PHY3113-Introduction to Theoretical Physics
Fall 2007
Test 2 SOLUTIONS
Oct. 26, 2007
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1. For each matrix A, calculate Af, det A and A~'. On this basis, state whether
each is Hermitian, unitary, and/or orthogonal, ...:

01 0 -1 01

Al = ,detA=—1,CT = LA = (1)
10 -1 0 10

A7V = AT unitary or orthogonal, (2)

A = A" hermitian. (3)



At = 2 ,det A=6—-2=4, (4)
1-i 3
o [ 3 (-4 o |3 —asd 5
-+ 2 7 —(1—4) 2 ’
= :i 3 | ~(1+0) | _ 3/4' L /E
“(1—4) 2 (=4 1/2

since A = A", hermitian

cosa 0 sina
Al = 0 1 0 |[,At=Al (7)

—sina 0 coswo

orthogonal or unitary (real). Note this is a rotation about the y axis by
angle «, so inverse is just rotation by —a.

(d) Solve the system of equations

8 —2/3 x 1
412 ||y 1

explicitly by Cramer’s rule.
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2. Evaluate

(a)

/ dx§(2x — ) sinz = %/ dx §(x — g)sinx = % (10)

o0



3r/4 3r/4 (5(8 _ E)
/ df §(cos ) (sin* @ + 1) :/ dr ———2—(sin’§ + 1) = 2.(11)

/4 /4 | sin 9’9:71’/2

[e9) g 2m
/dT(S(r—a) —/0 r2(5(r—a)dr/0 Sin9d9/0 d¢p = 4ma®. (12)

(d) What is the charge density p(x,y, z) for an infinitely long but infinitesimally
thick line of charge, with charge per unit length A, oriented parallel to the
x axis passing through the point (0,1,0)?

We know it must be proportional to 6(y—1)d(z), and that when we integrate

over y and z in a plane perpendicular to the wire, we should recover the full
charge density per unit length along z. Thus A

/ dy / dz6(y — 1)5(2) = A, (13)

p=A(y — 1)5(2). (14)

Note this has dimensions of charge/ 3D volume.

so that

. Given a vector field F = r cos 07 + 2r + 2r cos 0 sin ) QAS, calculate

(a)

- = 10 4 1 0 1 9( 27“(:0898111@?
voE = r2or (7’ COS&) rsin 6 90 (2rsin6) + 7 sin ol %)
= 3cosf + 2cotf + 2cot b cos ¢. (16)

(b) (volume is sphere radius 1)

/6-ﬁd7 :/ /smede/ do (3cosf + 2cot B + 2cot dcos ¢)

:§><0:0 (17)

(c) (area is surface of sphere radius 1)

dd = sin@dfdor, (18)
F-da = sinf cos6dfdo. (19)
- 1
/F-da = 2r=sin®d|j = 0. (20)
B 2

(d) So Gauss’s theorem is satisfied by comparing b) and c).



4. (a)-(b) First notice that since A points along § and is o z, the only contribution

to line integral is along segment parallel to y axis at x = a. A is const. along
this segment, so integral is trivial. The curl of A which we need for Stokes’
thm. is just the magnetic field B and taking the curl leads to a constant B
field pointing along z, which is constant over the top face of the cube. Its dot
product with the normals of all other faces is zero, so

j{g-df' = / Boady = Bya®. (21)
0

—

B = Bk, (22)
/B-dﬁzBoaQ:%/Y-dﬁ (23)

Now suppose the magnetic field is increasing with time, By(t) = at, and that
the cube is an open framework of wires on its edges. Fach wire segment has
resistance R.

(c) What is V x E generated in the space around the cube?

Here we need to use Faraday’s eqn. VxE= —%—f. The term on the right hand
side of Faraday’s law is —a, so V x E = —ak.

(d) The line integral of this electric field around the square in the zy plane,
fD E. dZ is the induced voltage, or EMF. What current flows in the wire square?

j{ﬁ-dz:/ﬁxﬁ-dﬁz—aaz. (24)
Ohm’s law says I = V/R = —aa®/(4R) (since segment resistances add in series),

so [ = —aa®/(4R).

5. (a)-(b) Calculate the arc length ds® and scale factors h; for the cylindrical coor-
dinate system p, ¥, z.

xr = rcostd,y=rsind, z =z, (25)
dr — %d + %dﬁ + 8—dz = cosJdr — rsin ¥dv, (26)
or o 0z
dy = sinddr + rcos 9d, (27)
dz = dz, (28)
ds® = da* + dy® + dz* = dr® + r’dv? + d2* (29)
he = 1, hyg=r h, =1 (30)
- 10 0 90 0
Vi = Z haz aﬁﬂaﬁ“a_f' (31)

(c)Write down an expression in terms of the unit vectors p, 19, and Z, for the
unit vector normal to the surface of a cone of height h and base radius r.



FIG. 1: cross section of cone.

Components of normal unit vector are shown, ¥ = tan~'r/h, so i = cosp +
sin 2.

(d) Find expressions for p, U, and 2 in terms of 7, j, and k.

ds = dxi+ dyj + dzk (32)

= dpp + pddi + dz2 (33)

Now we calculate dz = g—”p”dp + %dﬂ + %dz, etc., and equate coefficients of dp,
etc. to find

p=1cosV + Jsind
¥ = —isin¥ +jcos?
t=k (34)
. A vector field has the form

A(z,y,2) = (z + ay,y + Bz, 2) (35)

(a) Determine v and 3 such that V x A = 0.

i 7k
VxA=| 09, 09, 0.
r+oay y+Br z

= k(B—a)=0,

so a = 3 works Va.



(b) Calculate the corresponding scalar potential ®. Be sure to clearly specify
all unknown constants.

Using definition A= —V®, we have
0P = —r—ay
0P = —y—ax
0, = —z

First condition = ® = —2%/2 — zya + ¢(y, z), second one = Jyc(y,z) =
—y% + ¢(2), third one = d.¢(z) = —z = ¢(2) = —2?/2 + ¢.

—y = cly,2) =
So
L, 2 2
<I>:—§(x +y +2°) —axy+c (36)
(c) Sketch the vector field A in the plane z = 0 for v = 1.
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FIG. 2: Plot with = 1 with z,y running from -1 to 1.
(d) Calculate the ratio of the line integrals
[ A-dF
(37)

=

f d

where s; is the path along the diagonal between a = (0,0,0) and b = (1,1, 1),
and s is the path a — (1,0,0) — (1,1,0) — b.

o
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rd )
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Without doing any calculations, we know the ratio is 1, since the field is
conservative (V x ¢ = 0), so the line integral is independent of the path

taken.



