9. Second Quantized Dirac Equation

The formalism developed in the last chapter can now be fruitfully applied to the Dirac equation, cast
as a Schrodinger equation,

2060 _ (Lo 9+ m) vt

Let us regard the component label a as an additional coordinate: 1,(x) = ¥(x,a). For definiteness let us
choose our single particle basis to be momentum eigenstates, with an additional label A for spin and + to
distinguish positive and negative energy states. Thus the role of 1, (x) of the previous chapter will be played
by

(£) — 1 a ipx
)\,p(x7a/) (27)3/? Qw(p)u’\i(p)e .

The prefactors are conventional and with them in place the condition of orthonormality implies that
Z U&Tﬂ:’ uii = 2w(p)6>\:,\(5i/i.
a

We therefore write the explicit solution (7.6) for u = u* in the rescaled form

w®) = Ve (o, )

m+w(p)

so that the normalization condition on the two spinor ¢ is
ol dr = dua.
There are two widely used choices for ¢y. One is to simply choose the two orthogonal spinors
1 0
0 1)

In the rest frame p = 0 these are just eigenstates of ¥3 with eigenvalues +1,—1 respectively. The other
choice is to pick them to be eigenstates of helicity h = p - /2|p| denoted xx(p):

1
hxa(p) = Axa(p) A=Eo.

Explicit forms for yx» are developed in the exercises. Notice that for the helicity basis the expression for u

simplifies to

XA
ux(p) = Vw(p) +m( 2A/p| ):
mtw(p) XA

and furthermore u) is itself an eigenstate of helicity p - £/2|p| with eigenvalue A.

In all cases we maintain our choice (7.7)
u—(p) = iv*u*(~p)

for the negative energy basis functions. For the helicity basis choice for uy, this construction gives a negative
energy spinor with the same helicity, as can easily be shown by applying h to both sides. For the rest frame
33 basis this construction reverses the sign of ¥3 in the rest frame.
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The properties of zbg\:‘;z (x,a) needed for the second quantization formalism are
Orthonormality: /d3wz¢(i)* X,a (x a) = 6xad(xy+0(p' — p) (9.1)

and

Completeness: /d3pzw(i) X, a) zﬁ(i)*( a') = 8aq0(x" — x). (9.2)

To pass to the second quantized formalism, we simply introduce creation and annihilation operators bf\ +(P);bax(p)

with anticommutation relations

{brx (), bl (P)} = Srad(2y+0(p' — P),

and define the Dirac quantum field operator
= / dp Y bar(p)e o (x,a).
A+
By virtue of (9.2) the field operators satisfy
{9°(0,91(x)} = Sawr8(x — ).

A principal virtue of second quantization is the efficiency with which we can construct the state describ-
ing the negative energy sea. We simply apply to the empty state all of the creation operators for negative
energy states:

|sea) = | /\/H bl _(p)]0). (9.3)

This looks terribly complicated, but we can uniquely characterize this state very simply: It is annihilated
by all of the positive energy annihilation operators and by all the negative energy creation operators

bt (p) 0) = b)_(p)[0) = 0.
These conditions tell us everything we need to know about the sea. The annihilation operator for a negative

energy electron creates a hole in the sea. Thus the construction of the sea is completely equivalent to
interchanging the role of the creation and annihilation operators for the negative energy Dirac particles.

To see the consequences of this interchange of roles, let us consider a few of the observables of the theory.
The Hamiltonian is just

1= [ @03 6 ) Ge v+ pm)v (x)
- / p(p) 0L, (0)brs () — B, (0)br(0)

= [ &pe) 300, ()b () + - @) (@)) ~2 [ P ps(p)5(0)
A

where in the last form we have reordered the creation and annihilation operators of the negative energy

contributions, the nonzero anticommutator producing the negative infinite constant term. Notice that thanks
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to the Fermi statistics both contributions to the energy are positive. This constant is just the energy of the
sea. the factor of §(0) can be identified with Volume/(27)? so the sea has an infinite negative energy density.
As we have already stressed we can and will choose to measure all energies relative to that of the sea which
amounts to dropping this constant*, so henceforth we shall take the free Dirac second quantized Hamiltonian
to be

Hoirse = [ @ w(®) 301, @)1+ (p) + b1 (PID_(p):

A

When we pass to the Heisenberg picture we find the field equation for 1 to be nothing other than the
Dirac equation

(%7-6+m)¢:0.

Since we have selected our single particle basis to be eigenstates of %a -V + fm the time dependence of v
in Heisenberg picture is simply

W (x, ) = / p > bas (p)E) (x, a)e i@ (9.4)
A+

The annihilation operators for the positive and negative energy Dirac particles are thus identified with
the positive and negative frequency components of the Dirac field in Heisenberg picture. This is a useful
observation because when we introduce time dependent external fields which are switched off at early and
late times, it will allow us to easily relate the operators that characterize the sea at late times to the ones
that characterize the sea at early times.

Returning to our survey of observables, the momentum operator is just

p-/ d3m2¢a*(x)%w<x)
/ #0304 (P)rep) + 2L () (p)

-/ #1030, (Jose () + ba- ()] ()

The term 2 [ d®ppd(0) arising from reordering the negative energy operators automatically vanishes and
need not be dropped. We see from the explicit form of the momentum operator that by (—p) creates from
the sea a particle of momentum +p.

The charge operator is just () = gN where ¢ is the unit of charge carried by the Dirac particle and NV
is the number operator

Q= [ e 3
=g / d3pz P)bas (p) — br- (—p)bl_(~D)) + 2¢ / i p5 (0)

from which we see that by (—p) creates a state of charge —g. We shall also in future drop the constant term

* Alternatively we could introduce a bare cosmological constant to cancel it.
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in @ so the charge of the sea is then zero! There is a convenient way to make this subtraction. Instead of
taking the charge density to be p(x) = qut1), take it to be the symmetrized form

p(x) = & S WL x)a(x) = Yu(x)] ()] (9.5)

Then when the operators in @ = [ d3zp are suitably reordered the piece coming from the positive energy
term exactly cancels that from the negative energy term. At this point we can also identify the current

operator from local current conservation

9p .
5 TV-i=0 (9-6)

Inserting (9.5) into (9.6) and using the Dirac equation, we identify
5= 12 W eI(@w)a(x) — (Qu)a ()] (x)]-
We can assemble (p,j) in a four vector j*:
30, 8) =2 3[4 0 ) (B 46)a (5, 1) — (BY"9)a(x, )46E (3, )]

:% > Wi, 1), (Bv*¥)a(x,1)]
:% D [Wa(x,1), (1) a(x, )]

We have made use of the Dirac adjoint

1/;,1 = Z ¢Zﬂba
b

in the last form, which we will also sometimes shorten even more by suppressing the spinor indices, [, y#1)].
Current conservation d,j* = 0 is an immediate consequence of the Dirac equation and its Dirac adjoint

The final observable we mention is the angular momentum

ab

J= /d%wa(x) (%(x x V) + %2) P(x).
a,b

The sea is of course rotationally invariant

J10) =0,

as will be shown in an exercise. Of particular interest is the action of the helicity on the single particle states.

