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Path Integral Formulation of Gauge Theories

Defining the Feynman Path Integral for gauge theories poses special prob-

lems. As we have just seen, these theories have Actions which are invariant

under space-time dependent transformations

S[Aµ] = S[A′µ] . (7.1)

Thus integrating blindly over all field configurations will lead to a tremen-

dous amount of redundant infinite integrations and thus make the Path In-

tegral more infinite than usual. We have treated in Appendix A the case of

an integral whose integrand did not depend on all the variables it displayed.

In that case we saw that the integral could be defined by clever alteration

of the measure; the new measure limited itself to integrating over only non

redundant variables while keeping a covariant look. The applications of

this technique to the FPI for gauge theories leads to the Faddeev-Popov

formulation.

Alternatively, we can require that the FPI really make sense only at the

level of the Hamiltonian formalism, keeping in the spirit of the Quantum

Mechanical correspondence of Chapter II. As it turns out both methods

lead to the same answer. Still it is instructive to present them both.

7.1 Hamiltonian Formalism of Gauge Theories: Abelian Case

To start with, consider the case of the Abelian field (Maxwell’s theory).

There the Lagrangian is [Fµν = ∂µAν − ∂νAµ]

L = −1

4
FµνF

µν (7.2)
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= −1

4

[
2FoiF

oi + FijF
ij
]
. (7.3)

Define the canonical momenta

πµ =
∂L

∂ [∂oAµ]
, (7.4)

and postulate the fundamental Poisson Bracket (PB) relations at equal times

{Aµ (~x, t) , πν (~y, t)}PB = −gµνδ (~x− ~y) , (7.5)

all other PB’s vanishing at equal times. The Hamiltonian density is given

by

H(~x, t) = πµ∂oAµ − L , (7.6)

in terms of which, for any function f of the canonical variables Aµ and πµ,

the equations of motion are

ḟ = {f,H}PB , (7.7)

where H is the energy

H =

∫
d3xH(~x, t) . (7.8)

The canonical procedure we have just outlined works well for many cases,

such as the scalar field theory. However, when we apply it to gauge theories,

it goes wrong right away. Indeed, for the Abelian theory, we find using(7.1.2)

in (7.1.3)

πµ = Foµ, (7.9)

which gives

πo = 0 , (7.10)

using the antisymmetry of Fµν . This goes counter to the fundamental PB

relation for µ = ν = 0. It then becomes evident that if we wish to keep the

fundamental PB relations, we must treat(7.1.9) in a very special way. Still

let us continue for the moment, and compute the naive Hamiltonian which

we call H0. After integrating by parts we obtain from(7.1.5) and(7.1.7)
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H0 =

∫
d3x

[
1

4
FijF

ij − 1

2
πiπ

i +Ao∂iπ
i

]
, (7.11)

and we see that the velocities have disappeared: the raison d’être of the

Hamiltonian formalism. However, the fact that πo vanishes means that the

change of variables from velocities to momenta, ∂oAµ → πµ, is singular: you

cannot map four things into three without paying a price. This means that

the definition of H is not unique: we can add to it any arbitrary function

proportional to πo. So we write a new Hamiltonian

H = H0 +

∫
d3xCπo , (7.12)

where C is an arbitrary function of x. In order to find the meaning of C,

we apply the equation of motion(7.1.6) to f = Ao. We find

Ȧo = {Ao, H}PB (7.13)

= C , (7.14)

where we have used the fundamental PB(7.1.4). Should C depends on canon-

ical variables, there will be extra contributions to(7.1.12), but they will be

multiplied by πo which is eventually set to zero, so we do not lose any gen-

erality by considering C to be independent of the canonical variables. It

implies that if at a given time to we start with a value Ao, its value at to+δt

will be given by this totally arbitrary function. What does it mean? The

extra term
∫
d3xCπo has the effect of changing Ao but leaves Ai alone, so

that it has the same effect as a gauge transformation

Aµ → Aµ + ∂µλ , (7.15)

where λ(~x, to) = 0 but with λ̇(~x, to) 6= 0. Therefore the extra term in(7.1.11)

generates a special kind of gauge transformation.

