
Appendix 1

Supersymmetry Toolbox

This Appendix introduces the basic features of theories with global N = 1

supersymmetry using the language of local field theory. In the absence of

gravity, N = 1 supersymmetry employs two collections of fields, each con-

nected by supersymmetry transformations. The first is the chiral or Wess-

Zumino supermultiplet, which consists of one left-handed Weyl spinor and

one complex scalar field. The second is the gauge supermultiplet, containing

the Yang-Mills gauge bosons, and the gauginos, their spin 1/2 supersym-

metric partners. Since these supermultiplets already contains fields readily

identified with those in the standard model, the N = 1 supersymmetric

standard model is naturally described in terms of these multiplets and their

interactions.

A1.1 The Chiral Supermultiplet

The simplest set of fields on which N = 1 supersymmetry is realized is the

chiral or Wess-Zumino multiplet which contains the three fields,

ϕ(x) , a complex scalar ,

ψ(x) , a Weyl spinor , (1.1)

F (x) , a complex auxiliary field .

The free Lagrangian is given by

LWS
0 ≡ ∂µϕ∗∂µϕ+ ψ†σµ∂µψ + F ∗F . (1.2)

Up to a surface term, it is invariant under the transformations

1
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δϕ = α̂ψ ,

δψ = αF − σµα̂†∂µϕ , (1.3)

δF = −α†σµ∂µψ .

Here α, a Weyl spinor with Grassmann components, is the global param-

eter of the supersymmetry transformation. Grassmann variables are just

anticommuting numbers, so that for any two

(ζ̂χ)∗ = ζ†σ∗2χ
∗ = −ζ†χ̂† , (1.4)

which explains the absence of an i in front of the fermion kinetic term.

The fields ϕ and ψ, with respective canonical dimensions, −1 and −3/2,

are physical, while F is not, with the non-canonical dimension of −2. The

supersymmetry parameter has dimension 1/2. Note that F transforms as a

total divergence.

Under two supersymmetry transformations, labelled δ1 and δ2, with pa-

rameters α1 and α2, we find that

[δ1, δ2]

 ϕ

ψ

F

 = (α†1σ
µα2 − α

†
2σ

µα1)∂µ

 ϕ

ψ

F

 . (1.5)

This equation shows that the result of two supersymmetry transformations

is nothing but a space-time translation by the amount

δxµ = (α†1σ
µα2 − α

†
2σ

µα1) , (1.6)

recalling that Pµ = −i∂µ is the generator of translations. Supersymme-

try transformations act as square roots of translations, and generalize the

Poincaré group. We can readily verify this algebra on one of the fields

δ1δ2F = −α†2σ
µ∂µδ1ψ ,

= −α†2σ
µα1∂µF − α†2σ

µσρα̂†1∂µ∂ρϕ . (1.7)

The symmetry of ∂µ∂ρϕ allows us to set

σµσρ =
1

2
(σµσρ + σρσµ) = gµρ , (1.8)

leading to
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δ1δ2F = −α†2σ
µα1∂µF − α

†
2α̂
†
1g
µν∂µ∂νϕ . (1.9)

Now α†2α̂
†
1 is symmetric under the (1↔ 2) interchange, and drops out from

the commutator, giving the desired result

[δ1, δ2]F = (α†1σ
µα2 − α

†
2σ

µα1)∂µF . (1.10)

The other two expressions for ϕ and ψ work out in a similar way, making

use of Fierz identities applied to ψ.

All these results can be neatly summarized by introducing a two-component

Weyl spinor Grassmann variable θ. We construct the chiral superfield Φ(x, θ)

which depends only on θ. Since θ is Grassmann, its cube vanishes, resulting,

without loss of generality, in the expansion

Φ(x, θ) = ϕ(x) + θ̂ψ(x) +
1

2
θ̂θF (x) . (1.11)

We then express the supersymmetry transformation as acting on the fields,

δΦ = δϕ+ θ̂δψ +
1

2
θ̂θδF , (1.12)

and rewrite it as an operator acting on the coordinates

δΦ =

[
α̂
∂

∂θ
+ α†σµθ∂µ

]
Φ , (1.13)

where the Grassmann derivative is defined through

∂

∂θ
θ̂ = 1 . (1.14)

Expressing the supersymmetry transformations in this way enables us to

directly derive the commutator formula. It also clearly shows why the change

in the coefficient of θ̂θ is a total divergence: it can only come from the term

linear in θ in the supersymmetry generator, which contains the space-time

derivative operator.

We can write the effect of a supersymmetry transformation on the chiral

superfield in another way, namely as

Φ(xµ, θ)→ Φ(xµ + α†σµθ, θ + α) , (1.15)
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but it is somewhat ackward since the change in xµ is not real. If we write

the change in terms of its real plus imaginary parts,

α†σµθ =
1

2
(α†σµθ − θ†σµα) +

1

2
(α†σµθ + θ†σµα) , (1.16)

we find that the imaginary part of the shift can be written as the change of

θ†σµθ/2. This suggests that we replace xµ by

yµ = xµ +
1

2
θ†σµθ , (1.17)

and consider the chiral superfield as a function of yµ. It is of course no

longer chiral (a function of θ alone), its expansion being given by

Φ(yµ, θ) = ϕ(x) + θ̂ψ(x) +
1

2
θ̂θF (x) +

1

2
θ†σµθ∂µϕ(x)

− 1

4
θ̂θθ†σµ∂µψ(x) +

1

16
|θ̂θ|2∂µ∂µϕ(x) , (1.18)

using some Fierzing and the identity

θ†σµθθ†σνθ =
1

2
gµν |θ̂θ|2 . (1.19)

The manifestly real superfield

V (xµ, θ, θ∗) = Φ∗(yµ, θ)Φ(yµ, θ) , (1.20)

depends on both θ and θ∗,

V ∗(xµ, θ, θ∗) = V (xµ, θ, θ∗) , (1.21)

and transforms under supersymmetry in a more pleasing way, namely with

a real change in the coordinate xµ

V (xµ, θ, θ∗)→ V (xµ +
1

2
[α†σµθ − θ†σµα], θ + α, θ∗ + α∗) . (1.22)

Its expansion is given by

V (x, θ, θ∗) = ϕ∗(x)ϕ(x) + [θ̂ψϕ∗ − θ†ψ̂†ϕ]

+
1

2
[θ̂θϕ∗F − θ†θ̂†ϕF ∗ + θ†σµθ(ϕ∗∂µϕ− ∂µϕ∗ϕ− ψ†σµψ)]
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− 1

4
θ†θ̂†(2F ∗ψ̂ + ϕ∂µψ

†σµ − ∂µϕψ†σµ)θ

− 1

4
θ̂θθ†(2ψ̂†F + ϕ∗σµ∂µψ − σµψ∂µϕ∗)

+
1

8
|θ̂θ|2

(
2F ∗F − ∂µϕ∗∂µϕ+

1

2
(ϕ∗∂µ∂µϕ+ ϕ∂µ∂µϕ

∗)

+ ψ†σµ∂µψ − ∂µψ†σµψ
)
. (1.23)

The alert student will recognize the last term as the Lagrange density, plus

an overall divergence.

It is a bit tedious to verify the transformation laws of all the components

of the real superfield. Here we illustrate it only for terms of the form ∂µϕϕ
∗.

On the one hand, we get from the shifts in coordinates

V (xµ) +
1

2
(α†σµθ − θ†σµα), θ + α, θ∗ + α∗)

=
1

2
ϕ∗(α†σµθ − θ†σµα)∂µϕ+

1

2
(α†σµθ + θ†σµα)ϕ∗∂µϕ+ · · ·

= α†σµθϕ∗∂µϕ+ · · · .

On the other hand, by varying the fields directly, we obtain the very same

term

θ̂δψϕ∗ = −θ̂σµσ2α
∗∂µϕϕ

∗ + · · · ,
= α†σµθ∂µϕϕ

∗ + · · · .

We can also interpret the supersymmetric change on the real superfield in

terms of the action of differential operators, namely

δV =
{
α̂(

∂

∂θ
+

1

2
σµθ̂†∂µ)− α†

̂
(

(
∂

∂θ

)†
− 1

2
σµθ∂µ)

}
V (x, θ, θ∗) , (1.24)

where we have used the identity

θ†σµα = −α̂σµθ̂† .

These equations suggest we introduce the generators of supersymmetry

Q =
∂

∂θ
+

1

2
σµθ̂†∂µ ,

(1.25)

Q̂† =
̂( ∂

∂θ

)†
− 1

2
σµθ∂µ ,
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to write the change in the real superfield

δV = (α̂Q− α†Q̂†)V (x, θ, θ∗) , (1.26)

The supersymmetry generators satisfy the anticommutation relations

{Q,Q } = {Q∗, Q∗} = 0 ,

(1.27)

{Q,Q∗} = σµ
∂

∂xµ
.

Added to the generators of the Poincaré group, these generators form the

super-Poincaré group. It follows that the particles described by supersym-

metry must form irreducible representations of this supergroup.

Any representation of the super Poincaré group can be organized in terms

of representations of its subgroup, the Poincaré group. It is easy to see that

the supersymmetry generators commute with the translations,

[Q,Pµ] = 0 . (1.28)

Hence they also commute with PµP
µ, the mass squared Casimir operator of

the Poincaré subgroup. We can therefore split our analysis in terms of the

mass.

