
SUPERFLUIDITY IN THE INTERIORS OF NEUTRON STARS 

J.A. Sauls 
Department of Physics and Astronomy 
2145 Sheridan Road 
Northwestern University 
Evanston, IL 60208 
U.S.A. 

ABSTRACT. The discoveries of more than 400 neutron stars as radio pulsars con
tinue to provide an intellectual challenge to physicists and astronomers with diverse 
backgrounds. I review some of the ideas that have been proposed for the structure 
of neutron star interiors, and concentrate on the theoretical arguments for the ex
istence of superfluidity in neutron stars. I also discuss the implications of neutron 
superfluidity and proton superconductivity for the rotational dynamics of pulsars, 
and review arguments that have been proposed for observable effects of superfluidity 
on the timing history of pulsars and perhaps other neutron stars. 

1. INTRODUCTION 

The discovery of pulsars, and their subsequent identification as rotating neutron 
stars, initiated a flurry of activity by theorists to better understand neutron-star 
structure and matter at extremely high density [see the reviews by Baym and 
Pethick (1975, 1979)]. Our model of neutron star structure is reminiscent of the 
interior structure of Earth [Anderson, Alpar, Pines, Shaham (1982)]; a solid outer 
crust, with various layers, which encloses a much hotter fluid core. This latter 
component is a conducting fluid, which although not well understood, is the source 
of a magnetic field. For the purpose of constructing a model for neutron star 
interiors, perhaps their distinguishing feature is that they are extraordinarily cold; 
even at interior temperatures of order 106 - 108 J{ quantum statistics plays 
a crucial role in the thermodynamic and transport properties of nuclear matter. 
It is because neutron-star matter is cold that many exotic states of matter have 
been proposed to exist inside these stars. The idea that neutron stars contain a 
liquid interior of superfiuid neutrons and superconducting protons [Migdal (1959); 
Ginzburg and Kirzhnits (1964)] was motivated in large part by our understanding 
of the mechanism for superconductivity in terrestrial materials as a result of the 
BCS [Bardeen, Cooper, Schrieffer (1957)] theory, and also by the observation of 
glitches in the timing data of Vela pulsar [Radhakrishnan and Manchester (1969); 
Reichley and Downs (1969)]. 

In Sec.3 I review the standard model for the interior structure of neutron stars, 
paying special attention to the arguments in support of the idea that neutron stars 
contain superfluid interiors. One expects the rotational motion of a neutron star 
with a superfluid core, decelerating under the action of external radiation torques, 
to be rather different than an otherwise similar star with a normal fluid core 
of high viscosity. The main features of the rotational equilibrium of the superfluid 
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and superconducting interior are discussed in Sec.4-5, while in the remaining sec
tions I discuss the essential features of the rotational dynamics of the superfluid 
interior. The important differences in the rotational dynamics of a star with a 
superfluid core compared to a normal-matter core are: (i) the timescales for mo
mentum transfer between the superfluid and the neutron star crust, and (ii) the 
existence of metastable flow states which are fundamentally related to the phe
nomenon of persistent superfluid flow, as in liquid Hell, and vortex pinning, as in 
laboratory superconductors. It is here that an important connection exists between 
the theory of neutron stars and the timing observations on radio pulsars. In Sec.12-
13 I discuss more speculative aspects of the theory and some unanswered questions 
of importance for our understanding of the evolution of pulsar interiors. I begin by 
reviewing some concepts from the theory of superfluidity and superconductivity. 

2. CONDENSATION 

Review articles [e.g. Shaham (1980)] that discuss superfluidity in neutron stars 
often emphasize the importance of the energy gap in the superfluid phase. The exis
tence of an energy gap in nuclear matter is important in understanding neutron-star 
rotational dynamics; however, the essential concept is the phenomenon of conden
sation, by which I mean the macroscopic occupation of a single quantum state. In 
liquid 4 H e superfluidity is closely related to Bose-Einstein condensation. The rele
vant single-particle states are simply 'lj;p'" eiP-r, and below 2.2 K a finite fraction 

of the 4H e particles occupy the zero-momentum state, 'lj;, i.e. 1'lj;12 '" O(NjV). 
The important feature of condensation, so far as the phenomenon of superfluidity 
is concerned, is that the amplitude of the condensate, 

(1) 

is phase coherent over the entire fluid. Thus, if the condensate phase is known at 
point R, then one can predict the phase a macroscopic distance away, according to 
13(if) = 13(R) + 2Mvs· (ii' - R)lh, where Vs is the local velocity of the condensate, 
i. e. the superfluid velocity. 

In systems of Fermions, e.g. neutrons and protons in the interior of neutron stars, 
condensation occurs by the formation of pairs of Fermions, or Cooper pairs. Since 
Fermions have a spin (8 = Tij2 for neutrons and protons) the amplitude of the 
condensate depends on the internal arrangement of the constituent spins; in addi
tionthe pair may exhibit internal orbital motion. The general form of the Cooper 
pair amplitude is described by a wave function 'lj;Sl,S2(R, F), where 81,82 are the 
spin projections of the Fermions, R is the center-of-mass of the pair, and? is the 
orbital coordinate of the pair. The dimension of the pair wave function in neutron 
matter, the orbital size of the Cooper pair, is of order 100 jm, which although 
small, is nevertheless large compared to the average distance between neutrons in 
the interior of the star. Even though the size of the pair wave function is measured 
in hundreds of Fermis, this amplitude is coherent over macroscopic distances, in 
this case throughout the liquid interior of the star. When condensation occurs a 
macroscopic number of neutrons form pairs in precisely the same two-particle wave 
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function, independent of their center-of-mass position. Hereafter I use the term 
'order parameter' to mean 'Cooper pair amplitude' because this macroscopically 
occupied state represents a high degree of order, and the symmetry and structure 
of the Cooper pair amplitude determine the macroscopic magnetic and flow proper
ties of the condensed phase. There is a great variety of phenomena associated with 
the spin and orbital motion of the Cooper pairs. Since these states may playa role 
in the theory of the rotational motion of neutron star interiors, it is useful to classify 
some of the possible internal motions of the pairs and comment briefly on what is 
known about the order parameters for laboratory superfluids and superconductors. 

2.1 S-wave, spin-singlet pairs 

Since the order parameter represents a bound state of two Fermions it must be 
anti-symmetric under exchange of the coordinates and spins of the pair, 

(2) 

Most laboratory superconductors are described by an order parameter with quan
tum numbers, 151 = 0 (spin singlet) and In = 0 (s-wave), where 5 = 81 + 82 is 
the total spin, and l= rx ~Vr is the orbital angular momentum of the pair. The 
orbital motion is isotropic and the spins of the Fermions are paired into a mag
netically inert singlet; thus, the pair amplitude reduces to a single complex scalar 
amplitude, 1/J( R) = 1/Ju, analogous to the order parameter in superfluid 4 H e. This 
is also the form of the order parameter believed to describe the condensate of super
fluid neutrons in the inner crust of a neutron star, and the superconducting protons 
in the liquid interior. 

2.2 P-wave, spin-triplet pairs 

The most remarkable terrestrial superfluids are the phases of liquid 3 H e [see An
derson and Brinkman (1978)]. There are three superfluid phases that are stable in 
different regions of temperature, pressure and magnetic field. This fact alone differ
entiates liquid 3 H e from liquid 4 H e and conventional s-wave superconductors. It 
is known that superfluid 3 H e is described by a spin-triplet (S = 181 + 821 = 17,), 
p-wave (l = 17,) order parameter. For pairing into states with one unit of or
bital angular momentum, 1/J is a linear combination of the spherical harmonics, 
{Y1,m(i") ; m = ±l,O}, 

1/JS1,S2(R, F') = L 1/Jr;;,s2(R) Yl,m(F'). (3) 
m=±1,O 

These odd-parity states, [ Y1,m( F') = - Y1,m( -F') ], imply that the spin-dependent 
part of the pair amplitude is symmetric under exchange of the two Fermion spins. 
The 3 He atom has a total spin of 17,/2 due to an unpaired nucleon, and there are 
three symmetric spin states that can be constructed from two spin-1/2 amplitudes. 
Thus, the general form of the pair amplitude is 

11/J >= 1/Jn I iI> +1/Jn I il + li> +1/JH I 11> . (4) 
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In contrast to superfluid 4 H e, a spin-triplet p-wave superfluid such as 3 H e requires 
up to nine complex amplitudes (3 spin x 3 orbital). Note that these Cooper pairs 
are in principle magnetic. I list the form of the order parameter for a few specific 
cases. 

