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Introduction

1.1 INTRODUCTION

As the study of the standard model requires many tools and techniques, it

is useful to gather in one place salient facts about relativistic invariance, the

description of fields of different spin, and the construction of gauge theories,

spontaneous breaking, and group theory. This introductory chapter offers a

short review of these basic ingredients. It also serves as a brief description

of the notations and conventions we will follow throughout the book. The

reader unfamiliar with these concepts is encouraged to consult standard

texts on Advanced Quantum Mechanics and Field Theory.

1.2 Lorentz Invariance

We set ~ = c = 1. Our metric is gµν = diag(1,−1,−1,−1). The space-time

coordinates are given by

xµ = (x0, xi) = (t, ~x) ; xµ = gµνx
ν = (t,−~x) , (1.1)

∂µ = (
∂

∂t
, ~∇) ; ∂µ = (

∂

∂t
,−~∇) . (1.2)

The Lorentz-invariant inner product of two vectors is

x2 = gµνx
µxν = xµx

µ = t2 − ~x · ~x. (1.3)

We also have

∂µx
ρ = δρµ , (1.4)

where δρµ is the diagonal Kronecker delta.
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2 Introduction

In four space-time dimensions, the algebra of the Lorentz group is iso-

morphic to that of SU2 × SU2 (up to factors of i), the first generated by
~J + i ~K, the second by ~J − i ~K; ~J are the generators of angular momentum

and ~K are the boosts. These two SU2 are thus connected by complex con-

jugation (i → −i) and/or parity ( ~K → − ~K, ~J → ~J), and are therefore

left invariant by the combined operation of CP. In accordance with this al-

gebraic structure, spinor fields appear in two varieties, left-handed spinors,

transforming under the first SU2 as spin 1
2 representations, and right-handed

spinors transforming only under the second SU2. They are represented by

two-component complex spinor fields, called Weyl spinors,

ψL(x) ∼ (2,1) , ψR(x) ∼ (1,2). (1.5)

The spinor fields must be taken to be anticommuting Grassman variables, in

accordance with the Pauli exclusion principle. Their Lorentz transformation

properties can be written in terms of the Pauli spin matrices

σ1 =

(
0 1

1 0

)
, σ2 =

(
0 −i
i 0

)
, σ3 =

(
1 0

0 −1

)
, (1.6)

which satisfy

σiσj = δij + i εijkσκ. (1.7)

It is useful to express Fierz transformations in Weyl language. Let ζ and η

be complex two-component Weyl spinors, each transforming as (2,1) of the

Lorentz group. The first Fierz decomposition is

ζηtσ2 = −1

2
σ2η

tσ2ζ −
1

2
σiηtσ2σ

iζ, (1.8)

where t means transpose, corresponding to

(2,1)⊗ (2,1) = (1,1)⊕ (3,1). (1.9)

We will find it useful to use the notation

η̂ ≡ ηtσ2. (1.10)

Since the combinations σ2ζ
∗ and σ2η

∗ transform according to the (1,2) rep-

resentation, we have another Fierz relation
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ζη† = −1

2
η†ζ − 1

2
σiη†σiζ, (1.11)

associated with

(2,1)⊗ (1,2) = (2,2). (1.12)

The right hand side of this equation does indeed correspond to the Lorentz

vector representation, since it can be written succintly as

ζη† = −1

2
σµη†σµζ, (1.13)

in terms of the matrices

σµ = (σ0 = 1, σi) ; σµ = (σ0 = 1,−σi). (1.14)

The Pauli matrices property

σ2σ
iσ2 = −(σi)t = −σi∗,

translates in the covariant language as

σ2σ
µσ2 = (σµ)t. (1.15)

The Lorentz group acts on the spinor fields as

ψL,R → ΛL,RψL,R ≡ e
i
2
~σ·(~ω∓i~ν)ψL,R, (1.16)

where ~ω and ~ν are the real rotation and boost angles, respectively. This

corresponds to the representation where

~J =
~σ

2
; ~K = −i~σ

2
. (1.17)

Note that the two-component Weyl spinors transform non-unitarily, as ex-

pected: unitary representations of non-compact groups, such as the Lorentz

group, are infinite-dimensional.

This allows us to construct by simple conjugation left-handed spinors out

of right-handed antispinors, and vice-versa. One checks that

ψL ≡ σ2ψ∗R ∼ (2,1) , ψR ≡ σ2ψ∗L ∼ (1,2). (1.18)
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Under charge conjugation the fields behave as

C : ψL → σ2ψ
∗
R , ψR → −σ2ψ∗L, (1.19)

and under parity

P : ψL → ψR , ψR → ψL. (1.20)

This purely left-handed notation for the fermions which we use in most of

this book is especially suited to describe the parity violating weak interac-

tions. For instance the neutrinos appear only as left-handed fields, while the

antineutrinos are purely right-handed. On the other hand, fermions which

interact in a parity invariant way as in QED and QCD, have both left- and

right-handed parts. In that case, it is far more convenient to use the Dirac

four-component notation. The fields ψL and ψR are then assembled in a

four-component Dirac spinor

Ψ =

(
ψL
ψR

)
, (1.21)

on which the operation of parity is well-defined. This is the Weyl repre-

sentation, in which the anticommuting Dirac matrices are (in 2 × 2 block

form)

γ0 =

(
0 1

1 0

)
, γi =

(
0 −σi
σi 0

)
, γ5 =

(
1 0

0 −1

)
.

Since one can generate right-handed fields starting from left-handed ones, it

is enough to consider only polynomials made out of left-handed fields. For

instance, the well-known group-theoretic product rule of the SU2 represen-

tation

2⊗ 2 = 1⊕ 3, (1.22)

tells us that we can build a Lorentz scalar bilinear in the left-handed fields

spin 0 : η̂aLη
b
L , symmetric under a↔ b, (1.23)

where a and b label the fields, or else a space-time tensor bilinear

tensor : η̂aLσ
iηbL , antisymmetric under a↔ b. (1.24)
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On the other hand, one needs both left and right handed fields to generate

the currents

i(η†LηL, η
†
L~σηL) ≡ i η†Lσ

µηL. (1.25)

One can check that their four components transform as (2,2), i.e. like a

four-vector. The invariant actions built out of ηL and ηR are given by

LL =
1

2
η†Lσ

µ↔∂µηL , LR =
1

2
η†Rσ

µ↔∂µηR, (1.26)

representing the kinetic terms of the fermion fields. For charged fermions

which have both left- and right-handed components, the kinetic term is just

the parity-invariant sum of the two, leading to the massless Dirac equation.

Since the action has units of ~, it is dimensionless in our natural system. It

follows that the Lagrangian has units of (length)−4, which is the same as

(mass)4. Since the derivative operator has the dimension of inverse length,

we deduce that the fermion fields have engineering dimension of (length)−3/2.

Two Lorentz invariant spinor bilinears can appear in the Lagrangian. Using

only one left-handed field, we can form only one complex spin-zero combi-

nation, η̂LηL. In order to appear in the Lagrangian, it must be added to

its complex conjugate. It has engineering dimension of (length)−3, and can

enter the Lagrangian density with a prefactor with the dimension of mass.

This type of mass is called the Majorana mass. It is only relevant for neutral

fermions.

For charged fermions, which have independent left- and right-handed

parts, the diagonal Majorana mass term is not allowed because of charge

conservation. However, the off-diagonal Majorana mass is nothing but the

Dirac mass term. To see this, consider the combination

η̂1Lη
2
L = ψ†RψL, (1.27)

where we have made the identifications η1L = σ2ψ
∗
R, η2L = ψL. We can now

form two real combinations

iΨΨ = i(ψ†RψL + ψ†LψR) , Ψγ5Ψ = ψ†RψL − ψ
†
LψR,

corresponding to scalar (Dirac mass) and pseudoscalar combinations, re-

spectively.

