‘Homzwor)b]
- A (a) <BIW> =fd7c)@”"rx>y)(7a>
(b> <FIpIYr=[dx FDb LY
() <unlum> = Sn.m;
(@) Z.: lua><in] =1

(e) §(x-%,)

£) AT s the operator which Satisfies
Jdx @) Avpeas = [dr (A'B3* P,
for any & and P.

(92 ¢i> A= AT
01y <PIAIWY> is real for any .

(h) (AB) = BTAT

(3) CcA) = c*x AT

‘CJ) One can find a complete s5et of smultfancows
Zﬁgém\/e ctors of AE B, i_.e./ [Un)y So that

Alun> = Gn lun> and,
8“"'“—7 :bmlLLm7,

(k) AA= <A 7- <A
AB =<B*Yy —<8B)"

AAAB Zf%(fA;BJ>



I)

St

(A d<z> - <p> and gi<g7:—<gl/7
db " At dx
(m) Let [P (2007 =2 Cnlun .

— | -t Ent
[ hen WY (3> =2 Che “3 Un>, where Hlun>= E pltan>

(r) e” wHER

(o) Ifu fhe Schrod/nger ’F/c‘f—u re +he WclVa,zCunctioV)
is f1me dependent and Hhe operators are
time independent. Tn the Heisenberg picture
+he wavefunction 15 fime \ndependent and Operators
are fime dependent-

(pp A(t) = & HV”A S HE A
(9) En = W (n+4)
(r>y atlr>=VaTiiny and aln>=Vr In>

6> [a,a™] =1

| N7 Z v
(a) [AB,C] = ABC - CAB —ACB + ACB
= A[B,¢c] + [Ac]B
(b> dx w* d_ = — [dx dg* .- a8Suming boundar
f P 47‘1*) f -ﬁ;}q) term Vagishes 7
= [dx /- '
Jdx (e Y p

o d AP
= (&) = f‘;



3, Principles of quantum mechanics

The wave functions
zk,.z

T
n(z) = 5
ko = 27n/L and n = 0,+1,+2,.. ., form a complete orthonormal basis on the interval

[0, L]. They are also elgenvectors of the hamiltonian H = 225 Since the wave functions
are periodic, $,(0) = @n(L), these wave functions may be thought of as being on a
ring with circumference L.

(a) Suppose the wave function at ¢ =0 is

827&'1:1:/L 41ru:/L

YP(z,0) = /oL +is T

Determine the wave function, ¥(z,t), at an arbitrary time.

H, = A dfs _ 4 kn¢w BBk

2m dx* 2rv
Since fx- gfj”“‘/‘ and g (x)= ST
Ve Vi
Wiz t) = ézix/t-e~i Eitss R _Zirrwé/z, ’bEz_t/ﬁ
s V2L VIL

(b) Compute the probability density at time ¢.

[9 (2,67 = P4 Piat)
| | A 1 2T xS/ L g—%(Eg,—EJt//ﬁ

—

+
2L 2L gy A

2L

:J_(l Sir(ky-wt)) R = 27/L
TVREmwRl s wEEL-E )
(c) The probablhty density is periodic in time. What is the period, 7, of the oscilla-
tions?

T = __'Q_J_LT: 2 _ 2k - J_sz
“ B, E AEmp(p) 6T &
v ML




(d) Sketch the probability density at 7 =0, 7/4, 7/2, and 37/4.

i 7—«‘ i ¢
Y (xeo)] = —~ (I-sin(kx)) {W(x,})ll:l—i—(/—s,'m(/zx—ll;))

A
A b

(I

i

\ (
< 2/ 1

1 /L 4

I'Lprx,%))"’:{'_,(:_sm(k,_,ﬂ) m(x,é;.);”: ‘; (1=sin (kx-2L))

A 1 A |

Z/‘_~ Z/L.

Vi ¥

—>

|
I
‘ 7
- L

T
(e) If the position of the particle is measured at ¢ = iy, what is the probability that
the particle is between 0 and L/2, i.e., 0 <z < L/27

L/2
Probability = flwx;})fw
= j:.‘L'jleCo (__Z) )dx
P
sin

L + &esint W) )

H

i



4. Harmonic oscillator
(a) At t =0 a harmonic oscillator is in the state
1B(0)) = —=[0) + —=11)
=7 7

What is the wave function at an arbitrary time ¢7?

1Bt R
@2» o +_7:_g.blt/‘ﬁ]
VZ

il

o)y = &P oy 1y

J
vz
(b) For the harmonic oscillator the position and momentum operators may be written

as
h
= — 1
z ~/2 (o' +a)

p = m;wi(at—a).

Compute the expectation value of the position and momentum as a function of
time for the above wave function. Do the results for (z) and (p) make sense when
compared to the classical equations of motion?

+5é"‘£%;£"‘)'t<o [(aT+a)l 1>

st

v
P EERY o (atradi o))
2

fﬁ
L<X>(+D-‘—'% sin(wt )| ,where En=thew(nt4)
<pr=<pixlypey = joe (L<olia~a)lor + L <tfita™adl >
: V5

. , it
+ig @ Elilataliy =2 G i ab6) |0))

7D
<Pri)= /-'%}Eﬁ‘) CoS(w‘Z{

| i ke the Classical @@ua-{—ions of motion: d<x> <p>
o




(c) Compute the expectation values of z* and p? as as a function of time. How are
- these related to the energy?

“owt 2
Xty = (—-(ol(a-f-a) 10y +1<illa o)l ‘7*-"5,5 ‘<ol(of+a) 1
%’“‘Jta [[a*.;-a,)zl‘?))
2mw(2 <olaa+aadloy + '<Haa;+a ty)
2
me( o+ 2 +i> / <"77J

<pr= ”mw(l<ol (a a)lo> + ’<Il (a* a) |1y

; ‘"b

+Le "ol (a- ol 17- 2 (a2 102)

= ’”#w( Lola'a+actloy+L <flaa+aa*li7) W

_ The expectation value of the energy is f% +§—mwa4)< >= ., X

(d) Finally, using the results from (b) and (c) above, check the uncertainty principle
.~ for this wave function. '

(Ar) = <P (x = <x5) 19 > =<PIX Py ~2< <P x| +<x7”
= <Xy - <xp¥

= M. _ H sintlwt)
mw 2muwd

(A p)z =P —<P)T = mhw- _C"_’_Z'l:_“_’cgs"'[wt) '

—> Ax-= /ﬁ—\[»ist‘nztwt)
Lp= /"\/?L—f-ws (cot?
> AxDp = [ L-sinfet) )(1-costet (ww)]
*41/[1*’+§_rﬁmﬁc__§_c,_;)}/">/ﬁ[] >)ﬁ L

A Note: Hw 15 in between Eo /E-" and E‘- 3hw |
Z



5. Let En= :E__Tfrv and @, (x> [ZS/n.(IEQ?é.),
o a

Zm a*

Ca) E =E4+E, = HT> (L+4)
Zma?*
(b> ‘?(%;X») =f_[_.(;0,(x,>§0;,(xz>—}02,(:5,)$0, (X"‘))
2
(c) E =E4+tE; = B> (1+9)
2ma*
Pzoxad = L (P00 Ps2) = 3 (50 21 (x2)
2
(d)> grou.nd State: E = Z,E4
('FH’S‘)L @R:Ci ‘f‘ed S'i'a.‘f'e: E = Ej_"" Ep)
3r0und State :
V(#50 K052) = PlEd 1060 L (4511 95,4 = 8519 S5

(e Boson case:

E=E,+E,=2E¢

7-}7(%; Xz) = 500 (x) 901(752’)