2.3 Superfiuid 3 H e - B 

The order parameter is a superposition of all three magnetic states with equal 
amplitudes and phases, 

I¢ >= ¢B(i'j {I ii> + I it + !I> + I H>}, (5) 

and the orbital amplitude is such that the total angular momentum of the Cooper 
pairs is zero, Iii = 1[+ 51 = O. The B-phase is a special state which is "isotropic" 
in that the pair amplitude is invariant under joint rotations of the spin and orbital 
coordinates. t 
2.4 Superfiuid 3 H e - Al 

The Al phase corresponds to pairing in only one component of the spin triplet and 
is stable only in a magnetic field and a narrow range of temperatures. The order 
parameter directly reflects the magnetic polarization of this superfluid, 

(6) 

2.5 Interior superfiuid of neutron stars: 3 P2 phase 

As I discuss below it is plausible that neutron matter in the liquid interior of a 
neutron star is a Fermion superfluid described by a spin-triplet, p-wave amplitude 
with total angular momentum J = 2 [Hoffberg, Glassgold, Richardson, Ruderman 
(1971)], 

I¢ > = (7) 
Jz=O,±I,±2 

In fact the ground state of the non-rotating 3 P2 phase, to use the spectroscopic 
designation for the pair amplitude, is believed to be a state with Jz = 0 with 
respect to a fixed but arbitrary axis z [Sauls and Serene (1978); Vulovic and Sauls 
(1984)]. Thus, the ground state of the core superfluid in neutron star matter is 
also described by a single scalar amplitude, ¢O. This is no longer the case for 
the equilibrium state of a rotating neutron superfluid; a proper description of the 
vortices in the 3 P2 phase - which are required for the superfluid to co-rotate with 
the crust, conducting plasma and magnetic field - requires that all five magnetic 
sub-states, ¢ Jz , be present in the vicinity of the vortices. This fact leads to a novel 
magnetic structure for the vortex lines inside neutron stars (Sec.9). 

t This statement is slightly modified when the weak nuclear dipolar interaction is 
included. 
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3. PAIRING INSTABILITY AND TRANSITION TEMPERATURES 

There is no direct evidence that the interiors of neutron stars are superfluid. How
ever, there are two arguments in favor of this idea. The first is based on the BCS 
theory of superconductivity, which is arguably the most successful many-body the
ory of condensed matter. The second reason is the existence of long timescales for 
the recovery of the angular deceleration of several pulsars following a glitch (Sec.7). 

The basic structure of a neutron star with a mass M = 1.4 Msun is summarized 
in Fig.I. The radius and central density of the star, which depend on the mass 
and the equation of state of neutron-rich nuclear matter for densities above that 
of terrestrial nuclear matter, are both somewhat uncertain. However, all models of 
neutron stars have a liquid interior, which contains most of the moment of inertia 
of the star, surrounded by a solid metallic crust of neutron-rich nuclei embedded in 
a degenerate fluid of electrons. The radial structure of the crust has been studied 
in detail by numerous authors and is reviewed by Baym and Pethick (1975). Of 
particular importance is the structure of the inner crust of the neutron star for 
densities p > 4.3 X 1011 9 / cm3, where the nuclei become so neutron rich that the 
neutrons begin leaking out of the nuclei to form a background fluid of degenerate 
neutrons surrounding the nuclear lattice. This crustal region persists to densities 
near terrestrial nuclear matter density, p ~ 2 x 1014 9 / cm3, at which point the nuclei 
dissolve into a dense fluid consisting primarily of neutrons and a small percentage 
of protons and electrons, all of which are degenerate. Many other exotic states of 
matter have been proposed to exist in very dense cores of neutron stars, including 
pion condensates, free quarks and solid neutron matter [see Baym and Pethick 
(1975)]. However, I do not discuss these more speculative possibilities for the inner 
core. 

Neutron stars are cold (i. e. T rv 108 K « TFermi rv 1012 K) and the same theoretical 
arguments that lead to the conclusions that terrestrial matter should be super con
ducting with transition temperatures Tc ~ 10-3 TFermi also predict that neutron 
stars should have superfluid interiors. The necessary ingredient for the formation 
of a condensate of Cooper pairs, and hence a superfluid (or superconductor) is an 
attractive interaction between two neutrons (or protons) on the Fermi surface with 
zero total momentum. The Fermi sea guarantees the formation of a bound-state, 
i.e. a Cooper pair, no matter how weak the interaction, so long as it is attractive. 
Of course the strength of the interaction has an important effect on the temperature 
at which condensation occurs. In neutron-star matter the origin of this attraction 
is the nucleon-nucleon interaction, which has the contributions, 

(8) 

where the ceniral part of the potential is attractive at long-range, r > ~fm, due 
the exchange of pions, and repulsive at short distances due to the exchange of 
the w meson; this same vector meson is responsible for the spin-orbit interaction, 
which is large at short distances [Brown and Jackson (1979)]. A great deal is 
known about these basic interactions from nucleon-nucleon scattering. In Fig.2 I 
reproduce the experimentally determined scattering phase shifts of free neutrons 
[as compiled in Tamagaki (1970)]. A positive phase shift represents an attractive 
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Figure 1. Cross section of a 1.4 MSun neutron star based on a stiff equation of state 
[pandharipande, Pines and Smith (1976)]. The density profiles for the superlluid components are 
based on the transition temperatures of Hoflberg, el al. (1971) and Chao, et al. (1972). 
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Figure 2. The top figure shows the free nucleon-nucleon scattering phase shifts (in degrees) 
[from Tamagaki (1971)] for the lowest angular momentum channels. At low density the 
most attractive interaction is in the singlet, s-wave channel, 1 So, while at high density the 
dominant attraction is in the 3P2 channnei. The transition temperatures were calculated 
by Hoffberg, et ai. (1970) for neutron matter, and by Chao, et ai. (1972) for proton 
matter. The cross-over from s-wave pairing to p-wave pairing occurs at approximately 
2 x 1014 g/em3 , which is close to the density of the crust-core interface. 
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interaction in channels with various angular momentum quantum numbers (S, 1, J). 
The energy dependence (in the center-of-mass frame) is converted to density by 
setting the center-of-mass energy equal to that of two Fermions on the Fermi surface, 
i.e. Eem = 4 EF(P)' At low density, below approximately 2 x 1014g/em3, the 
most attractive channel is the singlet, s-wave channel (ISO). However, the 3 P2 and 
1 DO interactions dominate the S-wave interaction at higher density, with the 3 P2 
channel being the most attractive. Note that the P-wave interactions with J = 0,1 
are always repulsive at high density. Based on this data, and calculations of the 
structure and density profile of a neutron star, Hofiberg,et al. (1971) argued that 
more than one superfluid state was possible inside a neutron star. In the inner 
crust, 3 x 101lg/em3 < P < 2 X 1014g/ em3, a BCS-superfluid of neutron pairs in 
1 So bound states forms, while at higher densities the neutrons condense into a 3 P2 
state. The lower density protons are predicted to condense into a ISO state [Chao, 
et al. (1972)]. Many authors have used this phase shift data, combined with more 
sophisticated approaches, to estimate the transition temperatures for condensation 
into these superfluid states. Typical values of the transition temperatures, Te, for 
both superfluid states range from 0.1 MeV to 1 MeV, i.e. 109 K to 1010 K, which 
are low temperatures compared to the Fermi temperatures of neutron-star matter, 
but quite high temperatures compared to the ambient temperatures for even the 
youngest neutron star; e.g. the interior temperature of the Crab pulsar is estimated 
to be of order 108 K [Alpar, et al. (1985)]. 

A word of caution: transition temperatures are notoriously difficult to calculate 
accurately. This is clear from the BCS formula for the transition temperature, 
Te = EF e1/N(EF)VBcs, which contains in the exponent the strength of the pairing 
interaction, which itself is a many-body effective interaction between neutron exci
tations and may differ significantly from the bare interaction. The uncertainty in 
estimates of Te is in fact more serious than indicated by this simple formula. The 
BCS theory is an inadequate theory for predicting whether a given material will be 
a superconductor, i. e. in predicting Te. Such a theory exists, and was formulated 
roughly ten years after the BCS theory, but it is applicable only to superconductors 
in which the pairing interaction between electrons is mediated by the phonons of 
the (heavier) ionic lattice [for a review see Rainer (1985)]. There is so far no reliable 

first principles theory of Te for a self-interacting Fermi superfluid. t However, the 
standard model illustrated in Fig.1 is based on plausible estimates for the pairing 
channel and transition temperatures, probably the best estimates available given 
the current state of the art in many-body theory. A better model of neutron star 
structure will necessarily have to wait until a first-principles theory of the super
fluid transition temperature in a self-interacting system is developed. Nevertheless, 
the discovery of superfluidity in liquid 3 H e gives us confidence in the BCS pair
ing theory as a mechanism for superfluidity in neutron stars, simply because the 
mechanism for pairing in neutron stars is the self-interaction between the nucleons. 

t There is a rather lengthy literature on failed attempts to calculate the transition 
temperature and pairing channel for the superfluid phases liquid 3 H e before it was 
discovered. 
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Before the discovery of superfluidity in liquid 3 H e it had not been demonstrated 
that superfluidity could arise from the self-interaction between the Fermions. 

