
Electromagnetic Theory I
Solution Set 3

Due: 23 September 2020

9. The formula for the total energy stored in a static electric field U = (ε0/2)
∫
d3xE2

includes the self-energy of the charges as well as their mutual potential energy. As discussed
in class the self-energy of a point charge is infinite. Study this issue for a single charge
Q by spreading out a point charge in two different ways: a) Replacing the point charge
by a uniformly charged spherical surface of radius δ and b) Replacing the point charge by
a uniformly charged ball of radius δ. In each case, find the electric field everywhere and
evaluate the integral defining U . Classical physics puts no apriori limit on how small δ could
be. However, relativistic quantum mechanics implies that a particle’s location cannot be
known within a distance smaller than its Compton wavelength ~/mc. For cases a) and b),
assume δ = ~/mc to get an estimate for the self energy of the electron.

Solution: For r > δ, the electric field is E> = Qr̂/4πε0r
2 in both cases a) and b). So for

this region we have

U> =
ε0
2

∫
r≥δ

d3x
Q2

16π2ε20r
4

= 4π

∫ ∞
δ

dr
Q2

32π2ε0r2
=

Q2

8πε0

∫ ∞
δ

dr

r2
=

Q2

8πε0δ
(1)

a) In this case, E = 0 for r < δ, so the self energy for this model is

Ua = U> =
Q2

8πε0δ
(2)

For the electronQ = −e, so setting δ = ~/mec we get the estimate Eself ≈ e2mec/8πε0~ =
mec

2α/2.

b) In this case, the electric field for r < δ is E< = Qr/(4πε0δ
3), and the energy for this

region is

U< =
ε0
2

∫
r≤δ

d3x
Q2r2

16π2ε20δ
6

= 4π

∫ ∞
δ

dr
Q2

32π2ε0δ6
=

Q2

8πε0

∫ δ

0

r4dr

δ6
=

Q2

40πε0δ
(3)

Then

Ub = U> + U< =
6Q2

40πε0δ
=

3Q2

20πε0δ
(4)

For the electron this model gives the self energy estimate Eself ≈ 3e2mec/20πε0~ =
3mec

2α/5. We see that the estimate for the self-energy is model dependent, with
model b) giving an estimate 20% higher than model a).
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10. The standard capacitor used in electrical circuits has only two conducting plates and is
usually assumed to remain neutral when charged by a battery. The charge-voltage relation
is then simply Q = CV , where Q is the charge on one of the plates (so −Q is the charge
on the other plate) and V is the potential difference between the plates. C is called the
capacitance of the capacitor. By specializing the general two conductor situation, described
by Qi =

∑
j=1,2CijVj, to this case, derive an expression for C in terms of the Cij.

Solution: Setting Q2 = −Q1 = −Q the capacitor equations read

Q = C11V1 + C12V2, −Q = C21V1 + C22V2 (5)

0 = (C11 + C21)V1 + (C12 + C22)V2, V2 = −C11 + C21

C12 + C22

V1 (6)

V = V2 − V1 = −
(

1 +
C11 + C21

C12 + C22

)
V1 = −C11 + C21 + C12 + C22

C12 + C22

V1 (7)

Q =

(
C11C22 − C12C21

C12 + C22

)
V1 =

C11C22 − C12C21

C11 + C21 + C12 + C22

V ≡ CV (8)

C =
C11C22 − C12C21

C11 + C21 + C12 + C22

=
C11C22 − C2

12

C11 + 2C12 + C22

(9)

where the last equality used the reciprocity relation C21 = C12.

11. Consider two spherical conductors of radius R, with their centers separated by a distance
D > 2R. The first is grounded at 0 potential, and the second is held at potential V . The
problem is to find the potential everywhere outside the two spheres. One can use the method
of images, but an infinite sequence of image charges inside each sphere will be required.

a)Determine the location and size of these image charges by relating the location and size
of the nth charge to those of the n − 1th charge. (Hint: Start with a charge at the
center of the second conductor, with a size that brings the surface of that conductor
to the desired potential V . The next image charge will be inside the first conductor of
strength and location chosen so that the first conductor has φ = 0, and so on.)

