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THIRD JOURNEY: SUPERSYMMETRY

The generalization of the standard model to N = 1 supersymmetry is re-

markably easy. Quarks and leptons are taken to be the fermionic compo-

nents of chiral Wess-Zumino multiplets, adding to the standard model their

spin-zero superpartners, the squarks and sleptons. The gauge bosons are

themselves the spin one component of vector supermultiplets, introducing

new spinors superpartners, the gluinos, the winos and the bino. The sole

standard model Higgs needs to be replaced by two scalar Higgs bosons of

opposite hypercharge, both forming chiral supermultiplets, creating a vector-

like pair of spinor doublets, the Higgsinos. An odd number of Weyl fermions

cannot be implemented if there is more than one supersymmetry, which is

the reason we only focus on N = 1 supersymmetry. In the following, famil-

iarity with the basic constructions of N = 1 supersymmetry is necessary.

The neophyte is urged to work through the Appendix, where the necessary

notations and technology are developed.

1



2 THIRD JOURNEY: SUPERSYMMETRY

10.1 The N = 1 Standard Model

There are several ways to generalize the standard model to satisfy N = 1

supersymmetry. The most “economical” introduces only those fields nec-

essary to reproduce the (N = 0) standard model and satisfy theoretical

consistency. When their couplings are chosen to reproduce just the global

symmetries of the standard model, it is called the minimal supersymmetric

standard model (MSSM). Even with the minimal set of fields, there can be

new couplings which respect the gauge symmetries. They all involve su-

perpartners, and are thus absent from the N = 0 standard model. Before

discussing these non-minimal extensions, we start with the construction of

the simplest N = 1 standard model.

10.1.1 The Minimal N = 1 Standard Model (MSSM)

All gauge bosons of the standard model are now part of a gauge multiplet,

described (in the Wess-Zumino gauge) by a chiral vector multiplet W. As

a result, all have their spin one-half gaugino superpartners, distinguished

from their spin one partners by a twiddle. We have then, eight gluinos, g̃,

one Bino, B̃0, one charged and one neutral Wino, W̃±, and W̃ 0.

Every quark and lepton of the standard model is viewed as the spinor

component of a Wess-Zumino chiral superfield, generically denoted by Φ,

L→ ΦL , Q→ ΦQ , u→ Φu , d→ Φd , e→ Φe ;

it follows that each fermion helicity has a scalar superpartner with the same

electroweak quantum number

ΦL :

(
νL
eL

)
and

(
ν̃L
ẽL

)
(leftslepton) ,

Φe : eL and ẽ∗R (rightantislepton) ,

ΦQ :

(
uL
dL

)
and

(
ũL

d̃L

)
(leftsquark) , (10.1)

Φu : uL and ũ∗R (rightantisquark) ,

Φd : dL and d̃∗R (rightantisquark) .

Squarks and sleptons are also given twiddles: for example ũ∗R is an electroweak-

singlet, color-antitriplet, complex scalar field representing the right up-like

squark. The subscript R indicates it is the superpartner of the right-handed

up quark, (not its helicity–it has no spin). Family indices have been sup-

pressed, but this association is repeated for each of the three chiral families.
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It may seem uneconomical to double the numbers of degrees of freedom,

but this is done here in the context of enlarging a space-time symmetry.

There is a historical precedent for such a dramatic increase in the number

of elementary particles: the requirement of Lorentz invariance, through the

Dirac equation, forced the introduction of the positron, and physicists of the

1930’s saw their world double with the addition of antimatter.

In N = 1 supersymmetry, the standard model Higgs doublet must be

viewed as the scalar component of a chiral superfield, which contains one

weak doublet of Weyl fermions, the Higgsinos. These chiral fermions have

the same electroweak quantum numbers as the Higgs (hypercharged elec-

troweak doublets), which generate contributions to two different anomalies.

The first is the usual ABJ triangle anomaly associated with hypercharge.

The second is Witten’s global anomaly, according to which, any theory with

an odd number of chiral fermions which transform as SU(2) doublets, path-

integrates to zero. The simplest way to remedy these two potential disasters

is to introduce another Higgsino doublet with opposite hypercharge, to act

as the vector-like completion of the first, and cancel both anomalies. By

the reverse argument, this introduces a new Higgs spin zero doublet with

opposite hypercharge. The minimal N = 1 model therefore must contain

two Higgs chiral superfields:

ΦHd
:

(
H0
d

H−d

)
−1

and

(
H̃0
d

H̃−d

)
−1

(Higgsino) ,

(10.2)

ΦHu :

(
H+
u

H0
u

)
1

and

(
H̃+
u

H̃0
u

)
1

(Higgsino) .

The Yukawa interactions of the MSSM are the same as in theN = 0 standard

model, but of course written in a manifestly supersymmetric-invariant form.

Hence they appear in the superpotential

WMSSM = Yu
ijΦ

i
QΦj

uΦHu
+ Yd

ijΦ
i
QΦj

d
ΦHd

+ Y`
ijΦ

i
LΦj

eΦHd
, (10.3)

where i, j = 1, 2, 3 are the family indices of the three chiral families.

This superpotential reproduces the Yukawa couplings of the standard

model, but with one important difference. We recall that the one Higgs field

of the standard model does double duty, coupling to charge 2/3 quarks, and

its conjugate to charge -1/3, -1 quarks and leptons, and giving all fermions

their masses. Supersymmetry does not allow conjugates to appear in the
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superpotential which has to be holomorphic in the superfields. As a result,

hypercharge conservation forbids the same Higgs superfield from coupling

analytically to both sectors. With only one Higgs field, some quarks and/or

leptons would stay massless.

It follows that a second Higgs supermultiplet is needed, not only to satisfy

theoretical consistency, but also to reproduce the fact that all quarks and

charged leptons are massive.

The reduction of the flavor Yukawa matrices Yij proceeds as in the N =

0 model. Without loss of generality, we can bring the lepton Yukawa to

diagonal form,

Y`
ij → Y`

ii . (10.4)

We then diagonalize the down-quark Yukawa sector, by setting

Yd = UT
dMdVd , (Md diagonal) , (10.5)

and by rewriting the Lagrangian in terms of the superfields

Φ′i
d

= (VdΦd
)i , Φ′iQ = (UdΦQ)i .

The same reduction of the up-quark Yukawa matrix yields

Yu = UT
uMuVu , (Mu diagonal) , (10.6)

while redefining

Φ′iu = (VuΦu)i . (10.7)

The Vu matrix disappears from the Lagrangian, and we have no further free-

dom for ΦQ. The cubic superpotential (after dropping the primes) becomes,

suppressing all color and electroweak indices,

Y`
iiΦ

i
LΦi

eΦHd
+ Mii

dΦi
QΦi

d
ΦHd

+ Φi
QÛ jiMjj

u Φj
uΦHu

, (10.8)

with the flavor-mixing matrix

Û = Ut
uUd ; (10.9)

it reduces to the CKM matrix, after the usual Iwasawa decomposition. The

Yukawa couplings of the quarks and leptons in the N = 0 and N = 1 models

are the same, except that we now have two Higgs of opposite hypercharge.
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Unfortunately, this simple cubic superpotential cannot by itself repro-

duce the real world for two different reasons: it is invariant under unphys-

ical global symmetries, and it generates a potential which does not have a

physically-acceptable ground state.

This superpotential contains the global symmetries of the N = 0 stan-

dard model. In the lepton sector, it conserves the three lepton numbers; in

the quark sector, no distinction between families is allowed, and only the

total quark (baryon) number is conserved. Global transformations on the

superfields are of the form

Φs → eiηnsΦs , (10.10)

where s denotes the species: L, e, u, d, or Q. The global transformations

which preserve supersymmetry obey the relations

nLi
+ nei + nHd

= 0 , i = 1, 2, 3 ,

nQ + nu + nHu
= 0 , any flavor , (10.11)

nQ + n
d

+ nHd
= 0 , any flavor .

Assume for a moment only one chiral family. With seven superfields, there

are seven phases. Constrained by the three couplings in the superpotential,

this leaves four independent symmetries, identified with

nL ne nQ nu nd nHu nHd

L 1 -1 0 0 0 0 0

B 0 0 1/3 −1/3 −1/3 0 0

Y -1 2 1/3 -4/3 2/3 1 -1

PQ -1/2 -1/2 -1/2 -1/2 -1/2 1 1

We recognize the total lepton number (L), the vectorial baryon number (B),

the chiral Peccei-Quinn (PQ) symmetry, and of course the local hypercharge

symmetry (Y). When the full complement of three families is added, there

are two additional global symmetries, the relative lepton numbers, Le − Lµ
and Lµ − Lτ . Except for the Peccei-Quinn symmetry, all these symmetries

appear in the standard model.