1 If there is more than one species of fermion in the universe, the coefficient of this term is ) s One
way of getting rid of the sea charge is to insist that this sum of charges vanishes. As it happens the
standard model of strong weak and electromagnetic interactions has this property, which is required
for cancellation of the axial anomaly. Thanks to Mr. Yan-Bo Xie for drawing my attention to this
circumstance. In a similar vein supersymmetry is often proposed so that the zero point energy of
bosons exactly cancels the sea energy of fermions.

56 (©1992 by Charles B. Thorn



On the particle states we find
p-Jbl, Zu p Sasuby (P)bL () [0) = Alp[b} . (p) |0),

confirming that this state carries helicity A. The helicity of the one hole state by (—p) |0) which possesses
momentum +p is also A but the reason is slightly subtle. First of all

p-Jor-(-p =——ZU P ot (=p)bx—(-p) |0)

where the minus sign arises because b;_ occurs in ¢! and must anticommute with v before it can contract

against by_. But then

2(=p) - Sur_(~p) = Nphnr_ (-p).

Thus
p-J

Wb,\f(—p) [0) = Abx_(—p) |0)

as we claimed.
This survey of single particle observables has established:

6. The state bi\ +(P)]0) is a one particle state of momentum p, energy w = \/p? + m?, charge ¢, and
helicity A.

7. The state by_ (—p) |0) is a one particle state of momentum p, energy w = 1/p? + m?2, charge —¢g, and
helicity A.

In particular if the first state is an electron of charge —e, then the second is a positron of charge +e. To
emphasize these facts it is traditional to rename the creation and annihilation operators for negative energy

particles. So define
ba-(—p) = d}(p) b}, (p) = b}(p).
So b‘;\(p) creates a particle and d‘;\(p) creates an antiparticle. Similarly it is useful to define the Dirac spinor
oA(p) = ur—(—p) = iv’u} (p)-

Note that u and v satisfy

(h = Nux(p) =
(h + Ava(p)

with opposite signs in front of the mass and opposite helicities.

(v-p+m)ux(p) =0 0
(v-p—m)ur(p) =0 0

With these definitions the free Dirac field operator in Heisenberg picture has the representation

B " iy
v = [ Gt 5 (@) + dl Bsp)e )

where p-z = p-x—w(p)t is the Minkowski scalar product. A point to bear in mind with this new interpretation
is that one body operators will generally contain terms like bfd! which create a particle antiparticle pair and
terms like bd which destroy such a pair. Thus when we couple couple currents to the electromagnetic field

we will have charge conservation, but not particle number conservation.

57 (©1992 by Charles B. Thorn



10. The Discrete Symmetries of the Dirac Equation
10.1. PARITY

The parity transformation x — —x can be extended to a symmetry of the Hamiltonian. Consider the

following transformation on the field:

¢(X; t) - P_lw(xa t)P = ei¢/3¢(_xa t)a (101)

where we have allowed a multiplicative phase. Then the Hamiltonian transforms to

P lHP = / d3w¢f(—x)ﬁ(%a -V + Bm)Bi(—x)
(10.2)

- / Pyl (-x)(~ 100V + fm)y(—x) = H

after changing integration variables, so it is parity invariant. From the parity transformation (10.1) we can
infer how Parity acts on the particle states:

ot = [ o FZ(’“ P)Aur(~p)e’*” + d\ (~p)Bur(-pe 7).,

where we have reversed the sign of p by a change of variables. Next we note that depending on the spin
basis we choose,

iANT+2¢p) U_x (_p)

Bur(p) = —ie” N +20p)y_, (—p)

Helicity Basis: Bux(p) = —ie

where we have used the formula
xXA(p) = —ieN™F200)y_, (—p)

obtained in the exercises, or
Rest Frame X3: Bu,(P) =uu(—p)
Buu(P) = — vu(—P)-

Using these spinor properties, we learn that

Helicity Basis: P~ 1by(p)P =e'Pie~Nm+200)p_, (—p)
P‘ldg\(p)P =€i¢iei/\(7r+2¢p)df N&Y
Pl (p)P =e™ (i) T2l | (—p)

where the last equation is just the hermitian conjugate of the first. And

Rest Frame ¥3:  P~'dl,(p)P = — e**d,(—p)
-1 i
P~'b,(p)P =e~ bl (—p).

It should be noted that the arbitrary phase we allowed in the definition of parity cancels out for neutral
states, i.e. those with an equal number of b'’s and d!’s acting on the sea, which we can take to be parity
invariant. This means that whereas the intrinsic parity of a single particle is conventional, that of a particle
antiparticle pair is not. For example the above formulae imply that the parity of the ground state s wave of
positronium is odd, i.e. the ground states are 0~ and 1.
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10.2. CHARGE CONJUGATION

It is apparent that a Dirac particle and its antiparticle are closely related to each other. They have
identical mass and spin, but exactly opposite charges. In fact this relationship is a reflection of a symmetry
in the dynamics under interchange of a particle with its antiparticle. To explore this symmetry, first define
a unitary transformation C, CCt = I by the rules

c~'vic =d cldtc = C|0) = |0). (10.3)

(The last of these equations implies an extremely complicated transformation of the empty state, but we
shall never see those complications.) From the definition of C' we can work out how the field transforms

s 2 5 e i )

which we can relate to 1:

1 _ —iz-p * ipT
o) = [ Gt 5 (B husa(ple 7 + da (B3 )e)
But v* = iy2u and u* = iy2v so we can infer

C™ e (2)C = i(V) bt} (2). (10.4)

When we suppress spinor indices, it is usually convenient to think of ¢T as a row vector and v as a column
vector. To write (10.4) with suppressed indices we want the r.h.s. to be a column vector which we could
indicate by (/') meaning the transpose on spinor indices. In that case (10.4) can be written

C™(2)C = ir* (¥ (2). (10.5)
It should also be noted that the occurrence of 42 in the charge conjugation transformation law is specific to
the standard representation; with other representations a different matrix would appear.

The invariance of H is obvious from its expression in terms of creation and annihilation operators, but

it is also instructive to see it using the local definition
1
C'HC :/d3x¢Ti72(;a -V + Bm)iy? (1T
1
- [ #s - 1a v+ gTmEhT
=H

where the last step involves an integration by parts, a transposition of Dirac indices, and a reordering of the
order of ¢ and 9! giving a minus sign which cancels the overall minus sign in the second line.

