs temperature phase boundary is rectilinear in the absence of
triplet interactions (α = α′

= 0); the presence of triplet interactions renders the phase boundary curvilinear. This is an
important signature of the addition of triplet interactions. As will be clear later, this has the important consequence that
it makes a direct experimental measurement of the magnitude of α′ possible.

6.2. The coexistence curve

The coexistence curve corresponds to the magnetization vs temperature curve in the magnetic case and the density vs
temperature curve in the lattice-gas case. As before, one obtains the liquid–vapor coexistence curve first and then obtains
the magnetic coexistence curve by using the fluid–magnet correspondence relation (33).

In the statistical theory, the average particle number density ρ ≡ ⟨N⟩/N is found in the standard manner from the
logarithmic derivative of the grand partition function with respect to a reduced chemical potential, more particularly,

ρ =
⟨N⟩

N
=

∂

∂(βµ)

[
1
N

lnΞ (µ,N , T )
]

= z
∂

∂z

[
1
N

lnΞ (µ,N , T )
]

(44)

where, as introduced in (10), z = eβµ is the fugacity of the system. In order to calculate the liquid–vapor coexistence
curve, ρcoex

l,v vs T , it is meaningful to apply a two-stage process. First, one calculates the curvilinear diameter ρL∗=0 vs
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T , of the two-phase coexistence region, and then supplements the diameter expression with the required ‘‘spontaneous
symmetry-breaking’’ term. Additional useful details of the basic formulation appear in Ref. [29], which examines the
inclusion of weak, short-range, repulsive triplet interactions (Axilrod-Teller [15]) using perturbation theory. In contrast,
the current theory is closed, considers arbitrary strengths of either competing or cooperating interactions, and the final
expressions for phase diagrams are exact and amenable to numerical evaluation using, e.g., Mathematica [37].

Entering (23) into the formula (44) and setting N ∗
= 2N/3 yields

ρ =
2
3
z
∂ ln a∗

∂z
−

2
3
z
∂ ln(2 cosh L∗)

∂z
− z

∂ ln(cosh K ∗)
∂z

+
z
N

∂ ln Z∗

∂L∗

∂L∗

∂z
+

z
N

∂ ln Z∗

∂K ∗

∂K ∗

∂z
. (45)

In relation to (45), one obtains from (17) that

∂ ln Z∗

∂L∗
= N ∗

⟨µ⟩ =
2
3
N ⟨µ⟩, (46a)

∂ ln Z∗

∂K ∗
=

3
2
N ∗

⟨µ0µ1⟩ = N ⟨µ0µ1⟩ (46b)

whereupon substituting (46) into (45) provides the average particle number density as

ρ =
2
3
z
∂ ln a∗

∂z
−

2
3
(tanh L∗)z

∂L∗

∂z
+

2
3
⟨µ⟩z

∂L∗

∂z

+ (⟨µ0µ1⟩ − tanh K ∗)z
∂K ∗

∂z
. (47)

with ⟨µ⟩ being the honeycomb Ising model magnetization and ⟨µ0µ1⟩ its nearest-neighbor pair correlation.
Towards determining the curvilinear diameter of the liquid–vapor coexistence region, one next evaluates the ρ-

expression (47) at L∗
= 0,

ρL∗=0 =
2
3
z
∂ ln a∗

∂z
+ (⟨µ0µ1⟩ − tanh K ∗)z

∂K ∗

∂z
, (48)

where all quantities in (48) are evaluated at L∗
= 0, having used the fact that ⟨µ⟩L∗=0 ≡ 0 ( in strictly zero magnetic

field, an Ising model with only even-number interactions does not support long-range order, as can be directly proven
from symmetry). The nearest-neighbor pair correlation (energy) ⟨µ0µ1⟩L∗=0 is known exactly in terms of complete elliptic
integrals [38], and is a continuous monotonically decreasing function of temperature with a weak (energy-type) singularity
ϵ∗ ln ϵ∗ at the critical temperature where K ∗

