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FIRST JOURNEY: MASSIVE NEUTRINOS

8.1 Neutrinos in the Standard Model

In this chapter we discuss the possibility that neutrinos have masses. For

quite some time, many different experiments have reported deficits in the

number of solar neutrinos detected on earth. A recent experiment has re-

ported an anomalous angular behavior in the flux of neutrinos produced by

cosmic rays. There are also unconfirmed reports of neutrino oscillations in

laboratory experiments. While keeping in mind that weak interaction ex-

periments tend to be wrong in the first go, some of these anomalies might

survive the test of time, to be explained in terms of small neutrino masses.

If corroborated, these effects would represent the first tangible deviation

of Nature from the original standard model. Thankfully, additional experi-

ments either in progress or in the building stage should bring this interesting

topic to a decisive conclusion in the near future.

We begin by showing how neutrinos come out to be naturally massless in

the standard model; we then present generalizations of the standard model

designed to accomodate neutrino masses. Finally we discuss neutrino os-

cillations, the major experimental tool for determining their masses and

mixings.

8.1.1 Lorentz Analysis

For completeness, we review some of the salient facts about neutrinos, some

of which have been covered in earlier chapters. Standard model neutri-

nos are purely left-handed and antineutrinos are right-handed. No right-

handed neutrinos have ever been observed. Accordingly, neutrinos are rep-

resented by left-handed Weyl spinors, νiL(x) which transform non-unitarily

as the (2,1) representation of the Lorentz group, where i denotes their
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2 FIRST JOURNEY: MASSIVE NEUTRINOS

flavor. Antineutrinos are described by the right-handed conjugate fields,

ν̄iL(x) = σ2ν
i∗
L (x), that transform as the (1,2) representation.

These fields allow three types of bilinears. The first, corresponding to the

product (2,1)⊗ (1,2) = (2,2), transforms as a four-vector

Jµij(x) = νi†L (x)σµνjL(x) , (8.1)

where as usual σµ = (σ0 ≡ 1, ~σ) denote the 2× 2 unit and Pauli matrices,

respectively. When summed over the flavors, it is the neutrino part of the

neutral current. In the following, when confusion is impossible, we omit the

L and R subscripts: a spinor field without a bar over it is understood to

transform as (2,1), one with a bar over it as (1,2).

The SU(2) decomposition of the product (2,1)⊗(2,1) = (1,1)A⊕(3,1)S ,

indicates that we can form two other bilinears in neutrino fields. The first,

given by

ν̂(i(x)νj)(x) , (8.2)

corresponds to the Lorentz scalar (1,1). Since the νi obey Fermi statistics,

antisymmetrization on the Lorentz indices requires this bilinear to be sym-

metric in the flavor indices i, j, as indicated by the round brackets. It is

Lorentz invariant, and can appear in the Lagrangian as the Majorana mass

term

LMaj = m(ij)ν̂
(iνj) + c.c. . (8.3)

We can characterize its Majorana mass entries by assigning to each neutrino

flavor νi a global lepton number Li. The ii diagonal elements break the

lepton number Li (but preserves a discrete lepton number parity (−1)Li ,

while the ij entries preserves only the difference Li − Lj . On the other

hand, the diagonal part of the current bilinear conserves lepton number,

while its off-diagonal element preserves only the sum Li + Lj .

In all generality, masses of both neutral and charged particles can be

described by the Majorana formalism. We need (at least) two left-handed

fields Na(x) , a = 1, 2, to form the symmetric Majorana mass matrix

L = (N̂1 N̂2) (m1m m m2 )

(
N1

N2

)
+ c.c.. (8.4)

The entries in the 2 × 2 symmetric Majorana matrix are distinguished by

their “lepton numbers”: the diagonal m1,2 violate L1,2-number by two units,
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while preserving the L2,1-number; the off-diagonal term m violates both L1-

and L2-number while preserving their difference.

To describe the electron, we identify N2 ≡ σ2e
∗
R and N1 ≡ eL, so that

L1 −L2 becomes the electron number (or electric charge). The off-diagonal

term of the (Majorana) mass matrix simply becomes the Dirac mass,

m(N̂2N1 + N̂1N2) = 2m e†ReL , (8.5)

and the diagonal terms are set to zero to conserve electric charge and lep-

ton number. For this reason, the off-diagonal Majorana mass is sometimes

called the Dirac mass to distinguish it from the “true” diagonal Majorana

mass. For charged particles, this formalism is unnecessary, and in fact quite

cumbersome. For neutral fermions however, there is no local quantum num-

ber (in this case, electric charge), which forbids the diagonal elements, and

this formalism must be used.

To summarize, the Majorana mass matrix is a complex, symmetric matrix,

of the form

(
Maj Dirac

Dirac Maj

)
. (8.6)

The diagonal elements are of Majorana type, and the off-diagonal elements

of Dirac type. It follows that massive neutrinos can be of two types. Either

the mass is Majorana and violates lepton number, and there need not be

extra fermion degrees of freedom, or it is Dirac and preserves lepton number

at the price of introducing for each massive neutrino a right-handed partner

with the same lepton number.

The third type of neutrino bilinear is not Lorentz invariant. Antisymmet-

ric in flavor (indicated by square brackets), it is of the form

ν̂[i(x)~σνj](x) , (8.7)

with the Lorentz quantum numbers (3,1), corresponding to an antisym-

metric second rank tensor. Together with its conjugate, it represents the

electric and magnetic moments of the neutrinos. Recall that an antisym-

metric tensor Fµν can be decomposed into two space vectors Ei = F0i and

Bi = 1
2εijkFjk, and these two vectors can be arranged as a complex (Hertz)

vector ~E ± i ~B, corresponding to (3,1) and (1,3) respectively. One can

also think of the (3,1) as a complex antisymmetric tensor which obeys the

complex self-duality condition
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Fµν =
i

2
εµνρσF

ρσ . (8.8)

Fermi statistics requires antisymmetrization in the flavor indices. This is as

it should be: there is no electromagnetic moment for only one left-handed

field – just as for dancing the tango, it takes two. For charged particles, this

is well understood since the electromagnetic magnetic moment interaction

causes a transition between left- and right-chiralities. It follows that a single

Majorana particle has no electromagnetic moments.

These bilinears can appear in the Lagrangian multiplied by the field

strengths because of Lorentz invariance, leading to dimension-five interac-

tions that violate total lepton number by two units. If allowed by symme-

tries, they would be generated by loop diagrams.

8.1.2 Standard Model Analysis

The analysis of possible neutrino bilinears can now be applied to take into

account the quantum numbers of the standard model. First of all, the

left-handed neutrinos appear as the upper components of the three flavor

isodoublets

Li =

(
νi

ei

)
∼ (2,1;2,1c)−1, i = 1, 2, 3 . (8.9)

The notation denotes the representations under (SU2×SU2; SU
W
2 ×SU c3)Y ,

the first two SU(2) refer to the Lorentz group, Y is the hypercharge, SUW2
is the weak isospin, and SU c3 the color group; for example, the left-handed

antielectron transforms as ēi ∼ (2,1;1,1c)2 .

Majorana masses would therefore be generated by Lorentz invariant bilin-

ears in the fields Li, with different electroweak quantum numbers, depending

on their family values.

The first Lorentz-invariant bilinear is antisymmetric in family indices,

with quantum numbers

(1,1;1,1c)
[ij]
−2 . (8.10)

Since it is a weak isosinglet with hypercharge −2, it carries electric charge,

and cannot be a mass term.

The second Lorentz-invariant is the family-symmetric bilinear that trans-

forms as
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(1,1;3,1c)
(ij)
−2 . (8.11)

It also carries hypercharge, but it is a weak isotriplet, and one easily checks

that one of its components is electrically neutral: it can describe the Ma-

jorana mass of the standard model neutrinos. Since the standard model

contains no Higgs triplets, we conclude that there are no tree-level masses

for the neutrinos.

However, this fermion bilinear has the same electroweak quantum num-

bers as that of two standard model Higgs doublets, enabling us to form a

dimension-five Lorentz invariant which satisfies all the standard model gauge

symmetries

mij

v2
L̂iτ2~τLj ·Htτ2~τH , (8.12)

where the τ -matrices are the weak isospin generators. If it can be generated

in the effective Lagrangian, it would lead to neutrino Majorana masses when

the Higgs assume their vacuum value v = G
−1/2
F .

However, this interaction cannot be generated in perturbation theory be-

cause of lepton number: in the standard model, the Higgs field carries no

lepton number, and this operator violates lepton number by two units. We

conclude that Majorana masses are forbidden in the standard model only

by a global chiral symmetry: lepton number.