Our notation is simply related to that introduced long ago by Van der

Waerden. A left-handed spinor, transforming as the (2,1), is assigned an
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two-valued lower undotted index α, while the right-handed (1,2) spinor is

assigned a two-valued dotted index α̇. Each index can be raised by the

antisymmetric εαβ, or εα̇β̇. Thus the two-spinor singlet

singlet : ψαζβε
αβ = ψαζ

α. (1.28)

In this notation, the Lorentz vectors have both dotted and undotted indices.

1.2.1 PROBLEMS

A. Show that the combination ψL ≡ σ2ψ
∗
L transforms as a right handed

field, given that ψL is left-handed.

B. Given the transformation properties on the fields, show that the current

combinations iη†LσµηL does indeed transform as a four-vector.

C. Show that the kinetic term for a neutrino field is CP invariant. What

happens to the Majorana mass under CP?

1.3 Gauge Fields

Gauge fields and their interactions are introduced through the covariant

derivatives

Dµ = ∂µ + iAµ , (1.29)

where Aµ is a matrix in the Lie algebra G,

Aµ(x) =
N∑
A=1

AAµ (x)TA , (1.30)

and TA are the matrices which generate G; they are hermitian and satisfy

the commutation relations

[TA,TB] = ifABCTC . (1.31)

In the fundamental representation of the algebra, they are normalized as

Tr(TATB) =
1

2
δAB . (1.32)

Under the gauge transformations generated by the unitary matrices
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U(x) = eiω
A(x)TA , (1.33)

the covariant derivatives transform (as their name indicates) covariantly

Dµ → D′µ = UDµU† , (1.34)

leading to the transformations on the gauge fields

Aµ → A′µ = UAµU
† − iU∂µU† . (1.35)

For infinitesimal gauge transformations, these correspond to

δAAµ = −∂µωA − fABCωBACµ . (1.36)

The covariant Yang-Mills field strengths are built from the covariant

derivatives

Fµν = −i[Dµ,Dν ] , (1.37)

= ∂µAν − ∂νAµ + i[Aµ,Aν ] , (1.38)

or in component form,

Fµν = FAµνT
A , (1.39)

FAµν = ∂µA
A
ν − ∂νAAµ − fABCABµACν . (1.40)

The field strengths transform covariantly,

Fµν → UFµνU
† , (1.41)

and satisfy the integrability conditions (Bianchi identities)

εαβγδDβFγδ = 0 . (1.42)

Finally, the Yang-Mills action is given by

SYM = − 1

4g2

∫
d4xTr(FµνF

µν) ; (1.43)

it is invariant under both Lorentz and gauge transformations. The dimen-

sionless Yang-Mills coupling constant g appears in the denominator, but
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it can be absorbed by redefining the potentials Aµ → gAµ, in which case

it reappears in the interaction terms. One may build another quadratic

invariant, ∫
d4xTr(FµνFρσ)εµνρσ . (1.44)

It is easy to show that it does not affect the equations of motion because the

integrand is a total derivative. It also differs from the Yang-Mills action in

its properties under discrete symmetries. In quantum theory, where there

is much more than the classical equations of motion, terms of this type do

play an important role.

The gauge fields couple to matter (fermions, scalars) only through the

covariant derivative, thus insuring gauge invariance. Consider a complex

boson field Φ(x), with components ϕa(x), a = 1, 2, · · · , n, which transforms

according to the n-dimensional representation of a gauge group G. Its cou-

pling to the gauge fields is achieved by simply replacing the normal derivative

by the covariant derivative

∂µϕa → (Dµϕ)a = ∂µϕa + iAAµTA
abϕb . (1.45)

Here the TA are the n × n matrices which represent the Lie algebra in

the representation of the scalar field. The invariant Lagrangian is just the

absolute square

L = (DµΦ)†DµΦ . (1.46)

The coupling to fermions proceeds in the same way, by changing the nor-

mal derivative into the covariant derivative. This can be done equally well

for Weyl and Dirac fermions. This results in the Weyl-Dirac Lagrangian

LWD = f †Lσ
µDµfL , (1.47)

where the left-handed fermion fields f transform as some representation of

the gauge algebra,

fL → f ′L = UfL . (1.48)

One can form a similar Lagrangian for right-handed fields,

LWD = f †Rσ̄
µDµfR , (1.49)
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where the right-handed fields need not transform in the same way as the

left-handed fields. When both helicities transform the same, the theory is

invariant under parity, and it is said to be vector-like; otherwise they are said

to be chiral. Chiral gauge theories run the risk of developing perturbative

anomalies which spoil their renormalizability. Most groups have no such

anomalies, except U(1), SU(n), for n > 2. The standard model is a chiral

theory, which contains a U(1) gauge group. Although it could in principle

be anomalous, it escapes through a remarkable cancellation between quarks

and leptons.

1.3.1 PROBLEMS

A. Show that with the gauge transformation Eq. (1.35), the covariant deriva-

tive does transform as advertised in the text.

B. Show that the quadratic invariant given by Eq. (1.44) is a divergence of

a four-vector. Find its expression in terms of the gauge potentials.

1.4 Spontaneous Symmetry Breaking

First invented by Heisenberg to describe ferromagnetism, spontaneous sym-

metry breaking (SSB) is a ubiquitous phenomenon. It appears in supercon-

ductivity, superfluidity, is the mechanism by which the strong interactions

break chiral invariance, and also describes the breaking of electroweak sym-

metry, to name but a few of its applications.

In quantum mechanics, symmetries play a central role. The dynamics of

a quantum system is determined by the Hamiltonian H whose eigenvalues

describe its allowed energies; to each energy eigenvalue correspond one or

more states which contain the detailed information about the system at that

energy, and satisfy

H|Ψa〉 = Ea|Ψa〉 . (1.50)

If the Hamiltonian is invariant under some symmetry operation represented

by the operator S, then

H → H′ = SHS−1 = H ; (1.51)

if the symmetry is continuous and analytic, we have
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[H, T ] = 0 , (1.52)

where T is any of the generators of the symmetry. In that case, the state

functions S|Ψa〉 belong to the same eigenvalue as |Ψa〉. How does this anal-

ysis apply to the ground state of the system?

The ground state of a physical system is special in the sense that it is

unique. Suppose it were not, and a student finds that the Hamiltonian

he is considering has two states of lowest energy. She may envisage two

possibilities. In the first, she finds that he made a mistake, and closer

scrutiny indicates that there is a non-vanishing transition amplitude between

the two “vacua”. This means that the starting Hamiltonian was not properly

analyzed, and the effect of this transition must be included. This effect

can be subtle, as in tunnelling. Rediagonalization breaks the degeneracy:

the linear combination with a lower energy is the unique ground state. It

could be that no mistake has been made, and there is no physical transition

from one “vacuum” state to the other. Starting with each state, she may

build a tower of excited states, with no physical transitions between the

two towers. These two sets of states span different Hilbert spaces, and

both describe a consistent physical system. In the absence of any criterion

to distinguish them, they must yield the same physics. A trivial example

is the Bohr atom with electron spin included in its kets, but not in the

Hamiltonian, resulting in two non-communicating equivalent Hilbert spaces.

Of course, when immersed in a magnetic field, the two Hilbert spaces mesh

into one, and one unique ground state emerges after diagonalization of the

new Hamiltonian.

Since the ground state |Ω〉 is unique, what then is S|Ω〉 when S is a

symmetry of the Hamiltonian? The first possibility is that the ground state

is invariant under all symmetries, in which case S|Ω〉 = |Ω〉, up to a phase,

that is T |Ω〉 = 0 for infinitesimal generators. This is true for many physical

systems on which the symmetry is then said to be linearly realized. The

symmetry is manifest in the degeneracy of the excited states, and can be

even be deduced from the multiplicity of the degenerate states.

A prototypical example is the degeneracy structure of the states of the

Bohr Hydrogen atom. It has a unique ground state, on which the symme-

try operations are trivial. The first excited state contains four states; one

s-wave, and three p-wave states. The rotation symmetry of the Hamiltonian

is identified by recognizing the degenerate states as representations of the

rotation group. Since there are two different representations of angular mo-

mentum at the first excited level, it hints of a symmetry more general than
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the rotation symmetry. There must be three extra symmetry operations,

each rotating the s-wave singlet into one component of the p-wave triplet.