But this is not the whole story: consider in turn the change in πo

π̇o = {πo, H}PB = −∂iπi(~x, t) , (7.16)

using(7.1.4) and(7.1.10). But πo is zero for all times by the canonical pro-

cedure. Hence we obtain another constraint

∂iπ
i = 0 , (7.17)

which involves only the canonical momenta! Let us pause for a moment:
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first we have π0 = 0 coming from the canonical procedure. Dirac calls this

type of constraint a primary constraint. Then by using the equations of

motion we find another constraint involving the π’s. Dirac calls this type

a secondary constraint [Dirac, Can. J. Math, Vol. 2, 129 (1950)]. Thus we

have even more relations between the π’s. It looks like we are mapping four

velocities into two independent π’s. Thus we have to add yet another term

to H to reflect this extra arbitrariness

Hextra =

∫
d3xG(~x, t)∂iπ

i(~x, t) . (7.18)

Using(7.1.6) we can see what type of change it generates

δAo = {Ao, Hextra}PB (7.19)

= 0 , (7.20)

and

δAj = {Aj , Hextra}PB (7.21)

= ∂jG , (7.22)

using(7.1.4). Therefore it generates a gauge transformation constant in time;

G must not depend on t. So the alteration of the canonical formalism has

led us to a Hamiltonian that does gauge transformations as it takes the

system through time. By absorbing Ao in G, we can rewrite our new and

final Hamiltonian as

Hnew =

∫
d3x

[
1

4
FijF

ij − 1

2
πiπi +G∂iπ

i

]
. (7.23)

Note that we have dropped the πo term from(7.1.20) because Hnew no longer

depends on Ao in this form. Now we are ready to describe the resulting

physical system. Let f be any function of Ai and πi. Its time variation is

given by

ḟ = {f,Hnew}PB , (7.24)

and contains an arbitrary element due to the ∂iπ
i term. This is not ac-

ceptable for a truly physical quantity whose time variation is not arbitrary.

Hence we demand that
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{
fphys., ∂iπ

i
}
PB

= 0 , (7.25)

which means that fphys, must not depend on the variable that is conjugate

to ∂iπ
i. In other words, a physical quantity must be defined only on some

surface in the (Ai, πi) plane. We can always characterize such a surface by

the equation

G(Ai, πi) = 0 , (7.26)

provided that the change of variables between G and z, the variable conjugate

to ∂iπ
i, is not singular, i.e.,

det

∣∣∣∣δGδz
∣∣∣∣ = det

∣∣{G, ∂iπi}PB∣∣ 6= 0 , (7.27)

where we have used the definition of the PB’s. Note that z is defined by

δ

δz(y)
=

∫
d3x

δ(∂iπ
i)(y)

δπj(x)

δ

δAj(x)
= { , ∂iπi}PB . (7.28)

The physical meaning of(7.1.25) should be clear since ∂iπ
i generates gauge

transformations, and G must be able to fix the gauge.

Assuming that the condition(7.1.24) is satisfied, we can perform a canon-

ical transformation

(Ai, πi)→ (Ãi, π̃i) , (7.29)

where we judiciously take

G(Ai, πi) = Ã3 . (7.30)

Now since Ãi and π̃i are conjugate variables, it follows that

det
∣∣{G, ∂iπi}PB∣∣ = det

{
δG
δÃj

∂[∂iπi]

∂π̃j
− δG
δπ̃j

δ[∂iπi]

δÃj

}
PB

(7.31)

= det

∣∣∣∣δ[∂iπi]δπ̃3

∣∣∣∣ (7.32)

just becomes the Jacobian for the transformation ∂iπi → π̃3. If it is not



6 Path Integral Formulation of Gauge Theories

singular we can solve ∂iπi = 0 in order to express π̃3 in terms of the re-

maining variables. Note that the Hamiltonian does not change under this

transformation. Let us give several examples:

a) The Coulomb Gauge. It is defined by taking

G = ∂iAi .

Then we form

det
∣∣{∂iAi, ∂jπj}PB∣∣ = det

∣∣∂ix∂iyδ(~x− ~y)
∣∣ , (7.33)

which is to be interpreted as the product of eigenvalues of the Laplace opera-

tor ∂i∂
i. It is well-known not to have zero eigenvalues except for a constant

solution which we eliminate by setting appropriate boundary conditions.