Although it is difficult to reliably predict Tc for neutron-star matter, it is important 
to note that the BCS theory is an excellent theory if Tc and the pairing channel 
(S, l, J j are known. It has the power to reliably predict 

• the ground-state order parameter 1/J, 

• thermodynamic and transport properties of the superfluid phase, 

• the hydrodynamic properties of rotating superfluids, and 

• the structure of vortices, an important consideration for rotating P-wave 
superfluids. 

Extensions of the BCS theory are sufficiently powerful that difficult problems of 
relevance to the rotational dynamics of superfluid neutron stars are also tractable, 
including, 

• theoretical estimates of the pinning energies of vortex lines on impurities 
or defects in the stellar crust, 

• theory of nucleation and destruction of vorticity at interfaces, e.g. the 
crust-liquid interface, and 

• theoretical analysis of the mechanisms and timescales for dissipative motion 
of vortex flow during deceleration or acceleration events of pulsars. 

Below I review some aspects of the theory of superfluidity as it applies to a rotating 
neutron star, discuss some of the novel features of the mixture of core superfluids, 
and present a mechanism for rapid equilibration of the interior superfluid to a 
disturbance of the crustal rotation period. 

4. SUPERFLUIDITY, CURRENTS, AND QUANTIZED CIRCULATION 

I assume for simplicity that the interiors of neutron stars are described by a scalar 
order parameter, i. e. a 1 So pair amplitude. This is consistent with the standard 
model for the neutron liquid in the inner crust and the proton superconductor in 
the core, but not for the neutrons in the core. However, most of the concepts 
discussed here for the 1 So superfluid are easily generalized to the 3 P2 superfluid in 
the interior. In Sec.9 and 12 I discuss the important differences between the 3 P2 
and 1So phases that reside in the core and crust, respectively. 

The order parameter for the 1 So superfluid is described by an amplitude and a 
phase, 

(9) 

which have two distinct roles. The amplitude 11/J1 is a thermodynamic variable of 
state, fixed by a free-energy functional which attains its minimum in equilibrium. 
The free-energy is derivable from the BCS theory, and is most conveniently discussed 
in the limit T ~ Te, the Ginzburg-Landau (GL) limit where the amplitude 11/J1 may 
be assumed small [Ginzburg and Landau (1950)]. The GL free-energy functional 
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is a formal expansion of the full BCS free-energy functional in terms of the order 
parameter'l/J, 

The form of the expansion is required by gauge and rotational invariance of the 
free energy. In a uniform system the gradient term may be neglected, in which 
case the minimum of the functional is either the normal state with 'l/Jeq = 0 for 
T > Te, or the condensed state with 'l/J~q = ~(1 - T/Te), and the free energy, 

Feq = F['l/Jeq, T] = -Volume [%](1 - T /Tc)2 for T < Tc is the condensation energy 
associated with pair formation. The coefficients 0', (3, and /1* calculated from the 
BCS theory are determined by Te and the mass density, and are all positive. 

The gradient energy in Eq.(10) is related to the kinetic energy of superfluid flow. 
The connection between superflow and the phase of the order parameter is ob
tained by considering the transformation property of the order parameter under 
a Galilean boost [Mermin (1978)]. The order parameter represents a bound-state 
of Cooper pairs, so we require that 'l/J transform as a two-particle wave function, 

'l/J ~'l/J e-i2Mil.ii/n, where i1 is the boost velocity and M is the bare mass of the 
Fermion. Thus, the quantity, 

(11) 

transforms as a velocity field under a Galilean boost. That Vs implies the existence 
of a mass current is also evident from the transformation of the free-energy func-

tional, F~F - I d3 R {g.i1+0(u 2) }. The mass current density is proportional to 
the superfluid velocity: 9 = Psvs, with a density Ps ex 1'l/J12. This result defines the 
mass current in the rest frame of the excitations, i.e. the non-condensate fraction 
with density, Pex = P - Ps, where P is the total mass density of the fluid. 

Many of the hydrodynamic properties of superfluids and superconductors follow 
directly from the form of the superfluid velocity field. Since Vs is the gradient of 
a scalar field, superflow is purely potential flow; the condensate cannot support a 

, circulation, 
v X Vs = 0, (12) 

except at singular points within the fluid. This qualification is of crucial importance 
in the rotating state of a superfluid; the global circulation is given by the integral 
of Vs around a path C that encloses the fluid, 

i ~ h 
vs· dl = - N c 2M' 

(13) 

where N is an integer. The right side of this equation is determined by the re
quirement that the order parameter be single-valued, equivalently that the phase 
change, i::l{)C, around the path C be an integral multiple of 27r. This quantization 
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of the circulation leads immediately to the concept of quantized vorticity and the 
the requirement that quantized vortices be present in a rotating vessel of super
fluid [Onsager (1949) and Feynman (1955)]. In particular if N i=- 0 then there is 
necessarily a singularity in the velocity field. For a rectilinear line singularity with 
N = 1, enclosed by a circular path of radius R, we have by inspection, 

_ J 
Vs = '" 27rR' (14) 

which is the axial flow field of a vortex with a unit of circulation, '" = 2f:t. ' and a 
n 

singular vorticity field, V X Vs = '" 8(2)(R) z. 
5. ROTATING EQUILIBRIUM OF THE CORE OF A NEUTRON STAR 

Thermodynamic equilibrium of a rotating vessel- in this case the crust and magnetic 
field of the neutron star - is determined by the free-energy functional in the rotating 
frame; only in this reference frame is the interaction between the particles of the 
liquid and the vessel time independent. The general form of this free energy is 

FI = F-n.L, (15) 

where F is the free-energy functional in the non-rotating frame, L is the angular 
momentum of the fluid, and n is the angular velocity of the vessel, i. e. the crust 
of the neutron star. 

This functional simplifies in the limit where the order parameter is determined by 

its local equilibrium value, i. e. 'IjJ = 'ljJeq ei1'J(R), which is an excellent approximation 
in those cases in which one is interested in the macroscopic flow state of the fluid. 
However, the assumption of local equilibrium of the condensate breaks down on 
short length scales near the singularity of a vortex, but for now it is sufficient to 
ignore this issue. I also ignore for the moment the fact that the protons are most 
likely superconducting. The angular momentum then reduces to the two-fluid form, 

(16) 

and the free-energy reduces to 

(17) 

where n X Ii is the velocity of the rigidly rotating crust and co-rotating normal
fluid excitations, and Fn is independent of vn. The quantities Pn and vn are the 
superfluid density and velocity of the neutron condensate. An unrestricted min
imization of this functional leads to the incorrect conclusion that the superfiuid 
co-rotates perfectly with the crust, i.e. vn = n X R, in conflict with the constraint 
vn = ~Vt? In order for the superfluid to carry circulation, and thus to rotate 
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with the vessel, the condensate must be perforated with vortices, each with a unit 
of circulation "'n, whose total circulation adds up to the rigid-body circulation of 
2D. This latter condition is obtained by averaging the superfluid velocity over an 
area that contains many vortices, in which case the circulation contained in an area 
7r R2 of radius R is 

i - h 
vn·dl = (DR)(27rR) =Nv 2M' 

CR n 
(IS) 

where M is the bare neutron mass and "'n = 2ktn' which yields the Onsager
Feynman formula for the areal density of vortices, 

N v 4MnD 3 vortices p-l 
--2 = -h- ~ 6.3 X 10 2 ' 
7rR cm 

(19) 

where P is the period of rotation of the star in seconds. For Vela pulsar (P = 
0.OS3 sec) this corresponds to an inter-vortex distance of approximately 4 x 10-3 

cm. In Fig.3 a sketch of the equilibrium rotating state of the core superfluid is 
shown, t as well as that of the superfluid velocity along a line through the center 
of rotation. The superfluid velocity deviates from the classical rigid-body value 
of DR only near the center of a vortex, where the velocity field of that particular 
vortex dominates the average field of all other vortices. In Sec.S-Il I discuss the 
core structure of vortices and their specific role in the rotational dynamics of the 
superfluid. 

An important feature to note from Eq.(19) is that the number of vortices is directly 
proportional to the angular speed of the crust. Thus, if the neutron star experi
ences a torque which decelerates the crust to lower speed, then a new equilibrium 
state can be achieved only by the destruction of vortices. This process proceeds by 
the outward flow of vortices, and annihilation of vorticity at the interface between 
the superfluid and the crust. Since the neutron stars that have been observed are 
rotating with speeds ranging from roughly 1 - 103 rad/sec, and decelerating due 
to radiation torques acting on the magnetic field and crust of the star, a question 
of central importance for understanding the dynamics of a decelerating superfluid 
neutron star is: what determines the timescale for the equilibration of the vortex 
density to the rotational speed of the crust? The answer is that there is a mu
tual friction force between vortices and the non-superfluid component of the star. 
However, before discussing mutual friction, and the resulting deceleration of the su
perfluid component of the star, it is worthwhile to discuss the equilibrium rotation 
of the superconducting proton condensate. 