Is there any way to avoid this conclusion? After all, lepton number is

not a good quantum symmetry, because of the anomaly associated with the

electroweak local symmetries. This leads to a violation of the left handed

part of total lepton number L, while preserving B−L. However, this effective

interaction also violates B−L by two units, and our conclusion remains the

same. To produce an invariant term, we would need to form something like

L̂iτ2~τLj ·Htτ2~τH O , (8.13)

where O is a weak isosinglet combination of fields with two units of B. If such

a construct existed and acquired a non-zero value in the electroweak vacuum,

this would surely generate the tiniest of tiny neutrino masses. This invariant

would satisfy the B − L symmetry, but it is still not invariant under the

relative lepton numbers Le − Lµ, and Lµ − Lτ , which are exactly conserved

(non-anomalous). Hence neutrinos are strictly massless in the standard

model. In grand unified models, such as SU(5), the relative lepton numbers

are violated and this interaction could generate tiny neutrino masses.
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One may still think that it is possible to generate electroweak invariant

operators with the quantum numbers ofO out of six quarks, but it is unlikely

that they will be non-zero in the electroweak vacuum. Otherwise, it would

mean that QCD forces could cause the breaking of baryon number, contrary

to the Vafa-Witten theorem which states that QCD does not break vectorial

symmetries. This theorem is of very general import, although it may be

weakened when the electroweak Yukawa couplings of the quarks are included.

The discussion of neutrino electromagnetic moments proceeds in the same

way. One can form two combinations, depending on the symmetry of the

family numbers, with the quantum numbers

(3,1;1,1c)
(ij)
−2 , (8.14)

for the family symmetric bilinear, and

(3,1;3,1c)
[ij]
−2 , (8.15)

for the family antisymmetric case. Again we note that only the combination

that is antisymmetric in families can have a neutral component and thus be

identified as a magnetic moment. In order to form invariants in which these

might appear, it is convenient to introduce the generalized Hertz vectors

−→
Wm ≡ overrightarrowW 0m +

i

2
εmnp

−→
Wnp , (8.16)

built out of the weak isospin field strengths, and

Bm = B0m +
i

2
εmnpBnp , (8.17)

made out of the weak hypercharge field strengths. Hypercharge invariance

requires two Higgs fields as well as the above to make invariants of dimension

seven. With only one Higgs field, the family antisymmetric invariants of

lowest dimensions are given by

L̂[iσm~τLj] ·
{
Htτ2~τHBm
(Htτ2~τH ×

−→
Wm)

. (8.18)

If allowed, these would give rise to transition moments among neutrinos,

but using arguments detailed earlier for the mass terms, they are forbidden

by lepton number conservation.

Finally, we can form invariants with the family-symmetric combinations,

such as
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L̂(iσmτ2Lj)H
tτ2~τH ·

−→
Wm , (8.19)

but they do not lead to static properties for the neutrinos. This lengthy

description of electroweak neutrinos has taught us two things:

• Majorana neutrino masses break electroweak symmetry by ∆Iw = 1,

• Majorana neutrino masses are protected only by global lepton number

symmetries.

By now even the most questioning reader should be convinced that stan-

dard model neutrinos are strictly massless. Thus any experimental evidence

for neutrino masses would be an indication of the necessity of going beyond

the standard model.

The present experimental limits on neutrino masses come from laboratory

experiments; they are indeed very tiny

mνe ≤ 10− 15 eV ; mνµ ≤ 0.17 MeV ; mντ ≤ 18.2 MeV .

Many more restrictions on neutrino masses, from the early history of the

universe, and stellar astrophysics, are beyond the scope of this book. The

interested reader can consult The Early Universe by R. Kolb and M. Turner,

(Addison-Wesley, 1990).

In addition, the absence of lepton-number violating processes, such as

neutrinoless double β decay, puts stringent direct limits on lepton-number

violation.

Finally, we note that measurements of the ρ parameter, i.e. the rela-

tive strengths of neutral and charged currents, provide strong evidence that

electroweak breaking in the isotriplet channel is very small compared to the

main breaking in the ∆Iw = 1/2 channel. Thus it is reasonable to believe

that mere breaking of lepton number would not necessarily create large neu-

trino masses. In the next section, we discuss ways to relax these restrictions,

and present various extensions of the standard model with neutrino masses.

8.1.3 PROBLEMS

A.Use CP to build the neutrino bilinears that correspond to their electric

and magnetic moments, out of ν̂[i~σνj] and their conjugates. Show that

invariance under CP forbids the electric dipole moment term.
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B. With two Higgs doublets, construct possible operators of dimension seven

that can yield neutrino electric and magnetic moments.

C. Can you build a six quark condensate with the quantum numbers of the

lepton doublet bilinear?

8.2 Electroweak Models with Massive Neutrinos

It should be clear from the previous section that the standard model must be

extended to accomodate massive neutrinos. As we shall see, the extensions

do not put in question the nature of the standard model, but rather add

more parameters to it. However, in the context of renormalizable theories,

all necessarily involve new degrees of freedom, of either spin zero and/or

one-half.

In order to classify these models, we use only the quantum numbers of the

standard model, and organize their presentation in terms of the new degrees

of freedom and their global lepton number symmetries.

Generically there are two kinds of neutrino mass models. The first pre-

serves at least total lepton number, and contains only neutrino masses of

the Dirac type; these require new fermion degrees of freedom to serve as the

Dirac partners of the neutrinos. In the second type of models, the neutrino

masses can be of both Majorana and Dirac type, and lepton number is nec-

essarily broken; these models differ by the mechanism that break the lepton

numbers, which can occur by adding only extra fermions, only extra Higgs

fields or both.

8.2.1 Fermion Extensions

These generate neutrino masses at the cost of introducing only fermion de-

grees of freedom, and they are of two types, depending on whether or not

lepton number is broken.

Lepton-number conserving models

To preserve lepton number and massive neutrinos we need to introduce new

fermions to serve as the Dirac partners of the left handed neutrinos. These

new fermion degrees of freedom can have any electroweak quantum numbers

(see problem), but it is simplest to assign them no electroweak quantum

numbers. Because they have no weak interactions, they are called “sterile”

neutrinos.
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In general these new fields Na(x) are labelled by their own flavor index a,

which need not be the same (see problem) as the number of chiral families.

For simplicity, it is taken to be the same, i.e. a = i = 1, . . . nfam, the number

of families. These isosinglet fermions couple to the lepton doublets via the

new Yukawa interactions

Y
(0)
ij L̂iN jτ2H + c.c. , (8.20)

where Y
(0)
ij is an unknown Yukawa matrix, and H is the Higgs doublet of

the standard model. At least one global lepton number is preserved, with

L = −1 for all the N i’s. Electroweak breaking then generates a neutrino

Dirac mass of the order of 245 × Y (0) GeV. The Yukawa matrix can be

diagonalized by the transformation

Y(0) = U†νDνVν , (8.21)

where Uν and Vν are unitary matrices, and Dν is diagonal. This diagonal-

ization produces a mixing matrix in the charged leptonic weak current, in

direct analogy to the CKM matrix in the quark sector. It is easy to form

the charged current in terms of the mass eigenstates

J (+)
µ = e†σµUMNSνm , (8.22)

where

UMNS ≡ UeU
†
ν , (8.23)

is the lepton weak mixing matrix, named here for its inventors MNS matrix,

Z. Maki, M. Nakagawa, and S. Sakata (Prog. Theo. Phys. 28, 870(1962)).

Here Ue is the matrix that diagonalizes the charged leptons, obtained from

diagonalizing Y(−1). The extraction of the independent phases from the

mixing matrix proceeds as for the CKM matrix, by performing the Iwasawa

decomposition; for three families, it leaves us with only one CP-violating

phase and three mixing angles. As in the quark case, there is no mixing in

the neutral current. At the end of the procedure, we are left with invariance

under the total lepton number L = Le + Lµ + Lτ .

The experimental limits on neutrino masses imply that the Y(0) coupling

constants must themselves be very small, in the range Y(0) ≤ (10−10 −
10−4) . If one accepts such tiny couplings (after all, we already have me =

10−6MW !), this represents a viable extension of the standard model, but its
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drawback is that it falls short of explaining the smallness of the neutrino

masses compared to those of the charged leptons. For this reason, it does

not bear the mark of a model that can satisfy theorists, many of which feel

that this simple extension cannot be the whole story. In the next section we

present a lepton number violating generalization which contains a plausible

scenario for these small numbers.

8.2.2 PROBLEMS

A. Devise an electroweak model with three right handed neutrino fields that

transform as weak isotriplets. Determine their hypercharge and Yukawa

couplings that generate neutrino masses. Discuss the phenomenology of

this type of model.

B. Construct a standard model model with five extra right-handed sterile

neutrinos, with arbitrary mixing to the weak lepton doublets. Assume that

two of them form a very massive Dirac pair, discuss the ensuing neutrino

mass spectrum and mixing with the standard model neutrinos. What would

be the low energy signatures of this model?