Thus, the Coulomb gauge satisfies our criterion for a good gauge. It means

that we can use ∂iπi = 0 to express the variable conjugate to(7.1.28) in

terms of the remaining canonical variables. Dropping the twiddles we write

πi = πLi + πTi (7.34)

Ai = ALi +ATi , (7.35)

where by construction the transverse modes are divergenceless:

∂iπTi = ∂iATi = 0 . (7.36)

Then the Coulomb gauge reads

ALi = 0 , (7.37)

and the constraint(7.1.16) now reads

∂iπLi = ∂i∂iφ = 0 , (7.38)

when expressing πLi in terms of φ. The invertibility of the Laplace operator

is precisely what enables us to set φ = 0. Then in this gauge we are left

with the divergenceless canonical variables πTi and ATi . The Hamiltonian is

now in terms of these variables

H =
1

2

∫
d3x

(
BiBi + πTi π

T
i

)
, (7.39)

where
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Bi =
1

2
εijk∂jA

T
k . (7.40)

b) The Arnowitt-Fickler or Axial Gauge, characterized by

G = A3 = 0 . (7.41)

In this case, the determinant condition is

det

∣∣∣∣ ∂∂x3 δ(~x− ~y)

∣∣∣∣ 6= 0 , (7.42)

which is satisfied since the operator ∂
∂x3

is invertible. It means that we can

solve for π3 by using(7.1.16). The result is

π3(x, y, z, t) = −
∫ z

−∞
dz′
(
∂1π1 + ∂2π2

)
(x, y, z′, t) , (7.43)

where we have (arbitrarily) set a boundary condition on π3. The system is

now described in terms of the canonical variables A1, A2, π1, π2 and the

(nonlocal) Hamiltonian

H =
1

2

∫
d3x

[
B2

3 +B2
1 +B2

2 + π21 + π22 + π23 (π1, π2)
]
, (7.44)

where π3 is given by(7.1.39) and

B1 = −∂3A2 , B2 = ∂3A1 , B3 = (∂1A2 − ∂2A1) . (7.45)

It is now easy to write the FPI. Let Ã⊥ and π̃⊥ be the independent

variables. The Feynman Path Integral is now taken to be∫
DÃ⊥Dπ̃⊥ exp

{
i

∫ [
π̃⊥ · ˙̃A⊥ −H(Ã⊥, π̃⊥)

]
d4x

}
(7.46)

=

∫
DÃ⊥Dπ̃⊥DÃ3δ[Ã3]Dπ̃3δ [π̃3 − π̃3(π̃⊥)] ei

∫
[···] ,(7.47)

where π̃3(π̃⊥) is the expression of π̃3 in terms of the transverse variables

obtained by inverting(7.1.16). Now

δ [π̃3 − π̃3(π̃⊥)] = δ
[
∂iπ̃i

]
det
∣∣∣{∂iπ̃i, Ã3

}
PB

∣∣∣ , (7.48)
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and

δ
[
∂iπ̃i

]
=

∫
DAo ei

∫
Ao∂iπ̃i . (7.49)

These enable us to rewrite(7.1.42) in the form

∫
DÃ⊥ DÃ3DAoDπ̃⊥Dπ̃3δ[Ã3] det

∣∣∣{∂iπ̃i, Ã3

}
PB

∣∣∣ × (7.50)

exp

{
i

∫
d4x

[
π̃⊥

˙̃A⊥ + π̃3
˙̃A3 −H(π̃, Ã) +Ao∂iπ

i
]}

.(7.51)

We have added (at no extra charge because of δ[Ã3]) the term π̃3
˙̃A3 in the

exponential, and also

H =
1

2

(
π̃⊥π̃⊥ + π̃3π̃3 + B̃iB̃i

)
, (7.52)

now contains all the components of B̃i. Let us perform the inverse canonical

transformation from the twiddled to the untwiddled variables. The only

effect (besides dropping the twiddles) will be to change Ã3 into the gauge

function G. Then the FPI becomes∫
DAµDπiδ[G] det

∣∣{∂iπi,G}PB∣∣ ei ∫ d4x[πiȦi−H+Ao∂iπi] . (7.53)

Finally, we integrate over the πi’s: noting that the exponent can be rewritten

as (integrating by parts the Ao∂
iπi term)

πi (∂oAi − ∂iAo)−
1

2
πiπi −

1

2
BiBi . (7.54)

By completing the squares we arrive at

∫
DAµ eiS[A]