This symmetry with six generators (three rotations and three “others”) is

the hidden, but well-known, Runge-Lenz symmetry of the Hydrogen atom.

It is identified with the group SO(4), and the four states of the first excited

level act as the components of its four dimensional representation. The

symmetry of the Hamiltonian has been linearly realized on its eigenstates.

However, another possibility may arise. It may happen that under the

action of the symmetry operation on the ground state, a different state is

produced, so that the symmetry generators do not vanish on the ground

state, even though the Hamiltonian is symmetric. If the symmetry is indeed

present in the Hamiltonian, but not on its ground state, the symmetry is said

to be spontaneously broken. The vacuum happens not to be an eigenstate

of the symmetry operations, whose action on the vacuum generates other

states of zero energy. If the symmetry is discrete, there is a finite number

of such vacuum states; when the symmetry operation is continuous and

compact, the action of the symmetry yields a closed family of equivalent

ground states parametrized by the parameters of the symmetry. All of these

vacuum states are equivalent, each belonging to a different Hilbert space.

Since there can be only one state of lowest energy, the resulting physics of

this system must not depend on the angles that parametrize these states.

Since to each possible “ground state” there corresponds an equivalent

physical theory, any one of them can serve as the ground state. This chosen

vacuum state is no longer invariant under the action of the symmetry group;

the symmetry is spontaneously broken, an unfortunate description since the

symmetry is not really broken, just expressed differently. The symmetry is

non-lineraly realized on the states; it is still encoded in the system, but in

a more subtle way. In fact, there is a limit in which one can recover the

symmetry in its linear realization. The degeneracy of highly excited states,

with energies much larger than the energy scale associated with the breaking

of the symmetry, will reflect the original symmetry of the system.

The celebrated example of spontaneous symmetry breaking is the Heisen-

berg ferromagnet, described by a lattice of spins in interaction with one

another. These spins can only take two values; they can be either “up” or

“down”. The Hamiltonian is invariant under the “up-down” symmetry. In

the ground state, the spins are either all aligned or anti-aligned, depending

on the sign of the coupling between the spins. If the anti-aligned configu-

ration is favored, there is no preferred “up” or “down” direction, and the

vacuum preserves the “up-down” symmetry. On the other hand, there are

two possible ground state configurations with all the spins aligned, “up-up”
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and “down-down”. For either choice, the “up-down” symmetry has been

broken, since there is a preferred direction in both configurations. The

Heisenberg Hamiltonian is given by

H = −J
∑
<ij>

σi · σj , (1.53)

where σi = ±, and the sum is over nearest neighbors. It is invariant under a

change of sign of the two spins. For J > 0, the Hamiltonian is at minimum

when all the spins are aligned, breaking the “up-down” invariance. In this

example, the broken symmetry is discrete, but it is not hard to generalize

the model to continuous symmetry by replacing the elementary spins by

normalized three-dimensional spin vectors at each site, ~Si.

We are primarily interested in describing spontaneous breaking in the

context of field theory. To do so, we start with a simple system with an

Abelian symmetry, a complex scalar field φ(x), with Lagrangian

L = ∂µφ
∗∂µφ− V (φ∗φ) , (1.54)

where the potential is chosen to be of the form

V (φ∗φ) = λ(φ∗φ− v2

2
)2 ; (1.55)

This Lagrangian is clearly invariant under the U(1) transformation

φ→ eiαφ , (1.56)

where α is a constant phase. Using Noether methods, we obtain a conserved

current

jµ = iφ∗
↔
∂µφ , ∂µj

µ = 0 . (1.57)

The field configurations which yields a minimum energy density are con-

stant in space time; otherwise the kinetic energy term would give a positive

contribution. Its actual values are determined by minimizing the potential,

φ∗φ =
v2

2
. (1.58)

There are therefore an infinite number of possible vacuum field configura-

tions, all with zero energy,
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φ0 =
1√
2
veiθ , (1.59)

each labelled by an angle θ. Since the symmetry is compact, they form a

closed circle of states. We note that while the continuous phase symmetry

is broken by these configurations, the vacuum condition leaves one discrete

symmetry,

Φ0 → −Φ0 , (1.60)

so that the angle θ is defined modulo π. We expand the field away from this

minimum configuration

φ(x) =
1√
2
ei
ξ(x)
v (v + ρ(x)) , (1.61)

a parametrization introduced by Kibble. The phase θ has been absorbed in

the definition of the field ξ(x). Rewriting the Lagrangian in terms of these

new fields, we obtain

L =
1

2
∂µρ∂

µρ+
1

2
∂µξ∂

µξ(1 +
ρ

v
)2 − 1

2
m2ρ2 − λ

4
ρ4 − vλρ3 . (1.62)

We recognize kinetic terms for two fields, ρ(x) and ξ(x). The first has a mass

m = v
√

2λ, the second is massless. The minimum of the energy density now

corresponds to zero values for both fields. The Lagrangian is invariant under

the constant shift

ξ(x)→ ξ(x) + θ , (1.63)

with the ρ field unchanged. This shift is in one-to-one correspondance with

the original U(1) phase symmetry. Its linear realization on φ is replaced by

a non-linear realization (by a shift) on the massless ξ field, which represents

the Nambu-Goldstone boson. The invariance of the Lagrangian under a

constant shift indicates that all vacua differing by their value of θ are indeed

physically equivalent.

The Nambu-Goldstone boson couples to itself and to the other field in

a very special way, restrited by the shift invariance. To see it, we rewrite

(after integration by parts) the coupling of the Nambu-Goldstone boson in

the more transparent form
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Lint = −1

v
ξ(x)∂µj

µ(x) , (1.64)

since the current is just

jµ = −v(1 +
ρ(x)

v
)2∂µξ(x) . (1.65)

Under a constant shift of the Nambu-Goldstone field, the Lagrangian density

picks up a total divergence, which does not affect the equations of motion.

This is a general feature: Nambu-Goldstone bosons couple to the divergence

of the current that was broken, with strength proportional to the inverse of

the scale of breaking, v. It is the dynamical variable associated with the

angle that parametrizes the continuous circle of minima.

It is instructive to verify that these features generalize when we add

fermions. This is done through the Yukawa coupling

LY u = yχ†L(x)χR(x)φ(x) + c.c ; (1.66)

invariance is retained as long as the fermions transform as

χL → e−iαχL ; χR → χR . (1.67)

It is a bit more involved to show that the NG boson still couples to the

divergence of the current, and we leave it as a problem.

In generalizing this discussion to non-Abelian symmetries, we find the

mathematics to be slightly more involved, but the conclusions to be the same

as in the Abelian case. To each broken continuous symmetry corresponds

a massless Nambu-Goldstone boson, which couples to the divergence of the

broken current. One new feature is that generally not all the continuous

symmetry is spontaneously broken, and it is sometimes tricky to identify

the unbroken symmetry.

To study this case, we consider the example of a real field Φ(x), with

components ϕa(x), a = 1, 2, . . . , N , with interactions described by the La-

grangian

L =
1

2
∂µϕa∂

µϕa − V (ϕaϕ
a) , (1.68)

where the sum over a is implicit. It is clearly invariant under the transfor-

mations
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Φ→ Φ′ = RΦ(x) , (1.69)

where R is a constant rotation matrix

R = ei
~θ·~T , RRt = 1 , (1.70)

written in terms of the N(N − 1)/2 antisymmetric real matrices TA that

generate the Lie algebra of SO(N). To each of these generators corresponds

a conserved current

JAµ = iΦtTA↔∂µΦ , ∂µJAµ = 0 . (1.71)

The potential is chosen to be

V = λ(ΦtΦ− v2

2
)2 , (1.72)

so as to produce an infinite number of minimum field configurations written

in the form

Φ0 =
1√
2
ei
~θ·~K


0
...