8.2.3 Lepton-number violating models

Models that break lepton number face the experimental fact that there are

excellent limits against it. For instance, the neutrinoless double β decay

76Ge→ 76Se+ e− + e− , (8.24)

which violates electron lepton number by two units has never been observed.

This results on an impressive bound on the lifetime τ ≥ 1.1×1025yr . It can

be expressed in terms of the bound

∑
i

(±)i(Uei)2mνi ≤ 1 ∼ 2 eV . (8.25)

Here the sign depends on the CP property of the neutrino state, Uei is the

element of the MNS mixing matrix between the electron and ith species

neutrino of mass mi. One way to remember the ± sign is to note that

in the event of lepton number conservation there is no effect. Thus a Dirac

neutrino enters this formula as two degenerate states, one helicity state with

a + sign, the other with a − sign.
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It is straightforward to incorporate lepton number violation in the models

of the previous section with pure Dirac masses: simply add Majorana mass

terms for the right-handed singlets, which break explicitly lepton number.

This leads to the extra couplings

Lextra = Y
(0)
ij L̂iN jτ2H +MijN̂ iN j + c.c. . (8.26)

Here, Y(0) is the previously discussed Yukawa matrix. The new feature is

Mij , the symmetric Majorana mass matrix of the Dirac partners, that does

not break any local electroweak symmetry, only global lepton numbers.

In the absence of electroweak breaking, this theory describes three mass-

less neutrinos, interacting with three massive Majorana neutrinos. The val-

ues of their Majorana masses are completely arbitrary; they may be very

large, limited perhaps only by the Planck mass. The symmetric Majorana

matrix M can be diagonalized by a Schur transformation,

M = Ut
0D0U0 , (8.27)

where U0, D0 are unitary and diagonal matrices, respectively. The entries

in D0 are the physical masses of the extra neutral particles.

With electroweak breaking, the mass matrix becomes more complicated.

The three neutrinos, νi and their Dirac partners, N i now mix through the

Majorana mass matrix,

(ν̂ N̂ )

(
∆Iw = 1 ∆Iw = 1

2

∆Iw = 1
2 ∆Iw = 0

)( ν
N

)
, (8.28)

where we have indicated the electroweak breaking properties of the 3 × 3

block submatrices. Without a Higgs triplet, the ∆Iw = 1 entry is zero at tree

level, although it will be corrected by loop-generated radiative effects, since

lepton number is violated. The ∆Iw = 1
2 off-diagonal entries come from the

Dirac-type Yukawa couplings of the previous section. The ∆Iw = 0 entry

represents the tree-level Majorana mass term. The new tree-level Majorana

mass matrix is given by

M =

(
0 vY(0)

vY(0)t M

)
. (8.29)

Perturbation theory limits the off-diagonal entries of M to be not much

larger than the scale of electroweak breaking, but no such restriction ap-

plies to the diagonal ∆Iw = 0 entries. When they are much larger than
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the electroweak-breaking scale, the diagonalization of this matrix yields a

satisfactory explanation for the suppression of neutrino masses over those

of their charged partners.

In that limit, it is convenient to introduce a parameter which denotes the

ratio of the electroweak breaking scale to the ∆Iw = 0 masses,

ε =
∆Iw = 1

2

∆Iw = 0
. (8.30)

In many models, the ∆Iw = 0 scale occurs naturally at a much larger value

than the electroweak scale, and this parameter is very small. Thus we are

led to diagonalize the whole matrix in the limit ε� 1. This way to generate

small neutrino masses has been dubbed the see-saw mechanism.

Let us also assume in this discussion that M has no zero eigenvalues (see

problem). We scale out ε, and write the full Majorana matrix in the Schur

form

M = VtDV , (8.31)

where

V =

(
U11 εU12

εU21 U22

)
; D =

(
ε2Dν 0

0 D0

)
. (8.32)

We find three light eigenvalues, suppressed O(ε2) over the ∆Iw = 0 scale,

i.e. further suppressed from the electroweak scale by a factor of ε. This

mechanism naturally yields tiny neutrino masses, at the cost of introducing

a new scale of physics, much larger than the electroweak scale. Since the

matrix V is itself unitary, we have

U11U
†
11 + ε2U12U

†
12 = 1 ,

U22U
†
22 + ε2U21U

†
21 = 1 , (8.33)

U11U
†
21 + U21U

†
22 = 0 ,

and because ε is small, the matrices U11 and U22 are almost unitary.

The charged weak current mixes mass eigenstates, but with subtle differ-

ences over the previous case. The weak charged current density can now be

expressed in terms of the mass eigenstates

J (+)
µ = e†σµUe(U

†
11νm + εU†21Nm) . (8.34)

The light lepton mixing matrix is simply
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UMNS = UeU
†
11 , (8.35)

where now U11 is almost unitary, so that UMNS can be decomposed à la

Iwasawa

UeU
†
11 = PU ′

MNSP ′ , (8.36)

where P and P ′ are diagonal phase matrices, and U ′
MNS contains three

mixing angles and one phase. The phase matrix P can be absorbed in

e†L and then transferred into eR, but a new feature is that the P ′ phase

matrix cannot be absorbed into ν, since it would reappear in the mass term

ε2ν̂mDννm . We see that there are two additional CP-violating phases in

the lepton sector, which depend on the presence of the O(ε2) Majorana

mass matrix. We expect these extra phases to be suppressed by ratios of

the order of neutrino Majorana masses over the relevant energies, and thus

almost inobservable.

The mixing matrix U11 and the Majorana masses of the light neutrinos

Mν = ε2Dν are determined from diagonalizing the matrix

Y = Y(0) v
2

M
Y(0)t , (8.37)

= −Ut
11ε

2D−1ν U11 . (8.38)

This formula applies only if M, the ∆Iw = 0 entry in the Majorana mass,

has no zero eigenvalue. The neutrino part of the weak neutral current is

given by

Jµ = ν†mσµνm + εν†mσµU11U
†
21Nm + εN

†
mσµU21U

†
11νm +O(ε2) . (8.39)

The neutral mass eigenstates are labelled by the subscript m. The weak

neutral current has a small neutrino flavor-changing component between

the light and heavy neutrinos, as well as a more suppressed flavor changing

interaction among the light degrees of freedom.

This mechanism introduces a new scale, between the electroweak and

Planck energies. It naturally accomodates the small value of the neutrino

masses by linking them to the ratio of the electroweak scale to this new

scale. In models where the renormalization group allows perturbative ex-

trapolation to the deep ultraviolet, it is natural to consider this type of

scale.
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8.2.4 PROBLEMS

A. Diagonalize and discuss the ensuing physics when the ∆Iw = 0 entry in

the Majorana mass matrix has one zero eigenvalue.

B. Suppose there are two right-handed singlet neutrino fields per family.

First diagonalize the one-family case. Then generalize your results to three

families.

C. Find a diagram that would cause neutrinoless double beta decay, and

then express the lifetime in terms of the bound in the text.

8.3 Higgs Extensions

These models contain leptonic bosons, spin zero degrees of freedom that

carry lepton number, but no extra fermions. Thus neutrino masses can only

be of Majorana type, which are possible only if lepton number is violated.

These models are further characterized by the mechanism of lepton number

violation. In the first type of models, lepton number is violated explicitly

by the interactions of the leptonic bosons. The second type of models are

invariant under lepton number, but the potential is such as to cause its

spontaneous breaking. These contain a Nambu-Goldstone boson, called the

Majoron.

In a renormalizable theory, the leptonic bosons acquire their lepton num-

ber by their Yukawa couplings to standard model lepton bilinears. In the

color singlet channel, the only possible lepton bilinears have the following

Lorentz and electroweak quantum numbers

(1,1;3,1c)−2 , (1,1;1,1c)−2 , (1,1;1,1c)4 . (8.40)

These allow three types of possible Yukawa interactions, given by

L̂(iτ2~τLj)
~TY=2 , L̂[iτ2Lj] S

+
Y=2 , ̂̄e(iēj) S−−Y=−4 . (8.41)

We have denoted the symmetrization properties of the flavor indices in the

usual way by curved and square brackets. We see that there can be three

different types of leptonic bosons, two have total lepton number L = −2,

an isotriplet ~T with hypercharge 2, and components (ϕ++, ϕ+, ϕ0), a singly

charged isosinglet S+, and the third, a doubly charged isosinglet S−− , with

L = 2. These couplings are used to determine the quantum numbers of the
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new fields. To see how lepton number can be broken, we must rely on the

interactions among these fields and the standard model Higgs doublet.