∫
Dπiδ[G] det

∣∣{∂iπi,G}PB∣∣ e− 1
2

∫
d4x(πi−∂oAi+∂iAo)2 , (7.55)

where S[A] is the Maxwell action in terms of the potentials. Now we let

π′i = πi − ∂oAi + ∂iAo , (7.56)

and change variables. When G does not depend on π, this change of variables

does not affect G or the Poisson bracket. Thus, we can take these out of

the π integration, but keep the interpretation of the PB as the infinitesimal
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change of G under gauge transformations. The integration over π′ leaves an

infinite constant which we ignore. The end result is∫
DAµδ[G] det

∣∣∣∣δGdω
∣∣∣∣ eiS[A] , (7.57)

where S[A] is the Maxwell Action, g is the gauge function, and δG
δω its change

under an infinitesimal gauge transformation. Let us apply this formula to

the Coulomb gauge; we find∫
DAµδ

[
∂iAi

]
det
∣∣∂2∣∣ eiS , (7.58)

and we see that the determinant does not contain any dependence on A:

it can therefore be absorbed in the normalization. We note that the Ao
variable which appears linearly in S gives upon integration a functional

δ-function. This shows that Ao is not a dynamical variable although one

finds the condition Ao = 0 often referred to as a gauge condition (it isn’t!).

However, if we insist on setting Ao = 0 we lose the constraint ∂iπi = 0

(Gauss’ law) which then must be restored in the problem.

Finally let us mention that one can define a covariant gauge

∂µAµ = 0 , (7.59)

which is truly a gauge condition since it involves the dynamical variable Ai.

7.1.1 PROBLEMS

A. Apply the canonical formalism to the Action

S =

∫
d4x

[
1

2
∂µφ1∂

µφ1 +
1

2
∂µφ2∂

µφ2 +mχ
(
φ21 + φ22

)]
.

and define the corresponding Path Integral, treating φ1, φ2 and χ as canon-

ical fields.

B. Consider the gauge condition

AiAi = m2 .

Discuss its validity as a gauge condition, and write the corresponding Path

Integral for Electrodynamics in this gauge.
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C. Repeat the above for the gauge condition

(∂iA3) ∂
iA3 = 0 .

D. Consider the condition

0 =

∫ ~x

−∞
d~z · ~A(~z, t) ,

where the line integral is taken along a curve C. Can it be taken to be a

gauge condition?

7.2 Hamiltonian Formalism for Gauge Theories:

Non-Abelian Case

Starting from the Yang-Mills Lagrangian we could duplicate the procedure

of the previous section with very similar results. However, let us start from

the first order formalism where Fµν and Aµ are taken to be independent

variables and where S[F,A] is arranged so as to give Fµν in terms of Aµ

from an equation of motion. So we start from

S = − 1

g2

∫
d4xTr

[
1

2
FµνF

µν − Fµν (∂µAν − ∂νAµ + i [Aµ,Aν ])

]
. (7.60)

It is clear that its variation with respect to Fµν gives Eq. (3.2) of Chapter

VI, but Fµν has no dynamical meaning since it has no time derivative: it is

just an auxiliary field. However, in this form it is easier to rewrite S in a

way that has no terms quadratic in time derivatives. Let us introduce the

“electric” and “magnetic” fields

Ei = F0i (7.61)

Bi =
1

2
εijkFjk , (7.62)

or alternatively

Fij = εijkBk . (7.63)

Using the equation of motion

Fij = ∂iAj − ∂jAi + [Ai,Aj ] , (7.64)



7.2 Hamiltonian Formalism for Gauge Theories: Non-Abelian Case 11

we can rewrite S in the form

S = − 1

g2

∫
d4xTr [BiBi + EiEi − 2Ei (∂oAi − ∂iAo + i [Ao,Ai])](7.65)

= − 1

g2

∫
d4xTr

[
BiBi + EiEi − 2EiȦi − 2Ao (∂iEi + i [Ai,Ei])

]
,(7.66)

where we have used the cyclic property of the trace and integration by parts.

In this way S is rewritten in a way that translates easily to Hamiltonian form.