c /K ∗
= 1. The critical constant K ∗

c =
1
2 ln(2 +

√
3) = 0.65847 · · ·, and the

smallness parameter ϵ∗
≡ |(K ∗

− K ∗
c )/K

∗
c | is, neglecting second order small quantities, the fractional deviation of the

temperature from its critical value.
Other than the thermal average ⟨µ0µ1⟩L∗=0, all quantities in (48) can be derived directly once a∗ is re-expressed

in terms of x, y and z as shown in Appendix C. In (48), as remarked previously, the nearest-neighbor pair correlation
⟨µ0µ1⟩L∗=0 involves complete elliptic integrals (see Houtappel [38]) that can be evaluated exactly by Mathematica. The
expressions simplify considerably for the fixed point α = 1 (xy = 1) and the quantity z (fugacity) is given by (34). Hence,
having all needed ingredients in hand for numerical computations, Fig. 4(a) shows, for α = 1, the resulting curvilinear
diameter ρL∗=0 (dashed curve) exhibiting a negative slope which is more discernible at temperatures closely below the
critical temperature.

The liquid and the vapor branches of the coexistence curve, ρcoex
l,v vs K2c/K2, can now be evaluated by adding and

subtracting the ‘‘spontaneous symmetry breaking’’ term to expression (48), i.e.,

ρcoex
l,v = ρL∗=0 ±

2
3
⟨µ⟩s

(
z
∂L∗

∂z

)
L∗=0

(49)

where the spontaneous magnetization ⟨µ⟩s (ordering parameter) of the present honeycomb Ising model is foreknown [39]
to be

⟨µ⟩s =

(
1 − 4

cosh[3K ∗
](cosh[K ∗

])3

(sinh[2K ∗])6

)1/8

; 0 ≤
K ∗
c

K ∗
< 1;

= 0,
K ∗
c

K ∗
≥ 1. (50)

In the ordered region 0 ≤ K ∗
c /K ∗ < 1, the spontaneous magnetization ⟨µ⟩s is a continuous monotonically-decreasing

function of temperature, and vanishes at the critical temperature where K ∗
c /K ∗

= 1 (K ∗
c = 0.65847 · · ·) with a critical

exponent 1/8 (algebraic branch point singularity). To evaluate the expression
(
z ∂L∗

∂z

)
L∗=0

in (49), one writes, using (19a),
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Fig. 4. (a) Liquid–vapor coexistence curve where α ≡ −ϵ3/ϵ2 = 1. Plotting (48) and (49), the particle number density ρ vs (reduced) temperature
t = K 0

2c/K2 , the critical constant K 0
2c = ln(3+2

√
3) = 1.86626 · · ·. The upper (blue) curve is the liquid branch of the coexistence curve and the lower

(red) is the vapor branch. The curvilinear diameter of the asymmetric rounded coexistence region is the monotonically decreasing dashed (green)
curve which begins at zero temperature with ρ = 1/2, and ends at the critical point (solid green circle) whose coordinates are tc = 0.4701 · · ·,
ρc = 0.4445 · · ·. (b) Corresponding magnetic coexistence curve where α′

≡ −J3/J2 = 1. Plotting (33) with ρ from (a), the magnetization m vs reduced
temperature t ′(= 2t) = K 0

c /K , K = βJ2 and the critical constant K 0
c =

1
4K

0
2c = 0.46656 · · ·. The curvilinear diameter of the asymmetric rounded

coexistence region is the monotonically decreasing dashed (green) curve which begins at zero temperature with m = 0, and ends at the critical
point (solid green circle) whose coordinates are t ′c (= 2tc ) = 0.9402 · · ·, mc = −0.1109 · · ·.

that

L∗
= arctanhW =

1
2
ln

1 + W
1 − W

(51a)

where

W ≡
V
U

[
δ + (C − A)
δ − (C − A)

]1/2

. (51b)

Note that WL∗=0 = 0 since the vanishing of its prefactor V established the zero-field condition L∗
= 0. As determined

and discussed in Ref. [24], the positivity condition C − A > 0 is symptomatic with the present positivity (ferromagnetic)
condition K ∗ > 0. However, establishing the algebraic sign of C − A via (20a) is more difficult than that for K ∗ via (21)
and (22). The latter only needs the algebraic sign of l = l(x, y) and hence does not require the fugacities z. For the ground
state, after obtaining the fugacity in the ordered regions, it can be verified easily (see Appendix B) that the two conditions
(namely C − A > 0 and K ∗ > 0) are indeed equivalent.