Supersymmetric theories can have a special global U(1) symmetry, called

R-symmetry. Invariance under R is achieved if, under a phase change of

the Grassmann variables, θ → eiβθ, the superpotential transforms as W →
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e2iβW . Since our superpotential contains only cubic superfield interactions,

the theory is (so far) also R-invariant with

Φs → ei2β/3Φs , (10.12)

for all chiral superfields. Under this symmetry, the chiral spinor superfields

that contain the gauge bosons transform as

Wa(x, θ)→ eiβWa(x, eiβθ) , (10.13)

(shown here for SU(2)W only). The gauginos transform the same way

λa(x)→ eiβλa(x) . (10.14)

We see that invariance under R-symmetry requires the gauginos to be mass-

less, since their Majorana masses, λ̂aλa, transform under R.

To have escaped detection, gauginos must be massive, so that R-symmetry

is broken in the real world. We note in passing that R-symmetry is an

anomalous chiral symmetry.

The chiral PQ symmetry also causes a problem. As it is carried only by

fields that transform as weak isospinors, the PQ symmetry is necessarily

broken at electroweak scales. This leads to a weakly coupled axion with a

mass in the keV range, a possibility that has been experimentally ruled out.

Hence this symmetry must be broken as well.

This embarassment of undesirable symmetries is somewhat alleviated by

introducing another term in the superpotential, the so-called µ-term

µΦt
Hu
τ2ΦHd

. (10.15)

It is a mass term, which violates neither supersymmetry nor any electroweak

symmetry, and gives a common mass µ, to the Higgs and Higgsinos. It also

breaks both PQ and R symmetries, but one linear combination

R′ = R+
1

3
PQ , (10.16)

is left invariant, since this term has ∆PQ = 2, and ∆R = −2/3. However,

this left-over R′ symmetry (henceforth we drop the prime) is still nefarious

enough to cause phenomenological havoc, as it implies massless gauginos.

However, we have not yet discussed the breaking of supersymmetry, as a

result of which we expect the gauginos to acquire masses. This will explicitly

break R-symmetry, and with the µ-term, PQ symmetry as well. One obvious
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conflict with phenomenology will at least be avoided. Clearly the µ term

is necessary, and the superpotential of the minimal N = 1 standard model

(MSSM) contains both the cubic terms of Eq (8.3), and the quadratic µ

term. We note that the mass scale of the µ-term is an embarassment for

supersymmetry since it can have any value, as it is unrestricted by symmetry

considerations. Irrespective of its genesis, the µ-term must be present in the

effective low energy theory, to resolve conflicts with phenomenology.

To conclude, if this N = 1 supersymmetric model is to describe the real

world, one must add to it interactions which break supersymmetry, in order

to generate a mass gap between the known particles and their superpartners,

break the electroweak and R symmetries. These are not all unconnected

since breaking of supersymmetry generates a mass for the gauginos, which

as we have seen, automatically breaks R-symmetry. However, the gaugino

mass terms are of the Majorana type, that is, quadratic in the gaugino fields;

as such they are invariant under a discrete remnant of R symmetry for which

the gaugino fields change sign. This discrete symmetry is called R-parity.

Naively, one might have thought that, even after adding, through su-

persymmetry breaking, gaugino mass terms, the minimal N = 1 standard

model would still have an apparent discrete Z4 symmetry, under which the

fields transform as

λ→ −λ ; Φs → iΦs ; ΦHu,d
→ −ΦHu,d

, (10.17)

where λ represents any of the gauginos. Since it is an R-symmetry, parti-

cles and their superpartners do not share the same multiplicative quantum

number.

Since the Higgs scalar doublets are odd under this symmetry, we might

have expected that electroweak breaking would break it down to Z2, cre-

ating potential domain wall problems, with bad cosmological consequences.

Fortunately it can be shown that the “broken” part of this symmetry is in

fact expressible in terms of hypercharge, baryon number and lepton num-

ber, and thus no discrete symmetry is broken at the electroweak scale, and

the Z4 symmetry is in fact a Z2 symmetry. Identified as R-parity, it is an

exact symmetry of the minimal N = 1 standard model. It is easy to see

that all quarks, leptons, and Higgs bosons are even under R-parity; all their

superpartners are odd.

The existence of this extra symmetry has far-reaching experimental conse-

quences. Superpartners, which have odd R-parity, must be pair-produced in

the laboratory, from ordinary matter which is R-even. In addition, R-parity

conservation requires that they decay into an odd number of superpartners.



8 THIRD JOURNEY: SUPERSYMMETRY

At the end of a chain of sequential decays, there will remains one odd R-

parity particle, the lightest superpartner (LSP). Kinematically forbidden to

further decay, this particle is absolutely stable.

This imposes several restrictions on the nature of this particle. Consis-

tency with cosmology implies that at some point particles and their super-

partners were in thermal equilibrium at temperatures above the mass of

the superpartners. As the Universe cooled, the superpartners decayed away,

leaving behind the stable lightest supersymmetric particle (LSP). These par-

ticles should be present everywhere in our present Universe as well. If its

present cosmological abundance is significant, the LSP has to be neutral.

Its present abundance depends on the circumstances of its production and

its mass. Even if neutral, there are severe bounds since they could overclose

the universe, if too massive and/or abundant. An exciting possibility is that

the LSP makes up most if not all of the “dark matter” which pervades our

universe.

10.1.2 The Non-Minimal N = 1 Model

Even with the chiral superfields of the standard model, we can add to the

superpotential other renormalizable terms which are invariant under both

supersymmetry and the gauge groups SU(3)c × SU(2)W × U(1). They are,

suppressing all family indices and isospin coupling matrices,

ΦdΦdΦu ; ΦQΦdΦL ; ΦLΦLΦe , ΦLΦHu . (10.18)

All violate some global symmetry. The first violates quark number by three

units, so that baryon number is broken (mod 3), leaving behind the discrete

group Z3. The three other terms violate lepton number by one unit. While

these new terms are allowed by supersymmetry, the stringent experimental

limits on both baryon and lepton number conservation indicate that they

are restricted to appear with tiny coupling coefficients, if at all.

They all violate the R-symmetry (mod 4), since they have R = 3/2, which

does not leave any discrete remnant. There is also a parity under which

all weak doublets are odd, all singlets even, but this is a consequence of

invariance under the weak SU(2).

In this non-minimal model, it is easy to see that there is no R-parity, and

therefore no stable superparticle, although in some models the LSP could

be long-lived, since the non-minimal interactions have to be small.
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10.1.3 PROBLEMS

A. The left-handed lepton doublets and the Higgs doublet have the same

gauged electroweak quantum numbers, but different lepton number. List

the objections to building a model where the Higgs is the superpartner of a

lepton doublet.

B. Since the top quark mass is much larger than any other quark and lepton,

we might want to build a model with only one Higgs doublet coupling to

the charge 2/3 sector, and cancel its anomalies by adding new fields. Build

a model of this type.

C. Show that the baryon number violating coupling in the non-minimal ex-

tension cannot by itself cause proton decay, but can cause baryon-antibaryon

oscillations.

D. 1-) Find the transformations of all the fields of the MSSM under the Z4

in the text. Show that no discrete symmetry is broken at the electroweak

scale.

2-) Show that all particles of the MSSM can be assigned an R-parity. Dis-

cuss the consequences of this assignment when the non-minimal interactions

are considered?

10.2 SuSy Breaking in the MSSM

It is obvious that to account for data, supersymmetry must be broken.

We discount the so-called hard breaking, which would affect the ultraviolet

structure of the theory, and destroy one of the rationales for supersymmetry:

perturbative control in the ultraviolet. This suggests that we only consider

breaking generated by the vacuum: spontaneous breaking. We therefore

seek a theory whose vacuum state which breaks N = 1 supersymmetry.

Like turtles which carry their own houses, supersymmetric theories gen-

erate their own potential. We start by asking if the MSSM is capable of

the heroic deed of breaking any symmetries. The full tree-level potential of

the minimal N = 1 standard model is the sum of the squares of its F - and

D-terms,

V =
∑

i=Hu,Hd,L,Q,e,u,d

F †i Fi +
1

2
(D2 +DaDa +DADA) . (10.19)
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There is one D-term for each of the three gauge groups

U(1) : D =
1

2
g1[−L̃†LiL̃Li + 2ẽ∗RiẽRi +

1

3
Q̃†LiQ̃Li +

4

3
ũ†RiũRi

− 2

3
d̃†Rid̃Ri +H†uHu −H

†
dHd] ,

SU(2)W : Da = g2[L̃†Li
τa

2
L̃Li + Q̃†Li

τa

2
Q̃Li +H†u

τa

2
Hu +H†d

τa

2
Hd] ,

SU(3)c : DA = g3[Q̃†Li
λA

2
Q̃Li + ũ†Ri

λA

2
ũRi + d̃†Ri

λA

2
d̃Ri] . (10.20)

The F terms are obtained from the MSSM superpotential

FHu = µHd − ũ∗RMuUQ̃L ,

FHd
= −µHu − ẽ∗RMeL̃L − d̃∗RMdQ̃L ,

FQ = Mdd̃RHd + U tMuũ
∗
RHu ,

FL = Meẽ
∗
RHd , Fe = L̃tMeHd ,

Fu = Q̃t
LU tMuτ2Hu , F

d
= Q̃tMdτ2Hd . (10.21)

We see that, except for the µ term, this potential is purely quartic in the

fields. The µ term gives an equal mass to the Higgs and the Higgsinos, and

also generates cubic couplings among the Higgs and sleptons and squarks.