0

v

 . (1.73)

The vacuum expectation value v has been aligned along the Nth component

of the vector; this entails no loss of generality, since it can always be aligned

this way by a suitable rotation. The vacuum value of Φ clearly singles out

one direction in the N dimensional internal space. It breaks the SO(N)

symmetry, but all rotations in the (N − 1)-dimensional plane perpendicular

to that direction are left invariant. The generators of the (N − 1) broken

symmetries are denoted by ~K. The vacuum configuration depends on the

(N − 1) angles which parametrize these broken rotations. The generators of

SO(N) can be decomposed in two classes

~T = ~K⊕ ~H , (1.74)

where the generators ~H generate the Lie algebra of the unbroken subalgebra,

SO(N − 1),

[Ha, Hb] = ifabcHc , a, b, c,= 1 · · · , (N − 1)(N − 2)

2
, (1.75)
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and the Ki, i = 1, · · · , N − 1 no longer form a Lie algebra, and transform

as a (N − 1) vector under the unbroken symmetry, SO(N − 1). They span

a space called the coset space. Their commutators yield generators of the

unbroken subalgebra. Symbolically we may write

[H,H] ⊂ H ; [H,K] ⊂ K ; [K,K] ⊂ H . (1.76)

Note that the generators of the unbroken subalgebra vanish on the vacuum.

The coset generators do not vanish on the vacuum, although their commu-

tators do.

We expand Φ(x) away from its vacuum configuration à la Kibble,

Φ(x) = 1√
2
ei
~ξ
v
·~K


0
...

0

v + ρ(x)

 , (1.77)

≡ 1√
2
U(x)(v + ρ(x))n0 , (1.78)

where n0 is a unit vector pointing along the Nth direction. As before the

potential is simply written in terms of the ρ field alone,

V =
1

2
m2ρ2 +

λ

4
ρ4 + vλρ3 . (1.79)

The kinetic part of the Lagrangian yields

1

2
∂µρ∂

µρ+
1

2
∂µξ

i∂µξj(1 +
ρ

v
)2nt0

∂

∂ξi
U†

∂

∂ξj
Un0 , (1.80)

which again exhibits the canonical kinetic term for the ρ field. The indices

i, j run over the (N − 1) dimensions of the coset. The kinetic piece for the

ξi fields can be simplified considerably. For a general group element

U = ei
~θ·~T , (1.81)

it can be shown that

∂

∂θA
U = iUXABTB , (1.82)

where the indices A,B run over the whole algebra, where the matrix X is

given by
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XAB = δAB +
1

2!
(~θ · ~F )AB +

1

3!
((~θ · ~F )2)AB + · · · , (1.83)

where the FA are the antisymmetric matrices that represent the algebra in

its adjoint representation; they are simply related to the structure functions

(FA)BC = −ifABC . (1.84)

It follows that

∂

∂θA
U† = −iTBX−1BAU† , (1.85)

Applying these to the case in hand, we obtain

nt0
∂

∂ξi
U†

∂

∂ξj
Un0 = X−1li Xjkn

t
0K

lKkn0 ,

= X−1CiXjDδ
CD = δij ,

since the unbroken group generators vanish on the unit vector n0. Thus the

full Lagrangian looks much the same as in the Abelian case,

1

2
∂µρ∂

µρ+
1

2
(1 +

ρ

v
)2∂µξ

i∂µξi −
1

2
m2ρ2 − λ

4
ρ4 − vλρ3 . (1.86)

The only difference is that there are now as many Nambu-Goldstone bosons

as there are broken symmetries, and we have invariance under (N − 1)

constant shifts

ξi(x)→ ξi(x) + θi . (1.87)

These invariances are made obvious made manifest by writing the cou-

plings of the Nambu-Goldstone bosons in terms of the divergence of the

broken currents,

Lint =
1

v
ξi(x)∂µJ iµ(x) = −1

v
J iµ(x)∂µξi(x) , (1.88)

where we have integrated by parts, and dropped the surface terms. In this

case, we see that the unbroken symmetry SO(N − 1) is realized linearly

on the Nambu-Goldstone bosons which transform as a (N − 1)-dimensional

vector,
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Ξ(x)→ ei
~θ·~KΞ(x) , (1.89)

where Ξ is the vector with components ξ(x). The number of degrees of

freedom has not changed; we started with N fields, and we end up with

(N − 1) massless Nambu-Goldstone bosons and one massive Higgs boson.

This form of the interaction between the Nambu-Goldstone bosons and

the curents is quite suggestive, when compared to the interaction of a gauge

field and the same current.

Suppose we gauge the starting symmetry, in this case SO(N). We expect

as many gauge potentials as there are generators of SO(N). They interact

with the currents JAµ via the interaction term

Lint = gAAµJ
Aµ . (1.90)

By comparing Eqs. (1.88) and (1.90) for the broken directions, we note

that the interaction term of the Nambu-Goldstone bosons can be cancelled

exactly by performing the gauge transformation

δAiµ = −1

g
∂µξ

i + f ijkAjµξ
k . (1.91)

Hence the Nambu-Goldstone bosons are to be viewed as gauge artifacts.

They no longer correspond to physical particles, since they can be absorbed

by redefining the gauge fields. Each gauge field that corresponds to a broken

symmetry acquires an extra degree of freedom, and becomes massive, to keep

the description relativistic.

In order to see exactly what happens, we start from the Lagrangian density

(1.68), with the normal derivative replaced by the covariant derivative

∂µΦ→ (∂µ + igAµ)Φ , (1.92)

with

Aµ = TAAAµ ,

where the N ×N matrices TA generate the Lie algebra of SO(N). We now

simply retrace the steps starting with the vacuum configuration (1.73).

The only difference is that the covariant derivative on the vacuum con-

figuration leaves behind a term linear in those gauge potentials associated

with the broken generators
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DµΦ =
(
∂µ + igAiµ(x)Ti

) v + ρ(x)√
2

n̂0 . (1.93)

When squared in the Lagrangian, these yield a mass term for these gauge

fields which correspond to the broken directions. This is the Higgs mech-

anism: the gauge potential associated to each broken generator becomes

massive, after “eating” the Nambu-Goldstone boson, which then serves as

its third degree of freedom. The gauge potentials along unbroken directions

stay massless. The advantage of giving a mass to the gauge bosons in this

particular way is that it does not affect the ultraviolet properties of the the-

ory. This is equivalent to the solid state case where spontaneous symmetry

breaking, being a property of the vacuum is more apparent on states near

the vacuum and become less relevant for the highly excited states. Thus a

spontaneously broken gauge theory has the same renormalizability proper-

ties as an unbroken one.

1.4.1 PROBLEMS

A. When fermions are added in the Abelian model with the Yukawa coupling

of Eq. (1.66) find the new expression for the current and show that the

Nambu-Goldstone boson still couples to the divergence of the broken current.

B. Show that the vacuum configuration Φ0 is left invariant by SO(N − 1)

rotations.

C. Verify the form of the X matrix given by Eq. (1.83), and show that

the kinetic term for the Nambu-Goldstone bosons is indeed invariant under

constant shifts.

D. 1-) Show that, in the Non-Abelian case, the couplings of the Nambu-

Goldstone bosons can be expressed solely in terms of the divergences of the

currents associated with the broken generators.

2-)Add to the theory a set of N left- and right-handed fermions which

transform as the vector representation of SO(N). Write an SO(N) invariant

Yukawa coupling of these fermions to the Higgs. Show that the Nambu-

Goldstone bosons still couple to the divergences of the broken currents.
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1.5 Group Theory

This section summarizes the essentials group-theoretic facts the reader will

need to follow some of the material in this book. Much of it follows the

presentation that can be found in R. Slansky, Phys. Reports 79, 1(1981).