It is laborious but straightforward to obtain the sought result for
(
z ∂L∗

∂z

)
L∗=0

in the coexistence curve expression (49)
from (51). The details are left for Appendix C. The final result is (C.10)(

z
∂L∗

∂z

)
L∗=0

=
(tanh K ∗)−1/2

U

(
z
∂V
∂z

)
L∗=0

(52)

where
(

∂V
∂z

)
L∗=0 is given by (C.11), and K ∗, U as previously by (21) and (20d), respectively. In the expressions and

calculations pertinent to the coexistence curves, x is affiliated with the reduced temperature, y = x−α , and z (fugacity)
is linked to the reduced chemical potential in the earlier exact phase boundary curves for given values of α. Enlisting
Mathematica for the numerical computations, Fig. 4(a) shows, for α = 1, the resulting liquid–vapor coexistence curve
(solid curve) exhibiting an asymmetric rounded shape with a critical point (solid circle). The corresponding magnetic
diagram is obtained simply by using (33) and is shown in Fig. 4(b).

7. Results for arbitrary α, α′

The complete solution for arbitrary α requires an exact solution of the general cubic equation (24). While the
expressions are not as simple as that in case of α = 1, there is no intrinsic difficulty soliciting Mathematica to evaluate
the solutions as illustrated in the solution for α = 1 in Section 6. The results are qualitatively similar to those for α = 1.
Fig. 5(a) shows the liquid–vapor phase boundary for two additional values of α, one smaller and one larger than α = 1.
The results for the corresponding magnetic case for two additional values of α′, one smaller and one larger than α′

= 1,
are shown in Fig. 5(b).

Focusing on the magnetic case, Fig. 5(b) shows clearly, for J3 < 0, that as α′ increases, (i) the curvature of the
field-temperature phase boundary increases, (ii) the critical temperature t ′c(α

′) decreases, (iii) the critical field hc(α′)/J2
increases, and (iv) the limiting value h0(α′)/J2 ≡ limt ′→0 h(t ′; α′)/J2 increases, all monotonically. This remains true
up to α′

= 3, beyond which the system does not order. These results have an important consequence. For a given
fixed α′ and a fixed applied magnetic field h(α′) in the range hc(α′) < h(α′) < h0(α′), sweeping the temperature
encounters a discontinuous transition from a ‘‘down-spin’’ ferromagnet to an ‘‘up-spin’’ ferromagnet at a crossing-point
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Fig. 5. (a) Changes in the liquid–vapor phase boundary with α, for ϵ3 < 0. The limiting value µ0/ϵ2 ≡ limt→0 µ(t; α)/ϵ2 increases monotonically
from −2 at α = 0 to a maximum of −1 at α = 1.5, beyond which the system does not order. Similarly the critical points occur at progressively
smaller values of tc and larger values of µc/ϵ2 as α increases. Thus the critical coordinates change from (tc = 1, µc/ϵ2 = −2) for α = 0 to
(tc → 0, µc/ϵ2 → −1) in the limit of α → 1.5. (b) Changes in the corresponding magnetic phase boundary with α′ , for J3 < 0. The limiting value
h0/J2 ≡ limt ′→0 h(t ′; α′)/J2 increases monotonically from 0 at α′

= 0 to a maximum of 2 at α′
= 3, beyond which the system does not order.

Similarly the critical points occur at progressively smaller values of tc and larger values of hc/J2 as α′ increases. Thus the critical coordinates change
from (t ′c = 1, hc/J2 = 0) for α′

= 0 to (t ′c → 0, hc/J2 → 2) in the limit of α′
→ 3.