To determine if the MSSM potential breaks either supersymmetry and/or

electroweak symmetry, we note that, as a sum of squares, its minimum

occurs when all the auxiliary fields are set to zero. There are many field

configurations for which this is true.

The simplest example is that for which all the fields as well as the po-

tential vanish. We recall (from the Appendix) that spontaneous breaking of

supersymmetry requires that the action of a supersymmetry transformation

on the vacuum not vanish. From the supersymmetry algebra, it follows that

the vacuum energy must be positive. Hence the MSSM potential does not

by itself break supersymmetry.

To see how far this potential is from the real world, let us work out its

value at the electroweak minimum where

Hu =
vu√

2

(
0

1

)
; Hd =

vd√
2

(
1

0

)
, (10.22)

and set all the other fields to zero (unless we want L-violation through the

only charge conserving possibility ν̃L 6= 0 which violates L spontaneously).

Using
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H†uHu = −H†u
τ3

2
Hu =

|vu|2

4
, H†dHd = H†d

τ3

2
Hd =

|vd|2

4
, (10.23)

we find that, in the electroweak vacuum, some D and F terms do not vanish,

namely

D =
1

4
g1[|vu|2 − |vd|2] , D3 = −1

4
g2[|vu|2 − |vd|2] , (10.24)

and

FHu = µ
vd√

2

(
0

i

)
, FHd

= µ
vu√

2

(
i

0

)
. (10.25)

The electroweak vacuum configuration is not a minimum of the MSSM po-

tential, and breaks supersymmetry.

Without a µ term, all F terms would vanish in the electroweak vacuum.

Also, there would be an infinite number of degenerate vacua where the D

terms all vanish as well, leaving supersymmetry unbroken, with |vu| = |vd|.
This leaves the vacuum values of the Higgs doublet undetermined, at least

at the classical level. This is an example of a flat direction, a ubiquitous

feature of supersymmetric models. Alas, phenomenology requires a µ term,

which “lifts” that vacuum degeneracy, by setting the minimum at |vu| =

|vd| = 0. Since this potential breaks neither supersymmetry nor electroweak

symmetry, we conclude that the MSSM must be augmented by mechanisms

that generate both supersymmetry and/or electroweak symmetry breakings.

There are many renormalizable models of spontaneous supersymmetry

breaking. Models with F -breaking were first investigated by L. O’Raifeartaigh

(Nucl. Phys. B96, 331(1975)), and are discussed in the Appendix. Their

general feature is a global R-like symmetry, and they satisfy the sum rule

StrM2 ≡
∑

J=0,1/2

(−1)2J(2J + 1)m2
J = 0 , (10.26)

relating the masses of the particles and their superpartners.

Other models, first proposed by P. Fayet and J. Iliopoulos (Phys. Lett.

B51, 461(1974)), generate D-breaking. They require a local U(1) symmetry,

to allow for a gauge singlet term linear in its associated D field. In these

models, the same sum rule is modified to read

StrM2 = gD
∑
i

qi , (10.27)
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where qi are the charges of the Weyl fermions. If the anomaly of this U(1)

is cancelled in a vector-like way, the right-hand side is zero.

In both cases, these sum rules cause phenomenological problems, although

they can be modified by quantum corrections. For that reason, these models

have not proved easy to implement. In the context of global supersymmetry,

susy breaking produces a massless Nambu-Goldstone fermion, called the

Goldstino. In supergravity, the Goldstino becomes part of the gravitino,

the massive superpartner of the graviton, and the right-hand-side of these

sum rules acquires new contributions, which may alleviate phenomenological

concerns.

Fortunately, we can describe the impact of supersymmetry-breaking on

the MSSM without committing ourselves to a specific theory for the break-

ing mechanism. Indeed, in the context of an effective theory, it is natural to

parametrize the spontaneous breaking of a symmetry by adding soft terms

to its Lagrangian. These are mass terms of dimension two and cubic in-

teractions of scalars with dimension three. Intuitively these terms cannot

affect the theory in the ultraviolet, since they all have prefactors with posi-

tive mass dimensions, which vanish in the limit where all masses are taken

to zero, relative to the scale of interest. Soft breaking is not to be viewed

as fundamental, but as an effective manisfestation of a more fundamental

theory of symmetry breaking. We have already used soft-breaking terms in

Chapter 5, to describe chiral symmetry breaking in the context of the ef-

fective low energy chiral Lagrangian that describes strong interactions. We

now know that at the fundamental level, these soft-breaking terms are gen-

erated by the quark mass terms in QCD, the real fundamental theory of

the strong interactions. As of this writing, we have no equivalently com-

pelling picture of the fundamental theory that generates susy breaking. Its

formulation remains one of the deepest mysteries of particle physics, since

it impacts directly on the cosmological constant problem.

The useful strategy we are going to pursue is to add to the MSSM soft

terms that break supersymmetry but not electroweak symmetry. We can

think of several types of masses that explicitly break supersymmetry: mass

terms for the superpartners of the massless chiral fermions; mass terms for

each Higgs doublet but not for the Higgsinos; and finally gaugino mass terms.

These clearly split the mass degeneracy between particles and their super-

partners, thus breaking supersymmetry. There are also terms of dimension

three that describe interactions among the scalar components of chiral su-

perfields. In order to preserve electroweak symmetry, they are taken to be of

the same form as the superpotential, with the superfields replaced by their

scalar components. At the end, it takes more than sixty parameters with
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mass dimension (and as many phases) to describe the soft-breaking of the

MSSM!

It is clear that, to make further progress, we need to make some simplifying

assumptions to reduce the number of soft parameters.

The general soft symmetry breaking potential for the MSSM contains

three types of mass terms. The Higgs mass terms

m2
Hu
H†uHu +m2

Hd
H†dHd + µ̂(Ht

uτ2Hd + c.c.) , (10.28)

where µ̂ is often written as Bµ, where B is a dimensionless parameter. The

squark and slepton mass terms are

∑
ij

(
m2

Q̃ij
Q̃†iQ̃j +m2

ũijũ
†
RiũRj +m2

d̃ij
d̃†Rid̃Rj

+ m2
L̃ij
L̃†i L̃j +m2

ẽij ẽ
†
RiẽRj

)
. (10.29)

If these terms violate only supersymmetry, the slepton mass matrices must

be diagonal to preserve the relative lepton number symmetries. Note that in

view of the recent experimental findings on flavor mixing among neutrinos,

this restriction no longer applies. No such symmetry restriction exists for

the squark mass matrices, but in order to avoid flavor changing neutral

processes, they must have numerically small off-diagonal components. This

requirement has led many physicists to assume that all the squark mass

matrices are diagonal. A more extreme attitude is to assume that all the soft

squark and slepton masses are the same, implying some sort of universality

of the susy-breaking mechanism.

There are also three gaugino mass terms

1

2

3∑
l=1

Mlλ̂lλl + c.c. ; (10.30)

they break R-symmetry, but preserve R-parity. These mass terms are sup-

plemented by the cubic interactions

∑
i,j

(
Aiju ũRiHuQ̃j +Aijd d̃RiHdQ̃j +Aije ẽRiHdL̃j + c.c.

)
. (10.31)

The form of the coefficient matrices Aiju,d,e should depend on the mechanism

that generates the Susy-breaking.
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10.2.1 PROBLEMS

A. Find the exact number of all the possible soft terms that break supersym-

metry in the MSSM, and preserve only the gauged electroweak symmetries.

B. Show that the sum rules for F and D breaking of global supersymme-

try applied to the MSSM lead to contradictions with experiment. Discuss

possible ways to avoid this conflict.

C. Determine all possible higher order operators made out of the MSSM

superfields. Hint: organize the catalog of these operators in terms of their

baryon and lepton number properties. For details, see T. Gerghetta, Chris

Kolda and S. Martin, Nucl. Phys. B468, 37(1996).