Taking the trace we obtain

S =
1

g2

∫
d4x

[
EBi Ȧ

B
i −

1

2

(
EAi E

A
i +BA

i B
A
i

)
+ABo (DiEi)

B

]
, (7.67)

there EBi appears as the canonical momentum conjugate to Ai (dot means

time derivative): ABo plays the role of a Lagrange multiplier, and

(DiEi)
B = ∂iE

B
i + fBCDACi E

D
i . (7.68)

Here the dynamical variables are EBi and ABi for which we postulate the

fundamental Poisson Bracket relation at equal times

{
ABi (~x, t) , ECj (~y, t)

}
PB

= δBCδijδ(~x− ~y) , (7.69)

all other PB’s being zero at equal times. These variables are not all inde-

pendent since they must satisfy the constraint

(DiEi)
B ≡ ∂iEBi + fBCDACi E

D
i = 0 , (7.70)

obtained by varying with respect to ABo . The equations of motion are given

by

df

dt
= {f,H0}PB +

{
f,

∫
d3xABo (~x, t) (DiEi)

B (~x, t)

}
PB

, (7.71)

where

H0 =
1

2

∫
d3x

[
EAi E

A
i +BA

i B
A
i

]
. (7.72)

Thus, as in the previous section the time variation contains an extra term

due to the Lagrange multiplier term. To see its meaning, let us calculate

the Poisson Bracket
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δABi (~x, t) =

{
ABi (~x, t),

∫
d3y ACo (~y, t) (DiEi)

C (~y, t)

}
PB

, (7.73)

which is to be interpreted as the change in ABi under an infinitesimal trans-

formation generated by the extra term. Using the relation(7.2.10), we find

δABi (~x, t) = −∂iABo (~x, t)− fBCDACi (~x, t)ADo (~x, t) , (7.74)

which is a gauge transformation. Hence, as in the Abelian case, the extra

term in H generates gauge transformations, with gauge parameter ABo .

It is easy to see that the time derivative of the constraints(7.2.11) is itself

proportional to the constraints themselves (see problem). Hence we can

generate no further constraints.

As before we take a function of ABi and EBi to be physical if its change

under an infinitesimal time translation is not arbitrary, that is, if{
f, (DiEi)

B
}
PB

= 0 when (DiEi)
B (~x, t) = 0 . (7.75)

Now the PB can always be regarded as an integral operator

δ

δzB(~x, t)
=
{

, (DiEi)
B (~x, t)

}
, (7.76)

provided that the integrability condition

δ

δzB(~x, t)

δ

δzC(~y, t)
− δ

δzC(~y, t)

δ

δzB(~x, t)
= 0 , (7.77)

is satisfied. It is not hard to show using the Jacobi identity and the PB

between two DiEi (at equal times) that this condition is indeed satisfied (see

problem). Thus our physical subspace can be defined by two conditions:

(DiEi)
B = 0 and

{
, (DiEi)

B
}

= 0 . (7.78)

These conditions restrict us from the functional space spanned by ABi and

EBi , i = 1, 2, 3 to a functional space spanned by ÃB1 , ÃB2 and ẼB1 , ẼB2 in an

appropriately chosen basis.

Alternatively, we can describe this subspace in another way by replacing

the awkward PB condition by another set

GB
(
ACi (~x, t), ECi (~x, t)

)
= 0 , (7.79)
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which we call the gauge conditions. This alternative definition must not

involve any singular change of variables between the zC functions and the

GC function, that is (functionally)

det

∣∣∣∣δGCδzB

∣∣∣∣ = det
∣∣∣{GC , (DiEi)

B
}∣∣∣ 6= 0 . (7.80)

This is a necessary condition for GB to be a desirable gauge choice. Other-

wise it would not fix the gauge. Assuming that(7.2.21) is satisfied, let us be

a bit more clever and restrict ourselves to gauge choices which satisfy (at

equal times, again)

{
GB,GC

}
PB

= 0 . (7.81)

Then we can regard GB as a canonical variable: consider the canonical

transformation

(
ABi , E

B
i

)
→
(
ÃBj , Ẽ

B
j

)
, (7.82)

where the j indices are just used as labels and do not necessarily transform

as vector indices under rotation, and where

ÃB3 = GB(Ai,Ei) . (7.83)

The constraint(7.2.21) now reads

det

∣∣∣∣∣∣
δ
(
DiẼi

)
δẼ3

∣∣∣∣∣∣ 6= 0 , (7.84)

since the twiddled variables are conjugate to one another. Now when we

take GB = ÃB = 0, we can no longer make sense of the PB relation (7.2.10)

involving ẼB3 . This means that ẼB3 must now be expressed in terms of the

remaining variables. But this is exactly what (7.2.25) enables us to do: solve

the constraint(7.2.11) by expressing ẼB3 in terms of the remaining variables.

