Solution Practice Exam 3
1. Short answer section
(a) What are the commutators of L,, L, L,, and L*?

ELX,L/JT‘L%L} [L)’,L}J’i%l—)& [L_;’,Ly_]:i‘ﬁl-—)/
(b) Define L, and L_. Express L, and L, in terms of L, and L_.

Lp=lasil, Lazg(lerl) Ly=-2(Ls-L-)

(c) What are the elgenvalues of the J? and J, operators?

J" ”;J(J‘H)‘Ford‘o);)) Jestime for m=-j,-j+i,..
(d) What is J, acting on |j,m)? What is J_ acting on |j,m)? What is J, acting on
|4, m)?

Jiljm> = l”’)/\}(Q;’H) mimz1) lgmz 1y Jplj,m>=hm ljm>
&') What are the allowed values of L? and L, for the spherlcal harmonics? Why?

zl(p/)ﬁo,} 0,1, LzHm for m==F,-0+1,--,}

be Cawse must bL single value d.
(f) What is the orthogonality condition for the spherical harmonics?

: ' T 27 ,
<Emifm > =8y Smm' = SdOsinO LAy Yim(o,p7* Yo (6,5)
(g) What is the completeness condition for the spherical harmomcs7

/\n)/ func+onf (e, ¥) can be expressed %F_Z—Clm Yom (€, ;0)
(h) What is the form of the solution to the Schrodinger equation for a central poten-
tial?

/'-P(GQ/}O.) = R(r)Ykm(Q’F)

(i) What is the radial Schrodinger equation for R(r)? What is the normalization

condition for R(r)?

N N (1D dr 1Rl
( im T drt I mrZ \/(r))R(r) «-E'R(r) j /R(r)] 1
(j) What is the radial Schrodinger equation for u(r)? How is u(r ) related to R(r)?

Wh%t is the normalization condition for u(r)?

+ 29 (L r)
(9.7:, g_ﬁ * %zﬁq(f{j + \/("))uér) Ew(r) fd""'“"” =1 R(N= uc
(k) What is the behavior of u(r) as r — 0 for angular momentum [ and a not too

singular potential?

wir) ,erf'l as r—=>0
(1) What are the solutions to the radial Schrodinger equation for a free particle
(V =0)? Give explicit expressions for these solutions for [ = 0.

R =Jg (Rr) and ng(kr)  where R=/2mE/42.

J o(kr) = Si;:(hr) and ﬁo(br)—- —_ COS(er
R



(m) What is the Bohr radius (numerically)?

8= OB2A%= 0.5) 5 15" %m

(n) What is a Rydberg (numerically)?

Ez=13.6eY

(o) What is the asymptotic behavior of the eigenstates of the hydrogen atom for
energies less than zero?
, — AT, .
Ulr) e & AV swhere A=

(p) What are the bound state energies of the hydrogen atom?

= E ;

En I Az,

(q) What are the degeneracies of the bound states of the hydrogen atom?

The deae,nefac)/ of E, is n=.
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() [, bzd=[La,Lad+iLL,, Lz]
:‘L‘%Ly “I“L:’i‘hL?,,
= - (L7¢~+ 7:L7) =-% L+

R Y A e R I
=4 [L_7c «H:L?/) ch"él_—/_‘.l
=~ (-1 L, Lyl +3[Ly,Lx])
= ~h (2¢) ik ls =2H Lg

[[L"'/L‘l Lz ]= [’2’% Lz, Lz ]=0

The two commutatovs are ot ecLu,CLL,

(Jo) This ;ofobfem may be done in the same manner
as the one in homework 14 . However,
beCawse the 'pt{crza'/'l\on s so Sl‘mPle we
Can J'«As{' write it as the Y,7°

76(9)}9) 1+ sin6 Jlﬁ(o(fj?_g-;(yﬂz)
=1 + 5N ¢ =+ 4
21

I\W —£ w
=1 + eq’A sinBe® fo—f— T o sin6 e 34
Za’z ZL

_ . 2 JT/4 -2
el sin ecr + 6b SinBe Y

Y, +//*) &Y (EEA Y

:\/4_"_ n __/%j—&—-bv/‘%Y,l + ‘__fgw’e'z,‘q’/g; )/“‘l

-1+




;(C) P //Q,m>: LZ’LT)/X—(ZH)fm(m—H) [, mt 1>

=4 (e 1 Y WA(R#1 ) =m (mer) [ A, mr 1>

F:D"X j— I_z L_-f- lﬁ‘:j? ®)
Lel+ld,0>=4%"V2 14,1>
LZ Lala- -1 > =0O Since M4+4 =0

Thub‘/ -H’zar@ 1S ér?/)/ One nonzere matrz x
element:
o VZ O
LzlL+ = 7l o o o .
o O O

(e (-%Ld %Xiﬁf‘) + ’mu) r )u.(r)-r E w(r)

2m dr¥ 2mr>

(b) A+ farje r +his be Comes

: 2

| ("_’_E?__d__ + ,_’__rha)a'f"> wl(ry=E w(r).
2m d(” 2

e ( _3(—;—7; + (4_) )'1' 2.>(,<.(r7" 2:;5 w(r)
d

(m r"u_'uf)
+

Since LmE << Lm_.‘e)z"z For larﬁz '
af < (z




‘..J*:ol'lowinj +he ent ‘H’y e‘F(O‘For wlr)
d_g_‘f(f)_ f/(r7 e:F(r?
dr

%fif) ,F (r)e.F(r) + (1:< ))’Z-Zf(f) )
f’"

IF f(n=-«r® ,then firy=-2ar and ¢lr)f =4x*r®
;Y.:F//(r) = -2, S:nCe [FPr)] << (‘f(ﬂ) at largz r)

2 -—o(r'2 "o(',?— i
,d___e_'- x dx*rte — W (r)s leg/-___”mw r¥
dr * 2%

as r—» oo

') NoTz that exp(*m“’ ") is alse a solution a+ large
., but i+ not physical since it diverges as r— .

L) wirl~ ! as r=> o0

(d) Let werm =Cr cxP< mw r)

e lgEr o) Cen(per)
di =(Fme 4 (me)r>)C exp(ine )
A (e gt )Conp(e )

=(3,ﬁ‘w "—L—mwzr"’)u_(r)
Z 2



This is asolution to the different o eﬁ/wcuf‘fon,
for L=0 provid@d +h at E=.;_f.-lr,w«

L2
@) H=-BY" + _L mw*r™
2 Zz

= (‘"’ﬁz ?2 _‘__mea-%’-'
2m Px* 2

2Zm 9)/1- -
+ -4 9" ' mw”Z’L>
2m @z* 2

E'T'hus) H Is +he sum of onedimensional

iy hamiltenians in the x,y,and  direchons,
H = Hx*/“f/'* Hz. If HxX= Ex¥X

Y = By Y

HZ‘Z: EzZ} ")""76@

HXYZ = (H. X)YZ + X(H,Y)Z+ XY (H: Z)
=Ex XY Z *E/XYZ +Ez XY Z
:(E—x* E/"’Ef)XYZ.

| *?E:"E.—;*E/ TEg - Since the one dimensional
Jr‘harmonic os cillator ground stcte i's non-deﬁenera.‘fe

W't h 2nergy ¥ew/2, the lowest E=Ex +E5 +Ez can be
115 B¥w/2 , and +this State (s non—deje,ne_ra:fe.




