
Homework 3
(due Wednesday, September, 28)

This homework assignment covers electrons in a periodic potential both from the weak
potential (perturbative) approach and the localized (tight binding) approach. The important
physical examples of a Peierls instability and graphene are covered.

1. Consider the one dimensional periodic Hamiltonian

H =
p2

2m
+ UK cos(Kx), (1)

where UK is small and K is fixed, representing a single reciprocal lattice vector.

(a) Apply perturbation theory to find εk for this Hamiltonian.

(b) Sketch your result for εk in the extended zone scheme.

(c) Next consider the one dimensional periodic Hamiltonian:

H =
p2

2m
+ UK cos(Kx) + UK/2 cos(Kx/2). (2)

Again apply perturbation theory to find εk.

(d) Sketch your result for εk with the Hamiltonian in Eq. (2) on the same graph as
for Eq. (1).

(e) The inclusion of the UK/2 term means that the periodicity has doubled in real
space. For an unperturbed Fermi wave vector of K/4, adding the new periodicity
term UK/2 will lower the energy. Why? Hint: Think of the filling the energy levels
up to K/4. This is the basis for the Peierls instability.

2. Graphene is a two dimensional lattice of carbon atoms in a hexagonal lattice. We
covered the hexagonal lattice in the homework assignment last week. There we learned
that a hexagonal lattice can be thought of as a triangular lattice with a basis. As you
know, Carbon has four electrons available for bonding. Three of them are used for
bonding in the hexagonal lattice. This leaves one electron per atom. In a tight binding
model assume that the only nonzero term is the one responsible for hopping between
nearest neighbors (n.n.):

H = γ
∑

i,jn.n.

|i〉〈j|. (3)

(a) Solve this in a two atom basis and show that for a given wave vector, k, it reduces
to diagonalizing the matrix

H = γ

(
0 1 + ei

~k·~a1 + ei
~k·~a2

1 + e−i~k·~a1 + e−i~k·~a2 0

)
, (4)

where ~a1 and ~a2 are basis vectors of the triangular lattice.

(b) Diagonalize this 2 by 2 matrix to find the energy eigenvalues.



(c) Make a plot of the energy vs. k in two dimensions in Matlab or another program.
I will place a sample code on the web site. Do a Google search to see if your
results agrees the standard plots of E vs. k for graphene.

3. One thing you will note in your two dimensional energy vs. k plots is that there are
points with zero gap at the corners of the Brillouin zone. How can this be? We have
learned that the Brillouin zone boundary consists of Bragg planes (or lines), where
degeneracies are lifted.

(a) Carefully draw the first three Brillouin zones for a triangular lattice by drawing the
perpendicular bisectors of the reciprocal lattice vectors. Color the zones different
colors just as I showed you in class for the square lattice.

(b) Sketch what you think the Fermi surface (curve) will look like for a kF well within
the first Brillouin zone. Compare your results to the E vs. k for graphene in
problem 2.

(c) Sketch what you think the Fermi surface (curve) will look like when the unper-
turbed kF intersects the first Brillouin zone. Compare your results to the E vs. k
for graphene in problem 2.

(d) Show that at the corners of the first the first Brillouin zone the states are three-
fold degenerate when the perturbation UK is zero. For an ordinary Bragg plane
the states are only two-fold degenerate.

(e) Diagonalize the following Hamiltonian, which couples three degenerate states like
at the corner of the first Brillouin zone. (For simplicity take U to be real.)

H =

 εo U U
U εo U
U U εo

 (5)

Was the degeneracy lifted by the perturbation, U?