Thus the Yang-Mills system is now defined in terms of the independent

variables ÃB⊥ =
(
ÃB1 , Ã

B
2

)
and ẼB⊥ =

(
ẼB1 , Ẽ

B
2

)
with the Hamiltonian

density

H =
1

2

[
ẼA⊥Ẽ

A
⊥ +

[
ẼA3

(
Ẽ⊥, Ã⊥

)]2
+ B̃A

i B̃
A
i

]
, (7.85)
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where ẼA3

(
Ẽ⊥, Ã⊥

)
is the function that solves the constraint(7.2.11), and

the B̃A
i are given by(7.2.5) and(7.2.3). Needless to say, H is now very

complicated for it involves cubic and quartic interaction terms, besides being

nonlocal. Let us now give examples of popular gauge conditions:

a) the Coulomb gauge, defined in the Abelian case

∂iABi = 0 . (7.86)

The requirement that(7.2.27) be a good gauge choice is easily seen to be

that the operator

∂i
δABi
δωC

= ∂i
(
∂iδ

BC − fBCDADi
)
, (7.87)

have no nontrivial zero eigenvalues. Using(7.2.27) we rewrite it as

OBC ≡ ∂i∂iδBC + fBCDADi ∂
i . (7.88)

It has been recently pointed out by Gribov (Nucl. Phys. B139,1(1978))

that these exist nontrivial solutions to the equation

OBCfC = 0 , (7.89)

and that therefore the Coulomb gauge is not a well-defined gauge for Yang-

Mills theories, in the sense that it does not allow for an unambiguous extrac-

tion of the independent canonical variables. However, there is some order

in this madness because the potentials ABi satisfying the Coulomb condi-

tion and for which the operator(7.2.28) has zero eigenvalues are not easy to

come by. As an example of this problem, consider the potential (in matrix

notation)

Ai = −iU†∂iU ; ∂iAi = 0 . (7.90)

If the condition(7.2.27) were sufficient to fix the gauge, then we should be

able to derive that the only solution to the equation(7.2.31) is that Ai = 0.

Let us specialize to SU(2) and write

U = cos
ω

2
+ i~σ · ~n sin

ω

2
, (7.91)
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where ~n · ~n = 1 and ω depends only on ~x. Then it is straightforward to see

that (a is the SU(2) index)

∂iAai = (1 + cosω)(∂iω)∂ina + (1− cosω)εabcnb∂i∂in
c (7.92)

quad+ sinω∂iωε
abcnb∂inc + sinω∂iin

a + na∂i∂iω . (7.93)

This equation is clearly a mess, so we simplify it: following Gribov, we

specialize to spherically symmetric solutions for which

na = ∂ar =
xa

r
. (7.94)

Then we find that ω depends only on r and that ω(r), as a result of the

Coulomb condition satisfies

d2ω

dt2
+
dω

dt
− sin 2ω = 0 , (7.95)

where t = ln r. The nonsingular nature of U requires that

ω(t = −∞) = 0, 2π, 4π, · · · . (7.96)

This equation is that of a damped pendulum in a constant gravitational

field. This boundary condition requires that it start at ω(t = −∞) in a

position of unstable equilibrium. Then, depending on the initial velocity of

the bob, three things can happen: 1) it stays at ω = 0 for all times, 2) it

starts falling clockwise and then ends up at t = +∞ in its position of stable

equilibrium ω = −π, 3) it starts falling counterclockwise and ends up the

same way as in the previous case. In addition, the pendulum could swing

many times around and then fall in one of the three categories. The first

solution corresponds to Ai = 0, what one would have expected, but the

other two types of solution correspond to nontrivial Ai’s. Their existence

leads to the Gribov ambiguity. If we let

Ai = −i exp

{
−i`ω~σ · ~x

r

}
∂i exp

{
i`ω

~σ · ~x
r

}
, (7.97)

where ` = 0, ±1, ±2, · · ·, the case ` = 0 corresponds to case 1), while ` = ±1

correspond to the other two cases. As t → +∞, we have the following

boundary conditions
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UNDERARROW PROBLEM

Ut→∞

{
1 for ` = 0

±i~σ·~xr for ` = ±1
. (7.98)

Further, if one computes the Pontryagin index for the various Gribov solu-

tions, one finds that

n = − 1

24π2

∫
V
d3x εijkTr(AiAjAk) =

{
0 ` = 0

±1
2 ` = ±1 .