10.3 The Tree Level MSSM

The addition of the soft terms to the MSSM superpotential opens the way for

the analysis of the mass eigenstates of the MSSM. The low energy spectrum

of the quarks and leptons remains much the same, but the model implies

serious modifications in the Higgs sector. Also, it enables us to discuss the

spectrum of the extra spin one-half fermions in the models, dubbed charginos

and neutralinos, as well as the scalar squarks and sleptons.

10.3.1 The Higgs Sector

The Higgs sector of the MSSM contains two complex doublets, Hu,d, that

describe two charged fields and four neutral real fields. Electroweak breaking

causes one charged combination to be “eaten” by the charged W boson, and

one neutral by the Z-boson. This leaves one charged Higgs field H+ and its

conjugate, one CP-odd neutral scalar A, and two CP-even neutrals the little

Higgs field h, and the big Higgs field H. The MSSM Higgs sector is much

richer than that of the standard model which has only one scalar Higgs field.

With the soft-breaking terms, the scalar potential of the MSSM is given by

V = Bµ(H+
u H

−
d −H

0
uH

0
d) + c.c.+

∑
i=u,d

(|µ|2 +m2
Hi

)H†iHi+

+
1

8
g2

1[H†uHu −H
†
dHd]

2 +
1

8
g2

2[H†uτ
aHu −H

†
dτ

aHd]
2 . (10.32)

The quadratic terms all come from the D-terms, so that all quartic couplings

are squares of gauge couplings.
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In this tree-level form of the potential, all of its parameters depend on an

arbitrary renormalization scale. We can recover (one-loop) renormalization

group-independence by adding the (one-loop) effective potential. We may

think that we can always choose the renormalization scale so as to make these

corrections small, thereby justifying our neglect of the quantum corrections

in the analysis that follows. However, the reader must be warned that the

values of the parameters in the vacuum can be very sensitive to that choice

of scale. Therefore, while a complete analysis requires that these corrections

be included, they are not necessary for the discussion of the potential near its

minimum provided its parameters are directly expressed in terms of physical

masses.

We have not included in this potential the squark and slepton fields which

must not play a role in electroweak symmetry breaking. This can be justified

if some inequalities among the parameters are satisfied.

The potential contains, however, the charged fields H±u,d, through for ex-

ample,

H†uHu = |H0
u|2 + |H+

u |2 . (10.33)

Fortunately, they do not acquire a vev. To see this, we first note that by

a weak isospin rotation we can set without loss of generality < H+
u >= 0.

Then it is easy to see that the vanishing of the derivative at minimum

requires that < H+
d >= 0 as well. Hence charge is preserved and we can

simplify our discussion by setting these fields to zero, yielding the potential

V =
∑
i=u,d

(|µ|2 +m2
Hi

)|H0
i |2 −BµH0

uH
0
d + c.c.

+
1

8
(g2

1 + g2
2)(|H0

u|2 − |H0
d |2)2 . (10.34)

A careful analysis of the phases show that this potential cannot violate CP.

As a result all the physical Higgs particles are CP eigenstates.

We see that the quartic terms vanish along the flat direction |H0
u| = |H0

d |.
A positive quadratic term requires

2|µ|2 +m2
Hu

+m2
Hd

> 2Bµ , (10.35)

to insure that the potential is bounded from below. For this potential to

break electroweak symmetry, the determinant of the mass matrix must be

negative, so that one linear combination of the fields have a negative mass.

This means that
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B2µ2 > (|µ|2 +m2
Hu

)(|µ|2 +m2
Hd

) . (10.36)

Interestingly, these two conditions are not compatible if m2
Hu

= m2
Hd

, a fact

that is in accord with their renormalization group evolution.

Let us assume that all these conditions are satisfied and electroweak break-

ing takes place. At minimum, we set < H0
u,d >= vu,d. While the combina-

tion v2
u + v2

d is fixed by the Fermi coupling constant, the MSSM introduces

a new angle β, defined by the ratio of the vacuum values

tanβ ≡ vu
vd

. (10.37)

Minimization with respect to H0
u and H0

d respectively, yield

|µ|2 +m2
Hu
−Bµ cotβ =

1

2
m2
Z cos 2β , (10.38)

and

|µ|2 +m2
Hd
−Bµ tanβ = −1

2
m2
Z cos 2β , (10.39)

where mZ is the tree-level Z mass: m2
Z = v2(g2

1 + g2
2)/8. Note that the

left-hand-side of these equations contains the µ parameter while the right-

hand-side can be no larger than half the Z boson mass. This shows that

the µ parameter must be, barring unlikely cancellations, of the same order

of magnitude as electroweak breaking. This is puzzling since its value in

the MSSM is not restricted by any symmetry considerations. This points

to new symmetries beyond those of the MSSM, through which its value is

linked to the susy-breaking mechanism.

One can evaluate this potential around this minimum. In the unitary

gauge, we write the neutral Higgs fields as

H0
u =

1√
2
eiA/vu(vu + hu(x)) , H0

d =
1√
2
eiA/vd(vd + hd(x)) . (10.40)

Plugging back in the potential, we see that the neutral CP -odd A field gets

a mass only from the Bµ term. Easy algebra yields

m2
A =

2Bµ

sin 2β
. (10.41)

The two neutral fields are mixed both by the Bµ and the D-terms. This
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mixing is described by a new angle α, in terms of which the CP -even mass

eigenstates, h(x) and H(x) are written(
h

H

)
≡
(

cosα − sinα

sinα cosα

)(
hu
hd

)
. (10.42)

The mixing angle is best expressed in terms of the masses

sin 2α

sin 2β
=
m2
A +m2

Z

m2
H −m2

h

,
cos 2α

cos 2β
=
m2
A −m2

Z

m2
H −m2

h

, (10.43)

where the heavier H mass is

m2
H =

1

2
(m2

A +m2
Z) +

√
(m2

A +m2
Z)2 − (2mZmA cos 2β)2 , (10.44)

and the lighter one weighs in at

m2
h =

1

2
(m2

A +m2
Z)−

√
(m2

A +m2
Z)2 − (2mZmA cos 2β)2 , (10.45)

The minus sign shows that the little Higgs cannot be arbitrarily heavy. It

replaces the Higgs field of the standard model. Its Yukawa couplings to

quarks and leptons are the same as the Higgs field, except for multiplicative

factors:

cosα

sinβ
for up quarks , − sinα

cosβ
for down quarks and leptons . (10.46)

Similarly the big Higgs couples with factors

sinα

cosβ
for up quarks ,

cosα

sinβ
for down quarks and leptons . (10.47)

The CP -odd A field couples to up quarks according to cotβ, and to the

down quarks and charged leptons as tanβ. However the masses of A and H

can be made large, simply by cranking up the value of Bµ. Not so for the

little Higgs. Expanding in inverse powers of m2
A yields

m2
h = m2

Z cos2 2β −m2
A(
mZ

mA
)4(2− sin2 2β) + · · · , (10.48)

so that it is bounded at tree-level to be lighter than the Z boson. The

current (LEP-1999) bound on the standard model Higgs (≥ 95 GeV) rules

out the tree-level potential, but we shall see later that the large top quark
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Yukawa couplings engenders large positive contributions to its mass, saving

the MSSM potential from phenomenological disaster.

There exists a limit where the little Higgs h has exactly the same proper-

ties as those of the standard model Higgs. Note from (mixing?) that

tan 2α =
m2
A +m2

Z

m2
A −m2

Z

tan 2β , (10.49)

which shows that if mA is sufficiently large, β = α − π/2. Hence, cosβ =

− sinα, sinβ = cosα, and the little Higgs couplings reduce to those of the

standard model Higgs.

Finally the MSSM contains one charged Higgs field, with mass

m2
H+ = m2

A +m2
W , (10.50)

which is also heavy. Although charged, it may not be detectable until a high

energy linear collider is built.

To conclude, the Higgs sector of the MSSM contains one light Higgs bo-

son, h, with standard model like properties and mass bounded from above;

it is accompanied by three other states, A, H, and H+ , expected to be

heavier than the little Higgs, with masses that become nearly degenerate

the heavier they are. In terms of fundamental input parameters, the phys-

ical properties of the Higgs potential are determined by |µ|, and the soft

breaking parameters m2
Hu,d

and Bµ.

10.3.2 Charginos and Neutralinos

The MSSM contains two new charged fermions, the Higgsinos, H̃+
u , H̃−d , and

the Winos W̃±. These states will be mixed by electroweak breaking, to yield

two charginos, C̃1,2 mass eigenstates. The universal gaugino interaction of

the form

g2W̃
−T τ2H̃

+
u Hu + g2W̃

+T τ2H̃
−
d Hd , (10.51)

result in mixing terms when the Higgs doublets get their vev’s. Adding the

direct mass terms for the Higgsinos and Winos, we obtain the mass matrix

(
M2

√
2 sinβmW√

2 cosβmW µ

)
, (10.52)
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where mW is the W -mass. Its diagonalization involves separate unitary

matrices acting on its left and right, and therefore two mixing angles. This

yields the charginos mass eigenstates

C̃±1 = cosφ±W̃
± − sinφ±H̃

±
u ,

C̃±2 = sinφ±W̃
± + cosφ±H̃

±
u , (10.53)

with masses

m2
C̃1,2

=
1

2
(M2

2 +µ2+2m2
W )2∓

√
4(M2

2 + µ2 + 2m2
W )2 − (µM2 −m2

W sin 2β)2) .