Theories of this type with massive neutrinos can then be enumerated in

terms of the possible renormalizable interactions in the potential. With one

Higgs doublet H, and these fields, there are only three types of cubic terms,

S−−S+S+ , ~T · ~TS−− , Htτ2~τH · ~T . (8.42)

All three break total lepton number with ∆L = 2, leaving only a discrete

subgroup. On the other hand, the quartic Higgs potential contains, in ad-

dition to the absolute squares of all the quadratic terms, the interactions

H†τaH T ∗bT cεabc , H†τaH T ∗aS+ , Htτ2τ
aH T ∗aS−− , (8.43)

None of these terms explicitly violate L; still, they must be included in any

renormalizable theory that contains these fields, as they will be generated

by radiative corrections with infinite coefficients. We present examples of

such models, where explicit breaking comes about through cubic terms in

the potential.

Isotriplet Higgs models with explicit breaking

The simplest extension with a leptonic boson adds only one field to the

standard model: an isotriplet Higgs with Y = −2. The model explicitly

breaks lepton number by adding a dimension-three coupling. The extra

terms are

YijL̂(iτ2~τLj) · ~T + µHtτ2~τH · ~T + c.c. , (8.44)

where Yij are new Yukawa couplings, and the cubic term breaks lepton

number, but leaves a lepton number parity symmetry (−1)L. The model

contains extra Higgs interactions that break no symmetries

m2T a∗T a + λ0H
†τaH T ∗bT cεabc + λ1(T

a∗T a)2 + λ2H
†HT a∗T a , (8.45)

With a positive m2 in the potential, the isotriplet does not get a vacuum

value. Since total lepton number is broken by µ, the dimension-five operator

that produces neutrino masses is generated by loop diagrams. An attractive

feature of this model is that neutrino masses are naturally suppressed by

loop effects (see problem).
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One could change the sign of the isotriplet mass term in the potential;

in that case, the ~T leptonic boson would get a vacuum value, and produce

tree-level neutrino masses, without any natural suppression mechanism for

the value of their masses.

The family structure of the symmetric Yukawa matrix Y is rather inter-

esting. While this model does violate some total lepton number, through

the Higgs cubic coupling, it may preserve various relative lepton numbers,

depending on the form of the matrix Y. When it is of the form

Y =

 0 0 0

0 0 y

0 y 0

 , (8.46)

two lepton numbers, Le and Lµ − Lτ are left invariant, while the cubic

term breaks their sum Lµ + Lτ . In this case, the electron neutrino stays

massless, and the µ and τ neutrinos become Dirac partners of one another

(see problem).

When only one combination of lepton numbers is left invariant, it is of

the form

Y =

 0 0 x

0 0 y

x y 0

 . (8.47)

This Majorana model was first proposed to explain an anomaly (which went

away) in the beta decay of Tritium (see problem).

Hybrid Higgs models with explicit breaking

Our analysis of possible Higgs cubic couplings show that there are no models

of neutrino masses and explicit breaking of lepton number that contains only

one isosinglet. There is however one model with both types of singlets S−−

and S+. The relevant terms in its Lagrangian are two Yukawa couplings

and one cubic Higgs coupling,

AijL̂[iτ2Lj]S
+ + Siĵ̄e(iēj)S−− + µS−−S+S+ + c.c. , (8.48)

where A and S are the Yukawa matrices. In this model, neutrino masses

are also generated at loop level, and thus naturally small (see problem).

With both isosinglet and isotriplet, ~T and S−−, there is yet another model

with two extra Yukawa couplings, and one cubic coupling. The Lagrangian

contains the extra terms
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Siĵ̄e(iēj)S−− + YijL̂(iτ2~τLj)
~T + µ~T · ~TS−− + c.c. , (8.49)

together with quadratic and quartic invariant terms in the Higgs potential.

The reader is encouraged to work out the resulting neutrino masses (see

problem).

It is relatively easy to build new models of neutrino masses by adding

to the Higgs sectors. While most such extensions are not motivated except

perhaps by the pressure of thesis writing, two deserve a special mention. One

is through the addition of another Higgs doublet; the other is the addition

of an electroweak singlet Higgs with no hypercharge, which is found in some

grand unified models and in the invisible axion model (see chapter 9).

With two Higgs doublets, the most interesting new interaction that breaks

lepton number in the cubic term is of the form

Htτ2H
′S+ , (∆L = 2) . (8.50)

The extra quartic term, Htτ2H
′S−S++, does not violate lepton number.

The two Higgs have the same hypercharge, but in order to avoid flavor

changing neutral current effects they must couple to different channels.

This cubic term allows for another model with one Yukawa coupling and

one cubic term,

Lextra = AijL̂[iτ2Lj]S
+ + µHtτ2H

′S+ + c.c. . (8.51)

Noteworthy is the fact that the Yukawa matrix is purely antisymmetric in

family space, and the neutrino masses are generated at loop order. Again,

we leave it as a problem to explore the consequences of this model, first

proposed by A. Zee, Phys. Lett. B93, 389(1980).

With an electroweak singlet, Φ, cubic couplings can all be turned into

quartic couplings, yielding the possible terms S−−S+S+Φ, ~T · ~TS−−Φ,

Htτ2~τH · ~TΦ, and Htτ2H
′S+Φ. Three of these couplings give Φ six units

of lepton number, and the last one two units. With this singlet field one

can further consider its own self-interactions. The ones that break lepton

number explicitly can appear in the potential in the form m2Φ2, µΦ3, Φ4,

and Φ∗Φ3. With two Higgs doublets and one singlet, we contemplate several

more quartic interactions, namely Htτ2H
′S+Φ, and Htτ2H

′Φ2.

It is obvious that with the addition of new fields, one can build many

new models. Restraint and good taste prevents the author from going any

further, but should not hinder the student from doing so.
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8.3.1 PROBLEMS

A. In the model with one Higgs isotriplet, identify the lowest order Feynman

diagram that generates neutrino masses. Estimate its magnitude.

B. In the model with the Yukawa matrix of the form Eq. (8.47), diagonalize

the neutrino mass matrix and describe its consequences.

C. Analyze the possible outcomes of the model of Eq. (8.48).

D. Perform the same analysis for the model of Eq. (8.49).

E. Analyze the neutrino eigenvalues of the model of Eq. (8.51), and estimate

their magnitudes.

F. Invent a model of neutrino masses with explicit lepton number violation

that has not been covered in this section.

8.3.2 Spontaneous Breaking of Lepton Number

As we mentioned, it could be that lepton number is violated spontaneously.

In that case, for each lepton number that is broken, there will be an associ-

ated massless Nambu-Goldstone boson, the Majoron, denoted generically by

J . Since physics must be invariant under a constant shift in J(x), it couples

to the divergence of the current associated with the broken lepton number

symmetry with an interaction term

LMaj =
1

V
J(x)∂µJ lµ , (8.52)

where V is the vev of the field whose vacuum value does the breaking, and

J lµ is the lepton current. This is the only place J appears in the Lagrangian

of a spontaneously broken lepton number.

Models with Majorons differ, depending on the electroweak properties

of the field that does the breaking. If breaking is generated by a weak

isomultiplet, the models run into contradictions with experiments, as we

detail below. No such restriction exists when lepton number is broken by a

standard model singlet field.
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Isotriplet Breaking

The simplest model of this type contains one isotriplet leptonic boson, no

cubic interaction terms, and with the potential arranged so that it gets a vac-

uum expectation value, and therefore breaks lepton number spontaneously.

Its extra Yukawa coupling is

Lextra = YijL̂(iτ2~τLj)
~T + c.c. , (8.53)

with the Higgs potential chosen to preserve lepton number

−m2T a∗T a + λ0H
†τaH T ∗bT cεabc + λ1(T

a∗T a)2 + λ2H
†HT a∗T a , (8.54)

with the sign of the mass term judiciously chosen. The neutral component

of ~T can, by acquiring a vev, generate tree-level ∆Iw = 1 neutrino masses,

although it leaves us with no understanding of the small ratio of triplet to

doublet breakings. In addition, experiments tell us that triplet breaking of

the electroweak symmetry is suppressed relative to the doublet breaking.

These constraints can be met by carefully arranging the Higgs couplings in

the potential, while making sure that the vacuum value of ~T does not break

electric charge (see problem).

The most interesting feature of this model, of course, is the presence of the

Nambu-Goldstone boson, called the triplet Majoron indicating the nature

of the breaking mechanism. The lepton current is now

J lµ = −2~T ∗
←−
∂ µ ~T + ν†i σµνi + e†iσµei − ē

†
iσµēi , (8.55)

and the triplet Majoron couples with strength 1/V , where V is the vev of

the triplet. It must be much smaller than v, the vev of the doublet, to

account for the experimental value of the ρ parameter.