Solution: The determination of image charges is recursive. Starting with q0 = 4πε0RV
at the center of sphere II, we find its image in sphere I, the image of that in II, and so
on. It is convenient to call rk the distance from the center of the sphere qk resides in.
Then r0 = 0, r1 = R2/D, · · · , rk = R2/(D − rk−1). Then qk = −qk−1R/(D − rk−1) =
−qk−1rk/R. Setting the origin of coordinates at the midpoint of the line connecting
the centers of the spheres, we have for the coordinate locations:

xk =
D

2
− rk, for k odd, xk = −D

2
+ rk, for k even (10)

The charges in sphere I are negative and those in II are positive.

b)The sequence of charges inside each conductor approaches a limiting location–find the
limiting location in both conductors.
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Solution: The limiting radius as k → ∞ satisfies r∞ = R2/(D − r∞) which is a

quadratic equation with roots r± = D
2
±
√

D2

4
−R2. Since r=r− = R2, r− < R is the

one we identify as r∞. Inside sphere I, xI∞ = −D/2 + r− = −
√
D2 − 4R2/2. Inside II

xII∞ = D/2− r− =
√
D2 − 4R2/2

c)Show that the infinite sum of potentials from the image charges converges. By keeping
enough of the terms for the case D = 4R, compute the potential as a multiple of V ,
at the point midway between the two conductors on the line joining their centers, to 3
significant figures.

Solution: For k sufficiently large qk ∼ (−r∞qk−1/R), so successive terms decay expo-
nentially in k, since r∞/R < 1.
The total potential at x = 0 is

V =
∞∑
k=0

qk
4πε0|xk|

=
∞∑
k=0

qk
4πε0|D/2− rk|

(11)

To evaluate this numerically for D = 4R, set rk = ρkR and qk = 4πε0V Rek so that

φ(0) = V
∞∑
k=0

ek
2− ρk

ρk =
1

4− ρk−1
, ek = −ek−1ρk, ρ0 = 0, e0 = 1 (12)

ρ1 = 1/4, ρ2 = 4/15, ρ3 = 15/56, e1 = −1/4, e2 = 1/15, e3 = −1/56,

φ(0) = V

[
1

2
− 1

7
+

1

26
− 1

97
+ · · ·

]
≈ 0.39V (13)

d) Calculate the total charge on each conductor to 3 significant figures as a multiple of
4πε0V R again in the case D = 4R.

Solution: The charges on each sphere are

QI = 4πε0V R
∑
k=odd

ek, QII = 4πε0V R
∑

k=even

ek (14)

For 3 figure accuracy we need a few more k values than given in c): For k > 3,
ρk ≈ ρ∞ = 2−

√
3 ≈ 0.2679 to the necessary accuracy.

QI

4πε0V R
≈ e1 + e3 + e5 ≈ −0.269,

QII

4πε0V R
≈ e0 + e2 + e4 ≈ 1 + 0.0667 + .0048 ≈ 1.072
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12. J, problem 2.23.

a) To make the potentials on the faces perpendicular to the z-axis the same, choose the
Z(z) ∝ cosh γ(z − a/2). Then the series for the potential is

φ =
∞∑

m,n=1

Amn sin
mπx

a
sin

mπy

a
cosh

(2z − a)π

2a

√
m2 + n2 (15)

Then φ(z = 0, a) = V and orthogonality of the sin functions leads to

Amn =
16V

mnπ2 cosh(π
√
m2 + n2/2)

δm,oddδn,odd

φ =
16V

π2

∑
m,n=odd

cosh (2z − a)π
√
m2 + n2/2a

mn cosh(π
√
m2 + n2/2)

sin
mπx

a
sin

mπy

a
(16)

b) For m = 2k + 1, sinmπ/2 = (−)k, so

φcenter =
16V

π2

∞∑
k,l=0

(−)k+l

(2k + 1)(2l + 1) coshπ
√

(2k + 1)2 + (2l + 1)2/2
(17)

which is rapidly convergent. For example the first term is 0.3475V which is not very
far from V/3, the average of the potential on the walls of the box. The first 3 terms
improves this to 0.332V .

c)

σ(z = a) = ε0(−ẑ) ·E = ε0
∂φ

∂z

∣∣∣∣
z=a

=
16V ε0
πa

∑
m,n=odd

√
m2 + n2

mn
tanh(π

√
m2 + n2/2) sin

mπx

a
sin

mπy

a
(18)
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