Fig. 6. Prominent critical constants vs α for the generalized lattice gas model. The solid symbols are exact calculated values, the dashed line is a
guide to the eye. The figure pertains to the 4th quadrant of ϵ2–ϵ3 space. The critical constants are each plotted for the range of values 0 ≤ α < 3/2,
where α ≡ −ϵ3/ϵ2 . (a) Reduced critical temperature tc vs α. (b) Critical density ρc vs α. (c) Reduced critical chemical potential µc/ϵ2 vs α.

Fig. 7. Prominent critical constants vs α′ for the generalized Ising magnet. The solid symbols are exact calculated values, the dashed line is a guide
to the eye. The figure pertains to the 4th quadrant of J2–J3 space. The critical constants are each plotted for the range of values 0 ≤ α′ < 3, where
α′

≡ −J3/J2 . (a) Reduced critical temperature t ′c vs α′ . (b) Critical magnetization mc vs α′ . (c) Reduced critical field hc/J2 vs α′ .

temperature t ′crossing (α
′). By locating the crossing-point temperature for different values of the magnetic field, one can

therefore experimentally determine the entire field-temperature phase boundary. This amounts to a direct and precise
measurement of the parameter α′, and therefore of the magnitude of the triplet interaction if the pair interaction is known
from other measurements. The symmetry (4) of the partition function allows one to obtain results for J3 > 0.

Figs. 6 and 7 show select critical constants as functions of α and α′, respectively.

8. Discussion and summary

Exact results in physics are valuable for a variety of reasons. Endeavoring to retain and emphasize only the most
essential elements of a physical problem (akin to cartoonists), exact solutions of simple model systems often provide
definite guidance and insights on more realistic and invariably more mathematically complex systems. Exact results in
tractable models of seemingly different physical systems may alert researchers to significant common features of the
systems and actually accentuate concepts of universality. In addition to their own aesthetic appeal, exact results can,
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Fig. A.8. Vertex configurations and associated weights for the symmetric eight-vertex model. Solid (dashed) edges denote the edges as bond occupied
(empty).

of course, serve as standards against which both approximation methods and approximate results may be appraised.
Also, the underlying mathematical structures of integrable lattice models are rich in content and have led to important
developments in mathematics.

Theoretical studies of strongly correlated systems in condensed matter physics primarily consider two-particle
interactions. However, particularly at higher densities, multi-particle interactions can be germane and lead to significant
effects [40]. Taking advantage of a generalized fluid–magnet correspondence, the present paper theoretically investigated
the finite-field induced phase transitions of a kagomé Ising ferromagnet, and the condensation of a kagomé lattice
gas, both with pair and triplet interactions. Exact ground-state phase diagrams as well as all possible phase boundary
curves (chemical potential and field vs temperature) and companion coexistence curves (density and magnetization vs
temperature) of both the fluid and magnet were determined. For a special case of competing interactions, an illustrative
implementation of the theory was developed. In particular, the field-temperature phase boundary changes from a
rectilinear form at zero triplet interaction to a curvilinear form at finite triplet interaction. The curvilinear shape enhances
prospects of experimentally detecting field-induced discontinuous transitions from a ‘‘down-spin’’ ferromagnet to an ‘‘up-
spin’’ ferromagnet for ranges of magnetic fields and temperatures. The latter ranges are dependent upon the relative
magnitude of the triplet and pair interaction parameters, as illustrated in Fig. 5(b). Prominent critical constants of the
fluid and the magnet are plotted as functions of the ratio of interaction parameters.

Considering Fig. 5, one recognizes that exploring the phase boundary systematically provides a handle to identify the
existence and importance of triplet interactions in general. With sensitive enough experiments, one should be able to
observe the effects of even a very small triplet interaction in the presence of a more dominant pair interaction, which
situation is expected to be quite ubiquitous in nature.