It is simplest to start with massless representations. The massless repre-

sentations of the Poincaré group are labelled by the helicity λ which runs

over positive and negative integer and half-integer values. In local field the-

ory, each helicity state |λ > is accompanied by its CPT conjugate | − λ >;

for example, the left polarized photon |λ = +1 > and its CPT conjugate

the right polarized photon |λ = −1 >.

In the infinite momentum frame, with only P0 = P3 6= 0, the supersym-

metry algebra reduces to the Clifford algebra

{Q1, Q
∗
1} = iP0 ,

all other anticommutators being zero. There is only one supersymmetry op-

erator (that is why it is called N = 1). Together with its conjugate, they act

like the creation and annihilation operators of a one-dimensional fermionic

harmonic oscillator. Starting from any state | λ >, we can generate only

one other state Q∗| λ >, which has helicity λ+ 1/2. A second application

of the raising operator yield zero since Q2
1 = 0. This construction yields

the only massless irreducible representation of N = 1 supersymmetry: two

states, differing by half a unit of helicity. The lowest representations are
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– The Wess-Zumino multiplet corresponds to the representation | 0 >

⊕ | 1/2 >, together with its CPT conjugate | 0 > ⊕ | − 1/2 >. It describes

one Weyl fermion and two scalar degrees of freedom.

– The gauge multiplet contains the states | 1 > ⊕ | 1/2 >, together with

their CPT conjugates | −1 > ⊕ | −1/2 >. These describe a vector particle

and a Weyl fermion.

There is an infinite of representations with higher helicities. We should

note the Rarita-Schwinger representation | 3/2 > ⊕ | 1 > and its conjugate,

as well as the graviton-gravitino combination, made up of | 2 > ⊕ | 3/2 >,

plus conjugate. The latter appears in supergravity, the local generalization

of supersymmetry.

It is obvious that the number of bosonic and fermionic degrees of free dom

match exactly in these representations. This can be seen in the field theory

multiplets as well: using the equations of motion, the chiral multiplet has two

fermionic degrees of freedom, exactly matched by the complex scalar field.

If the equations of motion are not used, the number of fermions doubles,

but the excess in fermions is exactly matched by adding two boson fields,

the complex auxiliary field F .

The massive representations of the super Poincaré group can be obtained

by assembling massless multiplets, using the group-theoretical equivalent of

the Higgs mechanism. We leave to the reader the construction of the lowest

lying supermultiplets.

Clearly, the real supermultiplet is highly reducible. It can be checked that

the covariant derivative operator

D ≡ ∂

∂θ
− 1

2
σµθ̂†∂µ , (1.29)

and its complex conjugate anticommute with the generators of supersym-

metry. By requiring that they vanish on the real superfield, we obtain the

chiral superfield.

The construction of supersymmetric invariants is facilitated by the use of

Grassmann variables. We have already noted that the highest component of

a superfield transforms as a four-divergence, so that its integral over space-

time is supersymmetric invariant. We can extract this component through

the operation of Grassmann integration, defined by

∫
dθ ≡ 0 ,

∫
dθθ ≡ 1 ; (1.30)
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note that since θ has dimension 1/2, dθ has the opposite dimension, -1/2.

Integration enables us to rewrite the invariant in the form

∫
d4x

∫
d2θ Φ(x, θ) =

∫
d4xF . (1.31)

It follows that the integral of a chiral superfield over superspace (x, θ), is a

supersymmetric invariant.

However, any product of Φ(x, θ) is itself a chiral superfield, since θ̂θθ = 0.

For any number of chiral superfields Φa, a = 1, . . . , N , all the quantities

∫
d4x

∫
d2θ Φai · · ·Φan for all ai and n , (1.32)

are supersymmetric invariants.

For a real superfield, transforming under supersymmetry like V (x, θ, θ∗),

it is easy to show that its component along |θ̂θ|2, called the D-term, also

transforms as a four-divergence. Its space-time integral is therefore a super-

symmetric invariant. By integrating over both θ and θ∗, we can extract the

D-term. Indeed we have already seen that the kinetic part of the Lagrangian

is a D-term

Lkin =

∫
d2θ

∫
d2θ |Φ(yµ, θ)|2 . (1.33)

It has the right dimension: the superfield has dimension one, and the four

Grassmann integral bring dimension two.

The potential part of the Lagrangian is given by

V =

∫
d2θW (Φ) + c.c. , (1.34)

where the function W is called the superpotential; it depends only on the

chiral superfields, not their conjugates: it is a holomorphic function of the

superfields. In renormalizable theories, it is at most cubic in the chiral

superfields

W = mijΦiΦj + λijkΦiΦjΦk . (1.35)

It is straightforward to see that the physical potential is simply expressed

in terms of the superpotential
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V (ϕ) =
∑
i

F ∗i Fi =
∑
i

|∂W (ϕ)

∂ϕi
|2 ; (1.36)

it is obviously positive definite, a general feature of global supersymmetry.

The components of the quadratic polynomial are given by∫
d2θΦ1Φ2 = (ϕ1F2 + ϕ2F1 − ψ̂1ψ2) , (1.37)

With this term alone in the superpotential, the equations of motions for the

auxiliary fields are

F ∗1 = −mϕ2 , F ∗2 = −mϕ1 . (1.38)

Substituting their solutions, we find

−m2|ϕ1|2 −m2|ϕ2|2 −mψ̂1ψ2 . (1.39)

These are the mass terms for four real scalars and one Dirac fermion of mass

m, with the mass sum rule

∑
J=0

m2 = 2
∑
J=1/2

m2 , (1.40)

where we count one Dirac = 2 Weyl fermions. We can rewrite this equation

in the form

StrM2 ≡
∑

J=0,1/2

(2J + 1)(−1)2Jm2
J = m2 +m2 − 2m2 = 0 . (1.41)

A cubic superpotential∫
d2θΦ1Φ2Φ3 = (ϕ1ϕ2F3 + ϕ1F2ϕ3 + F1ϕ2ϕ3

− ϕ1ψ̂2ψ3 − ϕ2ψ̂1ψ3 − ϕ3ψ̂1ψ2) ,

contains the renormalizable Yukawa interactions, and, after using the equa-

tions of motion of the auxiliary fields, quartic renormalizable self-interactions.

Clearly, higher order polynomials yield non-renormalizable interactions.

The kinetic term of the chiral multiplet has a special global symmetry,

called R-symmetry, not found in non-supersymmetric models. It is not
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an internal symmetry since it does not commute with supersymmetry. R-

symmetry is a global phase symmetry on the Grassmann variables

θ → eiβθ , θ∗ → e−iβθ∗ . (1.42)

The Grassmann measures transform in the opposite way

dθ → e−iβdθ , dθ∗ → eiβdθ∗ . (1.43)

Clearly, the Grassmann integration measure for the kinetic term is invari-

ant, so that the most general R-type transformation that leaves the kinetic

integrand invariant is

Φi(yµ, θ)→ einiβΦi(yµ, e
iβθ) . (1.44)

a In terms of components, this means that

ϕi → einiβϕi , ψi → ei(ni−1)βψi . (1.45)

This symmetry is not necessarily shared by the superpotential, unless it

transforms under R as

W → e2iβW , (1.46)

to match the transformation of the Grassmann measure, further restricting

the form of the superpotential.

To implement internal symmetries, we simply assume that superfields

transform as representation of the internal symmetry group. If the invari-

ance is global, the kinetic part is automatically invariant, as it sums over

all the internal degrees of freedom. The superpotential may or may not be

invariant, depending on its form.

We close this section by working out certain functions of superfields which

arise in discussing non-perturbative aspects of supersymmetric theories. As

we have seen, products of chiral superfields are themselves chiral superfields,

so that any special function of a chiral superfield is defined through its series

expansion.
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Logarithm

Given a chiral superfield

Φ = ϕ(x) + θ̂ψ(x) +
1

2
θ̂θF (x) ,

we have

ln Φ = lnϕ+ ln[1 + θ̂ψ′(x) +
1

2
θ̂θF ′(x)] , (1.47)

where

ψ′ =
ψ

ϕ
, F ′ =

F

ϕ
. (1.48)

We then use the series expansion of the logarithm to obtain

ln Φ = lnϕ+ (θ̂ψ′ +
1

2
θ̂θF ′)− 1

2
(θ̂ψ′ +

1

2
θ̂θF ′)2 ,

= lnϕ+ θ̂ψ′ +
1

2
θ̂θ(F ′ +

1

2
ψ̂′ψ′) , (1.49)

using the Fierz identities.

Power

The arbitrary power of a chiral superfield is given by its series expansion,

since

Φa = ϕa{1 + θ̂ψ′ +
1

2
θ̂θF ′}a ,

= ϕa{1 + aθ̂ψ′ +
1

2
aθ̂θF ′ +

1

2
a(a− 1)(θ̂ψ′)2} ,

which, after a Fierz, yields the exact result

Φa = ϕa[1 + aθ̂ψ′ +
1

2
θ̂θ(aF ′ − a(a− 1)

2
ψ̂′ψ′)] . (1.50)

A1.1.1 PROBLEMS

A. Using Fierz transformations, prove that θθ̂θ = 0.

B. Verify explicitly that the commutator of two supersymmetry transfor-

mations on the Weyl fermion component of a chiral superfield is indeed a

translation.
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C. Verify that the covariant derivative operator D defined in Eq. (1.29)

anticommutes with the supersymmetry generators.