The transformation of the charge and current densities under C should simply change their signs. This
is not hard to see:

ctjrc =%(¢Ti72ﬂ7”iv2 @HT = plin® v+ Bin*y
=—jr
where use is made of
it = =y ByHB = 1.
Note that because we have used the symmetrized definition of the current, there is no reordering of operators

necessary in arriving at this result.
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10.3. MAJORANA FERMIONS

In our discussion so far it has seemed inevitable that the Dirac particle carries charge. More precisely,
it carries a conserved fermion number N which could be identified with charge. If there were several species
f of Dirac particle the fermion number Ny of each species might be separately conserved. Including terms
of the form

(RIS

with f' # f in the Hamiltonian could violate the individual Ny but Zf Ny would still be conserved.
Majorana pointed out that even with only one species of fermion it is possible to make it totally neutral, i.e.

carry no conserved quantum number at all.

Starting with the Dirac theory we can see that this is possible, because we can consider redefining
creation and annihilation operators to be eigenoperators under charge conjugation:
1
V2

Then the Hamiltonian is the sum of two commuting pieces

bax(p) = —=(ba(p) £ da(p))  with C™'bxx(p)C = Fbr+(p).

H=H,+H_  with Hy = /d3p w(p) Y bl (P)brs(P)-
B

Clearly, it is perfectly consistent to consider the quantum system defined by H; (or H_) alone. The number

operator of the Dirac theory
N = [ @30 @) + b, )t (0))
A

clearly has no meaning in the truncated theory, but that is to be expected.

One might worry that truncating the theory in this way might spoil locality, but this is not the case.

We can just as easily redefine the local fields to be eigenoperators of charge conjugation:
1 . . -
P(x) = 7§(¢(X) i’ (N T(x))  with C7'9uC = +yy, (10.6)

Which satisfy anticommutation relations

{¥1(x), 95 (x")} = £(7*)apd(x — x').
Clearly

d3 iz - —ip-x
MOE / R by (r:(@)ua @)™ £ b (p)oa(R)e 7).

and in terms of these fields

1

He = [ EalGe v+ pmyps

:%/d%(i@bi’)w(%a-v+ﬂm)¢i-

In the second line we have used Wi = £ Tiv?, a consequence of (10.6).

The appearance of iy2 in the above discussion is due to our choice of the standard representation for the
gamma matrices. The Majorana representation is characterized by the condition that the gamma matrices
be pure imaginary v#* = —+*. In that case the charge conjugation transformation does not involve a matrix
at all and all of the iy?’s disappear.
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10.4. WEYL FERMIONS

In the case of massless fermions m = 0, it is possible to describe relativistic spin 1/2 particles with only

one helicity. In the Dirac theory the easiest way to see this is to consider the matrix

¥ = i7",

which anticommutes with the y#. It therefore commutes with the Lorentz matrices

v Z v
ot = 5[7“,7 l-

s commutes with the o - V term of the Dirac Hamiltonian but not with the mg term. So when m = 0,
and only then, the energy eigenstates can be simultaneously eigenstates of 5. Since 72 = 1 the eigenvalues
of s, called chirality, are +1 and

I+
2

are projectors onto orthogonal two dimensional subspaces with chirality +1 respectively. Defining

_ T+
2

:I—’Y5

R 2

¥ L ¥,

R for “right-handed” and L for “left-handed,” the Dirac hamiltonian for m = 0 decomposes into two
commuting terms
3 ptl i1
H= | d&zR 2a-VR+L ZOz-VL)

either of which could define a consistent dynamics of the corresponding subsystem. These subsystems are

called Weyl fermions. The corresponding momentum space spinors of definite chirality are

T+ _1 XA
o) = 3Vl £ ( 2,

from which it is clear that helicity is identical to Chirality/2. In other words right-handed Weyl fermions
have helicity +1/2 and left-handed ones have helicity —1/2. Since 75 is real and 7? anticommutes with s,

the antiparticle spinors

I+ o IE .
2 ua(P) = 72 (5 ua(p))

have the opposite correlation between chirality and helicity. So if the Weyl particle is right handed the
particle has helicity +1/2 and the antiparticle has helicity —1/2. Since charge conjugation interchanges the
role of particle and antiparticle one can even choose by convention all Weyl particles to be left(right)-handed.
One can do this, for example, by writing Rt = L'Tiy2. Of course, such an L' has charge opposite to R.

The Weyl particle with helicity £1/2 comes along with its antiparticle with helicity 1/2. Thus the
Weyl system has the same helicity content as the massless Majorana system. In fact one can describe the

Majorana system using Weyl fields. First, separate the Majorana field 9! = 97442 into two fields of definite
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chirality
I£7s
2

).

YR =

Then notice that
I+ s
V=015

Y
— T in2
iy
=y1iy?
so that the right-handed component of the Majorana field can be eliminated in favor of the hermitian

conjugate of the left-handed component. When this is done the Majorana hamiltonian simplifies to

Moy = [ @avlro-Von+ B [ dalylinson + @hin’s0)]

AF=-2 AF=+42

which reduces to the Weyl hamiltonian for m = 0. Notice that the massless limit conserves fermion number
but the mass term violates fermion number conservation by +2 units. This is the so-called Majorana mass
term for a Weyl fermion. To construct the Dirac mass term which conserves fermion number, one must add

a right-handed Weyl fermion to the theory.

The Weyl theory violates parity invariance, essentially because g fails to commute with s:

PLGP = T2 g (x) = BR(—)
How then have we managed to show that it is equivalent to the parity conserving Majorana theory? The
answer is that although parity is violated in the Weyl theory, C'P the product of parity times charge
conjugation remains a symmetry. The Majorana field is inert under charge conjugation, and has only parity
as a nontrivial symmetry. It is the CP symmetry of the Weyl theory that corresponds to the parity of the
Majorana theory.

Notice that it is impossible to have a fermion that is simultaneously Majorana and Weyl: even at zero
mass one always must have both helicities. This is true in four space-time dimensions but in other dimensions
it need not be so. For example in 10 dimensions one can define Majorana-Weyl fermions. A Dirac fermion
in D = 2k dimensions has 2 degrees of freedom, 2¥~! states for the particle and the same number for
the antiparticle. In some dimensions (including 4 and 10) one can have Majorana fermions with only 2*~!
degrees of freedom. In the massless case one can define Weyl fermions in all even dimensions giving 2%~!
degrees of freedom. In 2 + 8n dimensions one can have Majorana-Weyl fermions with only 2¢~2 degrees
of freedom. For example in 10 dimensions a Dirac fermion has 32 states, a Majorana or Weyl fermion has
16 states, and a Majorana-Weyl fermion has only 8 states. This possibility is crucial for the consistency of

superstring theory.
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10.5. TIME REVERSAL

The last discrete symmetry we discuss is time reversal 7'. It is well-known that 7" must be an antiunitary

transformation, meaning that it is antilinear, and furthermore
(Te|TT) = (T|D).
With this in mind, we search for a transformation of the form
T=(x, )T = Tip(x, ),

with 7 an appropriate matrix. From antiunitarity we have

(T WTT) = (WTI'Y|T®) = (T |PIT®) = (T~ 'H'TP|T),
from which it follows that

T (OT = (T T)! = 4! (=0T,

Thus

TUHT = / Bt (x, )Tt (—%a* V4 ﬂm) To(x, —1).