This paper is devoted to only the ferromagnetic (ordered) region. For antiferromagnetic pair-interactions, there is
no long range order. However, it has been shown [41] that disordered regions can be very different (with or without
frustration) if either pair or triplet interactions dominate. Studies of the generalized kagomé Ising model in these
disordered regions are ongoing.
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Appendix A. Honeycomb eight-vertex model and proof of Eq. (14)

Consider a honeycomb lattice (Fig. 1, dashed edges) and draw bonds along its edges such that each edge is indepen-
dently ‘‘traced’’ (occupied) or left ‘‘open’’ (empty). Then, there are eight different vertex configurations occurring at a
vertex which are shown in Fig. A.8. With each configuration, one associates a vertex weight a, b, c , d, and the weights are
assumed to be positive. In Fig. A.8, note that the assignment of weights does not distinguish bonds in different directions,
thereby specializing our attention to a symmetric eight-vertex model.

The partition function of the eight-vertex model [23,24,26,27,34] is the graph generating function

Z8V (a, b, c, d) =

∑
an0bn1cn2dn3 (A.1)

where the summation is taken over all bond configurations of the lattice, and ni is the number of vertices having i bonds.
As seen shortly, in the statistical theory of phase transitions and criticality, the vertex weights reveal themselves as



14 J.H. Barry and K.A. Muttalib / Physica A 527 (2019) 121326

Boltzmann factors

a = exp[−βϵ̃0], b = exp[−βϵ̃1],

c = exp[−βϵ̃2], d = exp[−βϵ̃3], (A.2)

where ϵ̃i is the pertinent energy of a vertex having i bonds. Here β ≡ 1/kBT , where kB is the Boltzmann constant and T
the absolute temperature.

The grand canonical partition function (8) of the generalized kagomé lattice gas model (5) can be written in terms of
the Boltzmann factor of a triangular face

Ω(ni, nj, nk) =

e
βµ
2 (ni+nj+nk)+K2(ninj+nink+njnk)+K3ninjnk (A.3)

as

Ξ (µ,N , T ) =

∑
n

∏
⟨i,j,k⟩

Ω(ni, nj, nk), (A.4)

where the summation symbol n represents the set of total N lattice gas variables and, imposing periodic boundary
conditions, the product is taken over the total 2N/3 elementary triangles.

In Fig. 1, one observes that the midpoints of the edges of the associated honeycomb lattice may be viewed as the sites
of the kagomé lattice. In this setting, every occupation number variable resides on one edge of the honeycomb lattice. If
one regards the lattice-gas variable n = 0 as implying that the edge on which n resides is covered by a bond, and n = 1
as implying that the edge is empty, then the partition function (A.4) describes precisely the eight-vertex model partition
function (A.1) with the vertex weights, using (A.3),

a = Ω(1, 1, 1) = x3yz3/2, (A.5a)
b = Ω(1, 1, 0) = xz, (A.5b)
c = Ω(1, 0, 0) = z1/2, (A.5c)
d = Ω(0, 0, 0) = 1, (A.5d)

where x, y and z are given by (10). Succinctly, one has established the partition function equivalence (14)

Ξ (µ,N , T ) = Z8V (a, b, c, d), (A.6)

where the vertex weights a, b, c , d are given by (A.5), and Z8V (a, b, c, d), Ξ (µ,N , T ) by (A.1), (A.4), respectively.
In the preceding arguments, one is perfectly free to oppositely choose the lattice-gas variable n = 1 as implying that

the edge on which n resides is covered by a bond, and n = 0 as implying that the edge is empty. In other words, one
simply interchanges the ‘‘traced’’ and ‘‘open’’ edges in Fig. A.8. Then, one arrives at the result that the RHS of (A.6) becomes
Z8V (d, c, b, a), illustrating a known reflection symmetry [23] Z8V (a, b, c, d) = Z8V (d, c, b, a) of the eight-vertex model.

Appendix B. Ground state phase diagram from T → 0 limit of K ∗

In order to obtain the ground state phase diagram, one first needs to evaluate the parameter K ∗(T → 0). This will
require the asymptotic solutions of the cubic equation for the fugacity z (24). In this Appendix, the solutions of the cubic
equation will be written down first and the T → 0 limits for various regions in the ϵ2–ϵ3 as well as J2–J3 spaces will be
obtained using the solutions of the cubic equation.