6. ROTATIONAL EQUILIBRIUM OF THE SUPERCONDUCTING PROTONS 

The important difference between the equilibrium state of the rotating supercon
ductor (protons) and that of the neutral superfluid is that the superconducting 

t An accurate representation of the vortex state would show the vortices arranged in 
a hexagonal array with the area per vortex given in Eq.(19) 
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B 

VORTEX VELOCITY 

Figure 3. Schematic representation of the vortex state in the interior neutron supertluid. The 
radial dimension of the interior is 10 km; the mean distance between vortices for Vela pulsar, P 
= 0.083 rad/sec, is 4 x 10.3 cm; and the radial dimension of the vortex core is of order 100 fm. 
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condensate co-rotates with the crust lattice without forming vortices. This fact, 
first noted by F. London (1950), follows from the hydrodynamic free-energy for the 
rotating superconductor, which has a similar form to that of the neutral superfluid, 

(20) 

where the energy of the self-consistent magnetic field b = V X 1 is included, and I 
temporarily omit the interaction between the neutron and proton condensates (see 
Sec.10). For the charged system the velocity field is given by 

n..... e ..... ..... 
vp = M V{)p - M A(R), 

2 p pC 
(21) 

where the appearance of the vector potential 1 is required for gauge invariance of 
the theory. Minimization of the free energy in the rotating frame again implies that 
the proton condensate velocity co-rotates with the crust of the neutron star. And 
in contrast to the neutral superfluid there is no constraint on the proton superfluid 
velocity field that is in conflict with the condition of co-rotation. In fact co-rotation 
of the bulk of the superconducting condensate is enforced with V{)p = o,t z.e. 

..... - e - ..... 
V X vp = 2D = -M (V X A). 

pC 
(22) 

Thus, the kinetic energy of the superconductor is minimized at the cost of a tiny 
magnetic field (the London field) distributed uniformly throughout the supercon
ducting interior of the star, 

~ 2Mpc ~ 
bLondon = ---D, 

e 
(23) 

and directed along the axis of rotation. The source of this field is a thin surface layer 
(of order 100 fm thick) of superconducting protons slightly out of co-rotation with 
the crust. Thus, classical rotation of the superconducting component is achieved 
by introducing a tiny field (of order 10-4 Gauss for the Vela) which is an irrele
vant magnetic field except that it is responsible for the co-rotation of the proton 
condensate. 

7. MUTUAL FRICTION - COUPLING OF THE CORE SUPERFLUID TO THE 
CRUST 

Figure 4 shows a portion of the timing data for Vela pulsar, including the first four 
glitches [see Downs (1981) for original references]. These glitches are discontinuous 
spin-up events (6.D '" 10-6 D) of the neutron star, at least within the resolution of 
several days, accompanied by a discontinuous increase in the angular deceleration 

t For clarity I omit the stellar field, which generates proton vortex lines but does not 
change the substance of this argument. 
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Figure 4. The first four giant glitches of Vela pulsar [from G. Downs (1981)]. The change in 
period due for each glitch is of order tl.P/ P ~ 10-6 , and the timescale for the recovery of the 
glitch is estimated to be of order T ~ 1 - 3 months; however, the post-glitch behavior of the 
period is more complicated than simple exponential recovery of the period and spin-down rate. 
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tln '" -10-2. Following each of these glitches is a slow recovery of the angular 
deceleration back to the pre-glitch spin-down rate. The timescale for the recovery 
of the glitch is a macroscopic timescale, of order a few months or longer in the Vela. 
To date there have been seven giant glitches of the Vela pulsar occurring every 
2 to 4 years since the timing observations began in 1969. The Crab pulsar also 
shows glitches, a totalcif 3 glitches of smaller magnitude tln '" 10-8 n, and the 
timescale for recovery of glitches in Crab varies from 3 to 60 days, also a macroscopic 
timescale. Glitch events have been observed in less studied pulsars, and seem to 
be ubiquitous, at least among relatively young pulsars. The largest glitch observed 
was in PSR 0355 + 54 with a magnitude of tln = 4.4 x 10-6 n [Lyne (1987)J. 

As a means of defining the mutual friction timescale governing the coupling of the 
neutron superfluid interior to the rotation of the crust, I review the phenomenolog
ical two-component model of Baym, et al. (1969b) for the rotational dynamics of a 
neutron star. This model supposes that the relevant structure of a neutron star is a 
crust,t with moment of inertia Ie, containing a liquid interior of moment of inertia 
Is. These two components are presumed weakly coupled via a frictional coupling 
of the form, 

(24) 

which acts to bring the crust (rotating at nc) and interior fluid (rotating at ns) 
into co-rotation. The quantity T that defines this coupling is the mutual friction 
timescale. The equation determining the rotational motion of the crust is 

(25) 

Implicit in the model is the assumption that the relaxation of the fluid occurs 
nearly uniformly throughout the interior. Such a bulk mechanism for the coupling 
is reasonable given that the interior fluid contains a high conductivity plasma of 
electrons and protons, which are strongly coupled to the the stellar magnetic field, 
and therefore the crust. The two-component model was proposed in order to ex
plain the response of a neutron star to a glitch, and although it fails to explain 
the rotational history of the Vela or Crab pulsar quantitatively, it is the link to 
the tenuous thread of evidence supporting the proposal that neutron stars contain 
superfluid interiors. To appreciate this point it is important to examine the possi
ble mechanisms for momentum transfer between the neutral liquid interior and the 
crust. 

Easson (1979) has previously analyzed the coupling ofthe high conductivity plasma 
of protons and electrons to the magnetic field and crust with a simplified model in 
which the plasma is confined to slab that is bounded on both sides by a conductor 
("the crust"). The plasma and conductor extend to infinity in the radial direc
tion and a magnetic field B, perpendicular to the slab, penetrates the plasma and 
conductor. Easson analyzes the solutions to the magnetohydrodynamic equations 

t I use the term 'crust' to refer to the solid outer crust, magnetic field and plasma inte
rior of the star together, unless it is necessary to specify the individual constituent. 
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with the initial condition that the rotation of the 'crust' changes by 6.nc' Spin-up 
of the plasma proceeds either by the formation of an Ekman boundary layer, and 
an associated radial flow of plasma which transports angular momentum, or by 
the excitation of low frequency hydromagnetic waves. In either case the spin-up 
time for the plasma is of order a few seconds for typical neutron-star parameters: 

1 7 

TEkman ~ 30 T7 n;2 R6 P~P sec, and n2 = n/(l02rad/sec), R6 = R/I06cm, 
P13 = p/(1013g/ cm3), and B12 = B/(1012G). Thus, for the purposes of analyzing 
the post-glitch response of a neutron star the plasma can be assumed to co-rotate 
with the solid crust during a glitch. The long timescale for the post-glitch relaxation 
observed in pulsars is then attributed to the equilibration of the neutral component 
of the star to the plasma and crust.t 

The primary bulk scattering mechanism available for the transfer of momentum 
between the plasma and the neutron liquid interior is the strong interaction. It 
is straight forward to estimate the timescale for momentum transfer between the 
neutron liquid and proton component of the plasma for the degenerate Fermi liq
uid of non-superfiuid neutrons and non-superconduciing protons. The timescale is 
determined primarily by the phase-space for binary collisions between a dilute gas 
of neutron and proton excitations at temperature T ~ EF [Pines and Nozieres 
(1966)]: 

n T 2 
- rv EF (-) , 
Tnp EF 

(26) 

which corresponds to a microscopic timescale, Tnp rv 10-11 sec at T = 106 I<. It 
is because this process leads to rapid equilibration that superfiuidity is introduced. 
In order for the neutrons to be weakly coupled to the crust it is necessary that this 
strong-interaction scattering process be shut off, that the bulk of the neutron and 
proton excitations be frozen out of the star. This is most easily accomplished if 
there is an energy gap, 6.n ~ T, below which there are no allowed neutron states. 
Just such an energy gap appears as a consequence ofthe BCS pairing theory. In fact 
the timescale for momentum transfer at interior temperatures of T rv 106 I<, when 
the neutrons and protons are both superfiuid (with 6.n rv 6.p rv 1M ev), becomes 
incredibly long, 

n 
- rv EF e-(lln+llp)jT ===} Tnp ~ '00' , (27) 
Tnp 

far too long to account for the observed post-glitch timescales ranging from weeks to 
months. Thus, there is necessarily another mechanism responsible for the frictional 
coupling between the crust and the neutral interior. 

t The model of Easson (1979) assumes the proton matter is not superconducting. 
The spin-up of a type II superconductor, in which the field is organized into flux 
tubes has not been analyzed. However, Alpar, Langer and Sauls (1984) provide 
some qualitative arguments for the rapid spin-up of the superconducting protons. 
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8. S-WAVE VORTEX STRUCTURE AND ELECTRON-VORTEX-EXCITATION 
SCATTERING 