(7.99)

Thus the nontrivial Gribov solutions have topological charge ±1
2 (instantons

have ±1). They certainly do not correspond to run-of-the-mill potential

configurations!

Therefore it seems plausible to expect that the operator(7.2.28) has zero

eigenvalue only for Ai’s that have nontrivial topological structure (I do not

know of a proof for this.), i.e., n 6= 0. Therefore, if we limit ourselves

to perturbations about zero potentials which have n = 0, we can ignore

this problem. However, its resolution is still an open question whenever

nonperturbative Yang-Mills phenomena are contemplated. All one can say

is that the Coulomb gauge does restrict phase space as required but only

modulo copies corresponding to ` = ±1, ±2, · · ·. We will come back to this

problem after discussing the axial gauge.

b) the Arnowitt–Fickler or axial gauge characterized by

niABi = 0 nini = 1 , (7.100)

where ~n is a constant vector. There the operator

ni
δABi
δωC

= ni
[
∂iδ

BC + fBCDADi
]

(7.101)

= ni∂iδ
BC , (7.102)

reduces to the same form as in the Abelian case and it is apparently invertible

so that there does not seem to be any Gribov problem in this gauge [more

on this later]. Thus, we can invert the constraint(7.2.11) and solve for EA3
with the result (ni = ∂i3)

EA3 (x, y, z, t) = −
∫ z

−∞
dz′ (D⊥E⊥)A (x, y, z′, t) , (7.103)

the only tricky thing being the boundary condition at z = −∞ (the soft
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underbelly of this gauge). Then the Hamiltonian is readily worked out — it

is a messy expression not worth expressing here.

Let us for a moment return to the Gribov problem. On the surface, the

axial gauge does not seem to be afflicted by the ambiguities we found in the

Coulomb gauge. However, they could hide in the boundary condition in E3

necessary to invert ni∂i. Thus one could speculate that 1) the problem is

not endemic to Yang-Mills and only reflects that the Coulomb gauge is an

unfortunate choice or 2) the problem is really there, in which case it must

show up in the axial gauge, and then the only place is at spatial infinity.

No one knows the answer, but I. Singer has shown that if one defines the

Path Integral on the surface of a sphere in Euclidean space, S4, the Gribov

problem is endemic and its cause lies in the fact that it is not possible to

get away with the same gauge condition over all of space-time. Since we

are mainly interested in the perturbative evaluation of the Yang-Mills Path

Integral we shall ignore the Gribov problem in the sequel.

The Feynman Path Integral for Yang-Mills theory can now be set up in

exactly the same way as in the Abelian case, with only a slight complication

due to the indices. Consequently, we just state the result

∫
DBµ eiS

YM[A]δ[Ga] det

∣∣∣∣δGAδωB

∣∣∣∣ , (7.104)

where GA is the gauge condition and SYM[A] is the Yang-Mills action in

terms of potentials only.

7.2.1 PROBLEMS

A.Evaluate the Poisson brackets

{
(DiEi)

A (~x, t), H
}

and
{

(DiEi)
A (~x, t), (DiEi)

B (~y, t)
}
,

and show that the time change of (DiEi)
A vanishes when the constraints

are satisfied.

B. Show that the integrability conditions for the z-functions defined by

δ

δzA(~x, t)
=
{

, (DiEi)
A (~x, t)

}
are satisfied, using some results from Problem A.
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C. Express the Hamiltonian for the Yang-Mills system in the Coulomb and

axial gauges, in terms of the relevant independent canonical variables.

D. Derive the equation of motion for a damped pendulum in a constant

gravitational field, and compare with Gribov’s equation. For its nontrivial

solutions, compute the topological charge(7.2.39).

E. Show how, in the Coulomb gauge, the ability to use the constraint

(DiEi) = 0 to get rid of the longitudinal Ei depends crucially on the invert-

ibility of the operator ∂iDi.

7.3 The Faddeev–Popov Procedure

In the last two sections we saw how the classical Hamiltonian formalism

could be used to derive the Yang-Mills FPI. The end result was a compli-

cated expression coming from the constraints encountered in the Hamilto-

nian formalism; these constraints are due to the gauge invariance of the

initial Action. There is another, more direct way to see this, by using a

procedure pioneered by Faddeev and Popov [Phys. Lett. 25B, 29 1967)].