B.1. Solution of the cubic equation

The cubic equation in (24) can be solved exactly for its real (physical) solution. Define

Q ≡
1
9
(3a1 − a22); R ≡

1
54

(9a1a2 − 27a0 − 2a32), (B.1a)

and the discriminant is

D = Q 3
+ R2. (B.1b)

If the discriminant is positive, then there is one real solution for z, the other two being complex conjugates of one another.
The real fugacity solution is given by

z ≡ z1 = S1 + S2 −
1
3
a2, S1 ≡ (R +

√
D)1/3,

S2 ≡ (R −
√
D)1/3. (B.2)
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In the current calculations, it is also useful to write Q , R, D as explicit functions of x, y. Substituting (24) into (B.1) yields

Q = −
(−1 + xy + x2y − x3y2)2

x6y2(2 − 3xy + x3y2)2
, (B.3a)

D =
(−1 + x2y)6

4x16y4(2 − 3xy + x3y2)4
× D1,

D1 = −3 − 6x2y + x4y2 + 4x(1 + y), (B.3b)

R =
(−1 + x2y)3

2x9y3(2 − 3xy + x3y2)3
× R1

R1 = 2 − 6xy + 3x2y2 − 6x4y3 + x6y4

+ 2x3y2(2 + y). (B.3c)

The fractional algebraic forms (B.3) were obtained using symbolic computation by Mathematica [37].
In the present context of phase transitions and criticality, theoretical investigations upon the (close-packed) kagomé

lattice need only consider dominant attractive (ferromagnetic) cases K ∗ > 0 (21). As commented in Section 3, l defined
in (22) is positive in all such cases. Note that D1 of (B.3b) equals l, implying that the discriminant D > 0. Concisely, K ∗, l,
D have positive algebraic sign in all cases of interest.

It develops that there are regimes where there is no positive solution for the fugacity z so that the solutions are
unphysical. These regimes can be identified directly from the zero temperature limits of the coefficient a0 (24d). We note
that the product of the three roots of the cubic equation satisfies the condition

z1z2z3 = −a0. (B.4)

When the discriminant D (B.1b) is positive, which is the case whenever K ∗ > 0, there is only one real root and the other
two are complex conjugates of one another. For z2 and z3 complex conjugate of each other, z2z3 > 0. Thus the real solution
z = z1 has the opposite sign of a0. In other words, a real positive solution for the fugacity requires a0 < 0. We will exploit
this result to identify regions where there is no physical solution for fugacity, indicating that there is no phase transition.

B.2. T → 0 limit of K ∗

By investigating the zero temperature limits of K ∗ (21) and comparing them with K ∗
c one can separate the disordered

states from the ordered states. If K ∗(T → 0; α) > K ∗
c , there exists a phase transition at some finite temperature given by

xc where K ∗(xc; α) = K ∗
c , while if K ∗(T → 0; α) < K ∗

c the state remains disordered down to zero temperature. Evaluating
the parameter K ∗(T → 0) will require only the asymptotic solutions of the cubic equation for the fugacity z (24).

As alluded to in Section 5, it is sufficient to consider the second quadrant of the ϵ2–ϵ3 plane of Fig. 2(a), where ϵ2 < 0
and ϵ3 > 0, to check the existence of the liquid–vapor phase boundary. The first quadrant has only positive (attractive)
interactions, leading to ordered states, while the third quadrant has only negative (repulsive) interactions, leading to
disordered states. The fourth quadrant does have competing interactions and does have a phase boundary, but this will
be obtained directly by appealing to the symmetry in the corresponding J2–J3 plane.

B.2.1. 2nd quadrant in Fig. 2 (ϵ2 < 0, ϵ3 > 0, α > 0)
For ϵ2 < 0, we have x < 1. For α > 0, we have y = x−α > 1. Now the asymptotic analysis for t → 0 requires x → 0.