This upper bound on V has a nefarious consequence in a renormalizable

theory. A detailed study of the potential shows that if V � v, there exists

a neutral Higgs boson, ρJ , lighter than the Z boson. Since the triplet Higgs

has electroweak quantum numbers, the triplet Majoron and this field will

couple to the Z, leading to the decay

Z −→ J + ρJ . (8.56)

This decay adds to the decay width of the Z in a way that contradicts

present data. We used this example to illustrate the problems inherent to

non-singlet Majoron models. We add that because of the small value of V ,
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lepton number cannot be gauged in this type of model. Gauging can occur

only in singlet-breaking models.

Isosinglet Breaking

The simplest singlet Majoron model requires, besides the electroweak or-

der parameter for lepton number, a set of right-handed antineutrinos. The

singlet Φ couples to the Dirac partners of the neutrinos in the form

Lextra = Y
(ν)
ij L̂iNjτ2H + Y

(0)
ij N̂iNjΦ + c.c.− V (Φ, H) , (8.57)

where Y(0) is another Yukawa matrix. The potential part that contains the

new field is given by

V (Φ, H) = −M2Φ∗Φ + Λ0(Φ
∗Φ)2 + Λ1Φ

∗ΦH†H , (8.58)

which preserves total lepton number. The sign of the mass term is chosen

so as to break lepton number when Φ, which carries two units of lepton

number, gets a vacuum value. The mass M is an arbitrary mass parameter,

of the scale at which lepton number is broken. The singlet Majoron couples

to the divergence of the total lepton current, it is given by

J lµ = −2Φ∗
←−
∂ µΦ + ν†i σµνi + e†iσµei − ē

†
iσµēi . (8.59)

This coupling has many interesting consequences; in particular, using the

equations of motion, the Majoron-electron vertex is given by

Le−Maj =
me

V
J ēγ5e , (8.60)

using Dirac notation. This allows to turn a photon into a Majoron through

the process

γ + e− −→ J + e− . (8.61)

In stars, it provides a way to dissipate energy which, for a sufficiently low

value of V , can lead to contradiction with the existence of red giants (see

problem).
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8.3.3 PROBLEMS

A. Analyze the potential of the triplet Majoron model, and determine bounds

on its parameters so that electric charge is conserved, and the triplet vev is

much smaller than the doublet’s. Show that there always exists a neutral

Higgs lighter than the Z.

B. Derive the contribution to the Z width in the triplet Majoron model. Use

the present value of the width to infer an allowable range for the scale of the

triplet breaking. See G. B. Gelmini and M. Roncadelli, Phys. Lett. B99,

411(1981).

C. Derive a bound on the vacuum value of the singlet Majoron, based on

the existence of Arcturus (a red giant), among others.

8.4 Neutrino Oscillations

In 1957, motivated by rumors that neutrinos were sometimes produced in

natural beta decay, Pontecorvo proposed that one should consider, in anal-

ogy with the K0 −K0 system, that antineutrinos decay might oscillate into

neutrinos. The rumors turned out to be just that, but the idea of neutrino

oscillations remained. In 1962, when it was experimentally established that

there were two types of neutrinos, the Nagoya group (Maki et al, op. cit.)

proposed that oscillations could also take place between different neutrinos

flavors, a phenomenon now called flavor oscillations.

Oscillations between neutrinos occur only if they can be differentiated in

some way. This in turn requires that the lepton numbers which distinguish

them from one another be broken, for instance by having different masses.

The two types of oscillations, flavor and particle-antiparticle, differ in

terms of their lepton number properties. Neutrino-antineutrino oscillations,

which break lepton number by two units, are very difficult to detect since

they involve a spin flip. Their physical consequences are therefore weighted

by ratios of (small) Majorana masses to large neutrino momenta.

Flavor oscillations on the other hand do not violate total lepton number,

only relative lepton numbers. Accordingly, they may be easier to detect

since they will not be suppressed by such small ratios.

For simplicity, we consider only flavor oscillations between two neutri-

nos. In vacuum, the (tilded) neutrino mass eigenstates satisfy the evolution

equation
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i
d

dt

 ν̃e
ν̃µ

 =

Ee 0

0 Eµ

 ν̃e
ν̃µ

 . (8.62)

By definition, these mass eigenstates evolve in time without mixing. How-

ever, if there is mixing among the species, the states produced by the Weak

Interactions will not be mass eigenstates. Generically, the (tilded) mass

eigenstates will be related by a canonical transformation to the weak eigen-

states, which we label by bareheaded wavefunctions, in this case, νe, and νµ.

We have

 ν̃e
ν̃µ

 =

 cos θ0 sin θ0
− sin θ0 cos θ0

 νe
νµ

 ,

where θ0 is the vacuum mixing angle.

Now let us assume that at t = 0 a muon neutrino state is created in

a weak interaction, say from the decay π+ → µ+ + νµ. By inverting the

transformation above, we express this initial state as a linear combination

of the mass eigenstates

|νµ〉 = cos θ0|ν̃µ〉 + sin θ0|ν̃e〉 . (8.63)

At a later time t, that neutrino state will have evolved into

|νµ(t)〉 = cos θ0e
−iEµt|ν̃µ〉+ sin θ0e

−iEet|ν̃e〉 .

We then sample the composition of this beam by using a detector which

triggers only on charged current interactions. It is therefore only sensitive to

the weak eigenstates. To find the triggering probabilities of these detectors,

we rewrite the beam as a linear combination of weak eigenstates,

|νµ(t)〉 = A(t)|νµ〉+B(t)|νe〉 , (8.64)

with amplitudes

A(t) = cos2 θ0e
−iEµt + sin2 θ0e

−iEet ,

B(t) = cos θ0 sin θ0(e
−iEet − e−iEµt) . (8.65)

The absolute value squared of these coefficients denotes the triggering prob-

abilities. Suppose we have a detector that triggers on positrons, indicating

the absorption of the weak eigenstate νe. Its triggering probability is then
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P(µ→e)(t) = |〈νµ(t)|νe〉|2 ,

= sin2 2θ0 sin2 (
∆Et

2
) , (8.66)

where ∆E is the difference between the two energies. Assuming that the

two highly relativistic neutrinos have the same momentum, their energies

are

Ee =
√
p2 +m2

1 ≈ p+
m2

1

2p
,

(8.67)

Eµ =
√
p2 +m2

2 ≈ p+
m2

2

2p
,

which enables us to recast ∆E in terms of the difference in squared masses.

It is natural to introduce the oscillation length L0

L0 ≡
2π

∆E/2
=

8πp

∆m2
, (8.68)

in terms of which the appearance probability is

P(µ→e)(t) = sin2 2θ0 sin2 2πt

L0
. (8.69)

It peaks whenever the neutrino has travelled a distance equal to L0/4. The

distance between peaks is L0. A convenient way to remember the size of the

oscillation length is through the formula

L0(meters) = 2.47
E(MeV)

∆m2(eV2)
. (8.70)

This treatment of neutrino oscillations which might appear too simple-

minded, nevertheless captures the essentials of the phenomenon: the oscilla-

tion length is both an experimental and conceptual benchwork. If we place

the detector too many oscillation lengths away from the source, the different

components of the beam, corresponding to states of different masses, will

have separated so much that they can no longer interfere with one another.

At the other end of the spectrum, oscillations cannot be detected unless the

position of the neutrino is localized well within one oscillation length. This
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implies through the uncertainty principle that the momentum of the neu-

trino has a large spread, and that a wavepacket treatment of the neutrino

beam is warranted. Some of these subtelties are addressed in the problems.

Laboratory experiments designed to detect neutrino oscillations fall into

several categories (for a more comprehensive survey, see the review articles

in the bibliography). The first class of experiments uses man-made sources

of neutrinos and/or antineutrinos. With antineutrinos beams generated in

reactors, experiments are difficult since the antineutrinos are not directional,

as the flux falls sharply with distance. Other experiments use neutrino and

antineutrino beams produced in the decay of particles generated at particle

accelerators. When the detector is close to the birthplace of the neutrinos

(short baseline), the beam is highly directional. However when the detector

is far away (long baseline) the spreading of the beam becomes a factor. The

best arrangement is to monitor the same beam by both near and far de-

tectors. Such an experiment (MINOS) is under construction at FermiLab.

So far, the search for flavor oscillations in these types of experiments has

not yielded any corroborated positive evidence for oscillations. These ex-

periments have served to rule out certain regions of parameter space in the

∆m2 − sin2 2θ0 plane. A reported positive result by LSND, challenged by

KARMEN, will soon be tested at FermiLab as well (BooNE). In this field,

knowledge of acronyms such as CHORUS, ICARUS, K2K, NOMAD, is half

the physics!

The second class of experiments are very sensitive underground detectors

that monitor neutrinos emitted by natural sources, notably neutrinos emit-

ted in the core of the Sun, and the neutrinos and antineutrinos emitted as

decay products from cosmic ray collisions in the atmosphere. Among these,

most remarkable is the Homestake Mine experiment (for a review, see R.