The Yang-Mills Action is gauge invariant by construction, that is

SYM[Aµ] = SYM[AU
µ ] , (7.105)

where

AU
µ = UAµU

† − iU∂µU†, U(x) = ei~ω(x)·
~T . (7.106)

This means that the naive expression (in Euclidean space)∫
DAµ e

−S , (7.107)

is not well-defined if DAµ means summation over all Aµ’s, even those related

by gauge transformations. In Appendix A, we have seen how to handle this

problem: we have to define a new measure which does not overcount, that

is, a measure that sums over a gauge family only once. Roughly speaking

it means that we must divide out the redundant integrations [a problem

known to mathematicians as the determination of the Haar measure].

Consider the quantity

∆−1G [Aµ] =

∫
DU δ

[
GB(AU

µ )
]
, (7.108)
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where AU
µ is defined in(7.3.2). DU stands for the sum over all group ele-

ments, and the GB are functions that vanish for some AU
µ . ∆−1G is invariant

[we neglect nontrivial homotopy classes and the Gribov problem]. Indeed,

since

∆−1G

[
AU′
µ

]
=

∫
DU δ

[
GB
(
AU′U
µ

)]
, (7.109)

change the variables of integration from U to U′ where

U′′ = U′U DU′′ = DU . (7.110)

The result is

∆−1G

[
AU′
µ

]
=

∫
DU′′ δ

(
GB
[
AU′′
µ

])
= ∆−1G [Aµ] , (7.111)

since U′′ is an integration variable. Thus by cleverly inserting 1 into the

naive sum over paths, we obtain

∫
DAµ e

−S[A] =

∫
DAµ∆G [A]

∫
DU δ

[
GB[AU]

]
e−S[A] . (7.112)

Perform in the integrand a gauge transformation from AU
µ to Aµ, obtaining∫

DAµ∆G [A]

∫
DU δ

[
GB[Aµ]

]
e−S[A] , (7.113)

where we have used(7.3.1) and(7.3.6) and the fact that DAµ is the same as

DAU
µ . But now nothing depends on U in the integrand and we can take out

DU at the cost of a multiplicative infinity, which is the infinity we wanted to

take out in the first place. Hence, we define the correct FPI for Yang-Mills

to be ∫
DAµ∆G [Aµ] δ [G(Aµ)] e−S[Aµ] . (7.114)

There remains to evaluate ∆G [A]. The trick is to regard GA(AU) as a

function of the group element U(x). Then we can change variables from

U(x) to GA. Writing symbolically

DU = DG det

∣∣∣∣δUδG
∣∣∣∣ , (7.115)
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we arrive at

∆−1G [A] =

∫
DG det

∣∣∣∣δUδG
∣∣∣∣ δ[G] (7.116)

or (7.117)

∆G [A] = det

∣∣∣∣ δGδU
∣∣∣∣
G=0

. (7.118)

These manipulations can be performed if the change of variables from U to

G is well-defined and not singular: to one group element U(x) corresponds

only one G and vice versa. As we have seen this is not true in the Coulomb

gauge [Gribov problem]. Furthermore, U(x) is labeled by the same number

of parameters as G, but U(x) may have nontrivial boundary conditions

and belong to a nonzero homotopy class. In the following, we ignore such

problems as long as we deal with the perturbative evaluation of the quantum

field theory away from Aµ = 0.

If we parametrize U(x) by the functions ωA(x), we write ∆G in the form

∆G [A] = det

∣∣∣∣δGA(x)

δωB(y)

∣∣∣∣ . (7.119)

Putting it all together we arrive at the final expression for the gauge theory

FPI (suppressing indices)

∫
DAµδ [G(A)] det

∣∣∣∣δGδω
∣∣∣∣ e−S[Aµ] , (7.120)

which is the same as that obtained by the Hamiltonian formalism. It is

gauge invariant [see Appendix A and problem].

7.3.1 PROBLEMS

A. Show directly from the result

∆G [A] = det

∣∣∣∣δGAδωB

∣∣∣∣ ,
that ∆G is gauge invariant.

B. Show that the final expression
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∫
DAµ δ[G] det

∣∣∣∣δGδω
∣∣∣∣ e−SYM

E ,

does not depend on G the gauge choice [see Appendix A for hints].

∗∗C. When the Gribov problem is present, ∆−1G does not exist. Try to

generalize the Faddeev-Popov procedure, i.e., define a new ∆−1G .