As we will see, in this regime, considerations of K ∗ vs K ∗
c will tell us that ordered states occur only for α > 3.

Case I: α > 3:
In this regime, we have from (B.3b), (B.3c) and (24b)

D →
1
4

1
x12−4α ; R →

1
2

1
x6−2α ; a2 → −

6
x5−2α (B.5)

which gives, using (B.2),

z(x → 0) → x2(α−3)/3
; α > 3. (B.6)

Again as before, from (21),

K ∗
→

1
4
ln[1 +

1
x2(α−3)/3 ]; α > 3. (B.7)

Since the exponent of x < 1 inside the logarithm increases for α > 3 leading to K ∗(x) = K ∗
c for some x = xc , there will

be a phase transition and the zero temperature state will be an ordered state. As we will see below, there is no phase
transition for α ≤ 3.
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The ground state chemical potential can be obtained from (B.6). Since ϵ2 < 0, one needs to be careful about the sign
of µ

ϵ2
:

µ

|ϵ2|
(t → 0; α) = −

2
3
(α − 3); α > 3. (B.8)

The quantity C − A in (19) plays an important role in the Wu theory [24]. One can compute this quantity from (20a),
this time in the limit x → 0. Rewriting

C − A = z[(xy − 1)x2z − 1 + x] → z[(x3yz − 1)] (B.9)

and using (B.6) one obtains, for α > 3,
C − A

z
→ x3−αx2(α−3)/3

− 1 → x1−α/3
− 1, (B.10)

which is positive since x → 0 and α > 3. This confirms the result [24] that C − A > 0 when K ∗ > 0.

Case II: α = 3:
In this case x3y = 1, x < 1, y > 1. In the limit x → 0, from (B.3b), (B.3c) and (24b) we obtain

D → 1; R →
3
2
; a2 → −6x. (B.11)

This gives, utilizing (B.2), z1 → c where c = (5/2)1/3 + (1/2)1/3 ≈ 2.15091. Corresponding K ∗ is given by (21),

K ∗
→

1
4
ln

[
1 +

5c
(c − 1)2

]
→ 0.552594 < K ∗

c . (B.12)

Thus there is no phase transition for α = 3. Similar argument shows that there is no phase transition for α < 3. The line
α = 3 separates ordered and disordered regions.

Using the fluid–magnet correspondence relation between α and α′ given in (28), one immediately sees that in the
corresponding J2–J3 space the phase boundary line is given by α′

= −3, shown in Fig. 2(b).

B.2.2. 4th quadrant in Fig. 2 (ϵ2 > 0, ϵ3 < 0, α > 0)
The symmetry (4) of the magnetic partition function implies that if there is a phase boundary for α′

= −3 in the J2–J3
space as shown above, there must be a phase boundary for α′

= +3, as shown in Fig. 2(b). Using the reverse mapping of
(28), this immediately implies that there is a phase boundary at α = 3/2 in the ϵ2–ϵ3 space, as shown in Fig. 2(a).

This completes the ground state phase diagrams in both ϵ2–ϵ3 and J2–J3 spaces, completing Fig. 2(a) and (b).

B.3. Special Case α = 1

For the special case α = 1 considered in Section 6 one has, from (26),

xy = 1. (B.13)

Then, using (B.13), expressions (B.3) easily simplify as

Q = 0, R =
(x − 1)2

2x6
, D = R2 > 0. (B.14)

Using (B.13) and (B.14), expressions (B.2) and (24) similarly simplify as

S1 = (2R)1/3 =
(x − 1)2/3

x2
, S2 = 0, a2 =

3
x2

, (B.15)

jointly yielding the (physical) fugacity

z = z1 = S1 + S2 −
1
3
a2

=
1
x2

[(x − 1)2/3 − 1]. (B.16)