If we choose 7T to be unitary, then invariance of H will be achieved (given conservation of energy dH/dt = 0,
which follows from the field equation) if and only if 7 commutes with 8 and o? and anticommutes with a!
and a3. Clearly the most general solution of these conditions is

T — eiT'yl'y3 — ie”Ez,
so that the transformation law becomes
T_1¢(x, )T = ieiTEﬂﬁ(x, —t). (10.7)

This transformation law on 1) implies that for b, d. It is easiest to do this for the rest frame Y3 basis, because
then the two-spinors ¢, are real. Thus

i () =Vl r‘i) %)

e
Tt 72

020y ) (10.8)

=i**You_,(p)
Using v = iy2u*, it is just a few steps to show that
v (=) = i Sav_(p). (10.9)

Because T is antilinear, the Lh.s. of (10.7) involves u*e ™ PT~!bT and v*et®PT~1d!T, so (10.8) and (10.9)
allow us to infer from (10.7) that

T~ 'b,(p)T =ie’"i~2b_,(—p) T0}(p)T = —ie~""it?p!  (—p)
T-1d},(p)T =ie'"i~2d! (—p) T-'d,(p)T = —ie ""i*t?*d_,(—p)

The reversal of signs of momentum and spin label is intuitively correct since time reversing a motion reverses

both momentum and angular momentum. The p dependence of the phase is perhaps less intuitive, but
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follows straightforwardly by using angular momentum raising and lowering operators together with the
action of time reversal on angular momentum. If we had used the helicity basis, the helicity label would not
be reversed by time reversal (remember it is J - p/|p|); unfortunately the phases that are induced are angle

dependent and not very illuminating.

10.6. VIOLATION OF THE DISCRETE SYMMETRIES AND THE CPT THEOREM

Having shown that C, P, and T are symmetries of the Dirac equation it is instructive to contemplate
how things must be changed to violate these symmetries. For example, we have seen that both parity and
charge conjugation are violated with Weyl fermions, but in such a way that C' P remains a symmetry. More
generally, one can consider adding noninvariant terms to the Hamiltonian. In exercises, it is shown how
the bilinears 14T p transform under these symmetries for T = (I,i7ys, 7", vsv*,0**). Under parity they
transform with a factor of (4, —,+, —, +)(—)° times the bilinear evaluated with x — —x, and where S is
the number of spatial indices in the tensor component. So, examples of parity odd Lorentz invariants would
be

Piysy DY PPy YVt (10.10)

Adding such terms to the energy density would appear to violate parity. One must be careful that the
violation is not an illusion. For example the term 9! - V4 is invariant under the chiral symmetry

P — e

under which
i) — cos 200)) + iz sin 2a

so the added term vivs1) can be rotated into 17) and parity violation disappears.

With regard to charge conjugation, ¢4 T4y transforms to (+,+, —, 4+, —) times 9T 4. For example
the first of (10.10) is invariant under charge conjugation (if A = B) but the second is odd. Under CP
the result is (+, —, —, —, —)(=)®. Thus it is the first of (10.10) that would violate CP. Since such a term
can be rotated away by a chiral transformation we see that C'P is a bit tricky to violate. For example in
the Standard Model one needs at least three generations of quarks and leptons to frustrate the ability to
transform away apparently C'P violating couplings! Fortunately there is solid evidence for this number of

. *
generations.

Finally we come to time reversal, under which the bilinears can be shown to transform into (+, —, +, +, —) (=)

times the bilinear with ¢ — —¢. Note that 1y*1) transforms as expected for a current and o*!1) as expected
for an angular momentum. It is only the first of (10.10) that violates time reversal: it is as tricky to violate

as C'P. In fact there is a deep connection between T and C'P known as the C'PT theorem.

* The simplest version of QC D, the strong interaction sector of the standard model, violates the chiral
symmetry used to rotate away iy®1. Then one could get CP violation with a smaller number of
generations. To be compatible with the experimental size of C'P violation the coefficient of such a term
would have to be so tiny that a modified form of QCD which restores this symmetry (and predicts
axions) is usually postulated. Then one is back to the three generation requirement.
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Composing the three discrete symmetries we find
(CPT)'(x)CPT = e~ (iv*7* 7' )9p(~2) = e T3 (¥1) T (~2).
Now applying this transformation to the bilinears, remembering the antilinear property of C PT', we find

(CPT)™'Pa(z)Topp(z)CPT =¢4 (—z)ys 8T 75 ()T (—2)
= —¢p(—2)BysT Byspa(—2)
(=)™ P (—2) BT Bipa(—2)
=(=)"" (pa(—2)Tp(—2))!

(10.11)

where np is the number of Lorentz indices carried by I'. The C'PT theorem states the impossibility of
violating this symmetry in quantum field theory. We shall not go through the rigorous proof here, but
from the transformation law of the bilinears it is clear what is behind the theorem. Since each Lorentz
index must be contracted with another in forming a Lorentz scalar polynomial of the bilinears, all of the
(=)™ ’s will cancel in the CPT transform of the polynomial. If we denote the Hamiltonian by some function
H(¢4(z)Tep(x)) of the bilinears, we have

(CPT)"'H(ya(x)T¢5(2))CPT =H*((CPT) ™ '4a(z)lp (z)CPT)
=H*((Ya(-2)T¢5(-2))")

where by H* we mean that all of the complex numbers appearing in the formation of H as a function of the
bilinears are complex conjugated. Apart from ordering of operators, the last line is just what we mean by
the hermitian conjugate of H, if we set ¢ = 0 (conservation of energy means H is constant) and integrate
over X. So up to operator ordering questions (which can be sorted out for local interactions), a hermitian
Hamiltonian must be CPT invariant.
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11. Representations of the Poincaré Group for General Spin

We have so far encountered via simple quantum field theories the relativistic quantum description of
free particles of spin 0 or spin 1/2. It is useful at this point to realize that much of what we have found is not
really tied to field theory but rather to simple requirements of Poincaré invariance. In quantum mechanics
it is a general fact that a symmetry group must be realized by a unitary or antiunitary representation. The
latter possibility only occurs for some discrete symmetries (time reversal being the physical example). Our

goal in this chapter is to obtain the unitary realization of the Poincaré group for multiparticle states.

The Poincaré group consists of Lorentz transformations together with translations
zt = A¥ x¥ + ot
where A preserves Minkowski scalar products
npaAppAau = Nyv-

The A’s can be divided into 4 disjoint sets according to the signs of det A and A%. This is because it is
easy to show from the above property that (det A)?> = 1 and (A%)? > 1. Thus a continuous variation of A
always stays within one of these sets. In the following we restrict ourselves to the proper Lorentz Group,
i.e.with det A = +1 and A% > +1. The complete Lorentz group is then obtained by adjoining parity and

time reversal.