I previously represented a vortex in the s-wave neutron superfluid by the velocity 
field given in Eq.(14), with the amplitude of the order parameter given by the 
equilibrium amplitude, I~(R)I = ~eq; the full order parameter for the vortex being 

- irp ~(R) = ~eq e , (28) 

where the phase, C/>, is the azimuthal angle in coordinates centered on the vortex. 
This representation of the vortex is valid only on length scales long compared to the 
superfluid coherence length, e, defined roughly as the distance from the center of 
the vortex at which the superfluid kinetic energy density, 1 pnVn2, becomes equal 
to the condensation energy density, 1 a (1 - T jTe)IPeq2. For neutron matter this 
length scale (for T « Ten) is of order, 

(29) 

and defines the radial dImension of the vortex core, inside of which the amplitude 
collapses to zero. The core is important for the rotational dynamics of the neutron 
star because it is the point of contact between the conducting plasma in the interior 
of the star and the neutron matter; at temperatures well below the neutron gap, 
T « D.n , all scattering mechanisms involving neutron excitations in the bulk of 
the interior are frozen out. Scattering of the conducting plasma off the neutral 
component occurs only in the vicinity of the vortex cores. In fact since the protons 
are expected to be superconducting, while the electrons are not,t the only significant 
scattering processes are those involving the neutron vortex cores and the electronic 
component of the plasma. A schematic representation of the momentum transfer 
process between the electrons and the neutron vortices is shown in Fig.5. The 
relative velocity between the electron fluid and the vortices, produced for example 
by a glitch, leads to preferential scattering of electrons from the vortex cores. 

The equation of motion for rectilinear vortices moving relative to the background 
of excitations, in this case the electronic fluid, is well known from the study of 
superfiuid hydrodynamics in liquid helium [see the review by Sonin (1987)]. The 
momentum transfer to the vortex due to scattering of excitations off the core de
termines the response of the superfiuid according to 

(30) 

-where VI is the velocity of the vortex line, ve is the velocity of the electrons, vn is 
the velocity of the neutron sllperfiuid, nv is the areal density of the vortices and 

t The superconducting transition for electrons, due to the polarization of the protons, 
is exceedingly small, Tee ~XFe e- 1/)' with), '" h~ '" 1/137 [Baym (1975)]. 
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Figure 5. Electron-vortex-core scattering is responsible for the velocity relaxation of the 
interior superlluid to the crust. The magnitude of the scattering depends on the structure of the 
vortex core. The mechanism considered by Feibelman (1971) is the magnetic interaction 
between electrons and neutron excitations in the vortex cores. However, the scattering rate 
is dominated by electrons scattering off the magnetic field of the vortices. 
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T is the velocity relaxation time for the relative motion of the vortices and the 
electrons. This mutual friction timescale has been calculated for several models of 
the coupling of the plasma to the neutron vortices [Feibelman (1971), Sauls, Stein 
and Serene (1982), Alpar, Langer and Sauls (1984)], and is simply related to the 
timescale for the dynamical response of the superfluid neutrons to a change in the 
motion of the plasma [Alpar and Sauls (1988)], Td = T (Ps/Pplasma)(¥) rv T/X, 

where x rv 0.05 is the electron concentration in the interior. 

The obvious mechanism of momentum transfer in the interior superfluid is the 
scattering of electrons, via electromagnetic interactions, off the low-energy neutrons 
that are bound to the vortex core. That such neutron bound states exist in the 
vicinity of the core is plausible given that the order parameter, and therefore the 
local gap, is depressed in the center of the vortex core (Fig.5). Even though the 
neutron gap vanishes inside the core, the lowest energy neutron state is determined 
by the dimensions of the vortex core; the spatially varying gap acts as a potential 
for the neutron excitations, and a simple estimate of the energy level spacing for 
bound states gives, 

(31) 

This level spacing determines the probability for a thermally excited neutron exci
tation in the vortex core, 

t. 2 
_--=..tl.-

Pexcitation rv e EF T, (32) 

which although much larger than that for bulk neutron excitations, is still an ex
tremely small number, except in very young neutron stars. The density of ex
citations is the most sensitive factor determining the scattering rate for electrons 
interacting via their magnetic moments with these neutron excitations in the vortex 
cores. Feibelman's (1971) calculation of the scattering rate yields the estimate, 

(33) 

for ~n = 1 Mev at T = 106 K. In all models of neutron stars, except those with 
high interior temperatures and low neutron gaps (i.e. 6.~/EF T rv 1), electron
vortex-excitation scattering is ineffective, and probably does not explain the ob
served relaxation timescale following a glitch. The scattering time is so sensitive 
to the gap and interior temperature that is is difficult to account for the relatively 
small range of post-glitch relaxation times in pulsars with widely different ages, and 
presumably different interior temperatures. In any event there is a more efficient 
nlechanism for momentum transfer in the interior that is not sensitive to the interior 
temperature and neutron gap. 

9. VORTICES IN THE 3 P2 NEUTRON SUPERFLUID 

I have so far treated the neutron superfluid interior as if the condensate were sim
ply an s-wave, singlet state described by a single complex order parameter. This 
simplification is adequate for a description of the hydrodynamic flow far from the 
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core of a vortex, but fails dramatically at distances of order the coherence length 
near any vortex in the 3 P2 phase. The qualitatively new feature of vortices in the 
3 P2 phase is that the condensate in the core of the vortex is spin-polarized [For a 
more general discussion of vortex states in the 3 P2 phase see Muzikar, et al. (1980) 
and Richardson (1972).], 

(34) 

This can only occur in a spin-triplet superfluid, and since the neutrons have a 
magnetic moment the vortex itself carries a magnetization of order, 

.6.n 2 11 
Mvor.tex~(-ynn)nn(EF) ~10 Gauss. (35) 

A sketch of the vortex structure is shown in Fig.6. Magnetic vortices in a neutral 
superfluid were first proposed for the 3 P2 phase of neutron matter [Sauls (1980), 
Sauls et al. (1982)]' but have since been observed experimentally in the B-phase 
of rotating 3 H e, with the magnetization predicted by Eq.(35) (of course with the 
appropriate parameters for 3 He). The experimental observation of this effect in 
superfluid 3 H e gives us considerably more confidence in applying the microscopic 
theory to the novel phases of superfluid neutron-star matter. 

The existence of a magnetic field localized near each neutron vortex is important 
for the rotational dynamics of the neutron superfluid because this inhomogeneous 
field scatters electrons. This mechanism for the transfer of momentum between the 
plasma and the neutron vortices is intrinsically different than Feibelman's mecha
nism because the vortex magnetization is a property of the condensate rather than 
the excitations. As a result the mutual friction timescale does not depend on the 
small number of thermally excited neutrons in the vortex cores, and is therefore 
only weakly dependent on the temperature and density [Sauls et al. (1982)]' 

k x 2/ 3 P 
T = 1.26 x 108 f .6.n sec, (36) 

where kf is the neutron Fermi wavevector in jm, x is the electron concentration, 
and P is the rotation period in seconds. For Vela pulsar this result gives a velocity 
relaxation time of about T r-J 2 months with typical estimates of the gap and in
terior density, which is in reasonable agreement with the observed times for Vela. 
However, this agreement is destroyed by a more efficient scattering mechanism due 
to the strong interaction between the neutron and proton condensates (which is 
distinct from the strong interaction scattering between neutron and proton exci
tations). Below I show how the rapid equilibration of the core superfluid comes 
about and then in Sec.12 return to the question on the origin of the slow relaxation 
timescale observed in pulsars. 

10. NEUTRON-PROTON INTERACTIONS AND SUPERFLUID DRAG 

There is a larger magnetic field attached to each neutron vortex, which is indepen
dent of the spin structure of the order parameter, and leads to a rapid equilibration 
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of the interior superfluid to the plasma with T ~ 400 P[sec]! Most discussions of the 
hydrodynamics of neutron star interiors treat the constituents as independent fluids 
of electrons, protons, and neutrons, at most coupled together by electromagnetic 
interactions and the strong stellar field. In fact there is an important role played by 
the strong interaction between the neutrons and protons in the superfluid hydrody
namics of the interior fluid mixture that is distinct from the scattering of neutron 
and proton excitations. t In a system of interacting Fermions, the elementary exci
tations are not simply bare neutrons or protons, but rather are quasi particles - bare 
neutrons (or protons) dressed by a polarization cloud of other particles. This polar
ization cloud is a well-studied many body effect, and is responsible for the effective 
mass of a neutron (or proton) quasiparticle. In an interacting mixture of neutrons 
and protons the polarization cloud comprises both neutrons and protons. Calcula
tions of the neutron and proton effective masses in neutron-star matter have been 
carried out by several authors (a contribution to the proton effective mass from po
larization of the neutron medium is shown in Fig.7). In particular, Sjoberg (1972) 
has shown that the neutron and proton effective masses, defined as the ratios of 
their respective Fermi momenta to their Fermi velocities, are given by 

M~ =Mn + 8M~n + 8M~p , 
M; =Mp + 8M;p + 8M;n , 

(37) 

where 8M~p (8M;n) determines the proton (neutron) contribution to the effective 

mass of the neutron (proton), and ~Z~n~Zp = MMinn . The dilute concentration of 
np n nnp 

protons interact with the neutrons through the long-range attractive part of the 
nucleon-nucleon interaction and reduce the neutron effective mass. Estimates of 
the neutron correction to the proton effective mass are 8M;n '" 0.5 Mp. 