(10.54)

Perhaps a more useful characterisation of the masses is through the relations

m2
C̃1

+m2
C̃2

= (M2
2 + µ2 + 2m2

W )2 , (10.55)

which has no β dependence, and

m2
C̃1
m2
C̃2

= µM2 −m2
W sin 2β . (10.56)

The MSSM also contains four extra neutral spin one-half particles: two

neutral Higgsinos, H̃0
u, H̃0

d , and two neutral gauginos B̃, W̃ 0. Electroweak

breaking causes them to mix into four mass eigenstates called the neutrali-

nos, which we denote by Ñi, i = 1, . . . , 4, Ñ1 being the lightest. As for the

charginos, their mixing is due to the universal gaugino interactions. These

mass eigenstates are determined from the 4× 4 Majorana matrix


M1 0 − cosβ sin θwmZ sinβ sin θwmZ

0 M2 cosβ cos θwmZ − sinβ cos θwmZ

− cosβ sin θwmZ cosβ cos θwmZ 0 −µ
sinβ sin θwmZ − sinβ cos θwmZ −µ 0

 .

(10.57)

Here θw is the Weinberg angle. Since it is a Majorana mass matrix, it is

diagonalized by one 4× 4 unitary matrix. It is parametrized by six mixing

angles and ten phases. The analytical expression of the masses and mixing

angles is very messy and not very illuminationg, except that the product of

the neutralino masses obeys a nice identity

Ñ1Ñ2Ñ3Ñ4 = −µ2M1M2 + µm2
W (M1 +M2 tan θw) sin 2β . (10.58)
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The right-hand-side is negative if µ < 0 and M1M2 > 0. If µ > 0, the mass

determinant may still be positive, but this implies a chargino lighter than

the W boson. Hence the mass determinant is negative, and it is easy to

show that one mass eigenvalue is negative. We have the further relations

|Ñ1|+ |Ñ2|+ |Ñ3| − |Ñ4| = M1 +M2 , (10.59)

as well as

m2
Ñ1

+m2
Ñ2

+m2
Ñ3

+m2
Ñ4

= M2
1 +M2

2 + 2µ2 + 2m2
Z . (10.60)

Comparison with (?chargino) shows that the average mass squared of the

neutralinos is less than that of the charginos.

It is instructive to examine the chargino and neutralino masses in the

limit of small electroweak breaking, where we can set

mz � |µ±M1,2| . (10.61)

In that limit, the lightest neutralino is very nearly the Bino, and the lightest

chargino is the Wino. The chargino masses are to be

m
C̃1

= M2 −
m2
W θw(M2 + µ sin 2β)

µ2 −M2
2

+ · · · ,

(10.62)

m
C̃2

= µ+
m2
W (µ+M2 sin 2β)

µ2 −M2
2

+ · · · .

Similarly, the two lightest neutralino masses are

m
Ñ1

= M1 −
m2
Z sin2 θw(M1 + µ sin 2β)

µ2 −M2
1

+ · · · ,

(10.63)

m
Ñ2

= M2 −
m2
W (M2 + µ sin 2β)

µ2 −M2
2

+ · · · .

It is interesting that the masses of the lightest chargino C̃1 and the second

neutralino Ñ2 are nearly degenerate. We leave it as an exercise to the reader

to work out m
Ñ3,4

in the same approximation. We note that since the MSSM

is invariant under R parity, the lighest superpartner (LSP) will be absolutely

stable. A prime candidate is the lighest neutralino Ñ1, which could account

for the dark matter that pervades the universe.
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To conclude, the chargino and neutralino sectors of the MSSM are closely

linked. Their masses depend on the two electroweak gaugino masses and

on µ. In that sector, the lightest particle is a neutralino, with probably

a degenerate chargino-neutralino at the next level, and two higher mass

neutralinos.

10.3.3 Squarks and Sleptons

There are severe phenomenological restrictions on the flavor structure of

the input squark and slepton mass matrices. The standard model breaks

explicitly, albeit controllably, the quark flavor symmetries. With the recent

result from SuperKamiokande, we know that the relative lepton numbers

are broken as well. For the soft-breaking terms to preserve these delicate

patterns, the squark and slepton matrices must be nearly flavor-diagonal;

otherwise the exchange of virtual squarks and sleptons will produce large

flavor-changing effects, unless of course the sparticles are very heavy. In the

following analysis, we assume that squarks and sleptons mass matrices are

diagonal.

The masses of the squarks and sleptons depend primarily on the soft-

breaking parameters. Left and right squarks and sleptons are mixed by

electroweak breaking, in an amount that depends on their Yukawa couplings,

on the value of µ, and on the value of tanβ. Hence the spectrum of squark

and slepton masses of the third chiral family will stand out because of their

large Yukawa couplings.

The two top squarks, t̃L,R, are mixed by the mass matrix

(
m2
Q̃3

+m2
t + ∆

Q̃3
mt(At + µ cotβ)

mt(At + µ cotβ) m2
t̃R

+m2
t + ∆t̃R

)
, (10.64)

where for each squark (and slepton) with third component of isospin I3L

and weak hypercharge Y , the D-terms contribute

∆q̃ = m2
Z cos 2β(I3L cos2 θw − Y sin2 θw) . (10.65)

We conclude that appreciable mixing is expected as a result of the large

top mass. As a result, one mass eigenstate will be much lower than the

central mass. Diagonalization yields two top squark mass eigenstates, t̃1,2,

characterized by a mixing angle θt̃. Similarly, the sbottom mass matrix is
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(
m2
Q̃3

+m2
b + ∆

Q̃3
mb(Ab + µ tanβ)

mb(Ab + µ tanβ) m2
b̃R

+m2
b + ∆

b̃R

)
, (10.66)

yielding two mass eigenstates b̃1,2, with mixing angle θ
b̃

not as large as for the

top squarks. Finally the two physical stau leptons, τ̃1,2 are the eigenstates

of the matrix

(
m2
L̃3

+m2
τ + ∆

L̃3
mτ (Aτ + µ tanβ)

mτ (Aτ + µ tanβ) m2
τ̃R

+m2
τ + ∆τ̃R

)
. (10.67)

These matrices are to be compared to the mass matrices for squarks, and

sleptons of the first two families which are nearly diagonal

m2
ũ1

= m2
Q̃1

+ ∆ũL , m2
d̃1

= m2
Q̃1

+ ∆
d̃L
, (10.68)

so that the left squarks of the first family are split only by electroweak

breaking

m2
ũ1
−m2

d̃1
= − cos 2βm2

W . (10.69)

A similar relation obtains for the left selectron and its sneutrino. The right

squarks satisfy

m2
ũ2

= m2
ũR

+ ∆ũR , m2
d̃2

= m2
d̃R

+ ∆
d̃R

, (10.70)

so that

m2
ũ2
−m2

d̃2
= m2

Z cos 2β sin2 θw . (10.71)

Of course the central masses of these particles depend on the values of the

soft-breaking parameters and on their renormalization group evolutions.

In the extreme case where all input squark and slepton masses are taken

to be the same, we expect the lighest squark to be the light stop t̃1 because

of mixing effects. To conclude, this sector of the MSSM depends on yet

another set of parameters, the input squark and slepton masses.

Finally, we note the last fermion of the MSSM, the gluino. As the only

fermion with color octet properties, it does not mix, and its mass is solely

determined by its input mass M3, properly continued to lower scales.
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10.3.4 PROBLEMS

A. Show that the Higgs potential (10.34) preserves both electric charge and

CP.

B. Work out the mass, CP values, and couplings to the leptons and quarks

of the Higgs sector fields H+, A, h and H.

C. In the case where µ is positive and the determinant of the neutralino mass

matrix is negative, derive a bound for the lowest chargino mass. Compare

with the current LEP bound, when M1 is less than M2.

D. Find the expressions for the two heaviest neutralino masses in the limit

of Eq. (10.61), and show that C̃2 and Ñ3 are nearly degenerate.

10.4 The One-Loop MSSM

With the addition of supersymmetry, the low energy quantum corrections

to the standard model are not significantly altered. At higher energies,

however, there are some dramatic changes. For one, the perky Higgs self-

coupling of the standard model is replaced by the square of gauge couplings,

and the perturbative evolution of the gauge and Yukawa couplings can pro-

ceed to much shorter distances without encountering non-perturbative ef-

fects.