Lorentz transformations with A = Ak = 0 are simply rotations and form a subgroup. We know from
basic quantum mechanics all the unitary irreducible representations of the Rotation group, namely those
labeled by angular momentum j = 0,1/2,1,3/2,.... The unitary representations of the Lorentz group must
be extensions of these. Let us ask then how to construct this extension for a free massive particle of spin s.
Such a particle must be described by a set of at least 2s + 1 momentum space wave functions f,(p). This
much follows just from the Rotation group. We shall find a representation of the Poincaré group with this

minimal number of components.

The basic idea, due to Wigner, is to exploit the fact that one can always bring a massive particle to
rest by a Lorentz transformation. Define a “standard boost” By which boosts a particle at rest to one with

momentum p. Let us introduce momentum eigenstates via
0= [ Ep3Ip.a) fuo)
a

Then a momentum eigenstate of the particle can be related to the state at rest by

lp,a) = %U(B;;) 10, a). (11.1)

The multiplicative constant is necessary because we want U to be unitary. To understand this point, notice

that the relation of the three momentum p’ of a boosted particle to its initial momentum is nonlinear:
p'"* = Ap' + Aw(p).

The Jacobian of this nonlinear transformation of variables is d(p’)/0(p) = w(p')/w(p). The easiest way
to see this is to observe that [ d*pd(p® + m?) is a Lorentz invariant; integrating over p° then shows that
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J &*p/w(p) is an invariant, which implies the above value for the Jacobian. A general Lorentz transformation

on a particle state of momentum p, which boosts it to p’, can be expressed
-1 -1
A =By (Bp, ABp)B,".

The transformation in parentheses leaves a particle at rest at rest, and is therefore simply a rotation.
Applying U(A) to (11.1) we have

U(A)h»a)=a/;§%5U<Bp)U(B;¥ABp)m,a>

m s -1
=4/ @U(Bp’) |0>b) ba(Bp' ABP)

_ w(pl) ! s —1
- (/J(p) |p 7b> Dba,(Bp’ ABP)

Here Dj, (R) is just the standard representation matrix of the rotation group with spin s. It is now easily
checked that this defines a unitary representation of the Lorentz group on single particle states of spin
s. Of course, on momentum eigenstates of a free particle, space-time translations are trivially realized by

multiplication of the state by the phase e~i*? for the space-time translation by amount a*.

Let us return to the “standard boost” Bp. It is clearly not uniquely determined since it can be preceded
by an arbitrary rotation and followed by a rotation about the axis parallel to p. There are two widely used
choices for this boost. The simplest choice is the pure boost parallel to p which we will call Bg. The second
choice is dictated by choosing helicity states. It is described as follows. First agree that the spin states of
the particle at rest be labeled by A the eigenvalue of J3. Then first boost the particle along the z axis to
momentum |p|Z. Then apply a rotation that carries the z axis to the direction of p. This latter rotation can
be taken to be

Ro(p) = e #2002 +idJs
where (0, ¢) are the polar angles of p. Then the helicity preserving standard boost is given by

Bj; = Ro(p)B°(Ip|%)-
Then, clearly, |p,\) = WBQ |0, \) is an eigenstate of momentum p with helicity \, since rotations do
not change helicity. This is easy to see from the general transformation law. For a massive particle, helicity
is changed by a general Lorentz transformation, i.e. B;,l ABg, can be any rotation. However, if one considers
the massless limit of this rotation for any fixed A, he discovers that it always approaches a rotation about
the z axis. Thus for massless particles helicity is actually a Lorentz invariant. Thus it can be consistent for

massless particles with spin to exist in only one helicity state.

Having understood how a single particle state transforms under Lorentz transformations it is straight-
forward to find the transformation law for states with any number of free particles of varying mass and spin,
which can be viewed as tensor products of single particle states. We can incorporate bose or fermi statistics
by introducing a vacuum state |0) and creation and annihilation operators for each species of particle,e.g.:

Ip,\) = b (p) |0),

where 4 labels the species. When we are dealing with only a limited number of species, we typically choose

different letters for different types of particles, e.g. a,al for neutral scalar particles, b, bt (d,d!) for particles
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(antiparticles), etc. Then the transformation law for a general multiparticle state is completely defined by

U(A)0) =0)
UMb (p)U™' (A) =b) (Ap) D3\ (By AABp)
U(M)B(P)U™1(A) =bi, (Ap) D35\ (BR LABy).

Of course the last transformation law is just the Hermitian conjugate of the second one since U is supposed

to be unitary. We complete the description by writing down the energy and momentum operators

H :/d3pz /P2 +m2 > b ()b (p)
i A
P- / d'pp Y > b (P (p)

The above discussion might mislead one into thinking that the problem of free quantum field theory for
any spin is completely solved. Indeed, we have solved the problem of constructing a relativistic quantum
description of any number of free particles with any spins. However, the equivalence of this description
to local field theory is not yet transparent. We have explicitly seen how this works for spin 0 and 1/2.
which are described by scalar and Dirac fields respectively. The scalar field is supposed to have the Lorentz
transformation properties ¢'(z') = ¢(x). We relate this to the general discussion by first identifying the
momentum eigenstates with a creation operator applied to the vacuum |p) = af(p)|0). Assuming the

vacuum is Lorentz invariant, we conclude from the general discussion that

U ) (1) = 22 at ).

With this result we can then evaluate how the scalar field transforms

t .Z‘ pl zwp a e—iw-p
R W o +al(p)e=7)
— L a ! eiz~Ap' aT Ie—iz~Ap'
= | G e @)
=p(A~")

as desired.

Notice that Lorentz covariance alone is achieved by the positive frequency part of the field

Y R
0@ = | G @O

But such a field would not commute with its adjoint at space-like separations as a local field must.

[¢(+)(x),¢(—)(y)] :/(ZWI)JB 21wez(z v)p

Compare this to the result for the total field

3
[6(z), b(y)] = / (;iﬂf)’s %(ei(%m.p i),

If (zx —y)? > 0 there is a Lorentz frame for which z° = y°. In that frame the r.h.s. is manifestly zero. It

must be zero in all frames by Lorentz covariance. Notice also that the all important minus sign on the r.h.s
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came because we chose commutation relations for a,a!. Had we tried to make the scalar particles fermions
by imposing anticommutation relations, the two terms would add and locality would be lost. This is the
famous spin-statistics connection for the scalar field. For the Dirac field fermi statistics was necessary for

stability rather than locality, but the spin-statistics connection is nonetheless fixed.