Continuous groups of physical interest are generated by Lie algebras. The

semisimple Lie algebras, classified by Cartan a century ago, come in four in-

finite families, An, Bn, Cn, Dn, n = 1, 2..., and in five exceptional algebras,

G2, F4, E6, E7, E8. The subscript denotes the the rank of the algebra, the

number of its commuting generators. Here follows a brief description:

• The unitary series, An , n = 1, 2, · · ·, is called SUn+1 by physicists. This

Lie algebra is generated by the n2−1 independent n×n traceless hermitian

matrices. They generate transformations that leaves the real quadratic form

z∗1z1 + z∗2z2 + · · ·+ z∗nzn , (1.94)

invariant, where the zi are complex numbers. Acting on the complex n-

dimensional vector, these transformations are represented by unitary matri-

ces. They are expressed as exponentials of i times hermitian matrices

U(θA) = eiθATA , (1.95)

where θA are real parameters, A = 1, 2, . . . , n2 − 1, and

U † = U−1 → TA† = TA . (1.96)

• The infinite orthogonal series which generates transformations that leave

the quadratic form

x21 + x22 + · · ·+ x2n , (1.97)

invariant, where the xi are real numbers. These transformations are repre-

sented by orthogonal real matrices which are exponentials of antisymmetric

hermitian n× n matrices. There are n(n− 1)/2 such matrices.

U(ωA) = eiωATA , (1.98)

where the ωA are the n(n− 1)/2 real rotation angles, and

UT = U−1 → TA† = TA . (1.99)
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These transformations are called SOn by physicists. However they have

very different structure depending on whether n is even or odd. Accord-

ingly, mathematicians split them up in two infinite series, Bn and Dn, cor-

responding to SO2n+1 and SO2n, with n(2n + 1) and n(2n − 1) generators

respectively. While identical in their tensor representations, their spinor

representations are very different. Each Bn has one real fundamental spinor

irreducible representation (irrep). Dn have two fundamental spinor irreps;

for n even they are real, and for n odd they are conjugate of one another.

• The symplectic series Cn, which we denote by Sp2n generate transfor-

mations that leave invariant the real antisymmetric quadratic form

n∑
i,j

xiJijyj , (1.100)

with the antisymmetric matrix J given by

J =

(
0 I

−I 0

)
, (1.101)

where I is the unit matrix in n dimensions. Symplectic transformations are

represented by symmetric 2n× 2n real matrices with n(2n+ 1) parameters.

• There are five exceptional Lie algebras, G2, F4, E6, E7, E8, with dimen-

sions 14, 26, 78, 133, and 248, respectively. It is not as easy to characterize

the groups generated by these algebras as they leave invariant not only

quadratic but also higher-order polynomials.

All these Lie algebras have common features as they consist of da hermi-

tian matrices TA, A = 1, 2..., da, which satisfy an algebra of the form

[TA,TB] = ifABCTC , (1.102)

implying that these matrices must be traceless. The real antisymmetric

fABC are called the structure functions of the algebra. Since matrices nat-

urally satisfy the Jacobi identity

[TA, [TB,TC ]] + [TB, [TC ,TA]] + [TC , [TA,TB]] = 0 , (1.103)

it follows that the fABC obey the relations

fADEfBCD + fBDEfCAD + fCDEfABD = 0 . (1.104)
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We can therefore define a da × da matrix

(TC)AB ≡ −ifABC , (1.105)

which satisfies the same Lie algebra. These matrices form a real representa-

tion of the Lie Algebra in a da-dimensional vector space called the adjoint

representation; its dimension is equal to the number of generators. Each Lie

algebra has its own unique adjoint representation.

Lie algebras can also be represented in different finite-dimensional Hilbert

space, in infinitely many ways. The properties of these representations are

the starting point for physical applications. Each representation is labelled

by a number of invariant combinations of the generators, called Casimir

operators; a Lie algebra of rank l contains l Casimir operators. The TA
r

matrices which represent the algebra in the r representation satisfy a nor-

malization condition

Tr(Tr
ATr

B) = Crδ
AB , (1.106)

where the coefficient Cr is called the Dynkin index of the representation. By

multiplying by δAB and summing over A,B, we find

drC
[2](r) = Crda , (1.107)

where dr is the dimension of the representation, da is the number of genera-

tors of the Lie algebra, and C [2](r) is the quadratic Casimir operator of the

representation r, defined through

da∑
A

TATA = C [2](r)I , (1.108)

where I is the dr × dr unit matrix. The Dynkin index is the first of the

group-theoretic numbers associated with each representation. We single it

out because of its importance in physical applications.

Representations can be multiplied together to yield other representations.

An elementary example is that of vector multiplication. A real vector in

three dimensions transforms as the 3 representation of the orthogonal group

SO(3). We learn in high school that, given two vectors, we can either form

another vector by taking their antisymmetric (cross) product, or form a

rotation invariant by taking their symmetric dot product, or else form a

five-component symmetric traceless second rank tensor (quadrupole). In

group-theoretic terms, this would simply read
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3⊗ 3 = 3A ⊕ (5⊕ 1)S . (1.109)

Each algebra has a fundamental representation out of which one can generate

all of its representations by repeatedly taking their (Kronecker) product.

There is a useful graphical way to represent group-theoretic numbers as-

sociated with any representation. We represent the r representation by a

solid line, and the adjoint representation by a wavy line. The matrices in

the representation r can then be written as a vertex between two solid lines

and a wavy line:

i j

i j
ij

δ

δ

T
ij

B

AB

A

A

A

The Dynkin index is represented by the vacuum polarization

A B

r

This graphical representation provides an easy way to deduce the Dynkin

index of other representations. The Dynkin indices of two representation r

and s of dimensions dr and ds are related to that of the compound r ⊗ s

reducible representation through

Cr⊗s = drCs + dsCr , (1.110)

which can be understood graphically
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= +

x

s s

rsr r

To derive this, we have used two facts: a closed line without any external

line is equal to the dimension of the representation, and a closed loop with

one adjoint external line is zero, since the matrices are traceless. We can go

further and compute the Dynkin index of the symmetric or antisymmetric

products of representations, using our graphical representation.

Consider the group SUn. It is represented in a complex n-dimensional

vector space by one-half times the Gell-Mann matrices, λA. Thus

Tr

(
λA

2

λB

2

)
=

1

2
δAB , (1.111)

so that the Dynkin index of the fundamental representation is Cn = 1
2 ,

independent of n. One can check that the matrices −(λA)t/2 represent the

algebra in the conjugate representation, n, so that Cn = Cn̄. It is now

easy to deduce the Dynkin index of the adjoint representation n2 − 1 which

appears in the product

n⊗ n = (n2 − 1)⊕ 1 . (1.112)

The composition law yields

Cn2−1 = Cn⊗n̄ = n
1

2
+ n

1

2
= n . (1.113)

One can proceed to build the indices of other representations using this tech-

nique. This graphical construction can be extended to diagrams with more

than two wavy lines. Consider the case of three wavy lines. This corresponds

to the symmetric product of three adjoint representations; algebraically

Tr(TA
r TB

r TC
r ) = Ard

ABC . (1.114)

For most Lie algebras, it is zero, because the symmetric product of three

adjoint representations does not contain an invariant. It is only for the

unitary series SU(n) with n ≥ 3 that it does not vanish (as well as for the
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Abelian algebra U(1)). It is a number, called the anomaly number associated

with every representation. Our graphical rules give us an easy way to derive

its composition law

+s s

r s r r 

=

x

One uses the fact that all three wavy lines must connect to the same inter-

nal line, to find the composition law for the symmetric and antisymmetric

products of representations (see problem). Applying this to SU(3),

3⊗ 3 = 3̄A ⊕ 6S , (1.115)

it is easy to show that the anomaly of the triplet is minus that of the an-

titriplet. We can proceed to deduce that the anomaly of the real adjoint

representation is zero. In fact these results generalize: the anomaly of any

representation is equal to minus that of its conjugate, and thus it is zero for

real representations.

One may apply this construction to diagrams with many external ad-

joint lines. We leave this as an exercise. The nice feature is that one gets

composition rules for higher indices that are independent of the algebra.

While we have proceeded by giving salient examples, it is clear that a more

systematic approach to the study of the representations of Lie algebras is

warranted. While many techniques can be found in the literature, they are

often patterned after a particular algebra,. Below we present the method of

Dynkin, as the most general and simplest way to study the representations

of Lie algebras.