Davis, Prog. Part. Nucl. Phys. 32, 13(1994)), the first to see a deficit

in solar neutrinos. The new generation of such detectors were constructed

to search for proton decay (IMB, Kamiokande), just in time to detect the

neutrino burst from supernova SN1987A! The lowest energy solar neutri-

nos have been detected by other detectors (SAGE, GALLEX), to be further

discussed below.

8.4.1 PROBLEMS

A. Suppose that the mass of the neutrino created in the decay of a π+ is

measured to such accuracy that it tells us which neutrino mass eigenstate
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is being emitted. Use the uncertainty principle to show that in this case,

neutrino oscillations will not be observable.

B. Estimate the maximum distance from the source a detector may be

placed so as to observe oscillations.

C. Discuss the detectability of neutrino oscillations in terms of the oscillation

length L0 with an initial wavepacket of momentum spread ∆p (see B. Kayser,

Phys. Rev. D24, 110(1981)).

8.5 Solar Neutrinos: Production and Detection

According to the theory of the solar engine, electron neutrinos are produced

during the so-called pp chain which starts with proton fusion and ends up

with α particles. Neutrinos are also produced during the so-called CNO

cycle as well, but at a much reduced rate, as the pp chain is responsible for

98.5% of the energy generated by the sun. The pp chain reactions are as

follows:

p+ p→ 2H + e+ + νe , 0 < Eν < 0.420 MeV ,

p+ e− + p→ 2H + νe Eν = 1.44 MeV ,
2H + p→ 3He+ γ ,
3He+ 3He→ 4He+ p+ p ,
3He+ 4He→ 7Be+ γ ,

7Be+ e− → 7Li+ (γ) + νe , Eν =

{
0.861 MeV(90%)

0.383 MeV(10%)
,

7Be+ p→ 8B + γ ,
8B → 8Be+ e+ + νe , 0.81 < Eν < 14.06 MeV ,
7Li+ p→ 4He+ 4He ,
8Be→ 4He+ 4He .

The reason for the two lines in 7Be capture is that 10% of the time the
7Li is produced in a metastable state which then radiatively decays. So

there are three neutrino lines, one from the pep reaction, and two from Be

capture, as well as two continuous bands, one at low energy coming from the



26 FIRST JOURNEY: MASSIVE NEUTRINOS

original fusion reaction, the other at higher energies coming from the decay

of Boron. The flux of the lower energy neutrinos is directly related to the

proton density at the core. On the other hand, the flux of the higher energy

neutrinos depends on the abundance of 8B. Clearly the latter is much more

environmentally sensitive than that of the primal protons. This translates

into the dependence of the neutrino flux on the Sun’s temperature. The

flux of neutrinos from Boron decay depends on the T 18
C , where TC is the

Sun’s core temperature. This is to be compared with the T 8
C dependence of

7Be, and that for pp neutrinos produced in the fusion reaction which depend

only on T−1.2C . In the last few years, the theoretical understanding of the

standard solar model, (J. N. Bahcall, S. Basu, and M. H. Pinsonneault,

Phys. Lett. B433, 1(1998); A. Brun, S. Turck-Chièze, and P. Morel, Ap. J.

506, 913(1998)) has received spectacular corroboration by the measurement

of seismic waves on the Sun’s surface at the predicted level.

• The first experiment, performed deep underground in the Homestake

mine by R. Davis and collaborators, monitors the reaction

νe + 37Cl→ e− + 37Ar . (8.71)

Since it takes neutrinos with at least .814 MeV of energy to produce Ar-

gon, only neutrinos coming from the pep capture, Beryllium capture and the

Boron decay can trigger this transition. Radiochemical methods are used to

count the produced 37Ar atoms in a large vat of cleaning fluid. This experi-

ment, originally suggested by B. Pontecorvo in 1945, has been performed for

over twenty five years albeit with funding interruptions. It has consistently

detected fewer neutrinos than expected from theory by roughly a factor of

two.

• The second experiment is of the same type, but uses a cleverly chosen

transition that can be triggered by much lower energy neutrinos. These

Gallium detectors use the raction

νe + 71Ga→ e− + 71Ge . (8.72)

It can be triggered by neutrinos with as little energy as .23 MeV. Thus

it is sensitive to neutrinos that come from the fusion reaction, as well of

course as to those that come from all the other sources. However, the flux

of the pp neutrinos is much larger than the flux emanating from Boron

decay. This type of experiment has been performed at two underground

detectors, SAGE (V. Gavrin et al, in Neutrino 96, K. Huitu, K. Enqvist,

and J. Maalampi, eds. (World Scientific, Singapore, 1997)), near Baksan
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in the Caucasus mountain range, and GALLEX (P. Anselmann et al Phys.

Lett. B342, 440(1996); W. Hampel et al ibid B388, 364(1996)) in the

Gran Sasso tunnel, not too far from Hadrian’s villa. Both detectors have

been calibrated with a radioactive 51Cr source, and both detect less than

the expected flux of neutrinos.

• The third type of experiment, conducted in the US by the IMB col-

laboration, and in Japan at Kamioka (Y. Fukuda et al, Phys. Rev. Lett.

77, 1683(1994)), uses a water Čerenkov detector, originally built for proton

decay, and used to detect neutrinos coming from the SN1987A supernova.

A neutrino entering the detector can scatter with an electron

νe + e− → νe + e− . (8.73)

and the electron recoils mostly in the direction it was hit. Solar theory

predicts an excess number of recoil electrons opposite the direction of the sun

at the time of impact. Since Kamiokande can measure recoil electrons with

an energy greater than 7.3 MeV, it is sensitive only to neutrinos generated

in Boron decay. The newer and larger SuperKamiokande detector has also

observed the same deficit in solar neutrinos from 8B, although not with

sufficient energy to determine the shape of the spectrum.

In the convenient Solar Neutrino Unit (SNU), which equals 10−36 captures

per target atom per second, the approximate theoretical expectations from

the standard solar model are listed in the following table

Reaction 37Ar 71Ge

pp 0 69.6

pep 0.2 2.8

7Be 1.15 34.4

8B 5.9 12.4

CNO 0.5 9.7

Total 7.6 128.9

These are to be compared with the experimental results



28 FIRST JOURNEY: MASSIVE NEUTRINOS

Homestake : 2.1± 0.3

Gallex : 79± 10± 6 (8.74)

Sage : 74± 12± 6 .

The Kamiokande experiment which detects only 8B neutrinos also reports

solar neutrinos in less than expected numbers. In units of 106/cm-sec, the

measured flux of solar neutrinos is 2.89 ± .22 ± 0.35, compared with the

theoretical expectation of 5.69± 0.82 in one model and 4.4± 1 in another.

Both Sage and Gallex results are consistent with one another, but they are

well below theoretical expectations, as if the neutrino flux from 7Be capture

were greatly reduced. This is interesting since the results from Homestake

and Kamiokande seem to clash: they “see” only about 35% and 50% of

the expected neutrino flux, respectively. According to theory, it should be

the other way around since Homestake detects, in addition to 8B, neutrinos

from the higher 7Be line, the pep reaction, and the CNO cycle.

This confusing experimental situation is expected to be cleared up by

a new generation of experiments. A larger water Čerenkov detector, Su-

perKamiokande, with much improved energy resolution, is presently mea-

suring the energy dependence of the tail of the Boron spectrum. The Solar

Neutrino Observatory (SNO) at Sudbury in Canada is expected to come

on line within a year. It is a heavy water Čerenkov detector. It has two

advantages in that it will provide a more accurate determination of the en-

ergy dependence of the 8B spectrum, and, thanks to its neutron detectors,

will be able to measure the neutral current reaction of the solar neutrinos

when they knock out a neutron from the deuterium. The neutron capture

by another atom produces a gamma ray which is then observed. Unlike

previous detectors, SNO will thus measure the total flux of standard model

neutrinos, irrespective of flavor. Thus if the electron neutrino oscillates into

one of the other two standard model neutrinos, SNO will be observing the

total solar neutrino flux, as well as its flavor composition.

Finally in the Gran Sasso tunnel, BOREXINO, a water detector with

scintillation counters, will measure the neutrinos produced in 7Be capture.

These new experiments have the capability of producing hard evidence for

solar neutrino oscillations in the near future!

8.6 Solar Neutrino Oscillations

One explanation for the solar neutrino deficit could be neutrino vacuum

oscillations among different species. This would happen if the Earth-Sun
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distance were just right to be in a trough in the variation of the probability

with distance. Since the Earth-Sun distance is 1.5× 1011 meters, one would

need, depending on the mixing angle, ∆m2 ≈ 10−11 eV2. Not all solar neu-

trinos would have the same oscillation length: the pp neutrinos have a much

smaller oscillation length than the 8B neutrinos. This possible explanation

for the deficit is not inconsistent with the present data.