The Dirac field shows us how we must generalize these considerations to develop a field theory for

particles with spin. As shown in an exercise the Dirac field transforms under Lorentz transformations as
¢I($I) — e—z'/\,“,a“"/2¢(x),

where (e7*)# = AX. The 4 x 4 matrices o*” provide a finite dimensional representation of the Lorentz group
which is necessarily not unitary. This nonunitarity is associated with the noncompactness of the Lorentz
group. The nonunitarity of these matrices does not conflict with the unitarity of the action of the Lorentz
group on the state space which is just that on multi-particle states we have just discussed. By expressing the
field in terms of creation and annihilation operators we can see how the unitary representation on particle
states induces the desired field transformation.

From the transformation properties of a spin 1/2 particle it follows that

w(p’
Ut(a)dt w((p))d, )Dy/X(B5 A1 By)
Ut(A = [9®)y DY (B AB
( ) w(p) /\’ AIA pl p)'

where p' = A~!'p. Focus on the way b enters the Dirac field:

UT(A)/ (27 3/2\/T > o) e PU(A)

d3pl z ;(; 1/2x% — —
= | G O e D (A

d3pl e’ lg. 1/2 _
:/be(pmmp/) iNlar' D2 (BS ABy)

o —iAup ot /2 N lep!
=€ B —_— b u
[ ey S

which is exactly the desired field transformation. The term involving d! works in an exactly similar way. In
obtaining the last line we used the identity

e P 2uy(p) = 3 ux (AP) D)1 (BxpABy),
Al

which is a simple consequence of the way Lorentz covariance works in the first quantized interpretation of
the Dirac wave function.

Clearly the first step in generalizing to higher spin fields is to classify all of the finite dimensional

representations of the Lorentz group. We would like to find the possible representation matrices so that a
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multi-component field ¢, (z) will have the transformation law
Vo (®) = Dag(A)ihp(A™ ).
Let us first cast the algebra of Lorentz generators
[Myuv, Myo] = i(MupMve — mwpMyuo — Muo Mup + Nve Myp)

in terms of the generators for rotations Jy = €gm Mim /2 and for boosts Ky = Mog:

[Tk, Ji] =t€rimJIm
[Tk, Ki] =t€pim K,
Kk, K] = — i€kimJIm-

Now notice that the linear combinations J1+ = (J +iK)/2 satisfy the algebra of two mutually commuting
angular momentum algebras

i, Ii] =iekim T

;7] =0.

We know from elementary quantum mechanics what all of the finite dimensional representations of the
rotation group are: they are labeled by the eigenvalues j(j + 1) of the Casimir operator ), J*? with
j =0,1/2,1,2,... all nonnegative integers and half integers. The representation j has dimension 2j + 1.
It follows that all the finite dimensional representations of the Lorentz group are labeled by the pair of
eigenvalues jy (j4 +1),7—(j— + 1) of the pair of Casimir operators Y, J5> where 2j,,2j_ are any pair of
nonnegative integers. All of these representations are equivalent to a unitary representation, i.e. J+ are both
represented by hermitian matrices. This means that the rotation generators J = J +J_ are represented by
hermitian matrices, but the boost generators K = —i(J — J_) are represented by antihermitian matrices.
Thus the finite dimensional representations of the Lorentz group are not equivalent to unitary ones. This is
associated with the fact that the Lorentz group is noncompact. We already encountered this nonunitarity
in the representation of the Lorentz group by gamma matrices.

We denote the representation matrices by D(j,j_). The simplest nontrivial representations are
D(1/2,0) and D(0,1/2). In the first the generators J_ are represented by 0 and the generators J; by
0/2. This means that the angular momentum is represented by J = /2 and the boost generators by
K = —io/2. The other two dimensional representation has the same representative for J but the boost is
represented by K = +io /2. Tt is clear that these representations are not equivalent to each other, since any
similarity transformation which could reverse the sign of K would do the same to J. However these two in-
equivalent representations can be related by complex conjugation. In fact it is easy to see from the properties
of the Pauli matrices that D(1/2,0)* = 09D(0,1/2)05. In general, the representation D(k, m)* is equivalent
to D(m, k)”, so the only real irreducible representations have j;, = j_. Of course D(k,m) & D(m, k) is real

but it is also reducible.

Notice that parity reverses the sign of the boost generators but not the sign of the angular momentum.
Thus the representations D(k,m) and D(m, k) are also related by parity. We encountered this fact with the
Dirac field which admits the parity symmetry. It exploits the reducible representation D(1/2,0) ® D(0,1/2)

* In D(k,m)* the generators are —J*, —K* so e.g. Jy is represented by —J* —iK* = —(J_)* and vice
versa.
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to achieve this. To make this quite explicit we note that the representatives of the Lorentz generators are

1/0 0
J==
2\0 o
K :__1: o 0
2\0 -o
which are just the components of o#” /2 constructed out of gamma matrices in the so-called natural repre-
o 0 I
’y =
I 0
0 o
—o 0)
Defining o* = (I, 0), and ¢* = (I, —0) we can unify these two in the single equation
0 ot
=
gt 0

The potential spin content of a field in a given representation is typically richer than one might desire. For

the 4 x 4 matrices

sentation

example, since J = J; + J_ the representations of the rotation group contained in D(k, m) include all spins
that arise from adding spin k to spin m: |k —m|,|k —m|+1,...,k + m. Thus if our desire is to describe
a given spin, depending on our choice of representation, we might bring in several other spins as well. The
choice of field content is not unambiguous. Even for spin 1/2 we have noted various possibilities, e.g. Dirac,
Majorana, and Weyl. Weyl fermions make use of D(1/2,0), but since this is not a real representation, the
hermitian conjugate field, which transforms under D(0,1/2), must also be introduced and represents the
anti-particle.

When we come to spin 1, two possibilities come to mind. D(1,0) & D(0,1) or D(1/2,1/2). The latter
contains potentially both spin 1 and spin 0 and is in fact the representation of a four-vector field. The former
seems to contain spin 1 twice. It is easy to see that it is the antisymmetric tensor product of D(1/2,1/2) with
itself and thus represents an antisymmetric second rank tensor. The field strengths F},, of electromagnetism
spring to mind, so we might decide that the first choice is best. However, we know that in quantum mechanics
it is necessary to use the potentials A, which transform under the second choice. Then gauge invariance is

essential to eliminate unwanted spin states.

This general discussion of higher spin serves to indicate some of the subtleties and complexities that
must be confronted. In fact, consistent fully interacting quantum field theories have never been constructed
for spins higher than 2 (the graviton). Furthermore, ultraviolet divergences have so far caused incurable
difficulties for theories with spin higher than 1 including quantum gravity. Since gravity is very much
present in the real world, it is clear that there is much to do before we can claim that quantum field theory
can describe all of physics.
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12. Quantum Field Equations with External Fields
12.1. ELECTROMAGNETIC FIELDS

The coupling of the Dirac equation to an external electromagnetic field is dictated by the principle of
gauge invariance. In classical electrodynamics, it is possible to avoid potentials and formulate all equations
of motion in terms of the electric and magnetic fields F),,. However, the potential A, (z) is indispensable to
an economical description of the coupling of a quantum particle to electromagnetism. Fundamentally, this
is because the Hamiltonian and Lagrangian play a much more central role in quantum dynamics than in
classical dynamics, and the potential appears explicitly in the Hamiltonian and Lagrangian. (Recall that the
Schrédinger equation involves the Hamiltonian explicitly.) The field strengths are related to the potential
via

F#,,(IL') = 6“141/(:1:) - 61/Au(m)7

but it is clear that the potential is not given uniquely in terms of the field strength: If the potential is
changed by a gauge transformation

Ay = Ay +0uA, (12.1)
the field strength F},, is unchanged. It is therefore important to introduce the potential into the Schrédinger
equation in a way which preserves gauge invariance.