D. Show that a chiral superfield is a real superfield that obeys the constraint

DV = 0.

E. Show that the D-term of a real superfield transforms as a four-divergence.

A1.2 The Real Superfield

Although we have already constructed a real superfield out of a chiral su-

perfield, we should be able to build one directly in terms of the four real

Grassmann variables contained in the Weyl spinor θ. An elegant way to pro-

ceed is to rewrite the two-component Weyl into a four component Majorana

spinor. In the Majorana representation, all four components of a Majorana

spinor are real anticommuting degree s of freedom. The real superfield is

then the most general function of the Majorana spinor

Θ ≡
(

θ

−σ2θ∗

)
, (1.51)

shown here in the Weyl representation. Because all these components an-

ticommute, the expansion will stop at the fourth order. We can use naive

counting to determine the number of each component at each order. There

are four components to the first order in Θ, 4 · 3/2 = 6 components at the

second order, 4·3·2/(1·2·3) = 4 at the third, and finally 4·3·2·1/(1·2·3·4) = 1

component at the fourth. Hence a real superfield contains (1, 4, 6, 4, 1) de-

grees of freedom, half of them commuting, half anti-commuting. We can

form the six quadratic covariants

ΘΘ, Θγ5Θ, Θγ5γµΘ , (1.52)

where the bar denotes the usual Pauli adjoint

Θ ≡ Θ†γ0 . (1.53)

It is easy to check the reality conditions

(ΘΘ)∗ = −ΘΘ , (Θγ5Θ)∗ = Θγ5Θ , (Θγ5γµΘ)∗ = −Θγ5γµΘ .

(1.54)
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Finally, by using the further identities

ΘΘΘ = −Θγ5ΘΘγ5 =
1

4
Θγ5γµΘΘγ5γ

µ , (1.55)

Θγ5γµΘΘ = −ΘΘΘγ5γµ , Θγ5γ
µΘΘγ5γ

µΘ = gµν(ΘΘ)2 , (1.56)

we are able to write the most general Lorentz covariant expansion of a real

superfield

V (xµ,Θ) = A(x) + iΘΨ(x) + iΘΘM(x) + Θγ5ΘN(x)

+ iΘγ5γ
µΘAµ(x) + ΘΘΘΛ(x) + (ΘΘ)2D(x) . (1.57)

It can be shown that in Weyl notation the same real superfield reads

V (xµ, θ, θ∗) = A(x)− i(θ̂ψ + θ†ψ̂†)

− iθ̂θC − iθ†θ̂†C∗ + iθ†σµθAµ

+ θ̂θθ†λ̂† + θ†θ̂†θ̂λ+ |θ̂θ|2D , (1.58)

where

C(x) = M(x)− iN(x) , (1.59)

and

Ψ(x) =

(
ψ(x)

−σ2ψ∗(x)

)
. (1.60)

It is evident from this equation that the real superfield contains a chiral

superfield and its conjugate, made up of the non-canonical fields A, ψ, and

C. We can therefore always write it in the form

V (x, θ, θ∗) = −i(Φ(x, θ)− Φ∗(x, θ)) + V ′(x, θ, θ∗) , (1.61)

where

Φ(x, θ) =
1

2

(
B(x) + iA(x)

)
+ θ̂ψ(x) + θ̂θC(x) . (1.62)

If the real superfield is taken to be dimensionless, the vector field Aµ and

the Weyl spinor λ have the right canonical dimension to represent a gauge
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field and a spinor field. The real superfield then describes the vector super-

multiplet we have encountered in classifying the representations of the super

Poincaré group, but with many extra degrees of freedom, which happen to

fall neatly in chiral multiplets. This is no accident, since these extra fields

in fact turn out to be gauge artifacts.

To conclude this section, let us work out the power of a real superfield,

which turns out to be useful in several contexts. Consider

V a = [A(1 +X)]a , (1.63)

where X is a real superfield with all its components normalized by A.

X = iΘΨ′+ iΘΘM ′+Θγ5ΘN ′+ iΘγ5γ
µΘA′µ+ΘΘΘΛ′+(ΘΘ)2D′ , (1.64)

where the prime denotes division by A. Then, noting that X5 = 0, a little

bit of algebra gives

V a = Aa[1 + aX + a(a− 1)
X2

2!

+ a(a− 1)(a− 2)
X3

3!
+ a(a− 1)(a− 2)(a− 3)

X4

4!
] . (1.65)

The Fierz identity shown here for any two Dirac four component spinors

ΨΛ = −1

4
ΛΨ−1

4
γ5Ψγ5Λ+

1

4
γ5γ

ρΨγ5γ
ρΛ−1

4
γρΨγρΛ+

1

2
σµνΨσµνΛ , (1.66)

is used repeatedly to rewrite the powers of X in terms of the standard

expansion for a real superfield. We leave it as an exercise in fierce Fierzing

to work out the general formula. Here we just concentrate on the D-term.

The contributions to the D-term are as follows:

X : (ΘΘ)2D′ ;

X2 : 2iΘΨ′ΘΘΘΛ′ + (iΘΘM ′ + Θγ5ΘN ′ + iΘγ5γ
µΘA′µ)2 ,

= (ΘΘ)2

{
− i

2
Λ̂Ψ′ −M ′2 +N ′2 −A′µA′µ

}
;

X3 : − 3(iΘΘM ′ + Θγ5ΘN ′ + iΘγ5γ
ρΘA′ρ)(ΘΨ′)2 ,

=
3

4
(ΘΘ)2(iM ′Ψ

′
Ψ′ −N ′Ψ′γ5Ψ′ −A′ρΨ′γ5γρΨ

′) ;

X4 : (iΘΨ′)4 =
1

16
(ΘΘ)2(Ψ

′
Ψ′)4[1 + 1 + gµµ] .
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Putting it all together, we obtain for the D-term

(V a)D = Aa[aD′ +
a(a− 1)

2
(− i

2
Λ
′
Ψ′ −M ′2 +N ′2 −A′µA′µ)

+
1

8
a(a− 1)(a− 2)(iM ′Ψ

′
Ψ′ −N ′Ψ′γ5Ψ′ −Aρ′Ψ′γ5γρΨ

′)] .

(1.67)

One can use these formulae to show that the real superfield, expunged of its

chiral components, satisfies V̂ 3 = 0.

A1.2.1 PROBLEMS

A. Verify the identities in Eqs. (1.55) and (1.56).

B. Verify the form of the expansion of a real superfield given in Eq. (1.58).

C. Show that a dimensionless real superfield that satisfies V 3 = 0 contains

only a gauge field, a Weyl fermion and a real auxiliary field.

D. Starting from the transformation law of a real superfield, derive the

transformation of the three fields, Aµ, λ, and D.

E. Derive the expression of the exponential of a real superfield.

A1.3 The Vector Supermultiplet

One massless representation of the super-Poincaré is the vector supermul-

tiplet, containing a gauge potential and the gaugino, its associated Weyl

fermion. The analysis of the previous section shows that they come accom-

panied by a real auxiliary field. Taking the Abelian case for simplicity, we

are led to consider the three fields

Aµ(x) : a gauge field

λ(x) : a Weyl spinor (the gaugino), (1.68)

D(x) : an auxiliary field .

The auxiliary field is here to provide the right count between bosonic and

fermionic degreees of freedom. Without using the massless Dirac equation,
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the spinor is described by four degrees of freedom, and the gauge field is

described by three degrees of freedom, leaving D to make up the balance.

With the use of the equations of motion, both the Weyl field and the massless

gauge field have two degrees of freedom, and the auxiliary field disappears.

Sometimes the gaugino is called a Majorana fermion, but there should be

no confusion between a Weyl fermion and a Majorana fermion: in two-

component notation they look exactly the same. The Action

S =

∫
d4x[−1

4
FµνF

µν + λ†σµ∂µλ+
1

2
D2] , (1.69)

where Fµν = ∂µAν − ∂νAµ, is invariant under the following supersymmetry

transformations

δAµ =
−i√

2
(λ†σµα+ α†σµλ) ,

δλ =
1√
2

(D +
i

2
σµνFµν)α , (1.70)

δD =
1√
2

(∂µλ
†σµα− α†σµ∂µλ) ,

where

σµν =
1

2
(σµσν − σνσµ) . (1.71)

We see that D transforms as a four-divergence, making its space-time inte-

gral is a supersymmetric invariant. Let us check the commutation relations

of the algebra on the fields:

δ1δ2D =
1√
2

(∂µδ1λ
†σµα2 − α

†
2σ

µ∂µδ1λ) ,

=
1

2
(α†1σ

µα2 − α
†
2σ

µα1)∂µD −

− i

4

(
(σρσα1)†σµα2 − α

†
2σ

µσρσα1

)
∂µFρσ . (1.72)

Since we have

σρσ† = −σρσ = −1

2
(σρσσ − σσρ) , (1.73)

the identity
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σµσρτ = −iεµρτδσδ + gµρστ − gµτσρ , (1.74)

allows us to rewrite this equation as

[δ1, δ2]D = α†[1σ
µα2]∂µD +

i

4
α†[1(σρτσµ + σµσρτ )α2]∂µFρτ , (1.75)

leading us to the simpler form

[δ1, δ2]D = (α†1σ
µα2 − α

†
2σ

µα1)∂µD +

+
1

2
(α†1σλα2 − α

†
2σλα1)εµρτλ∂µFρτ . (1.76)

The last term vanishes because of the Bianchi identity. (What if it did not?