A more exciting possibility is that the deficit in solar neutrinos is due to

a resonance effect that comes about when electron neutrinos traverse the

sun. Emitted in the core of the sun, neutrinos must travel through most

of the sun to get to earth. L. Wolfenstein (Phys. Rev. D17, 2369(1978))

remarked that the sun’s interior acts as a refractive medium to neutrinos

because of their coherent forward scattering. Also different flavors would

have different indices of refraction. S. Mikheyev and A. Yu. Smirnov, (Yad.

Fiz. 42, 1441(1985); Nuovo Cim. 9C, 17(1986)) then noted that, when

combined with vacuum mixing, a flavor-dependent index of refraction can

lead to the vanishing of the diagonal element of the effective mixing matrix,

and thus produce maximum mixing even for small vacuum mixing angles.

Accordingly, this phenomenon is called the MSW effect.

To see how the index of refraction comes about in quantum mechanics,

consider a wave traversing a slab of matter of length R with N scattering

centers per unit area. The wave function is the sum of the incoming and

scattered waves,

Ψ(x) = Ψin(x) + Ψscat(x) . (8.75)

For an incoming plane wave of momentum p, it is given in lowest order of

perturbation theory by

Ψ(x) ≈ exp

[
ipx+

2πiNR

p
fp(0)

]
, (8.76)

where fp(0) is the forward scattering amplitude. The total wave function is

just the vacuum wavefunction, multiplied by a modulating factor

Ψ(x) ≈ eip(x−R) eipRn(p) , (8.77)

where n(p) is the index of refraction

n(p) ≡ 1 +
2π

p2
Nfp(0) . (8.78)

It depends both on the momentum of the incoming particle and on the local
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density of scattering centers. The imaginary part of fp(0) parametrizes

the extinction (optical theorem), and the real part just alters the speed of

propagation of the plane wave.

The interactions of an electron neutrino with stable matter are well known:

its elastic forward scattering by electrons is caused mostly by both W and

Z-mediated processes, and its interactions with neutrons and protons oc-

cur through Z-exchange. It follows that ne, the index of refraction of the

electron-neutrino weak eigenstate, is given by

p(ne − 1) =
2π

p

[
Nef

W
p (0) +

∑
i

Nif
Z
p (0)

]
, (8.79)

where the W and Z contributions to the scattering amplitudes have been

singled out, and i = 1, 2 for protons and neutrons, respectively. On the

other hand, a muon-neutrino weak eigenstate will not have any W -mediated

interactions since there are no muons in the sun, although its neutral current

interactions will be the same as for the electron-neutrino, leading to its own

index of refraction nµ,

p(nµ − 1) =
2π

p

∑
i

Nif
Z
p (0) . (8.80)

One might also consider a sterile neutrino νs, defined as one that has no

electroweak interactions with matter; its index of refraction would be equal

to one. Hence, distinct neutrino flavors propagate through matter quite

differently, since for the weak eigenstates,

|νe(x)〉 = eipxne |νe〉 , |νµ(x)〉 = eipxnµ |νµ〉 . (8.81)

These equations show that the real part of the index of refraction corre-

sponds to a change in energy proportional to p(n− 1) for each flavor in the

weak eigenstate basis.

The evolution equation of the ultrarelativistic weak eigenstates is therefore

given by

i
d

dt

(
νe
νµ

)
= H0

(
νe
νµ

)
+

(
p(ne − 1) 0

0 p(nµ − 1)

)(
νe
νµ

)
, (8.82)

where
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H0 =

(
cos θ0 sin θ0
− sin θ0 cos θ0

)(
Ee 0

0 Eµ

)(
cos θ0 − sin θ0
sin θ0 cos θ0

)
, (8.83)

is the evolution operator in vacuum. After discarding all elements propor-

tional to the unit matrix, it can be cast in the form

i
d

dt

(
νe
νµ

)
=

π

L0

(
cos 2θ0 + δ(t) sin 2θ0

sin 2θ0 − cos 2θ0 − δ(t)

)(
νe
νµ

)
, (8.84)

with

δ(t) ≡ L0

Lm(t)
, (8.85)

and where
2π

Lm(t)
≡ p[ne(t)− nµ(t)] . (8.86)

As the neutrino traverses matter at nearly the speed of light, its location

is essentially proportional to its age, t, so that the indices of refraction

develop a time-dependence through the local electron density. Furthermore,

δ(t) depends on the type of neutrinos that are oscillating. For νe − νµ
flavor oscillations, the neutral current contributions cancel out from Lm(t),

leaving those from the charged current interactions with electrons. A careful

standard model calculation yields

δ(t) =
2
√

2GF pNe(t)

∆m2
, (8.87)

where GF is the Fermi constant, Ne(t) is the local electron density, and

∆m2 = m2
ν̃e
−m2

ν̃µ
, is negative if the electron neutrino is lighter than the

muon neutrino. With a heavier muon neutrino, δ is negative, and the diag-

onal element can vanish if

δ(tr) = − cos 2θ0 , (8.88)

at which point the off-diagonal elements, no matter how small, produce

maximum mixing. This is the MSW effect which happens when t = tr, at

the critical electron density

N crit
e = −∆m2 cos 2θ0

2
√

2GFEν
. (8.89)
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To determine under what circumstances this resonance effect can occur,

we need to introduce basic facts about the sun. Solar neutrinos are produced

by nuclear reactions inside the Sun’s core. There, the electron density is

roughly constant, while outside it decreases exponentially

Ne(r) = Nce
−r/r0 , (8.90)

where Nc is the electron density at the core. The density is roughly one

hundred Avogadro’s number at one tenth the radius, and r0 ≈ 7×107 meters,

is about one tenth the Sun’s radius. Since Ne is always less than its value

Nc at the core, this gives a critical value for the neutrino energy

Eminν (MeV) = −∆m2 cos 2θ0

2
√

2GFNc

= 4× 104 |∆m2|(eV2) cos 2θ0 . (8.91)

Neutrinos with energy less than Eminν do not encounter a resonance layer.

Since the detectable solar neutrinos range in energy from .23 to 14 MeV,

this limits the range of fundamental parameters for which this effect is mea-

surable.

The solution of the evolution equation that governs the mass eigenstates

is complicated by the presence of the time-dependent electron density. For

arbitrary time variation, it cannot be solved analytically, but for simple time

dependences, such as linear and exponential variations, analytic solutions are

known.

Without going into a complete analytic solution, we can offer a useful

qualitative discussion of the effect, leaving a more rigorous treatment for

the education of the reader.

At any given time, the instantaneous eigenstates of the evolution equations

are given by

|ν1(t)〉I = cos θm(t)|νe〉 − sin θm(t)|νe〉 ,
(8.92)

|ν2(t)〉I = sin θm(t)|νe〉+ cos θm(t)|νµ〉 ,

with the instantaneous mixing angle

sin2 2θm(t) =
sin2 2θ0

1 + 2δ(t) cos 2θ0 + δ2(t)
, (8.93)

and eigenvalues
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E1,2(t) = ± π

L0

√
1 + 2δ(t) cos 2θ0 + δ2(t) . (8.94)

At the critical electron density, these two eigenvalues are closest to one

another, and the mixing angle is the largest.

If the time-dependence of the electron density is sufficiently slow, we can

use the adiabatic approximation, according to which the true eigenkets of the

evolution equation can be written as the instantaneous eigenkets modulated,

in the lowest approximation, only by the evolution phase factor,

|ν1,2(t)〉Ad ∼ e
−i

∫ t
t0
dt′E1,2(t′)|ν1,2(t)〉I . (8.95)

These adiabatic states are good approximations to the neutrino wavefunc-

tions outside of their resonance layer.

As the neutrinos enter their resonance layer, there are two lengths to

consider. The first is the size of the resonance layer, over which the MSW

effect is appreciable, and the second is the oscillation length of the neutrino

at resonance.

Outside the Sun’s core, the size of the resonance layer can be expressed

in terms of the variation of the electron density by

∆r = r0
|∆Ne|
Ne

. (8.96)

The region of resonance is that over which the mixing angle is appreciable,

say sin2 2θm ≥ 1
2 . From the expression for θm, we deduce that δ varies

according to ∆δ = sin 2θ0, corresponding to a variation of the density

∆Ne =
∆m2 sin 2θ0

2
√

2GFEν
. (8.97)

It follows that the width of the resonance layer depends only on the vacuum

angle and the Sun’s parameter r0

∆r = 2r0 tan 2θ0 . (8.98)

The second length of interest is the oscillation length of the neutrino beam

at resonance

Lenh =
4πEν

∆m2 sin 2θ0
, (8.99)

which depends on the neutrino energy.
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We may consider two different possibilities. In the first “adiabatic” ap-

proximation, the region over which the enhancement takes place is much

larger than the oscillation length. The other is the “non-adiabatic” regime

where the resonance region, ∆r, is much smaller than the oscillation length.