Let us first ask how gauge invariance is realized in classical particle electrodynamics. In order that the
Euler-Lagrange equations reproduce the Lorentz force law, the scalar and vector potentials (A°, A) must

enter the Lagrangian through the terms
—qA°(z) + gk - A(2).
Because of the term linear in velocity, the momentum conjugate to x becomes
P = Pa=0 +¢A,

where pa—¢ is the conjugate momentum with vanishing vector potential. Furthermore, when we form the
Hamiltonian H = x - p — L, the term linear in velocity cancels, so

H = Hy(pa=0,%) + ¢A° = Ho(p — gA,x) + ¢A°.

If we subject A to a gauge transformation, the Lagrangian changes by the amount

. dA
q(OoA +x-VA) =q—,
dt
a total time derivative, so that the action fttf L changes by the amount gA(x(t2),t2) — gA(x(t1),t1) and the
added terms have no effect on the Euler-Lagrange equations. At first sight the Hamiltonian doesn’t look

invariant, but notice that the transformation
p'=p-—¢VA x' =x

is a canonical transformation with generating function Ws(x,p’,t) = x - p' + gA(x,t). Furthermore if the
generating function is time dependent the canonical transformation includes changing the Hamiltonian by
0yWo = q0O; A, so that after the canonical transformation the gauge transformed Hamiltonian is identical to

the old one with the substitutions x = x', p — p'.
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The way A, enters the Schrodinger equation for a charged particle is now clear. The substitution
P — P — gA corresponds in the Schrédinger equation to

1 1

Furthermore the addition of g4° = —gAy to the Hamiltonian is prescribed by the substitution rule

190 10

—— > -— —¢gA

iot qot 17O
so both substitutions can be given the compact expression

8y — 8, —igA, (12.2)

which is known as the minimal substitution rule. The gauge invariance of the Schrédinger equation is
achieved by postulating in addition to (12.1) the change

Y — el (12.3)

If we recall that in the semi-classical approximation ¢ ~ €S, where S is the classical action, we recognize
that this change of the wave function under gauge transformation is the quantum analogue of the classical
change in the action.

The gauge transformation makes an arbitrary, local, redefinition of the phase of the wave function. In
fact, one could take the attitude that invariance under such local phase changes is desirable from a physical
point of view. (Since global phase changes are unobservable perhaps local ones should also be.) In that
case one would be forced to introduce the electromagnetic field to realize the invariance! It is obvious that
the Schrédinger equation is invariant under the combined changes (12.1) and (12.3). As a special case, the
Dirac equation is invariant under the same gauge transformations. When we interpret the Dirac equation as
a field equation, (12.3) is a transformation on fields as is (12.1), so the two are really on similar footing.

To sum up the above discussion, we display the Dirac equation in a potential A,:
iy - (0 —iqA)p = map.
Also the corresponding second quantized Hamiltonian is given by
Halt) = [ @5 Ga- ¥+ fm)u - j#4,)
Notice that a simple consequence of the Dirac equation is current conservation
Ouj" =0,

even when A # 0. This can be understood as a consequence of the gauge invariance of quantum evolution.
To see this we have to consider the unitary evolution operator U (t, to)* defined by

iU (t,t0) = Hs(t)U (t, to) Ulto, to) = I, 0

where Hg is the Schrodinger picture Hamiltonian. If we make a small change dA4, in A,, keeping the

* U gives the unitary transformation between Heisenberg and Schrédinger pictures. Its analogue in
classical mechanics is the generator S(q, P, t) of the canonical transformation mapping the initial phase
space variables @), P to those at time ¢, ¢,p. The analogue of the following equation for U is the
Hamilton-Jacobi equation for S,

oS oS
E = - (qa a_qat)'
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Schrodinger picture dynamical variables fixed, U changes by the amount '

SU (¢, to) =i / dt' Bz (4, 1) A, (2')j* (U (¢, to)
(12.4)
Ult,to)i /dtd%éA (z")j*(x,t")

with j#(x,t') = Ut(#',10)j*(x)U (¥, o) the Heisenberg picture current operatori. To obtain this result simply
differentiate (12.4) with respect to time and show that it satisfies () to first order in § A. Use is also made of
the closure relation

U(ta tl)U(tla tO) = U(ta tO)

which is a simple consequence of the differential equation satisfied by U. Under a gauge transformation
dA = OA so we see that

t
§U = Uz’/d“:c(’)“Aj"(a:).

The requirement that U be invariant under gauge transformations that vanish at o, ¢t is then that d,j* = 0.
12.2. NONABELIAN GAUGE FIELDS

The local phase transformation (12.3) on charged fields can be generalized (Yang-Mills). Suppose that
1 carries an internal index k. Then in place of (12.3) we can consider

z) > > Qu(z)i()
1
or, with suppressed indices

$(z) = Qz)i(x) (12.5)

with Q(z) in a unitary matrix representation of some continuous group G. In this language (12.3) corresponds

to the choice G = U(1), multiplication by a phase, an abelian group. If we require the dynamics to be

1 In the classical theory a change in the parameters of the Hamiltonian would give rise to a change in S
satisfying
) 6S OH
6_5 = _26_56__ H(q 78_S7t)_
Oqr Opy 0

Now if we put ¢ = ¢(t) and 85/0q = p(t) the Hamilton-Jacobi equation just says that g(t), p(t) satisfy
Hamilton’s equations so 0H/0p = ¢ and we have

B — s (a(e),p(0), 1)
or 68 = — JZ) dt'6H (q(t"), p(t"),t"), the classical analogue of the following equation.

1 Equation (12.4) has a generalization to an arbitrary physical system: If one makes any small change § Hg
in the Schrédinger picture hamiltonian, with the Scrodinger picture operators fixed, the corresponding
change in the evolution operator U (%, o) is given by 6U = —iU fz‘i dt'§H(t'), where 6H (t) = Ut6HsU
is the change in the Schrédinger hamiltonian transformed to the Heisenberg picture, which is the same
as the change in the Heisenberg Hamiltonian H (t), keeping the Heisenberg dynamical variables fixed.
The proof of this is exactly the same as that of Eq.(12.4).
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invariant under the nonabelian local gauge transformations, we must introduce a nonabelian gauge field to
absorb the noncovariance of

Bt — Q8 + Q19,9)1).