1.5.1 Dynkinese

The essence of this approach is to summarize the relevant properties of all

Lie Algebras, using only two-dimensional diagrams, called Dynkin diagrams.
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We present only the necessary mathematical facts, leaving proofs to more

learned texts. Any Lie algebra of rank l contains l commuting generators,

Hi, i = 1, . . . , l,

[Hi, Hj ] = 0 , H†i = Hi . (1.116)

The remaining (da − l) generators of the algebra split in two conjugate

groups. These are the Eα, labelled by a l−dimensional root vector,

α = (α1, α2, . . . , αl) , (1.117)

which satisfy

[Hi, Eα] = αiEα . (1.118)

The remaining are their conjugates

E†α = E−α , (1.119)

so that −α is also a root. We have the further commutation relations

[Eα, E−α] = αiHi , (1.120)

where the αi are related to the components of the root vector by the metric

gij ,

αi ≡ gijαj . gijgjk = δik (1.121)

Finally, we have

[Eα, Eβ] =

{
0 if α+ β is not a root ,

NαβEα+β if α+ β is a root .
(1.122)

Thus a Lie algebra is characterized by its root vectors, the metric function,

and the coefficients Nαβ.

To see that this abstract notation is actually very physical, consider

SU(2) = A1, with its generators represented by the Pauli spin matrices.

The rank is one, and we identify

H1 = T3 =
1

2

(
1 0

0 −1

)
,

as well as
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Eα = T1 + iT2 =

(
0 1

0 0

)
, E−α = T1 − iT2 =

(
0 0

1 0

)
.

The commutation relations are

[H1, E±α] = ±E±α , (1.123)

so that there are two one-dimensional roots, one is positive, α = 1, and

the other negative, α = −1. Physicists recognize Eα as the ladder operator

which raises the magnetic quantum number by one unit. Since

[Eα, E−α] = 2H1 , (1.124)

the metric is gij is just δij/2. This easily generalizes to our next example

SU(3) = A2. Here we have two commuting generators, H1 and H2. In the

3 representation, they are given by the diagonal Gell-Mann matrices

H1 =
1

2

 1 0 0

0 −1 0

0 0 0

 , H2 =
1

2
√

3

 1 0 0

0 1 0

0 0 −2

 .

The other generators are given by matrices which have only one non-zero

entry in the off-diagonal position; there are six such generators, three rep-

resented by upper diagonal (nilpotent) matrices,

Eβ1
=

 0 1 0

0 0 0

0 0 0

 , Eβ2
=

 0 0 1

0 0 0

0 0 0

 , Eβ3
=

 0 0 0

0 0 1

0 0 0

 .

The other three, represented by lower diagonal matrices, correspond to the

negative roots E−βi . The commutation relations yield the three root vectors

β1 = (1, 0) , β2 = (
1

2
,

√
3

2
) , β3 = (−1

2
,

√
3

2
) , (1.125)

with the other three roots given by their negatives. A simple computation

shows that the metric is also one-half times the unit matrix. It is instructive

to plot these roots in the H1 −H2 plane
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H

H
2

1

The choice of a convenient basis to express these roots is not obvious. Since

half of the roots are the negative of the others, let us first split them in

positive roots and negative roots. We define positive roots as those for which

the first non-zero component is positive. Clearly the three positive roots β1,

βb2, and −β3 are not all independent, and we can express

β1 = β2 + [−β3] , (1.126)

in such a way that the expansion coefficients are positive (and in this case

equal) integers. The two roots β2 ≡ α1, and −β3 ≡ α2, are called the

simple roots. There are as many simple roots as the rank of the algebra;

they form a basis, called the α-basis, for the root space. Their properties

characterize the algebra. In SU(3), for example, the two simple roots have

the same length, and from

gij(α1)i(α2)j ≡ α1 ·α2 = −1 , (1.127)

the angle between them is 120◦, as can easily be seen from the root diagram

above. All this information about the simple roots is contained in the 2× 2

Cartan matrix

Aij ≡ 2
αi ·αj
αj ·αj

, (1.128)

which for SU(3) is just

(
2 −1

−1 2

)
.

This matrix is clearly independent of the basis in which we have expressed
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the simple roots. We can introduce another convenient basis, called the

ω-basis, defined by the relations

2
ωi ·αj
αj ·αj

= δij . (1.129)

In the case of SU(3), the ω vectors are given by

ω1 = (
1

2
,

1

2
√

3
) , ω2 = (

1

2
,− 1

2
√

3
) . (1.130)

The relation between the two bases can be written in the form

α1 = 2ω1 − ω2 , α2 = −ω1 + 2ω2 , (1.131)

so that the expansion coefficients are the rows of the Cartan matrix.

Finally we mention a third basis, called the orthonormal basis, in which

the simple roots are conveniently expressed. Introduce three orthonormal

vectors in a 3-dimensional space, ei, i = 1, 2, 3, such that (ei, ej) = δij .

Then we have

α1 = e1 − e2 , α2 = e2 − e3 . (1.132)

Let us apply this notation to the case of SU(4) = A3. This rank-three al-

gebra has three commuting generators, represented in its fundamental com-

plex 4-dimensional representation by the traceless diagonal matrices,

H1 =
diag

2
(1,−1, 0, 0) , H2 =

diag

2
√

3
(1, 1,−2, 0) , H3 =

diag

2
√

6
(1, 1, 1,−4) .

There are twelve ladder operators associated with the six root vectors and

their negatives. The first three are the same as in SU(3),

β1 = (1, 0, 0) , β2 = (
1

2
,

√
3

2
, 0) , β3 = (−1

2
,

√
3

2
, 0) ,

with the rest given by

β4 = (
1

2
,

1

2
√

3
,

√
2

3
) , β5 = (−1

2
,

1

2
√

3
,

√
2

3
) , β6 = (0,− 1√

3
,

√
2

3
) .

The six positive roots are β1, β2, − β3, β4, − β5, − β6. As for SU(3),
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some positive roots are linear combinations of three with positive (and in

this case also equal) integer coefficients:

β1 = [−β3] + β4 + [−β6] , β2 = β4 + [−β6] , [−β5] = [−β3] + [−β6] .

So we identify three three simple roots

α1 ≡ −β3 , α2 ≡ −β6 , α3 ≡ β4 . (1.133)

Other properties are also similar: they have the same length, and the

angle between α1 and α2, α2 and α3 is 120◦; however, the angle between

α1 and α3 is 90◦. For SU(4), the Cartan matrix is then

 2 −1 0

−1 2 −1

0 −1 2

 .

The ω-basis vectors are related to the α-basis by

α1 = 2ω1 − ω2 ,

α2 = −ω1 + 2ω2 − ω3 , (1.134)

α3 = −ω2 + 2ω3 .

The orthogonal basis spans a four-dimensional space with

α1 = e1 − e2 , α2 = e2 − e3 , α3 = e3 − e4 . (1.135)

By now the pattern should be obvious. The Cartan matrix contains a

lot of information, and Dynkin devised a convenient way to describe its

properties by means of a two-dimensional diagram. There, a simple root is

entered as a dot. Two simple roots at 120◦ are joined by a single line. Dots

not directly connected turn out to be at at 90◦ to one another. These rules

produce the Dynkin diagram for the SU(n + 1) algebras, as a linear chain

of dots connected by a single line.
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1

1

2

2 3

SU

SU

SU

2

3

4

1

The symmetric n×n Cartan matrix associated with the Lie algebra SU(n+1)

has integer or zero coefficients, given by


2 −1 0 · · · 0

−1 2 −1 · · · 0

0 −1 2 −1 · · 0

· · · · · · ·
0 0 0 · · −1 2

 .

Notice that most simple roots are perpendicular to one another.

Dynkin found that the same procedure could be generalized, allowing him

to draw a specific Dynkin diagram for each Lie algebra.

This is made possible by the following facts about simple roots which we

quote without proof:

– The angle between two simple roots can only be 90◦, 120◦, 135◦, or 150◦.

– Two simple roots at 120◦ have the same length.