The polarization cloud that surrounds a neutron excitation in the two-component 
mixture of neutrons and protons is modified by the condensation of both the neu
trons and protons, and as a result the superfluid mass current of neutrons is also 
modified; the constitutive relations are, 

gn =Pnn vn + Pnp vp , 
(jp =Ppp vp + Pnp vn , 

(38) 

where the densities [Pnn, Ppp, pnp] determine the conserved neutron and proton cur
rents, gn and gp, in terms of the superfluid velocity fields, vn, Vp, given in Eqs.(ll) 
and (21). These equations, first considered by Andreev and Bashkin (1975) for 
3He_4 He mixtures [see also Vardanyan and Sedrakyan (1981), and Alpar, Langer 
and Sauls (1984)]' exhibit the superfiuid drag effect in which the condensate velocity 
of, one species, e.g. the neutrons, induces a particle current of the other species, 
e.g. the protons. This effect is important because the rotation of the star couples 
directly to the velocity, vn, which as I argued earlier is non-zero due to the existence 

t I have previously mentioned that the scattering between neutron and proton exci
tations in the bulk is essentially irrelevant. 
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Figure 6. Sketch of the ferromagnetic core of the 3pZ vortex showing the suppression 
of the overall magnitude of the order parameter, II/> I, the vortex flow field, 
Vs = hi 2M R, and the spin polarization of the pairs,< Sz >. 

Figure 7. The effective mass of the proton quasiparticle is determined in part by the 
polarization of the neutron fluid through the nucleon-nucleon interaction. Estimates of 
this contribution by Sj5berg (1972) give oM;n ~ O.5Mp for P14 = 2. 
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of vortices in the neutron condensate. In the reference frame of the rotating star the 
proton condensate rotates with the crust without the formation of proton vortices, 
and thus the only contribution to the proton condensate velocity is the London 
current, vp = - MpcA, which gives zero contribution to the bulk proton current 

in the rotating frame except near a neutron vortex line. The resulting superfluid 
charge current, induced by the neutron vortex lines, is 

-t c-- e _ -+ 

J = -(V x b) = M [pppvp + Pnpvn], 
47r p 

(39) 

where b = V x A is the induced magnetic field. Attached to each neutron vortex is 
a magnetic flux line with a local magnetic field determined by, 

2~ -2~ 47re ~ ~ 
V b + A* b = M Pnp V x V n, (40) 

pC 

where the vortex circulation, V x vn = K no(2)(R) i, is the source of the flux and 
M c2 1 

A* = [~4 2 ]2 is the length scale on which the magnetic field decays away from 7re Ppp 
the center of the vortex. A simple calculation gives the magnitude of the trapped 
flux, 

(41 ) 

in terms of the drag coefficient Pnp, and the conventional flux quantum, </>0 = ¥e ~ 
2 x 1019 G - fm2.t 

The drag coefficient, Pnp, as well as the other superfluid densities, Ppp and Pnn, 
depend on the microscopic interactions between the neutron and proton quasipar
ticles in the interacting mixture, and have been calculated from the BCS theory 
generalized to a two-component superfluid mixture [Sauls (1984)]. For low temper
atures, T ~ ~n, ~P' these coefficients are given simply in terms of the neutron and 
proton effective masses, 

Mp Mn 
Ppp =PP(M*)' Pnn = Pn(M*)' 

p n 

oM;n oM~p 
Pnp =pp( M* ) = Pn( M* ), 

p n 

where Pn (pp) is total the neutron (proton) mass density. 

The radial dimension of the flux tube is given by, 

M; -1 -1 1 
A* = 29.5 [M x P14]2 fm, 

p 

( 42) 

( 43) 

t Note that in the superfluid mixture the flux quantum is not simply related to 
fundamental constants; this is a generic feature of two-component superconducting 
condensates. 
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where P14 is the mass density in units of 1014 g/cm3 and x is the proton concen
tration. Typical values of these parameters imply that A* ~ 50 fm, and thus the 
magnitude of the vortex field, 

11>* 1 15 I«5M~pl 
bvortex = --2 ~ 3.8 x 10 [-M P14) Gauss, 

21fA* p 
(44) 

is bvortex ~ 8 x 1014 Gauss, which is roughly three orders of magnitude larger than 
the spin-polarization induced magnetization discussed in Sec.9. 

11. ELECTRON-MAG NETIC-VORTEX SCATTERING 

The mutual friction timescale resulting from the scattering of the electrons from the 
magnetic vortices has been calculated in the Born approximation, by Sauls et aI. 
(1982). The electron Fermi energy for densities of order 1014g/cm3 is approximately 
100 Mev, which implies that the electrons form an ultra-relativistic degenerate 
Fermi liquid. In this limit the Born amplitude for electron scattering from the 
magnetic field of a single vortex is given by 

M(k s -t k' s') = ~ ~ei(k-k').x/n (k + k') . X(x) «5 I J d 3 ~ ~ 

, , 2€k Vol s,s , ( 45) 

where X generates the vortex magnetic field given by Eq.( 44). The Boltzmann 
equation for the relaxation of the electron distribution function nk~ following an 

,8 

'instantaneous' change in the relative velocity of the electron fluid and the vortex 
array is, 

(46) 

which is simply the total Born scattering rate from N v vortices calculated from 
Fermi's rule including the phase space restrictions imposed by the degenerate sea 
of electrons. An analysis of this scattering rate [Alpar, Langer and Sauls (1984)) 
shows that the velocity relaxation time between the superfluid core of the star and 
the plasma is given by 

( 47) 

where the dimensionless function g(x) is given in Alpar and Sauls (1988), and de
termines the correction to the electron-vortex scattering due to the finite dimension 
of the flux line; for UA* ~ 1, g(l) ~ 0.13, and is not sensitive to the precise value 
of the core radius ~ and magnetic field distribution length A*. At low temperature 
(T ~ .6.n , .6.p ) we find, 

Mp 2 
400 (<<5M* ) P sec. 

pn 
(48) 
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which implies rapid equilibration of the neutral superfluid interior of the star. 

The original two-component model for the dynamical response of a rotating neutron 
star proposed by Baym, et al. (1969b) explained the long timescale for the recovery 
of the period of the Vela and Crab pulsars as a very weak coupling between the 
neutral liquid core and the crust of the star. In fact the existence of a neutron su
perfluid was originally thought to be confirmed by the long timescale for post-glitch 
relaxation. However, assuming the neutrons and protons are both superconducting 
then the superfluid drag effect provides an efficient mechanism for the transfer of 
momentum between the plasma and the neutral superfluid. Equilibration of the 
core superfluid (actually the establishment of a new steady-state response to the 
radiation torque) occurs within an hour or so following a glitch. So far the onset of 
a glitch in either the Crab or Vela has not been observed; typical uncertainties in 
the onset time of a glitch are a few weeks, although recent glitches in Vela [McCul
lough, et al. (1983)] have an uncertainty of one day. In any event there is as yet no 
direct observational evidence for a short relaxation timescale, T ~ 103 sec ~ Ihr, 
involving a major fraction of the moment of inertia of the star. Although Boynton's 
(1981) analysis of the timing noise from Crab (and also from Her X-I) suggests that 
a large fraction of the moment of inertia of the star is rigidly coupled to the crust, 
at least on timescales greater than two days. 

12. SUPERFLUIDITY IN THE CRUST, VORTEX PINNING AND GLITCHES 

The origin of glitches in pulsars is poorly understood. What is clear is that the 
obvious energy source capable of supplying the enormous energies associated with 
a glitch, f..Erot = 2~Erot ~ 1043erg, is the rotational energy of the neutron star. 
However, the physically appealing 'starquake' model of the Vela glitches [Ruder
man (1969), Baym and Pines (1971)] is unable to account for the magnitude and 
frequency of the glitches in Vela. It is not possible, based on theoretical estimates of 
the maximum shear stress that the neutron star crust can sustain, to store 1043ergs 
in elastic energy in the crust in a period of 2 to 4 years between glitches [Baym and 
Pines (1971); Anderson, et al. (1982)]. 