Appendix C. Coexistence curve

In (47), several partial derivatives are needed to evaluate the density at L∗
= 0. First, a∗ can be expressed in terms of

x, y and z as [29]

a∗
=

qr
(2s)3/2

(C.1)
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where

q ≡ 1 − 2fz−1/2η, (C.2a)
r ≡ (1 + xz)η + (1 + x3yz)z1/2, (C.2b)
s ≡ 1 − νη, (C.2c)

with

η = −ν + (1 + ν2)1/2, (C.2d)
ν = fz−1/2

+ gz1/2, (C.2e)

f ≡ f (x, y) =
1 − x

(x2y − 1)x
, (C.2f)

g ≡ g(x, y) =
(xy − 1)x
x2y − 1

. (C.2g)

Using (C.1), (48) becomes

ρL∗=0 =
2
3
(z

∂ ln q
∂z

+ z
∂ ln r
∂z

) −
∂ ln s
∂z

+ (⟨µ0µ1⟩ − tanh K ∗)z
∂K ∗

∂z
. (C.3)

where all quantities in (C.3) are evaluated at L∗
= 0, The individual terms are given by

z
∂ ln q
∂z

=
z
q

∂q
∂z

= −
f {[(ν(1 + ν2)−1/2

− 1)(g − fz−1) − z−1/2
]}

1 − 2fz−1/2[(1 + ν2)1/2 − ν]
,

z
∂ ln r
∂z

=
z
r

∂r
∂z

=
c1 + c2

c0
;

c1 =
1
2
(1 + xz)[ν(1 + ν2)−1/2

− 1](gz1/2 − fz−1/2);

c2 = xz[(1 + ν2)1/2 − ν] +
1
2
z1/2(1 + 3x3yz);

c0 = (1 + xz)[(1 + ν2)1/2 − ν] + z1/2(1 + x3yz);

z
∂ ln s
∂z

=
z
s

∂s
∂z

=
(fz−1/2

− gz1/2)[(1 + 2ν2)(1 + ν2)−1/2
− 2ν]

2{1 − ν[(1 + ν2)1/2 − ν]}
, (C.4)

and

z
∂K ∗

∂z
=

z[x − 1 − x2(xy − 1)z]
4[x − 1 + x2(xy − 1)z]

×
l

[x − 1 + x2(xy − 1)z]2 + lz
(C.5)

where l [Eq. (22)], f , g are each functions solely of x, y.
Eq. (51b) can be written as

W =
V
U

[
δ

C−A + 1
δ

C−A − 1

]1/2

=
V
U

[
e2K

∗

+ 1
e2K∗

− 1

]1/2

= V ·
(tanh K ∗)−1/2

U
(C.6)

Then, (51a) yields

2
∂L∗

∂z
=

[(1 − W ) ∂W
∂z − (1 + W )(− ∂W

∂z )]/(1 − W )2

(1 + W )/(1 − W )

= 2
∂W
∂z

/(1 − W 2) (C.7)
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implying that(
∂L∗

∂z

)
L∗=0

=

(
∂W
∂z

)
L∗=0

, (C.8)

having substituted the fact that WL∗=0 = 0. Differentiating (C.6) via the product rule, one obtains the RHS of (C.8) as(
∂W
∂z

)
L∗=0

=
(tanh K ∗)−1/2

U

(
∂V
∂z

)
L∗=0

, (C.9)

again utilizing the mutual null condition V = 0 at L∗
= 0. Hence, cascading perusal of (C.8) and (C.9) directly provides

the sought result for
(
z ∂L∗

∂z

)
L∗=0

in the coexistence curve expression (49), viz.,(
z
∂L∗

∂z

)
L∗=0

=
(tanh K ∗)−1/2

U

(
z
∂V
∂z

)
L∗=0

(C.10)

Note that from (C.2b) and (20d), U = r . Also employing the V -expression (20e), its derivative at L∗
= 0 is calculated to

be (
∂V
∂z

)
L∗=0

=
1
2
[ν(1 + ν2)−1/2

− 1]

× (z−1/2
+ x3yz1/2)(gz1/2 − fz−1/2) − x

+
1
2
[(1 + ν2)1/2 − ν](z−1/2

+ 3x3yz1/2). (C.11)
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