– Two simple roots at 135◦ have a 1 :
√

2 length ratio.

– Two simple roots at 150◦ have a 1 :
√

3 their length ratio.

– All positive roots can be expressed as linear combinations of the simple

roots with positive integer coefficients.

These facts about Lie algebras motivated Dynkin to associate to any Lie

algebra, two-dimensional diagrams, according to the following rules:

– Associate with a short simple root a filled dot: •.

– Associate with a long simple root an empty dot: ◦.

– Connect the dots of two simple roots by a single line if they are at 120◦ .

– Connect the dots of two simple roots by two lines if they are at 135◦.
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– Connect the dots of two simple roots by three lines if they are at 150◦.

–Two simple roots not directly connected to one another are necessarily

perpendicular.

This produces the following Dynkin diagrams for all the semi-simple Lie

Algebras:

1 2 n-1 n

= SU

1

1 2 n

1 2 n-1

n

n-1

n-3 n-2

1 2

A

nB

C
n

= Sp
2n

D
n

G
2

1 2 43

F
4

1 3 52 4

6

E
7

2 3 4 5 6

1

1

7

1

8

2 3 4 5 6 7

E

E

8

6

n+1n

2n
= SO

2n+1
S O=

2 n-1 n

It is straightforward to simply read-off the Cartan matrix from the Dynkin

diagram. Another immediate consequence is that there are many redundant

diagrams for low rank algebras. In particular we see that there is only one
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algebra of rank one, since its Dynkin diagram is just one dot. This yields

the following equivalences between Lie algebras

A1 = B1 = C1 . (1.136)

Although these Lie algebras are strictly equal, the groups they generate are

not. For instance, the spinor representation of the rotation group is double

valued, so that we say SO3 = SU2/Z2. Finally for algebras of rank two and

three, we have the equivalences

B2 = C2 ; D2 = A1 +A1 ; A3 = D3 . (1.137)

We also note that many diagrams display discrete symmetries; their signifi-

cance will become clear later.

However, the information displayed by these diagrams does not allow us

to reconstruct the full root diagram of the algebra. For instance, the Dynkin

of SU(3) tells us, from the number of dots that there are two roots of zero

length, in addition to two simple roots of equal length at 120◦ from one

another. The determine the other roots, we only have two facts: 1-) the

negative of every root is itself a root, and 2-) the remaining positive roots

are linear combinations of the two simple roots with integer coefficients of

the same sign, but the Dynkin diagram does not tell us the values of these

coefficients, nor the number of positive roots. Additional information must

be provided to develop an algorithm to determine these coefficients.

1.5.2 Representations

Consider any state within a representation of a Lie algebra of rank l. It

can be labelled by a set of l numbers, the eigenvalues of the commuting

generators, which can be thought of as the coordinates of an l-dimensional

vector, Λ, called the weight of the state. In the adjoint representation, the

weight vectors are nothing but the roots of the algebra.

The action of a ladder operator associated with a root α on any state of

weight Λ simply produces a different state labelled by a new weight vector

Λ′ = Λ +α . (1.138)

As a result, we can think of any representation as a collection of weights,

differing from one another by the roots of the algebra. We can express the

weights in any basis we choose. In terms of the basis of simple roots, we

have
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Λ = 2
l∑

i=1

λi
αi

αi ·αi
, (1.139)

where the λi describe the weight in the dual basis. The factor of 2 is tradi-

tional. Dynkin introduced a different basis with components

ai = 2
Λ ·αi
αi ·αi

, (1.140)

from which we see that

Λ =
l∑

i=1

aiωi , (1.141)

which are the expansion coefficients of the weight in the ω basis. We also

have

ai = 2
l∑

i=1

λ̄j
Aji

αj ·αj
. (1.142)

For the jth simple root, λi = δij : the components of the simple roots in the

Dynkin basis are integers since they are just the rows of the Cartan matrix.

The other roots, being combinations of these with integer coefficients, have

themselves integer components in this basis. In the Dynkin basis, all weights

in the adjoint representation have integer coordinates.

It can be shown that this is true for all representations, that is all weights

have integer coefficients in the Dynkin basis. It follows that any state within

a unitary irreducible representation can be labelled by a set of l integers,

(a1, a2, . . . , ak, . . . , al): any weight can be represented by integers associated

with the dots of the Dynkin diagram. We need only agree on a numbering

convention to order these integers according to the sequences of the Dynkin

diagrams.

This labelling does not tell us which representation the state belongs to;

for example, the Dynkin label of states for spin SU(2) is just twice the

magnetic quantum number, and we know that states with Dynkin label (1),

meaning j3 = 1/2, occur in all half-integer spin representations. This exam-

ple gives us the clue to identify the representation, as each representation

of SU(2) has only one state which has the maximum allowed value of the

magnetic quantum number. It is the state |j, j3 = j〉 that is annihilated
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by half the ladder operators. This feature generalizes to all unitary rep-

resentations: each has exactly one state where the commuting generators

have their maximum allowed eigenvalues, which are zero or positive . This

state is called the highest weight state; it uniquely labels unitary irreducible

representations with l positive or zero integers.

Conversely, any set of positive (or zero) integers uniquely labels a rep-

resentation of the algebra. In the weight space, these weights are confined

to being inside (or at the boundary if some highest weight components are

zero) a region bounded by the l vectors ωi. The inside of this region is

called the fundamental Weyl chamber of the weight space. For SU(3), it

is the sliver bounded by the two vectors (1/2, 1/2
√

3) and (0, 1/
√

3). This

region of weight space can be mapped into the whole weight space by the

action of a discrete group of transformations, called the Weyl group. Each

Lie algebra has its own characteristic Weyl group. For SU(3), it is S3, the

permutation group on three objects. Its action can be described in terms

of reflections about the ω-basis vectors. Any weight inside the fundamental

Weyl chamber is called a dominant weight. Under the action of the Weyl

group, it is taken into a finite number of weights all outside the fundamen-

tal chamber (since they are reflections about its boundaries). This set of

weights is called the Weyl orbit, which is a closed in weight space. Thus we

may view the whole weight space as an infinite number of non-intersecting

Weyl orbits, each with one dominant weight in the fundamental chamber.

For example the adjoint (octet) irrep of SU(3) has highest weight state with

Dynkin label (1, 1). Under S3, this weight goes around its Weyl orbit of six

weights. The other two states of the adjoint have Dynkin label (0, 0); they

are at the origin of the Weyl cone, and are their own orbit. We can infer

from this example the general anatomy of any irrep: it contains its highest

weight state once, together with its Weyl orbit; it also contains a set of dom-

inant weights, with their Weyl orbits; there can be several copies of the same

dominant weight within one irrep. Thus in order to compute the content of

the irrep, we need only know its dominant weights and their multiplicities.

This method for describing irreps is favored in the mathematical literature,

and we mention it to add to the (not inconsiderable) erudition of the reader.

We now proceed with our description of irreps along more conventional

lines, essentially by acting the lowering operators on the highest weight

state. This is done by subtracting from it the positive simple roots until one

reaches either the negative of the highest weight for a real representation, or

the negative of its conjugate for a complex representation. A weight that is

obtained by k subtractions from the highest weight, is said to be at the kth

level of the representation. The number of levels is called the height of the
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representation. The height of any representation can be computed, using

the level vector R = (R1, R2, . . . , Rl) which depends on the algebra, not the

representation. It is given by

T =
l∑

i=1

Riai , (1.143)

where (a1 a2 · · · al) is the highest weight, used to label a representation of

a Lie algebra. The level vectors for the different Lie algebras are given by

An : [n, 2(n− 1), . . . , (n− 2)3, (n− 1)2, n] ,

Bn : [2n, 2(2n− 1), . . . , (n− 1)(n+ 2), n(n+ 1)/2] ,

Dn : [2n− 2, 2(2n− 3), .., (n− 2)(n+ 1), n(n− 1)/2, n(n− 1)/2] ,

Cn : [2n− 1, 2(2n− 2), . . . , (n− 1)(n+ 1), n2] ,

G2 : [10, 6] , F4 : [22, 42, 30, 16] ,

E6 : [16, 30, 42, 30, 16, 22] , E7 : [34, 66, 96, 75, 52, 27, 49] ,

E8 : [92, 182, 270, 220, 168, 114, 58, 136] . (1.144)

Note that for SO(2n) (SO(2n + 1)), the last two (one) components break

the pattern.