In general, local field theories with supersymmetry have more tractable

ultraviolet behavior than generic field theories: there are fewer infinities

because of the cancellations between boson and fermion loops, resulting in

simpler radiative corrections to the tree-level MSSM.

To be compared to experiment, the MSSM must include a mechanism

that breaks supersymmetry. We continue to assume that it enters the

MSSM through soft-breaking terms that do not affect its ultraviolet struc-

ture. There will also be, in addition to the usual quantum corrections of

any local field theory, many interesting effects, depressed by inverse powers

of the supersymmetry-breaking scale.

10.4.1 Non-Renormalization Theorem

In N = 1 theories, a theorem states that the superpotential (F-term) is not

renormalized in perturbation theory, but it is not valid beyond perturbation

theory.

Applied to a field theory with Wess-Zumino multiplets, it means that only
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their kinetic term (which is a D-term) can be renormalized. Indeed, direct

calculations show these models to have only wave function renormalization.

When interactions with vector superfields are added, one finds that only the

D-terms generate infinities, which include the gauge couplings.

This theorem can be proved order by order in perturbation theory, using

the elegant techniques of supergraphs in superspace. There is however a

more direct proof which relies on the holomorphicity of the superpotential

as a function of the chiral superfields.

Consider a renormalizable theory that contains only chiral superfields, Φi,

with a generic superpotential

W = mijΦiΦj + λijkΦiΦjΦk . (10.72)

Following N. Seiberg (Phys. Lett. B318, 469(1993)), we consider all the

parameters which appear in this superpotential as the vacuum values of

chiral superfields. These chiral superfields have no kinetic terms, and act as

background fields. This technique can be used just as well for field theories

without supersymmetry, but it does not lead to interesting results. With

supersymmetry, it becomes very powerful, because the superpotential must

be holomorphic in the superfields, including the background superfields.

Hence the superpotential must be analytic in the parameters as well.

In theories with gauge couplings, these remarks can be combined with

the asymptotic freedom of the gauge couplings to construct the full non-

perturbative effective superpotential. Here we only concern ourselves with

the non-renormalization theorem in the perturbative realm.

In the absence of a superpotential, the theory with N chiral superfields

has a large global symmetry: SU(N) × U(1) × U(1)R, where the last U(1)

is an R symmetry. The N superfields Φi transform as the fundamental of

SU(N) and have unit phases under the two U(1)’s.

We can think of the parameters in the superpotential in terms of one chiral

superfield Θij which transforms as the second rank symmetric SU(N) tensor,

with charges (−2, 0) under the two U(1)’s, and another Θijk which trans-

forms as a third rank symmetric tensor of SU(N) with charges (−3,−1).

Their vev’s yield the parameters mij and λijk, respectively. Since their vac-

uum values break the global symmetry spontaneously, the superpotential,

including quantum corrections, should be invariant under the global group

of the kinetic terms, and holomorphic in both the Φi and in the fields whose

vev give the couplings in W .

The most general superpotential consistent with these symmetries, ana-

lytic in the superfields Φi, is structurally given by
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Weff = mijΦkΦlf({z}) . (10.73)

Here f is an arbitrary analytic function of the set {z}, which stands for com-

binations linear in the superfields and invariant under the phase symmetries

{z} = (m−1)ijλ
klmΦn . (10.74)

The contraction on the SU(N) indices is assumed for each term in f so

as to give an SU(N) invariant. This expression clearly contains higher

powers in the chiral superfields than originally present at the classical level.

However, the crucial point is made by noting that all the higher powers can

be generated from one-particle reducible tree-level diagrams. For instance,

suppressing all indices, the terms proportional to ΦM will behave as

λM−2

mM−3
ΦM . (10.75)

One can check that these interactions can all be generated by tree graphs,

which are reducible. Hence these will not appear in the one-particle irre-

ducible effective action.

This proves that in this theory there are no renormalizations of the su-

perpotential (F-terms). It also means that if a given term is initially absent

from the superpotential, it will not be generated by radiative corrections.

In this sense, absence of certain interaction terms in the superpotential are

technically natural in the absence of any other symmetry considerations. In

this simple theory without gauge terms, the result applies beyond pertur-

bation theory, although the theory is not asymptotically free.

With the addition of gauge fields, the above analysis goes through, but

with strong coupling effects in the infrared, the superpotential acquires new

non-perturbative terms, thus breaking the non-renormalization theorem.

Finally, it must be emphasized that the lack of F-terms in the quantum

corrections does not imply that the couplings in the superpotential are not

renormalized. In fact, as we see in the next section, both Yukawa couplings

and mass terms run with scale, but only because of the wavefunction renor-

malizations associated with the various fields.

10.4.2 The one-loop Renormalization Group Equations

In N = 1 supersymmetric gauge theories, there are two types of infinities,

associated with the gauge couplings, and the wave-function renormalizations

of the matter chiral superfields, which give rise to anomalous dimensions.
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In N = 1 supersymmetry, the familiar renormalization group equation can

be written to all orders (see D. R. T. Jones and L. Mezincescu, Phys. Lett.

136B, 242(1984), and M. T. Grisaru and P. C. West, Nucl. Phys. B254,

249(1985)) in the form

dg

dt
= −α

2

2π

3cA −
∑

i ci(1− γi)
1− αcA/2π

. (10.76)

In this formula, cA the Dynkin index of the adjoint representation, accounts

for the contributions from the gauge bosons and gauginos. The sum is over

the chiral matter supermultiplets, each transforming as a representation

with Dynkin index ci. We see that the contributions from the gauge super-

multiplet can be summed to all orders. However, with matter superfields,

we need to consider γi, the anomalous dimension of the ith matter chiral

superfield. Its exact expression is not known, but has to be evaluated order

by order in perturbation theory.

Thus at the one-loop MSSM, we have

βa = − 1

16π2
bag

3
a + · · · , (10.77)

where a = 1, 2, 3, for the three gauge groups SU(3)× SU(2)×U(1) of the

standard model. For SU(N), the Dynkin index of the fundamental is 1/2

and that of the adjoint is N , so that in the MSSM with three chiral families,

and two Higgs superfields, we find that b1 = −33
5 ; b2 = −1 , b3 = 3: both the

hypercharge and weak SU(2) couplings are heading to Landau poles in the

deep ultraviolet. Since their values are small at experimental scales, such

disasters are not encountered until well beyond Planck energies, as in QED.

The parameters of the superpotential also run with scale. The coefficient

of the µ-term satisfies

dµ

dt
=

µ

16π2
[ Tr{3Y†uYu + 3Y†dYd + Y†eYe} − 3(

1

5
g2

1 + g2
2)] , (10.78)

while the Yukawa coupling matrices run according to

dYu,d,e

dt
=

1

16π2
Yu,d,eβu,d,e . (10.79)

To one-loop, direct calculations yield

βu = 3Y†uYu + Y†dYd + 3Tr{Y†uYu} − (
13

15
g2

1 + 3g2
2 +

16

3
g2

3) ,
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βd = 3Y†dYd + Y†uYu + Tr{3Y†dYd + Y†eYe} − (
7

15
g2

1 + 3g2
2 +

16

3
g2

3) ,

βe = 3Y†eYe + Tr{3Y†dYd + Y†eYe} − (
9

5
g2

1 + 3g2
2) . (10.80)

We note that the µ term and the Yukawa coupling matrices are stable under

the renormalization group in the sense that if any is set to zero, this implies

that its derivative with respect to scale is also zero. This is in accord with

both chiral symmetry and the non-renormalization theorem.

As we can see from the above, the running of the Yukawa couplings is

determined by two contributions of opposite signs. This is also true in the

standard model as well, but with different relative coefficients. This opens

the possibility of a fixed point at which both contributions cancel.

The evolution of the vacuum expectation values of the Higgs bosons can

be written in the form

d ln vu,d
dt

=
1

16π2
γu,d , (10.81)

where, to one-loop, the anomalous dimensions are given by

γu =
3

4
(
1

5
g2

1 + g2
2)− 3Tr{Y†uYu} ,

(10.82)

γd =
3

4
(
1

5
g2

1 + g2
2)− 3Tr{Y†dYd} − Tr{Y†eYe} .

We see that at one-loop, the running of the gauge couplings is unaffected

by the other sectors of the theory. If we assume the average mass of the

superpartners to be MSUSY , we can run the standard model gauge couplings

from their experimental values to MSUSY , using the standard model β-

functions, and then run them from MSUSY to the deep ultraviolet, using

the β-functions of the MSSM.

The result is quite suggestive. The values of the gauge couplings converge

in the ultraviolet to a common value. In addition, the scale at which they get

close is well below the Planck scale. The convergence of the gauge couplings

of the standard model is matched by the well-known fact that the standard

model fermions have the right quantum numbers to fall in representations of

the gauge groups SU(5), the smallest group to contain the standard model,

or SO(10), if a right-handed neutrino is included.

