
Vector Spaces

size of space: 3 dimensions N dimensions countably infinite continuum infinite

examples: vxx + vyy + vzz complex N-tuples
complex functions
on interval [0, L]

complex functions
on interval (−∞,∞)

add/subtract: add/sub. components add/sub. components add/sub. functions add/sub. functions

scalar multiplication: multiply each comp. multiply each comp. multiply function multiply function

dot product: v · w = vxwx + vywy + vzwz 〈ψ|φ〉 =
∑N

j=1 ψ
∗(j)φ(j) 〈ψ|φ〉 =

∫ L
0 dxψ

∗(x)φ(x) 〈ψ|φ〉 =
∫ ∞
−∞ dxψ∗(x)φ(x)

basis example: x̂, ŷ, ẑ
ψn(j) = δj,n

for n = 1, 2, . . . , N
ψn(x) =

√
2
L

sin
(

πnx
L

)

for n = 1, 2, . . . ,∞
ψk(x) = eikx

for −∞ < k <∞

orthonormality:
x̂ · x̂ = ŷ · ŷ = ẑ · ẑ = 1
x̂ · ŷ = ŷ · ẑ = ẑ · x̂ = 0

〈ψn|ψn′〉 = δn,n′ 〈ψn|ψn′〉 = δn,n′ 〈ψk|ψk′〉 = 2πδ(k − k′)

completeness: x̂(x̂ · +ŷ(ŷ · +ẑ(ẑ· = 1
∑N

n=1 ψ
∗
n(j)ψn(j′) = δj,j′

∑∞
n=1 ψ

∗
n(x)ψn(x′) = δ(x− x′)

∫ dk
2π
ψ∗

k(x)ψk(x
′) = δ(x− x′)

i.e.,
∑N

n=1 |ψn〉〈ψn| = 1 i.e.,
∑∞

n=1 |ψn〉〈ψn| = 1 i.e.,
∫ dk

2π
|ψk〉〈ψk| = 1