Any implications for the monopole?) Similarly, we compute

[δ1, δ2]Aµ =
−i√

2
(δ1λ

†σµα2 + α†2σµδ1λ)− (1↔ 2) ,

=
1

4
α†1(σρτσµ − σµσρτ )α2Fρτ − (1↔ 2) ,

= (α†1σ
ρα2 − α

†
2σ

ρα1)Fρµ , (1.77)

skipping over several algebraic steps. The right hand side contains the de-

sired term, namely ∂ρAµ, but it also contains −∂µAρ; clearly it could not

be otherwise from the transformation laws: their right-hand side is mani-

festly gauge invariant, whereas δAµ certainly is not. Indeed our result can

be rewritten in the suggestive form

[δ1, δ2]Aµ = (α†1σ
ρα2 − α

†
2σ

ρα1)∂ρAµ − ∂µΣ , (1.78)

where the last term is a gauge transformation, with a field dependent gauge

function given by

Σ = (α†1σ
ρα2 − α

†
2σ

ρα1)Aρ . (1.79)

This equation shows clearly that a supersymmetry transformation (in this

form) is accompanied by a gauge transformation. It also means that this

description of the gauge multiplet is not gauge invariant, but rather in a

specific gauge; this gauge is called the Wess-Zumino gauge. It is possible

to eliminate the gauge transformation in the commutator of two supersym-

metries by introducing extra fields which are needed for a gauge invariant
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description. We leave it as an exercise to derive the full gauge invariant set

of fields. These fields can be neatly assembled in a real superfield, which

under a gauge transformation undergoes the shift

V → V + i(Ξ− Ξ∗) , (1.80)

where Ξ(x, θ) is a chiral superfield. This nicely connects with the remarks

of the previous section. The Wess-Zumino gauge is that for which the ex-

traneous components of the real superfield are set to zero (A = ψ = C = 0).

We leave it to the reader to verify the algebra on the gaugino field λ.

Generalization to the non-Abelian case is totally straightforward. The

only difference is that the gaugino and auxiliary fields λA(x) and DA(x)

now transform covariantly as members of the adjoint representation of the

internal symmetry group. Thus the ordinary derivative acting on λA(x) has

to be replaced by the covariant derivative

(Dµλ)A = ∂µλ
A + ig(TC)ABA

C
µ λ

B , (1.81)

where the representation matrices are expressed in terms of the structure

functions of the algebra through

(TC)AB = −if CA
B . (1.82)

The N = 1 supersymmetric non-Abelian Yang-Mills Lagrangian is then

given by

−1

4
GAµνG

Aµν + λ†Aσµ(Dµλ)A +
1

2
DADA . (1.83)

In the Wess-Zumino gauge, there is an alternate way to represent the three

fields of the vector supermultiplet, by introducing a chiral superfield which

transforms as a Weyl spinor under the Lorentz group. It is given by

WA(x, θ) = λA(x)+
1

2

[
DA(x) +

i

2
σµνGAµν(x)

]
θ+

1

4
θ̂θσµ∂µλ̂

†A(x) , (1.84)

suppressing the spinor index. Under a gauge transformation, this superfield

transforms covariantly, as a member of the adjoint representation. One can

also easily show that, under a supersymmetry transformation,WA(x, θ) does

indeed transform as a chiral superfield, that is,

WA(xµ, θ)→WA(xµ + α†σµθ, θ + α) . (1.85)
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This reformulation gives us an easy way to build invariants out of products of

this superfield. As for the Wess-Zumino multiplet, invariants are the F-term

of the products of this superfield. This time, we must take care that Lorentz

and gauge invariance be satisfied. In particular, the Yang-Mills Lagrangian

is simply

LSYM =

∫
d2θ ŴAWA + c.c. . (1.86)

The other invariant

LSST = i

∫
d2θ ŴAWA + c.c. , (1.87)

is the usual Yang-Mills surface term

LSST = GAµνG̃
Aµν − i∂µ(λ†σµλ) . (1.88)

There are no other supersymmetric invariants made out of this spinor su-

perfield that lead to renormalizable interactions. However we can easily

manufacture invariant combinations of higher dimensions. For instance for

SU(N) with N > 2, we can form the gauge adjoint “anomaly” composite

AB = dBCDŴCWD , (1.89)

leading to the invariant ∫
d2θ ABAB . (1.90)

Similar constructions can be made with composites which transform as a self-

dual antisymmetric second rank Lorentz tensor, and member of the adjoint

representation of the gauge group, such as

fABCŴBσiWC . (1.91)

Some of these constructions appear in the context of non-perturbative su-

persymmetric models.

Finally, it is straighforward to implement R-symmetry on the gauge su-

permultiplet. All we need require is that

W → eiβW . (1.92)
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This means that the gaugino carries one unit of R-symmetry, while the D

and gauge fields have no R-number.

A1.3.1 PROBLEMS

A. Prove the identity (1.72).

B. In the Wess-Zumino gauge, verify the commutator of the supersymmetry

algebra on the gaugino field.

C. Show that the spinor superfield W has the correct transformation law

under supersymmetry.

D. Show that the components of a real superfield in the Wess-Zumino gauge

transform according to Eq. (1.67).

A1.4 Interaction of Chiral and Vector Supermultiplets

The renormalizable interactions of gauge fields with spin zero and one-half

matter fields are generalized in supersymmetry to the study of the interac-

tion of gauge supermultiplets with chiral matter supermultiplets.

Let us start with the coupling of a Wess-Zumino supermultiplet to an

Abelian gauge superfield. Consider first the free action for one chiral super-

field; it is clearly invariant under the global phase transformations

Φ(x, θ)→ eiηΦ(x, θ) , (1.93)

as long as the η is a global parameter, independent of the coordinates.

To duplicate the Yang-Mills construction, we want to modify this action

to make it invariant under the most general local phase transformation on

the chiral superfield

Φ(x, θ)→ eiηΞ(x,θ)Φ(x, θ) , (1.94)

where Ξ(x, θ) is a chiral superfield. The kinetic term loses its invariance,

since

Φ∗(y, θ)Φ(y, θ)→ eiη(Ξ(y,θ)−Ξ∗(y,θ))Φ∗(y, θ)Φ(y, θ) , (1.95)

where yµ has been previously defined. To restore invariance under the local
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symmetry, we generalize the kinetic term by adding the gauge supermul-

tiplet. We have seen that it is described by a real superfield, with the

suggestive gauge transformation

V → V − i(Ξ− Ξ∗) . (1.96)

The change of the argument translates in a redefinition of Λ(x) and D(x) in

the real superfield, and does not affect the counting of the number of degrees

of freedom.The Action is simply∫
d4x

∫
d2θd2θ̄

∑
a

Φ∗(y, θ)eηV (y,θ,θ∗)Φ(y, θ) . (1.97)

In the Wess-Zumino gauge, this expression can be shown to reduce to

L = −1

4
FµνF

µν + λ†σµ∂µλ+
1

2
D2 +

+ (Dµϕ)∗(Dµϕ)∗ + ψ†σµDµψ + F ∗F + (1.98)

+ gDϕ∗ϕ−
√

2gλ̂ψϕ∗ +
√

2gλ†ψ̂†ϕ ,

with the usual gauge covariant derivatives

Dµϕ = (∂µ + igAµ)ϕ ; Dµψ = (∂µ + igAµ)ψ . (1.99)

The last line of this Lagrangian yields new interactions, over and above

those present in the usual construction of gauge invariant theories, where

derivatives are simply replaced by covariant derivatives. The reason is that

the usual interaction terms created in this way, all proportional to the charge,

are not supersymmetric invariants; the extra terms restore invariance under

supersymmetry. However it is a bit tricky to check the invariance because we

are in the Wess-Zumino gauge. This entails changes in the transformation

properties of the fields of order g.

Consider the variation of the interaction of the fermion current with the

gauge potential

δ
(
igψ†σµψAµ

)
= igψ†σµαFAµ +

1√
2
gψ†σµψλ†σµα+ c.c. .

To offset the last term we need the variation

−
√

2gλ̂ψδϕ∗ = − 1√
2
gα†σµλψ

†σµψ .
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By the same token, the variation

−
√

2gδλ̂ψϕ∗ = −gDα̂ψϕ∗ + · · · ,

is compensated by

gDϕ∗δϕ = gDϕ∗α̂ψ .

This procedure goes on ad nauseam. The alert student may have noticed

the presence of a term proportional to F . The only way to compensate for

it is to add a term in the variation of F itself. The extra variation

δWZF
∗ = −igψ†σµαAµ ,

does the job. Its effect is to replace the derivative by the covariant derivative

in the transformation law, which we do for all of them. Even then we are

not finished: we still have one stray term proportional to F . Indeed we have

−
√

2gλ̂δψϕ∗ = −
√

2gF λ̂αϕ∗ + · · · ,

which can only cancelled by adding a term in the variation of F , yielding

the final modification

δWZF
∗ = −igψ†σµαAµ −

√
2gα†λ̂†ϕ . (1.100)

You have my word that it is the last change, but to the non-believer, I leave

the full verification of the modified supersymmetric algebra in the Wess-

Zumino gauge as an exercise.