In analogy with the electromagnetic case, we need to introduce a matrix valued potential A, (z) via the
substitution

Oy = Oy —igAu(z) =D, (12.6)

Then the requirement D, — 1D, translates to
A, - Q4,07 — ga,,m—l. (12.7).

Clearly A takes values in the Lie algebra of the group G. If 4 is a Dirac field, a gauge invariant dynamics is
given by the field equation

iy - Dy = map,

or the corresponding second quantized Hamiltonian
1 _
Hat) = [ 2! G oV + fm)u - gb4,nm0)

Just as in the electromagnetic case we can consider how the quantum evolution operator changes under

a small change of A, and identical steps lead to:
¢
SU(t,t9) = U(t,to)i/dt’d%gﬁg&Aﬂ”zp.
to

An infinitesimal gauge transformation Q = I 4 igeG corresponds to
0A, =€(0,G —ig[A,,G]).

For G which vanish initially and finally the corresponding change in U is

t
SU(t,to) =U(t,to)ige / dt'dz
to

Gab(_au(&aﬁ/u"pb) - ig(Au)caﬁzc’YH@bb + ig(Au)bc@ﬂ“iPc)

so gauge invariance implies the following generalization of current conservation (“covariant conservation”)
o— o o
Dyj* = 0uj* —iglAyu, j*1 =0,
where the current is a matrix operator

j”(x)ba = "Ea(x)’yu’ébb(w)'
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12.3. EXTERNAL GRAVITATIONAL FIELDS

According to the Principle of Equivalence, an external gravitational field is described by introducing a
space-time dependent metric 7,,, — g, (z) which then must enter the field equations in a generally covariant
way. This prescription suffices for bosonic fields but new concepts must be brought in for fermionic fields.
At this stage we shall confine our discussion to a real scalar field. The minimal generally covariant classical
action is given by

= =5 [ FoVTae (99,60,6 + m )

To construct the Hamiltonian, we first define the conjugate momentum

_ 6S __ v
(z) = 53(2) vV=99""(
Then the Hamiltonian is
(6 = [ Pala@il@) + VoG (0)0,80,0 + m*)
5 a2 g%k g0l m2 R
= [@a ( st T rouh+ F( E )amalm?/—_g(/)).

Just as with gauge fields we can ask how the evolution operator changes under a small change dg,, in
the metric, 6U = —iU |, t'; dt'6H(t"), where 6 H is computed holding ¢, 7 fixed. The easiest way to do this is
to evaluate the change in the Lagrangian L at fixed ¢, qb Since L is related to H by a Legendre transform,
0H = —4L.

= _% /dgx\/__gfsQ”"(x)Tuv(m)

with T}, the energy momentum tensor

1
Tlh/ = 6u¢8,,¢ - §gMV(gpaaP¢aa¢ + m2¢2)'

Thus we have finally *
. ¢
oU = z'U§/d4m'\/—g5gu,,(m')T“"(x’).
to

Under the infinitesimal general coordinate transformation z# = z'* + £#(z'), the metric changes accord-
ing to

ogr ogr
" a9

o
=0y (2") = Dp&y — D&y + 14,67 gpw + T4 67 gpu
1(2') = D&y — D&y + E8pgum

() — D&, — D&,

An infinitesimal change of integration variables is just a surface term:
/d4 L'z /d4x (1-0,8°)(1 - ¢£P0,)L! (z /d4x£’ /d%«a (6P L' (x))

so choosing 6g,, = =D & — D, &, should give U = 0 for all £ vanishing sufficiently rapidly at infinity, if

the quantum field dynamics is invariant under general coordinate transformations. Thus general coordinate

* Note that since g#” is the inverse matrix to g,., 0g** = —g**09,097".
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invariance implies that the energy momentum tensor is covariantly conserved:
D,T* = 0.
In the limit of flat space (no gravity) this condition reduces to ordinary energy-momentum conservation.

12.4. ASYMPTOTIC STATES AND MATRIX ELEMENTS

In discussing time dependent processes, it is convenient to introduce asymptotic states which are eigen-
states of H(+o00). We denote by |in) the ground state of H(—oc) and by |out) the ground state of H(+0o0).
The normal situation will be one in which all external fields vanish at sufficiently early and late times.
Thus |in) and |out) will typically be ground states of Hyp(—o0) and Hg(400) respectively. Although these
operators are not the same (because their time evolution is governed by H not Hp), the spectra of the
two Hamiltonians are identical: Hy(t) = U~!(t, —o0)HosU(t,—00). By convention we are identifying the
Schrodinger and Heisenberg pictures at t = —oo. Thus, if |in) is the ground state of Ho(—o00) = Hyg, the
state (in| U (00, —0o0) is an eigenstate of Hy(+00) with the same eigenvalue and hence the ground state. Thus
we can and shall fix phases by defining

(out| = (in| U(o0, —00).

We stress that this is the true “out” state only when Hg(oo) = Hg(—o0) = Hp.

If the time dependence of Hg is adiabatic, i.e. very slow on the time scale set by the level spacings,
the Adiabatic Theorem assures us that an eigenstate of Hg(—o00) evolves to an eigenstate of Hg(t) for all ¢
for which adiabatic conditions apply, even after a long enough time to change Hg by a finite amount. For
example, the state |in) will be an eigenstate of H(t) for all ¢ for which adiabatic time variation applies. In
particular, the ground state eigenvalue Eg(t) must not get close to the next higher eigenvalue as ¢ varies. If
this situation holds for all time, it follows that the state |in) is a phase times the state |out), or {out| is this
same phase times (in|. This phase is easily evaluated in terms of the time dependent ground state energy
Eg(t) of Hg(t) by applying the Schrodinger equation to (in| U(t, —oo) |in) and using the adiabatic theorem
Hs(t)U(t,—o0) lin) = Eg(t)U(t, —o0) |in):

(out|in) = exp{ —i / dtEq(t) Adiabatic Conditions.

—00

Note carefully that adiabatic conditions would not apply if the ground state energy got close to an excited
level as time evolved. In particular, it would not apply in processes with pair production when | (out|in) | < 1.

It is only for very particular external fields that one can solve the Dirac equation or any field equation
exactly. Important examples include the static Coulomb potential for which one can find all the energy
eigenvalues and eigenstates, arbitrary constant field strengths, and plane waves. The Coulomb potential is
of special importance since the exact solution in that case is the starting point for the relativistic theory
of atomic energy levels. Still the complete dynamics is never exactly given by these special cases and
perturbation theory is the important tool for evaluating corrections to the exactly soluble (idealized) case,
which can be zero external fields or one of the above cases. When we quantize the electromagnetic field
perturbation theory is essentially our only tool for computing radiative corrections due to the quantum
nature of the electromagnetic field.
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