Another intriguing fact is that the Yukawa couplings of the b and τ also

converge at the same scale, indicating perhaps that with supersymmetry,

the standard model is the broken remnant of a more unified gauge theory.
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10.4.3 Higgs Loop Corrections

We have already mentioned that the low energy Higgs potential needs to be

corrected by loop effects. One particular correction has proven to be crucial

for comparing the MSSM to experiment. The big mass of the top quark

implies a large Yukawa coupling, which can generate important corrections

to tree-level results. Of particular interest are the corrections to the potential

generated by top and stop quark loops; they occur with opposite sign and

strength, when supersymmetry is unbroken. However with different stop

and top masses, the cancellation is not perfect, resulting in a significant

correction since the top Yukawa coupling is large. The minimization of

the effective potential shows that the little Higgs mass gets a significant

positive correction. This effect was worked out by many groups, but below

we describe an elegant derivation, following Y. Okada, N. Yamaguchi, and

T. Yanagida, (Phys. Lett. B262, 54(1991), and references therein).

We have remarked that, in the limit mA � mZ , the little Higgs behaves

much as its standard model namesake. Thus, below the Susy scale, we can

write its dynamics in terms of an effective potential with a quartic coupling

constant, λeff , just as in the standard model. The only difference is that

at the Susy scale, Msusy, a typical superpartner mass, this coupling must

satisfy the boundary condition

λeff(Msusy) =
1

4
(g2

1 + g2
2) cos2 2β . (10.83)

Below that scale, the coupling evolve according to its renormalization group

equation derived by including only those particles lighter than Msusy. For

the large yt required by the top mass, the y4
t term dominates the RG equation

16π2dλeff

dt
= −12y4

t + · · · , (10.84)

where the dots refer to gauge and self-coupling contributions which are nu-

merically small. The resulting solution is simply

λeff(t) =
1

4
(g2

1 + g2
2) cos 2β +

3

4π2
y2
t ln

Msusy

t
. (10.85)

In this expression, Msusy stands for the stop quark masses, as the effect

comes from stop and top quark loops. The minimization of the potential

proceeds as before, with the result
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m2
h = m2

Z cos2 2β +
3
√

2

4π2
GFm

4
t ln

mt̃1
mt̃2

m2
t

. (10.86)

It relaxes the upper bound found at tree-level, but only by a limited amount,

since this is a radiative correction in a perturbative theory. A hallmark of

the MSSM is that the little Higgs cannot be arbitrarily massive.

10.4.4 Running the Softies

As we have seen, a successful comparison of the MSSM with low energy

data requires the addition of soft terms that break supersymmetry. These

soft breaking parameters enter the MSSM at some scale ΛMSSM , thus pro-

viding boundary conditions to the renormalization group equations. Their

solutions yield the parameters in the infrared (at experimental energies), to

be used to analyze the mass spectrum of the MSSM. The value of the scale

ΛMSSM is not known, although some theoretical prejudices place it in the

deep ultraviolet.

The soft-breaking parameters at cut-off should be derivable from a more

fundamental theory of Susy-breaking, but while many theories of supersymmetry-

breaking have been proposed, none is so compelling to warrant its inclusion

in this chapter. Eventually, the experimental discovery of superparticles,

and the measurements of their masses and mixings, should determine the

soft parameters.

In lieu of a theory and inputs from experiments, it behooves us to make

assumptions as to the form of the soft parameters. Assuming that super-

symmetry exists at low energy, there are already stringent experimental con-

straints. These come from the absence of significant flavor-changing neutral

current processes. As we have already seen, this has a natural explanation

in the N = 0 standard model through the GIM mechanism. Also, no direct

processes that violate lepton number, such as the decay µ→ e+γ, have been

observed. Large violations could come from quark and lepton flavor viola-

tion by means of large off-diagonal terms in the squark and slepton masses,

and through scalar cubic interactions. Through virtual exchanges of squarks

and sleptons, these would yield large flavor-changing effects among ordinary

quarks and leptons.
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These considerations suggest that the input squark and slepton soft-

breaking masses should be (nearly) flavor-diagonal, and that the flavor-

changing scalar cubic interactions be no worse than those in the Yukawa

coupling. The nature of the mechanism that produces these terms is a mat-

ter of debate, but it points at some sort of flavor universality: Susy-breaking

has to be generated through interactions that are flavor-blind. A prime can-

didate for the transmitter of Susy-breaking to the MSSM is (super)gravity.

This suggests a possible set of simplifying assumptions:

♠ Squark and Slepton masses are flavor-diagonal.

or its more restrictive version

♦ squark and slepton masses are equal at cut-off

m2
q̃ = m2

ẽ ≡ m
2
0 at ΛMSSM . (10.87)

♠ The cubic scalar coupling matrices Au,d,e are proportional to the Yukawa

matrices

Aiju,d,e = Au,d,eY
ij
u,d,e at ΛMSSM , (10.88)

where Au,d,e are three complex mass parameters.

♠ All three gaugino masses are equal at cut-off

M1 = M2 = M3 ≡ m1/2 at ΛMSSM . (10.89)

The gaugino mass unification is natural in Grand Unified Theories where all

three gauge groups of the standard model are unified into one structure at

cut-off.

Ultimately, these, or any other assumptions must be tested by experi-

ments. In the chiral approximation of QCD, the soft breaking parameters

were “measured” as, for example, in the Gell-Mann Okubo sum rule.

The one-loop evolution of the gaugino masses with scale is given by

d lnMa

dt
= − 1

8π2
bag

2
a , (10.90)
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resulting in the (one-loop) scale-independence of the ratios

Ma(t)

g2
a(t)

=
Ma(tΛ)

g2
a(tΛ)

. (10.91)

At one-loop, the Higgs masses evolve according to

8π2dm
2
Hu

dt
=

∑
i,j

(3|Y ji
u |2(m2

Hu
+m2

Q̃Li
+m2

ũRj
) + |Aiju |2)

+
3

10
g2

1Tr{Y m2} − 3

5
g2

1M
2
1 − 3g2

2M
2
2 . (10.92)

8π2
dm2

Hd

dt
=

∑
i,j

(
|Y ji
e |2(m2

Hd
+m2

L̃Li
+m2

ẽRj
) + |Aije |2

+ 3|Y ji
d |

2(m2
Hd

+m2
Q̃Li

+m2
d̃Rj

) + |Aijd |
2
)

− 3

10
g2

1Tr{Y m2} − 3

5
g2

1M
2
1 − 3g2

2M
2
2 . (10.93)

Squark and slepton masses evolve as well

8π2
dm2

Q̃Li

dt
=

∑
j

(
|Y ji
u |2(m2

Hu
+m2

Q̃Li
+m2

ũRj
) + |Aiju |2

+ |Y ji
d |

2(m2
Hd

+m2
Q̃Li

+m2
d̃Rj

) + |Aijd |
2
)

+
1

10
g2

1Tr{Y m2} − 1

15
g2

1M
2
1 − 3g2

2M
2
2 −

16

3
g2

3M
2
3

(10.94)

8π2
dm2

ũRi

dt
=

∑
j

(
2|Y ij

u |2(m2
Hu

+m2
ũRi

+m2
Q̃Lj

) + |Aiju |2
)

− 2

5
g2

1Tr{Y m2} − 16

15
g2

1M
2
1 −

16

3
g2

3M
2
3 , (10.95)

8π2
dm2

d̃Ri

dt
=

∑
j

(
2|Y ij

d |
2(m2

Hd
+m2

d̃Ri
+m2

Q̃Lj
) + |Aijd |

2
)

+
1

5
g2

1Tr{Y m2} − 4

15
g2

1M
2
1 −

16

3
g2

3M
2
3 , (10.96)
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8π2dB

dt
=
∑
i,j

(3AijuY †iju + 3AijdY
ij
d +Aije Y ij

e )− 3

5
g2

1M1 − 3g2
2M2 . (10.97)

The equations for the cubic couplings are much more complicated. We

include them in their full glory, although for practical purposes only the

third family’s contribution need to be taken into account

1

16π2

dAije
dt

= 4(YeY
†
e)
ikAkje + 5Aike (Y†eYe)

kj + 2(Akme Y ∗kme + 3Akmd Y ∗kmd )Y ij
e

− 6(
3

5
g2

1M1 + g2
2M2)Y ij

e + Tr{3Y†dYd + Y†eYe}Aije − (
9

5
g2

1 + 3g2
2)Aije ,

1

16π2

dAijd
dt

= 4(YdY
†
d)
ikAkjd + 5Aikd (Y†dYd)

kj +Aikd (Y†uYu)kj + 2(YdY
†
u)ikAkju

+ 2(Akme Y ∗kme + 3Akmd Y ∗kmd )Y ij
d −

(14

15
g2

1M1 + 6g2
2M2 +

32

3
g2

3M3

)
Y ij
d

+ Tr{3Y†dYd + Y†eYe}A
ij
d − (

7

15
g2

1 + 3g2
2 +

16

3
g2

3)Aijd ,

1

16π2

dAiju
dt

= (YuY
†
u)ikAkju + 5Aiku (Y†uYu)kj +Aiku (Y†dYd)

kj + 2(YuY
†
d)
ikAkjd

+ 6Akmu Y ∗kmu −
(26

15
g2

1M1 + 6g2
2M2 +

32

3
g2

3M3

)
Y ij
u

+ 3Aiju Tr{Y†uYu} − (
13

15
g2

1 + 3g2
2 +

16

3
g2

3)Aiju .