This simple Lagrangian of course does not lead to a satisfactory quantum

theory because of the ABJ anomaly associated with the U(1), but this can

be easily remedied by adding another chiral superfield with opposite charge.

In this case, the extra terms beyond the covariant derivatives read

gD(ϕ†1ϕ1 − ϕ
†
2ϕ2)−

(√
2gλ̂(ψ1ϕ

∗
1 − ψ2ϕ

∗
2) + c.c.

)
. (1.101)

From the equations of motion, the value of the auxiliary field is

D = −g(ϕ†1ϕ1 − ϕ
†
2ϕ2) ,

yielding the extra contribution to the potential

V =
g2

2
(ϕ†1ϕ1 − ϕ

†
2ϕ2)2 . (1.102)
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Generalization to the non-Abelian case is straightforward. We merely

quote the results for a chiral matter superfield transforming as a represen-

tation r of the gauge group. The derivatives on the matter fields ψa and ϕa
are replaced by the covariant derivatives

Dµ = ∂µ + igTBABµ ,

where TB represent the gauge algebra in the representation of the chiral

superfield. The auxiliary fields DA(x) now couple through the term

gDAϕ†a(TA) b
a ϕb , (1.103)

and the gauginos by the terms

−
√

2gϕ†a(TA) b
a ψ

T
b λ̂

A +
√

2gλA†ψ̂† a(TA) b
a ϕb , (1.104)

where we have displayed the internal group indices (but not the spinor in-

dices).

Lastly, we note that the gauge coupling preserves R-symmetry, irrespec-

tive of the R-value of the chiral superfield. Thus the only place R-invariance

can be broken is in the superpotential.

A1.4.1 PROBLEMS

A. Evaluate the Abelian action (1.97) in the Wess-Zumino gauge.

B. Show that the modification (1.100) to the transformation of F in the

Wess-Zumino gauge is sufficient to close the supersymmetry algebra.

A1.5 Supersymmetry Breaking

Exact supersymmetry implies equal masses for bosons and fermions, a fea-

ture not found in Nature. Thus any phenomenological application of super-

symmetry requires an understanding of its breaking. We do not consider the

so-called hard breaking, induced by higher-dimension (≥ 4) operators, which

leaves no trace of the symmetry in the quantum field theory. Rather we dis-

cuss the more subtle breaking mechanisms which do not alter the ultraviolet

properties of the theory.

Simplest is soft breaking, with the symmetry broken by infrared effects.

This is accomplished through scale-dependent terms of dimension-two and
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three (relevant) operators. Intuitively, these do not affect the theory in the

limit where all masses are taken to zero, relative to the scale of interest.

These terms describe masses of the spin zero superpartners of the massless

chiral fermions for the Wess-Zumino multiplet, and masses of the spin 1/2

gauginos for the gauge supermultiplets. The dimension-three terms describe

interactions between the spin-zero partners of the chiral multiplets.

There are mass terms which do not break any symmetry other than su-

persymmetry by creating a mass gap between the particles within a su-

permultiplet (adding mass terms for the chiral fermions would break chiral

symmetry, and often gauge symmetries). In the case of gauge supermulti-

plets, the gauge boson masses are protected by gauge symmetries, while the

Majorana the gaugino mass term

Miλ̂iλi , (1.105)

leave the gauge group invariant but break the continuous R-symmetry down

to R-parity, its discrete Z2 subgroup.

Soft breaking is not fundamental, rather a manisfestation of symmetry

breaking in the effective Lagrangian language. We already encountered an

example with the soft breaking of chiral symmetry in the effective chiral

Lagrangian that describes the strong interactions. We understand these

terms to come from the quark masses in the QCD Lagrangian, which in turn

are generated by the spontaneous breaking of the electroweak symmetry. In

the case of supersymmetry, the actual mechanism by which supersymmetry

is broken is not known, although one can devise models where spontaneous

symmetry breaking occurs naturally.

A1.5.1 Spontaneous Breaking

More fundamental is spontaneous breaking of supersymmetry. A symmetry

is spontaneously broken if the field configuration which yields minimum

energy no longer sustains the transformation under that symmetry. Let

us remind ourselves how it works for an internal symmetry. The simplest

order parameter is a complex field ϕ(x) with dynamics invariant under the

following transformation
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δϕ(x) = eiβϕ(x) . (1.106)

Suppose that in the lowest energy configuration, this field has a constant

value < ϕ(x) >0. Expanding ϕ(x) away from this vacuum configuration,

and setting

ϕ(x) = eiη(x)(v + ρ(x)) , (1.107)

we find that under the transformation, the angle η(x) undergoes a simple

shift

η(x)→ η(x) + δ , (1.108)

meaning that the dynamics is invariant under that shift. Geometrically,

this variable is the angle which parametrizes the closed line of minima. The

dynamical variable associated with this angle is identified with the massless

Nambu-Goldstone boson, ζ(x), divided by the vacuum value. It couples to

the rest of the physical system universally

LNG =
1

v
ζ(x)∂µJ

µ , (1.109)

where Jµ(x) is the Noether current of the broken symmetry. Clearly, a

constant shift in ζ generates a surface term and leaves the Action invariant.

Let us apply this reacquired wisdom to the supersymmetric case, starting

with the chiral superfield. In analogy, we expect to see a massless fermion,

since the supersymmetry parameter is fermionic, that shifts by a constant

under supersymmetry. In a constant field configuration, the supersymmetry

algebra reads

δϕ0 = α̂ψ0 , δψ0 = αF0 , δF0 = 0 . (1.110)

Any non-zero value of ψ0 breaks both supersymmetry and Lorentz invari-

ance. Since we are interested in Lorentz-invariant vacua, we set ψ0 = 0,

obtaining the only Lorentz invariant possibility

δϕ0 = 0, δψ0 = αF0, δF0 = 0 ; (1.111)

with ϕ0 6= 0 and F0 6= 0. Therefore, the only way to break the supersym-

metry is through the configuration
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F0 6= 0 ↔ broken supersymmetry .

Since F is a function of the scalar fields, it means that some ϕ0 6= 0. It must

be noted that when F0 = 0, and ϕ0 6= 0, any internal symmetry carried by

ϕ0 is broken. This fits nicely with our earlier remarks because a non-zero

value for F gives the potential a positive minimum.

When F0 6= 0, the chiral fermion shifts under supersymmetry: it is the

Nambu-Goldstone fermion associated with the breakdown of supersymme-

try, as expected, since the broken symmetry is fermionic. It often goes under

the name Goldstino.

A similar analysis carries to the vector multiplet. There, the only vacuum

configuration which does not break Lorentz invariance, is that where Aµ and

λ vanish in the vacuum, for which we have

δAµ0 = 0 , δλ0 =
1√
2
αD0 , δD0 = 0 , (1.112)

and the only way to break supersymmetry is to give D0 a vacuum value,

and in this case, the gaugino λ is the Goldstino.

Thus, with both chiral and vector superfields, spontaneous breakdown of

supersymmetry comes about when the dynamics is such that either F or D

is non-zero in the vacuum. Another way of arriving at the same conclusion

is to note that the potential from these theories is given by

V = F ∗i Fi +
1

2
D2 , (1.113)

when Fi and D take on their values obtained from the equations of motion.

Since V is the sum of positive definite quantities it never becomes negative

and if supersymmetry is spontaneously broken, its value at minimum is

non-zero.

It is possible to formulate a general argument based on the fundamen-

tal anticommutation relations. In theories with exact supersymmetry, the

vacuum state is annihilated by the generators of supersymmetry. However,

the square of the same supersymmetry generators is nothing but the energy:

the energy of the supersymmetric ground state is necessarily zero. Since it

is also the state of lowest energy, it follows that the potential is necessarily

positive definite. This is what we have just seen above.

Now suppose that supersymmetry is spontaneously broken. This requires

that the action of supersymmetry on the vacuum not be zero, and there-



A1.5 Supersymmetry Breaking 27

fore that the vacuum energy be positive. Comparing with the form of the

potential, this can happen only if F and/or D is non-zero.

Finally, it is interesting to examine the transformation properties of com-

posite chiral superfields which might arise in field theories as a result of

strong coupling in effective infrared theories. Since products of chiral super-

fields are also superfields, we might consider the two simplest composites,

Φmatter = ΦΦ, made out of matter chiral multiplets, and Φgauge = ŴAWA,

made out of gauge multiplets. Straightforward multiplication yields

Φmatter = ϕ2 + 2θ̂ψϕ+
1

2
θ̂θ(2Fϕ− ψ̂ψ) , (1.114)

so that its F-term might acquire a non-zero vacuum value if the fermion

bilinear condense. Our general analysis suggests this would break super-

symmetry (is this true?). In a similar way we find for the gauge field singlet

composite, suppressing gauge indices,

Φgauge = λ̂λ+ θ̂(λD − i

2
σµνGµνλ)

+
1

2
θ̂θ(D2 − 2∂µλ

†σµλ− 1

2
GµνG

µν + iGµνG̃
µν) . (1.115)

The gaugino condensate can get a vacuum value without breaking super-

symmetry. However, < GµνG
µν >0 can break supersymmetry since it con-

tributes to the F term, while the gaugino bilinear does not seem capable of

breaking supersymmetry.