Metastable states of flow are ubiquitous to superfluids; for example, persistent 
currents in superfluid helium are a consequence of kinetic energy barriers separat
ing states with different amounts of quantized circulation. That metastability of 
superflow is a possible explanation for pulsar glitches was suggested by Packard 
(1972), and a specific model for the source of the metastability was proposed by 
Anderson and Itoh (1975). This model was motivated by the analogy between 
the crust of a neutron star and terrestrial hard superconductors. The inner crust 
(p > 5 x lQllg/cm3) is a crystalline lattice of heavy nuclei embedded in a degen
erate liquid of superfluid neutrons. In the crust the protons are confined within 
the nuclei, so that unlike the liquid core, there is no superconducting proton com
ponent, and since the neutron superfluid in the crust is a condensate of ISO pairs 
there is no electron-magnetic-vortex scattering process present to couple the neu
tron superfluid to the plasma. However, the existence of the solid crust is expected 
to have an important effect on the coupling of the neutron superfluid to the crust. 
In superfluid helium vortices tend to attach themselves to imperfections on the 
walls of the vessel. If the vessel is decelerated the vortices may remain pinned to 
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the vessel and a metastable flow is created in which the superfluid is flowing faster 
than the vessel. Only if the vortices unpin and annihilate on the vessel wall will 
the superfluid spin down. A similar metastability exists in laboratory superconduc
tors; very stable current-carrying states of hard superconductors are maintained 
by the pinning of flux vortices (which are present because of the supercurrent). 
However, in superconductors pinning occurs on impurities and defects of the crys
tal lattice. Degradation of the supercurrent occurs only if vortices are transported 
by the current. In hard superconductors the decay of supercurrents occurs either 
gradually as vortices diffuse through the array of pinning sites (vortex 'creep') or 
discontinuously when many vortices unpin and flow unimpeded without re-pinning. 
These latter events are the laboratory analog of Anderson and Itoh's proposal for 
the glitch events; as the neutron star slows down the superfluid must expel vortex 

lines (at a rate of N = 4Mnn/h rv 109 yr- 1) in order to achieve equilibrium with 
the crustal rotation. Pinning of this vorticity in the crust is thus a mechanism for 
storing superfluid kinetic energy. As the relative velocity between the superfluid 
and crust builds up, the Magnus force tending to expel the vorticity increases, and 
eventually overcomes the pinning forces. Unpinning occurs at a critical value of the 
relative angular speed, 

( 49) 

which is determined by balancing the Magnus force per unit length, fM = ~Pnlflc
flnl Rp, and the pinning force per unit length, fp = fp/d, where fp is the pinning 
energy per site, d is the average spacing between pinning centers on a particular 
vortex and Rp is the radial distance to the pinned vortices. Estimates of the pinning 
force [Alpar (1977)] assume that vortices pin to individual nuclei in the crustal 
lattice, and that the pinning energy per site is equal to the difference between the 
vortex core energy in the absence of the pinning center and the condensation energy 
for neutron pairs bound within the nuclei. The basic equation used to estimate the 
elementary pinning energy is 

(50) 

where Pi and Po are the neutron densities inside and outside the nuclei, and V is the 
volume of intersection between the vortex core and the nucleus. With energy gaps 
in neutron matter of order an MeV and plausible assumptions about the number 
of intersecting nuclei per vortex, the pinning force can be calculated and converted 
into a critical velocity difference for vortex depinning. Typically, bflcrit rv 10 rad/s, 
except perhaps in regions of the inner crust where the pinning force may be an 
order of magnitude or so smaller [Alpar (1977); Anderson, et al. (1984)]. In order 
to account for glitches in terms of vortex depinning every 2-4 years the critical 
angular velocity difference in some region of the crust must be much smaller than 

the estimate of 1-10 rad/sec; i.e. nc6.tglitch ~ 1O-2rad/s (Fig.4). The theory of 
vortex pinning and flux jumps in laboratory superconductors is not well developed; 
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the elementary pinning energy between a vortex and a small impurity (Rimp ~ e) 
was only recently calculated correctly [Thuneberg, et al. (1984)] and found to be 
much larger (by a factor e; Rimp) than the estimate [Eq.(50)] based on minimizing 
the lost condensation energy of the vortex core and defect. Thus, whether regions 
of weak pinning in neutron stars are likely due to a low density of lattice defects or 
impurities, or to exceptionally weak intrinsic pinning is unclear. In fact one of the 
important assumptions made in estimating the pinning energy of vortices in the 
crust of a neutron star is that vortex lines pin to the nuclear clusters that consti
tute the crystalline lattice of nuclei. This intrinsic pinning of vortices to the lattice 
nuclei is not relevant in most superconductors because of the long coherence length 
compared to the atomic lattice spacing. Superfluidity in the crust may be in the 
regime where the coherence length is comparable to the size of the nuclei, in which 
case intrinsic pinning may be relevant; however, there is no microscopic theory of 
pinning of vortices to the lattice nuclei in short coherence length superconductors. 
In any event estimates of the vortex pinning energy in the crust are uncertain, 
but it is difficult to explain the origin and frequency of the Vela pulsar glitches 
without regions of very weak pinning compared to the estimate of 0.5 MeV Ifm. 
The problem is all the more difficult because within the vortex unpinning model 
of Alpar, et al. (1981a) the change in the angular acceleration resulting from the 
glitch implies that the moment of inertia of the star containing vortices that unpin 

is Hpj Ie = onelne ~ 10-2, which translates into roughly 1013 vortices simultane
ously depinning (on any observable timescale) during a glitch. Such a catastrophic 
unpinning of vorticity is difficult to explain unless there is a mechanism (as yet 
unspecified) for amplifying fluctuations in the local vortex density which then drive 
the local superfluid velocity above the critical velocity for unpinning. 

In spite of the difficult problem of explaining the trigger for the catastrophic unpin
ning of vortex lines, Alpar, et al. (1982) have analyzed the response of the crustal 
superfluid to the glitch (identified as catastrophic unpinning) in terms of the vor
tex creep model for vorticity flow [Anderson and Kim (1964)], originally invented 
for understanding the motion of flux in superconductors with defects that pin flux 
vortices. This model is discussed in detail in this volume by Alpar and Pines; the 
important point to note here is that vortex creep theory explains the slow relax
ation of a pulsar's angular speed back to the pre-glitch spin-down rate in terms of 
the re-establishment steady-state vortex creep - which requires rep inning of vortex 
lines. While it seems plausible that this timescale is long, the microscopic physics 
of the repinning process is not well understood [see Shaham in this volume]. 

13. PROTON SUPERCONDUCTIVITY - SOME OPEN PROBLEMS 

Laboratory superconductors exhibit striking properties in response to an applied 
magnetic field. At sufficiently low magnetic field all supercondutors exhibit the 
Meissner effect, i. e. the complete exclusion of magnetic flux. The threshold field for 
the penetration of flux into a superconductor depends on the microscopic properties 
of the superconductor, most importantly the ratio of the field penetration length, 
A = J M c2 I 47rne2, to the coherence length, e, which controls the surface energy of 
a superconducting-normal domain. For Ale> j2 (type II superconductors) the 
surface energy is negative and flux enters the superconductor without destroying 
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the superconducting state in the form of flux lines with an elementary unit of 
flux, <Po = hc/2e. The threshold field for flux entry is the lower critical field, 

Bel = h;~;e In(A/~). Ultimately superconductivity is destroyed when the magnetic 

field is sufficiently strong, i. e. greater than the upper critical field, Be2 = h~~~e. In 
neutron stars the protons are expected to be type II superconductors with a lower 
critical field of Bel ~ 1015 G and an upper critical field of roughly Be2 ~ 1017 G 
[Baym, et al. (1969a)]. Since the stellar field of most neutron stars is estimated to be 
less than a few times 10 12G, the thermodynamic state of the core of superconducting 
protons is the Meissner state with complete flux expulsion. However, for a neutron 
star 'born' with a stellar field, e.g. in a supernova, the timescale for the flux to 
diffuse through the high-conductivity (0'), degenerate plasma may be as long as 
Tdiffusion = 47rO'R;tar/c2 rv 1010 years. Therefore, Baym, et al. (1969a) proposed 
that superconductivity nucleates in the presence of the field by confining the stellar 
field into a low density of flux tubes, with an average spacing, d f > > A. This 
implies that the bulk of the neutrons are in a field-free environment in the interior. 

There are a number interesting unanswered questions regarding the magIletic field 
structure within the superfluid core. Firstly, there is no detailed theoretical under
standing of the non-thermodynamic superconducting transition in the presence of 
the stellar field, in which the timescale for cooling below Te is short compared to 
the flux expulsion timescale Tdiffusion' And even if the superconductivity nucle
ates in the presence of the field, the timescale for the reorganization of the field 
into quantized flux lines is unknown. Answers to these questions of timescale and 
flux motion may be relevant to the issue of pulsar 'turn off' if indeed the absence 
of pulsars with apparent ages greater than a few million years old is due to the 
decay of their magnetic fields. Recently several authors [Muslimov and Tsygan 
(1985), Jones (1987)] estimated the Bernoulli and drag forces on proton flux lines 
and conclude that expulsion of the flux state of the superconductor may occur on 
the timescale of several million years. However, these authors neglect the tension of 
flux lines which can act to inhibit flux motion; also the timescale for a flux line to 
be expelled from the interior is sensitive to the cross-section for electrons scattering 
off the flux lines. 