To make the construction of representations even simpler, Dynkin proved

that the distribution of weights in any representation is spindle-shaped so

that the number of weights at the kth level is the same as that of the (T−k)th

level.

By definition, adding any positive simple root to the highest weight state

does not produce another weight, while substracting a simple root does

yield another state. For example the action of J− on |j, j〉 yields, up to

normalization, the state |j, j − 1〉. In the Dynkin language, this translates

as: the Cartan matrix, 2, gives the value of the one dimensional simple root,

thus starting with the representation with highest weight (1), we obtain

another weight within the representation by substracting the simple root,

yielding (−1), the negative of the simple root; it is of course the state with

j3 = −1
2 , and this yields the two-state spinor representation.

Starting with the representation (2j), we generate the state (2j − 2k), by

substracting the simple root k times until we reach the negative (−2j). The

Dynkin label of the adjoint of SU(2) is clearly (2).

To reconstruct the root system of any algebra, we need to know, besides

the Dynkin diagram, the Dynkin label (the highest weight state) of its ad-
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joint representation. The other states are then generated by subtracting

the positive simple roots. The Dynkin labels (highest weight state) of the

adjoint of each Lie algebras are:

Al : (1 0 0 . . . 0 0 1) l 6= 1 ,

Bl : (0 1 0 . . . 0 0 0)

Cl : (2 0 0 . . . 0 0 0)

Dl : (0 1 0 . . . 0 0 0)

G2 : (1 0)

F4 : (1 0 0 0)

E6 : (0 0 0 0 0 1)

E7 : (1 0 0 0 0 0 0)

E8 : (0 0 0 0 0 0 1 0)

We are now in a position to construct the states within a given represen-

tation. The crucial element is that any state with a weight with positive

Dynkin coordinate in the ith entry, ai, has ai quanta of the ith root, which

can then be subtracted that many times.

Consider the algebra SU(4). Its simple roots are the rows of the Cartan

matrix, α1 = (2,−1, 0), and α2 = (−1, 2,−1), α3 = (0,−1, 2). Its level

vector is R = (3, 6, 3). Let us start with its simplest representation with

Dynkin label (100). Its level is therefore T = 3. The rule is that for any

state of weight (a1a2 . . . ak . . . al), the simple root αk can be subtracted k

times, corresponding to the k-fold application of an annihilation operator, as

long as ak is positive. Hence we can subtract α1 once from (100), obtaining

(−1 1 0), from which we can subtract α2 once, obtaining (0 − 1 1), from

which we can subtract α3 once, yielding (0 0− 1). Since there are no more

positive Dynkin we are done. This representation has four states; it is the

4 of SU(4). A similar procedure applied to the representation (001) yields

another four-dimensional representation. It is the conjugate 4.

Now for (101), the adjoint representation of SU(4). It has six levels. We

can subtract α1,3 once, obtaining two states at the first level: (−1 1 1) and

(1 1 − 1). Similar subtractions yield at the next level the states (0 − 1 2),

(−1 2−1), (−1 2−1), (2−1 0). These are the simple roots, but one of them

appears twice. Clearly there is only one state associated with that simple

root, and we only have three states at this level. The next level yields the

three roots of zero length. Further subtraction reproduces the states but
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with negative entries. Hence we have 1 + 2 + 3 + 3 + 3 + 2 + 1 = 15 states,

corresponding to the generators of SU(4).

The beauty of the Dynkin notation is that it applies equally well to a

familiar algebra like SU(4) as for an unfamiliar one like E7.

There are many other advantages in describing representations by their

Dynkin labels. Consider again the case of SU4 ≈ SO6. We have seen that its

lowest representation is the four dimensional complex vector, 4, represented

in Dynkinese by (100), while its complex conjugate 4 is represented by (001).

We note that complex conjugation corresponds to a symmetry of the Dynkin

diagram: reflection about the vertical. The smallest real (self-conjugate)

representation is therefore the (010). It is nothing but the six-dimensional

vector representation of SO6! In SU(4) language, it corresponds to a second

rank antisymmetric tensor, with the quantum numbers of the Kronecker

product 4⊗ 4A = 6.

Representations can be multiplied together to yield new representations.

In general the product of two representations will contain the sum of sev-

eral irreducible representations. However it will always contain a state of

highest eight equal to the sum of the highest weights of the product rep-

resentations. For the product of low-lying representations, that sum can

be determined by the fact that the sum of their dimensions is equal to the

product of the dimensions of the factor representations, and that the sum of

their Dynkin indices is equal to the dimension of one factor representation

times the Dynkin of the other, plus the other way around. In some cases,

the product representation will be irreducible: the p-times antisymmetric

product of the fundamental of SUn+1 always yields an irreducible represen-

tation, which can be written as a totally antisymmetric tensor of rank p. In

Dynkinese, it is labelled with zeros except for a one at the pth position.

The product of two representations always contains one representation

which is labeled by the sum of their Dynkin labels. For instance, in SU4,

the adjoint representation is just (101); note that it is symmetric under

inversion and therefore real, as required.

There are two more types of Dynkin diagrams with interesting symmetries.

The Dn Dynkin is symmetric under the interchange of the two dots at the

n and n− 1 positions. Representations with a one at one of these positions

and zeros elsewhere are the spinor representations, and they are indeed

complex; under conjugation, they flip into one another. For instance, in

D5 = SO10, the complex spinor representation, 16 is represented by (00010),

while its conjugate, 16 is just (00001). On the other hand, the representation

(10000) is manifestly real; it corresponds to the ten-dimensional vector. The
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representation (01000) represents the antisymmetric second rank tensor, and

(00100) is the three-times antisymmetric tensor.

The upscale reader may have noticed that the Dynkin diagram for SO8 =

D4 is just the Mercedes-Benz symbol which has a three-fold symmetry.

There the (100) labels the eight-dimensional vector representation, while

(010) and (001) label two eight-dimensional spinors. There is a special tri-

ality symmetry between these three representations, which has dramatic

consequences in the formulation of superstring theories.

There is one more diagram which has a special symmetry. E6 does indeed

have complex representations. For instance, the complex 27 is written in

Dynkinese as (100000), while its conjugate, 27 is (000010). Groups with

complex representations play a special role because they are the only ones

that can describe the complex Weyl spinors that appear in the theory of

weak interactions.

1.5.3 PROBLEMS

A. Using graphical methods, show that the Dynkin index of the symmetric

product of two representations is equal to (dr + 2)cr.

B. Using graphical methods, show that the anomaly of the symmetric prod-

uct of two representations is equal to (dr + 4)Ar, where dr and Ar are the

dimension and anomaly of the representation. Deduce that

1-) the anomaly of the 3̄ of SU(3) is opposite that of the 3.

2-) the anomaly of the sum of the two SU(5) representations 5̄ ⊕ 10 is

free of anomalies, where 10 is the antisymmetric product of two 5’s.

C. 1-) Using graphical methods, find the composition law for the trace of

four representation matrices over a product of two representations.

2-) Explicitly construct the trace over four matrices in the fundamental

and adjoint representation of SU(2), and verify the composition law you

have just derived.

D. Repeat the last part of problem C when the algebra is SU(3).

E. Starting from its Dynkin diagram, find the Cartan matrix of G2. Then

work out and plot the roots of the algebra G2, in the adjoint representation.

The highest weight for the adjoint representation (10) (in the Dynkin basis),

and the level vector has components (10, 6).
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F. There are many different ways to choose the two simple roots of SU(3).

Show that they are all related by the action of a discrete set of Weyl trans-

formations, S3, acting on the root diagram. Proceed to analyze the (2, 0)

irrep in terms of its Weyl orbits.