These conclusions must be examined with caution because in field theory,

the algebra of products of local fields may not be the same as expected

from the classical transformation laws. Indeed, Konishi (Phys. Let.135B,

439(1984)) has found an anomaly in the supersymmetry transformations of

the gauge singlet composite fermion made out of two chiral superfields. In

the presence of gauge interactions, he finds that under a supersymmetry,

δ(ϕiψi) = α(Fiϕi −
1

2
ψ̂iψi + C

g2

32π2
λ̂aλa) , (1.116)

where C is the Casimir operator, and where i, a are the group indices for the

matter and gauge multiplets, respectively. The appearance of two different

fermion bilinears on the right hand side is intriguing. If the gauginos con-

dense in the vacuum, the last term causes a shift in the matter composite

fermion field, which must then be identified with the Goldstino, implying

that supersymmetry has been broken dynamically.
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A1.6 Models of Spontaneous Supersymmetry Breaking

We now present simple models where the dynamics are such that we have

spontaneous supersymmetry breaking at tree level, either through the F or

D terms. These are arranged in such a way that the minimum value of the

potential is greater than zero.

F-breaking

The generic mechanism, invented by O’Raifeartaigh, requires at least

three chiral superfields, Φj , j = A,B,C, interacting through the super-

potential

W = mΦAΦB + λ(Φ2
A −M2)ΦC . (1.117)

This theory is invariant under one global phase symmetry

R′ = R− 2

3
X , (1.118)

where the X is an Abelian symmetry with values xj = (1,−2,−2) for the

three superfields, and the R-symmetry, which does not commute with su-

persymmetry has the same value (2/3) for all three superfields

X : Φj(x, θ) → eixjαΦj(x, θ) ,

R : Φj(x, θ) → ei
2β
3 Φj(x, e

iβθ) , (1.119)

Under the combined phase symmetry the components of the superfields have

the following values, indicated in parentheses,

ϕA(0) , ψA(−1) , FA(−2) ,

ϕB(2) , ψB(1) , FB(0) , (1.120)

ϕC(2) , ψC(1) , FC(0) .

The F equations of motion yield

FA = −m∗ϕ∗B − 2λ∗ϕ∗Aϕ
∗
C ,

FB = −m∗ϕ∗A , FC = λ∗(M2∗ − ϕ∗2A ) . (1.121)

Clearly there is no field configuration for which all three F ’s vanish: if
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FC = 0, then FB 6= 0, and FB = 0 leads to FC 6= 0. The potential is the

sum of the absolute square of the F-terms

V = |mϕB + 2λϕAϕC |2 + |mϕA|2 + |λ(ϕ2
A −M2)|2 , (1.122)

from which we deduce only two independent extremum conditions

mϕB + 2λϕAϕC = 0 ,

|m|2ϕA + 2ϕ∗A|λ|2(ϕ2
A −M2) = 0 , (1.123)

and their complex conjugates. From these two independent conditions, only

two of the scalar fields can be determined, and the third one is left with

an undetermined vacuum value. This is a general characteristic of F-type

breaking: at tree level one field combination is left undetermined, so that in

field space the potential has a continuous minimum along that field direction,

called a flat direction. The vacuum manifold at tree level is a barren two

dimensional plane spanned by the values of the undetermined complex field.

This degeneracy can be lifted once quantum corrections are included.

For simplicity, assume the parameters m, and λ to be real (see problem).

The last equation, rewritten in the form,

ϕA(|m|2 + 2|λ|2|ϕA|2)− 2λ2M2ϕ∗A = 0 ,

has two different solutions, depending on the parameters, they are

solution I : M2 − m2

2λ2
< 0 ;

ϕA = 0 ; ϕB = 0 ; ϕC undetermined ;

FA = FB = 0 ; FC = −λM2 ;

V0 = λ2M4 .

solution II : M2 − m2

2λ2
> 0 ;

ϕA =
√
M2 − m2

2λ2
; ϕB = −2λ

mϕC

√
M2 − m2

2λ2
;

FA = 0 ; FB = −m
√
M2 − m2

2λ2
; FC = m2

2λ ;

V0 = m2(M2 − m2

4λ2
) ,

where V0 is the value of the potential at minimum. In both cases, we see

that supersymmetry is broken since one of the F fields does not vanish. In
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both cases, the R′ symmetry is spontaneously broken, except at one point

(ϕC = 0). Thus we expect to have two massless particles, one Goldstino

and one Nambu-Goldstone boson in both cases.

• Solution I allows us to immediately identify ψC with the massless Gold-

stino, the only fermion field which gets shifted by a supersymmetry transfor-

mation, since only FC 6= 0. This is consistent with the superpotential where

the only fermion mass term is −mψ̂AψB, which describes a Dirac fermion

of mass m.

The scalar masses are given by the second derivative of the potential

evaluated at the minimum. The relevant terms are

V = m2|ϕB|2 +m2|ϕA|2 − 2λM2(ϕ2
A + ϕ∗2A ) + · · · . (1.124)

If we let

ϕA =
1√
2

(a+ ib) ,

we obtain the mass terms

m2|ϕB|2 +
1

2
(m2 − 2λ2M2)a2 +

1

2
(m2 + 2λ2M2)b2 ,

which allows us to extract the following mass squared for the scalars

0, 0, m2, m2, m2 − 2λ2M2, m2 + 2λ2M2 . (1.125)

The effect of F -supersymmetry breaking has been to split the mass squared

by equal and opposite amounts for the scalars. The scalars for which this

happens belong to the superfield that couples to the superfield which gets a

non-zero F -term, in this case ΦC . This is easy to see because of the term of

the form φφF in the potential: when F0 6= 0, it generates a quadratic term

for φ. Furthermore, because of the opposite split, the mass sum rule is still

satisfied, namely

{m2 +m2 + (m2 − 2λM2) + (m2 + 2λM2)} − 2 · 2{m2} = 0 , (1.126)

remembering that one Dirac = two Weyl.

• Solution II is slightly more complicated, because there are two non-zero

F -terms. From the values of FB and FC in the vacuum, it proves convenient

to introduce the angle η by
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tan η =
m

2λ
√
M2 − m2

2λ2

, (1.127)

such that in the vacuum the combination sin ηFB + cos ηFC vanishes. From

the transformation laws, we deduce that the fermion

ψ = sin ηψB + cos ηψC (1.128)

does not shift under supersymmetry, while the orthogonal combination

ψNG = cos ηψB − sin ηψC (1.129)

does shift; it must be identified with the massless Goldstino, which we can

verify by direct computation of the tree-level fermion masses. These are

given by

−mψ̂AψB − 2λ

√
M2 − m2

2λ2
ψ̂AψC ,

= −2λ

√
M2 − m2

4λ2
ψ̂A(sin ηψB + cos ηψC) , (1.130)

so that the missing orthogonal combination ψNG, is indeed the massless

Goldstino as expected, while ψ becomes the Dirac partner of ψA; the value

of the Dirac mass can also be written as

mD =
2λ

m
(cos ηFB − sin ηFC) . (1.131)

It should be obvious that much work can be avoided by introducing the

scalar mass combinations

ϕ = sin ηϕB + cos ηϕC , χ = cos ηϕB − sin ηϕC , (1.132)

in terms of which the potential reads

V = |(m cos η − 2λϕA sin η)χ+ (m sin η + 2λϕA cos η)ϕ|2

+ m2|ϕA|2 + λ2|ϕ2
A −M2|2 . (1.133)

Expand ϕA as 〈ϕA〉0 + ϕ̂A, and obtain the quadratic terms
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4λ2(M2 − m2

4λ2
)|ϕ|2 + (4λ2M2 −m2)|ϕ̂A|2 −

m2

2
(ϕ̂2

A + ϕ̂∗2A ) ,

leading to the following squared masses,

0, 0, 4λ2M2−m2, 4λ2M2−m2, 4λ2M2− 3

2
m2, 4λ2M2− 1

2
m2 , (1.134)

and the magic sum rule is satisfied. By now this should not appear too

magical since the relevant F -term couples to ϕ2
A + ϕ∗2A . The magnitude of

the shift among the scalar fields again has to do with the coupling and value

of the non-vanishing F -term

F ′ = cos ηFB − sin ηFC = −m
√
M2 − m2

4λ2
. (1.135)

Incidentally, the presence of the massless χ fields should not be left unex-

plained (see problem). The main result of this example is that F -breaking

leads to the tree-level fatidic sum rule

StrM2 =
∑

J=0,1/2

(−1)2J(2J + 1)m2
J = 0 , (1.136)

which restricts the uses of this mechanism for phenomenology. However it

can be changed by quantum corrections and by non-renormalizable couplings

which appear naturally when generalizing supersymmetry to include gravity

(supergravity). Note that both solutions have two massless scalars. One

must be the Nambu-Goldstone associated with R′-breaking. Finally we note

the ubiquitous presence of R-symmetry in this example.

D breaking

This particular mechanism was invented by Fayet and Iliopoulos. It nec-

essarily involves an Abelian gauge supermultiplet. The simplest example

that is anomaly free is a U(1) gauge theory in interaction with two chiral

superfields Ψ1 and Ψ2 of opposite charge. The Lagrange density is

L = −1

4
FµνF

µν + λ†σµ∂µλ+
1

2
D2

+

2∑
i=1

((Dµϕi)∗(Dµϕi) + ψ†iσ
µDµψi + F ∗i Fi)
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+ gD(ϕ∗1ϕ1 − ϕ∗2ϕ2)− (
√

2gλ̂(ψ1ϕ
∗
1 − ψ2ϕ

∗
2) + c.c.)