Finally it is interesting to speculate that the proton flux lines (assuming they have 
nucleated) may have a role in the rotational dynamics of pulsars. In pulsars the 
magnetic field axis is misaligned with respect to the rotation axis, so that some of 
the neutron vortices (which control the rotation of the neutron superfluid) must 
pass through the proton flux lines as the pulsar spins down. The proton flux lines 
provide a natural collection of extended pinning 'centers' (or rather a 'clothesline') 
for vortex lines in the core of the star; a simple estimate for the pinning energy of 
a vortex-flux line intersection due to the proton density perturbation in the center 
of a flux line is 

/;12 /;12 
Epin rv n-f- E n (~~~p) ~ 0.1 MeV/connection, 

EFp Fn 
(51) 

which suggests that pinning in the superfluid core may be important. In fact there 
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are additional reasons for looking more carefully at the pinning problem in the 
core superfluid. (i) The effective pinning energy per vortex line is automatically 
lower than the simple estimate given for pinning in the crust simply because the 
mean distance between flux lines (pinning centers) is much larger than the dis
tance between the nuclei, df ~ AJBcliB ~ 102 - 103 fm, which translates into 
a considerably smaller critical velocity difference for unpinning from the flux lines, 
50-coit ~ 10-2 - 1O-3rad/sec, which is reasonably close to the velocity difference 
that can be built up in r-.J 2 years as Vela spins down. (ii) Pinning in the crust may 
be absent or unimportant if intrinsic pinning of vortices to the nuclear lattice is ab
sent (this would be the case if the neutron coherence length overlaps many nuclear 
clusters) or if the density of crystal defects is low. (ii) Because of the 'anisotropy' 
of the pinning centers in the interior of the star a relatively small cone of neutron 
vortices would be pinned by the proton flux lines (see Fig.8), thus giving rise to a 
small effective moment of inertia of pinned vorticity, also consistent with the small 
discontinuity in the spin-down rate due to the glitch. (iii) A model of the post-glitch 
response based on pinning in the core superfluid, compared to the pinned crustal 
superfluid, has the advantage of not depending on the difficult problem of vortex 
repinning to nuclei in the crust simply because there is no way for vortices flowing 
radially out to avoid the flux lines in the directions perpendicular to the field. In 
any case the problem of vortex pinning and dynamics needs additional study in 
order to determine if catastrophic unpinning and vortex creep are plausible models 
for pulsar glitches and spin-down of the neutron superfluids. 
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flux lines 

Figure 8. Vortex lines in the core superfluid may pin on the proton flux lines. 
The region of strongest pinning is the cone where the radial flow of vortex 
lines is nearly perpendicular to the flux lines. 

487 



488 

REFERENCES 

Alpar M.A. 1977, Ap.J. 213, 527. 

Alpar M.A., Anderson P.W., Pines D. and Shaham J. 1981a, Ap. J. (Letters), 249, 
L33. 

Alpar M.A., Anderson P.W., Pines D. and Shaham J. 1981b, Proc. Natl. Acad. 
Sci., 78, 5299. 

Alpar M.A., Anderson P.W., Pines D. and Shaham J. 1984, Ap. J. 276,325. 

Alpar M.A., Langer S.A. and Sauls J.A. 1984, Ap.J. 282, 533. 

Alpar M.A., Nandkumar R., and Pines D. 1985, Ap. J. 288, 19l. 

Alpar M.A. and Sauls J.A. 1988, Ap. J. 327, 723. 

Anderson P.W. and Itoh N. 1975, Nature, 256, 25. 

Anderson P.W. and Kim Y.B. 1964, Rev. Mod. Phys. 36,39. 

Anderson P.W. and Brinkman W. 1978, in The Physics of Liquid and Solid Helium, 
part II, ed. by KH. Bennemann and J.B. Ketterson, p. 177, Wiley, New York. 

Anderson P.W., Alpar M.A., Pines D. and Shaham J. 1982, Phil. Mag. A, 45, 227. 

Andreev A.F. and Bashkin E.P. 1975, Zh. Eksp. Teor. Fiz., 69, 319 [English 
translation 1976, Soviet Phys. - JETP, 42, 164]. 

Bardeen J., Cooper L.N., Schrieffer J.R. 1957, Phys. Rev. 108, 1175. 

Baym G. 1975, in Quantum Statistics and the Many Body Problem, ed. by S.B. 
Trickey, W.P. Kirk, and J.W. Dufty, p.221, Plenum, New York. 

Baym G., Pet hick C. and Pines D. 1969a, Nature, 224, 673. 

Baym G., Pethick C., Pines D. and Ruderman M. 1969b, Nature, 224,872. 

Baym G. and Pethick C. 1975, Ann. Rev. of Nucl. Sci. 25, 27. 

Baym G. and Pethick C. 1979, Ann. Astron. Astrophys. 17, 415. 

Baym G. and Pines D., Ann. Phys. 66, 816. 

Boynton P.E. 1981, Proc. of IA U Symposium 95, "Pulsars ", ed. R. Wielebinski 
and W. Siever, p. 279. 

Brown G.E. and Jackson A. 1979, The Nucleon-Nucleon Interaction, North-Holland, 
Amsterdam. 

Chao N.C., Clark J.W., Yang C.H. 1972, Nuel. Phys. A179, 320. 

Downs G.S. 1981, Ap. J. 249,687. 

Easson I. 1979, Ap. J. 228,257. 

Feibelman P. 1971, Phys. Rev., D4, 1589. 



489 

Feynman RP. 1955, in Progress in Low Temperature Physics, ed. by C.J. Gorter, 
Vol. 1, p. 17, North Holland, Amsterdam. 

Ginzburg V.L. and Landau L.D. 1950, Zh. Eskp. Teor. Fiz. 20, 1064. 

Ginzburg V.L. and Kirzhnits D.A. 1964, Zh. Eskp. Teor. Fiz. 47,2006 [English 
translation 1965, Sov. Phys. JETP, 20, 1346]. 

Hoflberg M., Glassgold A.E., Richardson RW. and Ruderman M. 1970, Phys. Rev. 
Lett., 24, 175. 

Jones P.B. 1987, M.N.RA.S. 228, 513. 

London F. 1950, Superfiuidity, Vol. 1, Wiley, New York. 

Lyne A.G. 1987, Nature 326, 569. 

McCulloch P.M., Hamilton P.A., Royle G.W.R and Manchester RN. 1983, Nature 
302,319. 

Mermin, N.D. 1978, in Quantum Fluids, ed. by J. Ruvalds and T. Regge (New 
York: North Holland). 

Migdal A.B. 1959, Zh. Eskp. Teor. Fiz. 37, 249 [ English translation 1960,Sov. 
Phys. JETP, 10, 176]. 

Muslimov A.G. and Tsygan A.1. 1985, Astrophys. Space Sci. 115, 43. 

Muzikar P., Sauls J.A. and Serene J.W. 1980, Phys. Rev. D2l, 1494. 

Onsager L. 1949, Nouvo Cimento Suppl., 6, 249. 

Packard RE. 1972, Phys. Rev. Lett. 28, 1080. 

Pines D. and Nozieres P. 1966, The Theory of Quantum Liquids, W.A. Benjamin, 
New York. 

Radhakrishman V. and Manchester R.N. 1969, Nature 222, 228. 

Rainer D. 1986, in Progress in Low Temperature Physics, vol. X, ed. by D.F. 
Brewer, p. 371, Elsevier. 

Reichley P.E. and Downs G.S. 1969, Nature, 222,229. 

Richardson R.W. 1972, Phys. Rev. D5, 1883. 

Ruderman M. 1969, Nature 223, 597. 

Sauls J.A. and Serene J.W. 1978, Phys. Rev. D17, 1524. 

Sauls J.A. 1980, Ph.D. thesis, SUNY-Stony Brook. 

Sauls J.A., Stein D.L. and Serene J.W. 1982, Phys. Rev. D25, 967. 

Sauls J.A. 1984, unpublished. 

Shaham J. 1980, Journ. de Phys., 41, C2-9. 

Sjoberg O. 1976, Nucl. Phys., A65, 511. 



490 

Sonin E.B. 1987, Rev. Mod. Phys. 59, 87. 

Tamagaki R. 1970, Prog. Theor. Phys. 44, 905. 

Thuneberg E., Kurkij:arvi J. and Rainer D. 1984, Phys. Rev. Lett. 29, 3913. 

Vardanyan G.A. and Sedrakyan D.M. 1981, Zh. Eskp. Teor. Fiz. 81, 1731 [English 
translation 1981, Soviet Phys. - JETP, 54, 919J. 

Vulovic V.Z. and Sauls J.A. 1984, Phys. Rev. D29, 2705. 