Lenh � ∆r : Adiabatic Regime,

Lenh � ∆r : Non−Adiabatic Regime .

Which of these is relevant depends on the value of the fundamental pa-

rameters, and the neutrino energy. Qualitatively, we expect the adiabatic

regime to hold if the MSW region is in the core region, and the non-adiabatic

hypothesis to hold if the resonance layer is outside the core.

In the adiabatic regime, the neutrinos go through many oscillations before

they leave the resonance region. Accordingly, the true solution for the neu-

trino eigenkets evolve in time like the adiabatic instantaneous eigenstates

of the mixing matrix. An electron neutrino is born, evolves as an adia-

batic state until it enters the resonance region, where it also evolves an an

adiabatic state, mixing maximally with another flavor, and, through level

crossing, emerges as another species to be detected on earth. In this regime

there is no appreciable probability for jumping from one adiabatic state to

the other.

In the non-adiabatic case, the resonance region is much smaller than the

oscillation length, and only part of the wave gets lost through oscillation.

Then, in the resonance layer, the true neutrino eigenket does not follow the

instantaneous eigenkets of the mixing matrix: there is an appreciable jump

probability between adiabatic states.

Let us follows the life of a neutrino as it traverses the Sun. An electron

neutrino born at t = t0 in the core of the Sun is described by the ket

|νe〉 = cos θb|ν1(t0)〉I + sin θb|ν2(t0)〉I , (8.100)

where we have set θb = θm(t0). This ket evolves adiabatically until it enters

its resonance layer at t ∼ tr

|νe(tr)〉inAd = cos θbe
−i

∫ tr
t0
E1dt′ |ν1(tr)〉I

+ sin θbe
−i

∫ tr
t0
E2dt′ |ν2(tr)〉I . (8.101)

To be general, let us assume that as the adiabatic states cross the res-
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onance layer, there is a finite jump probability they be converted into one

another. The neutrino beam emerges in the form

|νe(tr)〉outAd = cos θbe
−i

∫ tr
t0
E1dt′ [A|ν1(tr)〉I +B|ν2(tr)〉I ]

+ sin θbe
−i

∫ tr
t0
E2dt′ [−B∗|ν1(tr)〉I +A∗|ν2(tr)〉I ] ,(8.102)

where the jump probability is

Pjump = |B|2 ; |A|2 + |B|2 = 1 . (8.103)

In the adiabatic case, Pjump = 0. From thereon, the beam evolves adi-

abatically until it is detected on Earth. At the time td of detection, an

electron-neutrino detector is sensitive to the ket

|νe(td)〉 = cos θ0|ν1(td)〉I + sin θ0|ν2(td)〉I . (8.104)

The probability to detect an electron neutrino from the Sun is given by

Pνe→νe = | < νe(td)|νe(td)〉outAd |2 . (8.105)

This is a complicated expression which contains terms periodic in the time

of detection. These disappear when we average over the location of the

detector, leaving us with

< Pνe→νe〉 =
1

2
+

1

2
(|A|2 − |B|2) cos 2θb cos 2θ0

− |AB| sin 2θb cos 2θ0 cos(2

∫ tb

tr

E1dt
′ + α) , (8.106)

where α is the relative phase between the jump amplitudes.

The survival probability simplifies even further when we average over the

neutrino beam birthplaces

<< Pνe→νe〉〉 =
1

2
+

1

2
(1− 2Pjump(Eν)) cos 2 < θb(Eν)〉 cos 2θ0 , (8.107)

where we have indicated the dependence on the neutrino energy. The angle

< θb > is the average mixing angle at production, assuming it does not vary

violently with distance.

In the adiabatic case, we also need to compute the jump probability. In
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that approximation, the resonance layer is small, so we can use a linear

approximation for the electron density. One finds (see problem)

Pjump(Eν) = exp

{
−π

4

sin2 2θ0
cos 2θ0

∆m2

Eνr0

}
, (8.108)

and the jump probability decreases with increasing neutrino energy. Thus

in the non-adiabatic case, a neutrino will not convert if its energy is large

enough. This is to be compared with the adiabatic case for which the survival

probability depends on energy only through the mixing angle at birth.

These energy dependences of the survival probability make it possible

to fit the results from the various solar neutrino experiments. As of now,

experiments are not sensitive enough to pinpoint which of these mechanisms

causes the observed deficits.

8.7 Atmospheric Neutrinos

In the summer of 1998, the new water Čerenkov detector in the Kamioka

mine, SuperKamiokande, reported evidence (Y. Fukuda et al, Phys. Rev.

Lett. 82, 1810(1999)) for neutrino oscillations. Their underground detector

is bombarded by neutrinos from the Sun (easily distinguished by their direc-

tion), as well as neutrinos and antineutrinos produced in the decay products

of cosmic ray collisions with Earth’s atmosphere. The composition of these

atmospheric neutrinos is rather well understood. The pions produced in the

primary interaction decay into a muon and its antneutrino. The muon pro-

ceeds to decay, producing an electron, an electron antineutrino and a muon

neutrino

π− → µ− + νµ ,

µ− → e− + νe + νµ .

As the same sequence occurs for the antiparticles, one expects in the end

twice as many muon neutrinos as electron neutrinos. The SuperK detector

found that a significant discrepancy with theory, namely(νµ
νe

)
measured

≈ .6
(νµ
νe

)
predicted

,

in agreement with results obtained by previous detectors (IMB, Kamioka,

Soudan II).

The second surprise was connected with the direction of the detected
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atmospheric neutrinos. A charged particle hit by a neutrino recoils in

the direction of the incoming neutrino, creating its telltale Čerenkov cone.

Since cosmic rays bombard the earth equally from all directions, their de-

cay byproducts are expected to enter the detector from all angles with a

specific distribution. Its measurement then allows physicists to reconstruct

the isotropy of the original flux. In addition, the directions determine the

distance travelled by the atmospheric neutrinos , since all are produced at

the top of the atmosphere. For a certain range of parameters, this difference

in travel paths makes the detector sensitive to oscillations.

SuperKamiokande reported a difference between the number of neutrinos

entering the detector from above and from below. The discrepancy was cor-

related with the distance travelled, in a way consistent with oscillation of

muon neutrinos into some other neutrino species. Their inescapable conclu-

sion: not all muon neutrinos created in the upper atmosphere make it to

the detector as muon neutrinos.

The preferred theoretical interpretation to their data is that the muon

neutrinos oscillate into another neutrino, call it νX , such that

|m2
νµ −m

2
νX
| = 5.9× 10−3 eV2 sin2 2θµ−X ≈ .95 . (8.109)

The flavor of νX has not yet been conclusively identified. It is improbable

that it is an electron neutrino, as a reactor experiment (CHOOZ) has ruled

out oscillation between electron and muon meutrinos with those parameters.

The likely answer is that it is the τ -neutrino, but one cannot yet rule out the

possibility that νX is an entirely new type of neutrino. Since the width of

the Z-boson is already accounted for by known particles, this new neutrino

must be sterile and not couple to the Z-boson.

At this time, there is tantalizing evidence for neutrino masses. In the

next decade, experiments will measure the neutrino mass differences and

mixings through oscillations. However, it will take sometime before an actual

neutrino mass is measured, a challenge for tomorrow.

8.7.1 PROBLEMS

A. Derive the expression for the instantaneous neutrino mass eigenstates,

and their eigenvalues, i.e. at a fixed electron density.

B. a-) Verify that the probability of detection a solar electron-neutrino,
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averaging over both production and detection positions, is given by

P =
1

2
+ (

1

2
− Pjump) cos 2θb cos 2θ0 .

b-) Show that in the appproximation that the electron density varies lin-

early in the transition region, the non-adiabatic jump probability is given

by

Pjump = exp

{
−π

4

sin2 2θ0
cos 2θ0

∆m2

Eνr0

}
.

For references see S. J. Parke, Phys. Rev. Lett. 10 1275(1986), and S. P.

Rosen and J.M. Gelb, Phys. Rev. D34 969(1986).

C. A possible scenario for the explanation of the solar neutrino deficit is

that of vacuum oscillations. In the case of three neutrinos, work out the

probability that the electron neutrino oscillates into a muon neutrino. For

details, see V. Barger, K. Whisnant, S. Pakvasa, and R.J.N. Phillips, Phys.

Rev. D22, 1686(1980).

D. Some time ago, evidence for a neutrino was reported, with the follow-

ing parameters: a 17 KeV Majorana mass, and appreciable mixing with

the electron neutrino sin2 θ ∼ 0.01. Using what you have learned in this

chapter and more, to give at least four reasons (two from astrophysics, two

from particle physics) why it cannot exist. Fortunately, the evidence proved

fallacious.