+ m(ϕ1F2 + ϕ2F1 − ψ̂1ψ2 + c.c.)− εµ2D . (1.137)

Note that we have added a D-term, the integral of which is a supersymmetric

invariant; ε = ±1 and µ2 is a positive mass squared. Clearly this can only

be done for a U(1) theory for which D is gauge invariant. In the above,

Dµϕi = (∂µ + qigAµ)ϕi ; Dµψi = (∂µ + iqigAµ)ψi ; (1.138)

with q1 = −q2 = 1. This has R-symmetry, under

Φj(x, θ)→ ei2βΦj(x, e
iβθ) , j = 1, 2 . (1.139)

The equations of motion for the Fi and D terms yield

D = εµ2 − g(ϕ∗1ϕ1 − ϕ∗2ϕ2) ,

(1.140)

F1 = −mϕ∗2 , F2 = −mϕ∗1 .

There is no field configuration for which all three vanish, and supersymmetry

is necessarily broken. The potential is given by

V =
1

2
{εµ2 − g(ϕ∗1ϕ1 − ϕ∗2ϕ2)}2 +m2(ϕ∗1ϕ1 + ϕ∗2ϕ2) . (1.141)

Its minimization yields

ϕ∗1{m2 − g(εµ2 − gϕ∗1ϕ1 + gϕ∗2ϕ2)} = 0 , (1.142)

ϕ∗2{m2 + g(εµ2 − gϕ∗1ϕ1 + gϕ∗2ϕ2)} = 0 . (1.143)

Evidently we cannot have both ϕ1 and ϕ2 different from zero, unless m2 = 0.

There are two types of solutions, one for which ϕ1 = ϕ2 = 0, and the other

with ϕ2 = 0, ϕ1 6= 0 (the other case, ϕ1 = 0, ϕ2 6= 0 is obtained from the

latter by changing the sign of g). Let us examine both cases:

a-) When ϕ1 = ϕ2 = 0 the vacuum values are

D = εµ2 ; F1 = F2 = 0 , V0 =
µ4

2
. (1.144)

The supersymmetry transformation laws tell us that the gaugino λ is the
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massles Goldstino. Only supersymmetry is broken. The gauge U(1) and the

R symmetry are untouched.

The only fermion mass comes from the original Dirac mass term, −mψ̂1ψ2.

The masses of the scalars are extracted from the quadratic terms in the

potential,

V =
1

2
µ4 − εµ2g(ϕ∗1ϕ1 − ϕ∗2ϕ2) +m2(ϕ∗1ϕ1 + ϕ∗2ϕ2) + · · · , (1.145)

yielding two real scalars with masses m2 + εµ2g, and two with masses m2−
εgµ2. The supertrace now reads

Str M2 = 2(m2 + εµ2g) + 2(m2 − εµ2g)− 2 · 2m2 = 0 . (1.146)

Again it vanishes, but this time for a different reason. We see that the

mass2 of the first two scalars is shifted by gD0, the second by −gD0, which

correspond to the value of the charge times D0. They cancel because of our

anomaly cancellation mechanism which has the sum of the charges vanishing.

So we really have

Str M2 = 2g(q1 + q2)D0 . (1.147)

We could have devised a different model, say with one multiplet of charge

2 and eight multiplets of charge -1. The U(1) triangle anomaly diagram

vanishes since

∑
q3
i = (2)3 + 8(−1) = 0 , (1.148)

however the D term is given by

D = εµ2 + 2gϕ∗ϕ− g
8∑
i=1

ϕ∗iϕi , (1.149)

so that

Str M2 = [8(−1) + (2)]gD0 = −6gD0 . (1.150)

We leave it to the reader to devise such a model, ugly as it may be. However

this shows that D-breaking may alter the mass sum rule.

b-) The second case is described by ϕ2 = 0 , ϕ1 = v, which we take to be

real without loss of generality. This solution breaks both gauge symmetry
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and the R-symmetry, but leaves a linear combination invariant. Hence we

expect only one Nambu-Goldstone boson, to be eaten by the gauge boson.

Minimization of the potential yields

v2 =
1

g2
(gεµ2 −m2) , (1.151)

which taking g positive can happen only for ε = 1 and then only if gµ2 > m2.

In the vacuum, we have

D = D0 =
m2

g
; F1 = 0 ; F2 = −m

g

√
gµ2 −m2 , (1.152)

In this case, both supersymmetry and the gauge symmetry are sponta-

neously broken, and the Goldstino is a linear combination of the gaugino λ

and the chiral ψ2. We can see this directly from the fermion mass matrix in

the Lagrangian

(mψ̂2 +
√

2gvλ̂)ψ1 + c.c. . (1.153)

This describes a Dirac fermion with mass

mD =
√

2g2v2 +m2 . (1.154)

The orthogonal combination does not have a mass term; it must be the

massless Goldstino

λG =
1√

2g2v2 +m2
(
√

2gvψ2 −mλ) . (1.155)

One can check explicitly that it shifts by a constant under a supersymmetry

transformation

δλG = − m√
2g
α
√

2g2v2 +m2 , (1.156)

while the orthogonal combination experiences no shift

δψ =
α√

2g2v2 +m2
[−m2v + gv

m2

g
)] = 0 , (1.157)

as we expected. From the spontaneous breakdown of the U(1), the gauge

boson gets a mass
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m2
A = 2g2v2 . (1.158)

The scalar masses are obtained by expanding the potential from its vacuum

value. Letting ϕ1 = v + ϕ̂1, ϕ2 = ϕ̂2, we obtain

V = V0 +
1

2
g2v2(ϕ̂1 + ϕ̂∗1)2 + (m2 − gD0)|ϕ1|2 + (m2 + gD0)|ϕ̂2|2

= V0 +
1

2
g2v2(ϕ̂1 + ϕ̂∗1)2 + 2m2|ϕ̂2|2 , (1.159)

so that we have the following scalar masses squared

2m2, 2m2, 0, 2g2v2 .

The zero mass scalar is of course the Nambu-Goldstone boson coming from

the breaking of the gauge U(1); it appears here because we are not in the

unitary gauge. Now our mass sum rule, adding the gauge multiplet yields

∑
J=0,1/2,1

(−1)2J(2J + 1)m2
J = 3m2

A − 2 · 2m2
D + (2m2 + 2m2 + 2g2v2) = 0 .

(1.160)

Again, we ask the reader to convince himself or herself that the zero on the

right hand side occurs really because of the particular anomaly cancellation

we have chosen. The three scalar mass squared are

m± gD0 , m2 + gD0 , m2 + gD0 + 2(gµ2 −m2) , (1.161)

so that

Str M2 = g(q1 + q2)D0 .

A1.7 Dynamical Supersymmetry Breaking

Over the last few years, there has been much progress in understanding

supersymmetric theories which have both weak and strong coupling sectors.

In these theories, supersymmetry might be dynamically broken as a result of

the strong coupling. Its study therefore requires the use of non-perturbative

methods, which are beyond the scope of this introductory Appendix. We
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will nevertheless give a glimpse of the possibilities by discussing a simple

example.

In global supersymmetry, dynamical breaking can be studied in some gen-

erality by evaluating the order parameter of supersymmetry, the so-called

Witten index

∆ = Tr(−1)F , (1.162)

which counts the number of fermionic less the number of bosonic states in

the vacuum, nF − nB. The case ∆ = 0 is ambiguous since it may mean one

of two possibilities: either nB = Nf 6= 0, implying the existence of states of

zero energy, and unbroken supersymmetry, or both nB and Nf are zero, in

which case it is broken. However, when ∆ 6= 0, the unambiguous conclusion

is that there exist states of zero energy, and supersymmetry is unbroken.

The beauty of this index is that it is invariant under adiabatic changes

of the theory. It can be computed in the perturbative regime, and then

carried over to non perturbative situations. Its drawback is that it applies

only to global supersymmetry, and when large field configurations become

important. If ∆ is computed different from zero, there is no breaking.

Asymptotically free theories come with a scale Λ, obtained by dimensional

transmutation. Below that scale, the theory is strongly coupled, above it is

perturbative. In order to determine its infrared behavior it is important to

be able to construct the the effective low energy Lagrangian. We consider

this problem, starting with the super Yang-Mills theory without matter.

The Lagrangian density is

LSYM = −1

4
GAµνG

µνA + λ†Aσµ(Dµλ)A +
1

2
DADA , (1.163)

where

(Dµλ)A = ∂µλ
A + ig(TC)ABA

C
µ λ

B . (1.164)

It is supersymmetric, and one can build a conserved supersymmetry current,

Sµ, by Noether methods. In addition, the N=1 super-Yang-Mills Lagrangian

density is invariant under the chiral R-symmetry which acts only on the

gaugino

λ→ eiβλ .