Summation over the repeated indices k,m is implied. For more details, we

refer the interested reader to N.K. Falck, Z. Phys. C 30, 247(1986). In these

formulae,

Tr{Y m2} = m2
Hu
−m2

Hd
+
∑

families

(m2
Q̃L
−2m2

ũR
+m2

d̃R
−m2

L̃L
+m2

ẽR
) . (10.98)

Note that in an anomaly free theory, this term is zero if all the masses are

equal at some scale. That it is zero at such a scale can be seen by us-

ing the fact that there is no mixed gravitational anomaly. In such a case,

Tr{Y m2} = m2Tr{Y } = 0. To show that it remains true at all scales,

one also needs the cancellation of the other triangle anomalies. For exam-

ple, in the evolution equations for the Higgs, squark and slepton masses,
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the g2
1M

2
1 terms come from one-loop mass corrections involving two bino-

particle-sparticle vertices and are therefore proportional to Y 2. Thus one

needs to have the U(1) anomaly cancellation condition Tr{Y 3} = 0 in order

to show dTr{Y m2}/dt = 0.

These equations bring down the parameters from ΛMSS to experimental

scales. Conversely, they can be used to determine the class of soft breaking

parameters at the cut-off that are in accord with experiment. In practice,

it is sufficient to keep only the Yukawa couplings of the third family, which

considerably simplifies the evolution equations.

Although we do not know the values of the soft Susy-breaking parameters

at ΛMSSM , the eventual measurements of the masses of the superpartners

will impose constraints on the basic assumptions, once the evolution equa-

tions are taken into account.

As an example, let us assume the simplest possible pattern for the input

parameters: a common mass m0 for the squark and sleptons, and a common

gaugino mass m1/2. One can easily solve the one-loop equations, and obtain

the slepton and scalar masses of the two lightest families. As we have said,

the masses of the third family superpartners are more complicated due to the

large Yukawa couplings. It is convenient to introduce the scale-dependent

quantities

Ci(t) =

 3/5

3/4

4/3

× 1

2π2

∫ ΛMSSM

t
dtgi(t)

2Mi(t)
2 , (10.99)

associated with the Y , SU(2) and SU(3) couplings, respectively. Their

actual values depend on the input gaugino masses. We can then evaluate

the seven physical squark and slepton masses of a light family in terms of

m2
0, and the three Ci. We obtain

m2
d̃L

= m2
0 + C3 + C2 +

1

36
C1 + ∆d , (10.100)

m2
ũL

= m2
0 + C3 + C2 +

1

36
C1 + ∆u , (10.101)

m2
ũR

= m2
0 + C3 +

4

9
C1 + ∆u , (10.102)

m2
d̃R

= m2
0 + C2 +

1

4
C1 + ∆e , (10.103)

m2
ẽL

= m2
0 + C2 +

1

4
C1 + ∆e , (10.104)
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m2
ν̃L

= m2
0 + C2 +

1

36
C1 + ∆ν , (10.105)

m2
ẽR

= m2
0 + C1 + ∆e . (10.106)

One can immediately infer several sum rules. Some which relate members

of the same weak isospin multiplet, like

m2
d̃L
−m2

ũL
= m2

ẽL
−m2

ν̃L
= − cos(2β)M2

W , (10.107)

do not depend on the assumptions of universal m0. Others, such as

2(m2
ũR
−m2

d̃R
) + (m2

d̃R
−m2

d̃L
) + (m2

ẽL
−m2

ẽR
) =

10

3
sin2 θwM

2
Z cos 2β .

(10.108)

directly test the universality of m0, and does not depend on the gaugino

mass inputs. On the other hand, gaugino mass universality can be tested

through the sum rule

m2
ẽL
−m2

ẽR
− (20)2 cos 2β = C0(m2

d̃R
−m2

ẽR
− (36)2 cos 2β) , (10.109)

where

C0 =
C2 − 3

4C1

C3 − 8
9C1

. (10.110)

One can also obtain sum rules for the third family squark and sleptons. We

note

m2
t̃1

+m2
t̃2
− 3m2

b̃L
− 2m2

t = m2
ũL

+m2
ũR
− 3m2

d̃L
, (10.111)

which relates masses of squarks and quarks of different families. For more

details and other sum rules, see S. Martin and P. Ramond Phys. Rev. D48,

5365(1993).

10.4.5 Electroweak Breaking

Another tantalizing pattern emerges by using simple boundary conditions

in the ultraviolet and continuing them to the infrared. It is simply that

Supersymmetry breaking can trigger electroweak breaking, as discovered by

L.E.Ibáñez and G.G.Ross Phys. Lett. B110, 215(1982), L. Alvarez-Gaumé,

M. Claudson and M. Wise, Nucl. Phys. B207, 96(1982), and K. Inoue, A.
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Kakuto, H. Komatsu and S. Takeshita Prog. Theor. Phys. 68, 927(1982).

This does not prove supersymmetry, but rather provides yet another piece

of circumstantial evidence for its existence.

The basic reason is that a large Yukawa coupling can start with a positive

scalar mass squared in the ultraviolet, and drive it negative in the infrared.

Nature provides us with such a large coupling since the top quark is so

massive. To see this effect, we can neglect all the Yukawa couplings except

that of the top quark. With all the soft-breaking masses equal, we have

Tr{Y m2} = m2Tr{Y } = 0 , (10.112)

at the initial scale, and it remains zero at all scales. The renormalization

group equations become

8π2 d

dt

m2
Hu

m2
tR

m2
tL

 = y2
t

 3 3 3

2 2 2

1 1 1

m2
Hu

m2
tR

m2
tL

−
 3

5 3 0
16
15 0 16

3
1
15 3 16

3

 g2
1M

2
1

g2
2M

2
2

g2
3M

2
3

 .

(10.113)

The Yukawa coupling drives the mass squared negative in the infrared, coun-

terbalanced by the effect of the gaugino masses.

Neglecting the effect of the gaugino masses, we see that all three masses

decrease in the infrared. fortunately, the Higgs mass squared decreases the

most, and it turn negative at the largest scale. This triggers breakdown of

electroweak symmetry, exactly along the lines observed experimentally, by

a weak isodoublet. It is remarkable that the numerical factors work out just

right to ensure that it is the neutral Higgs mass squared that turns negative

before any of the squark masses, thus avoiding the spontaneous breakdown

of color and/or electric charge.

10.4.6 PROBLEMS

A. Starting from the one-loop formula for the gauge β functions of non-

supersymmetric theories, derive the one-loop Eq. (10.76). Also verify the

numerical values of the ba for the MSSM.

B. 1-) In a simplified model with only one family of quarks and leptons,

derive the one-loop RG equation of the τ lepton Yukawa coupling.

2-) Derive the one-loop anomalous dimension for the lepton fields. Given
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the non-renormalization theorem, discuss in detail why the Yukawa cou-

plings still run with scale.

C. 1-) Revisit the issue of an infrared fixed point for the top and bottom

Yukawa couplings in the context of the MSSM. Compare your results with

the standard model (see problem in chapter 6).

2-) Solve the one-loop equations analytically, and discuss the possible in-

frared behavior of the couplings.

D. 1-) Use the latest values of the three gauge couplings as measured or

extrapolated at MZ as boundary conditions to the gauge coupling one-loop

evolution equations. Assume that all superpartner masses are at some scale

MSUSY . Evaluate the possible values of MSUSY and the scale MX at which

all three can meet and still be perturbative.

2-) Repeat the above for yb/yτ , and discuss your results in terms of the top

quark mass.

E. Starting, from Eq (10.76), without matter, discuss the possibility of an

infrared fixed point and its domain of validity. For reference, see T. Banks

and A. Zaks, Nucl. Phys. B196, 189(1982).

F. Derive the one-loop renormalization equation for gaugino masses.

G. Show in the one-loop approximation, that if Tr{Y m2} vanishes at some

scale, it stays zero at all scales.