The ABJ anomaly contributes to the divergence of the R-current through

the usual triangle diagram as
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∂µJRµ = 3Nc
g2

32π2
Tr(GµνG̃

µν) , (1.165)

where Nc is the number of colors (here for SU(Nc)). In this theory without

matter, the β-function is itself proportional to the number of colors

β(g) = −3Nc
g3

16π2
. (1.166)

Hence we can rewrite the anomaly as

∂µJRµ = −β(g)

g
Tr(GµνG̃

µν) . (1.167)

This anomalous symmetry is much like the PQ symmetry, except that here

it is not broken spontaneously. Since the β-function has the same sign as in

QCD, it leads to a strong force at large distances, which, by analogy with

QCD, we expect to form fermion condensates. The prime candidate is the

Lorentz-invariant condensate of two gauginos

ϕc = λ̂AλA . (1.168)

Does this break supersymmetry? The answer lies in the transformation of

ϕc under a supersymmetric transformation. We have

δϕc = 2λ̂AδλA ,

=
√

2(DAλ̂Aα+
i

2
λ̂AσµνG

Aµνα) , (1.169)

=
√

2α̂(λADA − i

2
σµνGAµνλ

A) ,

using the identity,

σ2σµνTσ2 = −σµν .

By comparing with the chiral multiplet transformation law, we define the

composite fermion field

ψc = DAλA − i

2
σµνGAµνλ

A ; (1.170)

its variation yields, after some tedious but straightforward algebra, the F

component of the composite multiplet
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Fc = −2∂µλ
A†σµλA +DADA − 1

2
GAµνG

Aµν + iGAµνG̃
Aµν . (1.171)

It is of course, up to a surface term, the Lagrange density of the super Yang-

Mills theory, which is not too surprising since its integral is supersymmetric

invariant. It now becomes clear that the condensate < λ̂AλA >0 cannot

break supersymmetry since it does not tranform as an F -term. By the

same token, we conclude that the “glue” condensate < GAµνG
Aµν >0 can

break supersymmetry since it contributes to an F -term. Seen from another

point of view, it raises the energy density of the vacuum, thus breaking

supersymmetry.

This composite supermultiplet plays another role, that of the anomaly,

i.e. it appears on the right hand side of the equations giving the diver-

gences of the dilatation current, the axial current and the γ-trace of the

supersymmetric current (the divergence of the supersymmetric current is

not anomalous). In equations

∂µDµ =
β(g)

g

1

2
Tr(GAµνG

Aµν) ,

r∂µJRµ = −β(g)

g

1

2
Tr(GAµνG̃

Aµν) , (1.172)

γµSµ =
β(g)

2g
2GAµνσ

µνλA .

Through supersymmetry the chiral anomaly is linked to the scale anomaly.

In regular QCD, the chiral anomaly is of order 1
Nc

, since it is generated by

fermion loops, but in the supercase, the gaugino contribution is of order
1
Nc
× Nc ∼ 1, and it does not go away in the large Nc limit. Hence there

is no parameter which can be switched off to get rid of the anomaly. It

would seem that in Super-QCD, there is no sense in which we should con-

sider a Lagrangian invariant under both scale and chiral transformations,

implemented with an “anomaly” term. Still, this approach was pursued by

Veneziano and Yankielowicz (Phys. Lett. B113, 231 (1982)), in order to

find out if gaugino condensates can form under the influence of the strong

force.

They proceed to write the effective low energy Lagrangian for pure super

Yang-Mills in terms of the gauge singlet composite chiral superfield Φc, given

by
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Φc = ŴAWA ,

= λ̂λ+ θ̂(λD − i

2
σµνGµνλ)

+
1

2
θ̂θ(D2 − 2∂µλ

†σµλ− 1

2
GµνG

µν + iGµνG̃
µν) . (1.173)

All “color” indices have been suppressed. This composite superfield has

dimension three. Since we are going to use scale invariance as a guide to

building the effective Lagrangian the kinetic term needs to have the correct

dimension and be supersymmetric. The candidate kinetic term is the D-

term of a real superfield, with dimension d such that 4 = 1
2 × 4 + d, since

each θ has dimension one-half. Hence we need d = 2. Out of the chiral

superfield Φc we can make a real superfield of dimension six, |Φc(yµ, θ)|2.

We conclude that the only candidate for a kinetic term is

Lkin =

∫
d2θd2θ(Φ∗c(yµ, θ)Φc(yµ, θ))

1/3 . (1.174)

Under R-symmetry, the composite superfield transforms a

Φc(yµ, θ)→ e2iβΦc(yµ, e
iβθ) , (1.175)

and the kinetic term is manifestly invariant. Now we have to add a function

of Φc which actually mocks up the scale and chiral (R) anomalies. We follow

the procedure we have used previously in the QCD case. The relevant fact

in this construction is that the right-hand side of the anomaly equations are

given by the F -term of the composite superfield, Φc. We seek to construct

a term of the form

LA =

∫
d2θW (Φc) + c.c. . (1.176)

Under R-symmetry,

LA −→
∫
d2θW (e2iβΦc(xµ, e

iβθ)) + c.c. ,

=

∫
d2θ′e−2iβW (e2iβΦc(xµ, θ

′)) + c.c. , (1.177)

so that (dropping the primes)
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δLA = 2iβ

∫
d2θ(−W + Φc

∂W

∂Φc
) + c.c. . (1.178)

The anomaly can be written in the form

−δLA
δα

= −β(g)

2g
GµνG̃

µν . (1.179)

Since

i

∫
d2θΦc + c.c. = −2GµνG̃

µν , (1.180)

it suggests that

−W + Φc
∂W

∂Φc
= ξΦc , (1.181)

where ξ is an unknown constant. Differentiating, we get

Φc
∂2W

∂Φ2
c

= ξ ,

which is easily integrated to yield

W (Φc) = ξΦc(ln
Φc

µ3
− 1) ,

where µ is an integration constant. The full effective low energy Lagrangian

which reproduces the anomaly is then∫
d2θd2θ(Φ∗cΦc)

1/3 + ξ

∫
d2θΦc(ln

Φc

µ3
− 1) + c.c. . (1.182)

It can be checked that we also get the correct anomalous equations for the

dilatation and superconformal currents. We can examine the potential of

this model to find its ground state. First we extract the auxiliary fields.

ξ

∫
d2θΦc(ln

Φc

µ3
− 1) = ξ(Fc ln

ϕc
µ3

+
1

ϕc
ψ̂cψc) . (1.183)

On the other hand, the kinetic term yields

1

3
(ϕ∗cϕc)

1/3 1

(ϕ∗cϕc)
[F ∗c Fc + normal kinetic terms ] , (1.184)
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from which we deduce the equation of motion

Fc = 3ξ(ϕ∗cϕc)
2/3 ln

ϕ∗c
µ3

, (1.185)

leading to the potential

V = 9|ξ|2(ϕ∗cϕc)
2/3 ln

ϕc
µ3

ln
ϕ∗c
µ3

. (1.186)

One has to be careful because the kinetic term for ϕc is not canonical

1

3
(ϕ∗cϕc)

−2/3∂µϕ
∗
c∂

µϕc , (1.187)

a but we regain the canonical form in terms of

ϕ̂c =
√

3ϕ1/3
c , ∂µϕ̂c =

1√
3
ϕ−2/3
c ∂µϕc , (1.188)

to arrive at the Lagrangian

L = ∂µϕ̂
∗
c∂

µϕ̂c − |ξ|2(ϕ̂∗cϕ̂c)
2 ln

ϕ̂c
µ

ln
ϕ̂∗c
µ
. (1.189)

The potential is at its minimum when

|ϕ̂2
c | ln

ϕ̂c
µ

= 0 ,

which has two possible solutions, ϕ̂c = 0 or ϕ̂c = µ. The former does not

make any sense because of the fermion kinetic terms. There is only one viable

solution, ϕ̂c = µ, showing that supersymmetry is not broken, the conclusion

we wanted to reach. The non zero vacuum value of the composite superfield

suggests that the gaugino condensate indeed forms, but without breaking

supersymmetry. Expanding the potential away from minimum, letting

ϕ̂c = µ+ ϕ′c ,

we obtain

V = −|ξ|2|µ+ ϕ′|2 ln(1 +
ϕ′

µ
) ln(1 +

ϕ′∗

µ
) ,

= −|ξ|2µ2|ϕ′|2 − · · · , (1.190)
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which gives the mass

m2 = |ξ|2µ2 . (1.191)

This mass is like that of η′ in QCD, which arises because of the anomaly.

Because of supersymmetry, we also have two real scalar degrees of freedom

and one massive Weyl fermion.

To conclude, in pure Super-Yang-Mills without matter, a gaugino conden-

sate may form, but without breaking supersymmetry, in accordance with the

transformation properties of the condensate. It is reassuring to see how it

happens, albeit through a dangerous procedure.

The lesson is that to break supersymmetry dynamically, one must de-

vise more complicated theories. In particular, the addition of chiral matter

in Super-Yang-Mills theories generates many ways to break Susy dynam-

ically. The recent dramatic increase (see K. Intrilligator and N. Seiberg,

Lectures on Supersymmetric Gauge Theories and Electric-Magnetic Dual-

ity in Nucl. Phys. Proc. Suppl. 45BC, 1(1996)) in our understanding

of non-perturbative methods in supersymmetric quantum field theories has

produced many such examples.

A1.7.1 PROBLEMS

A. Show that the effective Lagrangian does reproduce the conformal anomaly

and that in the trace of the supersymmetric current.

B. Derive the form of the fermion kinetic term, and show that the solution

ϕ̂c = 0 is untenable.


