Quantum Field Theory I
Problem Set 1: Solutions

Due: 5 September 2007

1.

S, 2.8
a) U toU ~ ¢ + %5wuy[¢, M) and ¢(z, — dwyx”) ~ ¢ — dwy,z”0,¢. Com-
paring we find

(6, M) = i(a"8, — a3, )$ = —iL".

b) Apply a) a second time.
c) Write out and cancel terms in pairs.

d)

[¢7 [Muya Mpg]] = _[MMV’ [Mpga (b]]_[MpU’ [¢7 Muy]] = —LP7LY G+ LML $

LYLPT = —gh 0" 2P 0% + 210" 270 + ¥ 0HxP 07 — x" 0"z 0

= z2HxP0"0% + x#x°0"0° + 2" 2P0 0° — 220" 0”

— PLHIT 4 TP + PP §T — hT gt OP
In subtracting £°°L* from this all the terms with 2 2’s and 2 9’s cancel,
and the remaining terms are linear in the L’s.

f) From d).e)

(6, [M", MP]) = (=Pl 4+ 0 il 4 i — i)
= [ i1 M7 — T M — PP T M)

so the commutator of (2.16) with ¢ holds.

. S, 2.9.

a) (I 4 0w)",0°¢(x — dwzx) ~ 0 p(x) — dw’,a° O\ P (x) + dwH,0”¢(x). Thus

1ow™
2

[0Fp, M, = —6w™ 2°050"¢(z) + ow",0°¢ ()

1) Ao 0 Ao
= L2 d(x) + —

(Sva0), 070 (x)

and result follows by comparing coefficients of dw.



b) Following steps to the result of 2.8(d), leads to
[an¢’ [le, Mpa]] — ﬁpl/ﬁpaan¢ . ﬁpoﬁuuan(b + [S"ljvu, S‘p;a]nnan¢

Plugging in commutator of M’s show that commutator of Sy ’s must match.
0 -1

¢) The 12 block of (—iS)™ is
) (-isP) (+1 .

) which is (—)"/?I if n is even and

0 -1
(—)n=1/2 ( Lo ) if n is odd. Then in the 12 subblock:
+
cosf) —sinf
~ \sin® cosh

0 1 0 1
d) The 03 block of (:53°)™ is . which is I if n is even and (1 ) if

[i nl zOS

12Block

0 0
n 1s odd. Then in the 03 subblock:

i i(inS?’O)" _ coshn sinhny
n! v 03Block sinhn coshn

n=0

3. The Scalar Field

a) Show that the Klein-Gordon scalar wave equation is invariant under a
Lorentz trasformation if the field ¢ transforms as a scalar field, i.e. ¢'(z') =
¢(x). Here z'* = Az is a Lorentz transformation.

Solution: ¢'(z') = ¢(A~1z') so we have
0,0,¢' = (A—l)up(A—l)fa,,a(,qs
Since A~ is a Lorentz transformation, n* (A~") /(A~"),” = 17, so it follows that

812([)/ — nul/a’;a{j(bl — 82¢I — m2¢l

as desired.



b) Show by direct substitution of the continuum field expansions

600 = [ i @96 + a1

&k [hw(k)

(2m)3/2 5 (a(k)e™™ — af(k)e™)

w(x)=—1

into the formulas for the energy and momentum of the continuum scalar
field that

Hy— Ey = / B (K)al (K)a(k)
P :—/d3a:7r(x)qu(x) = /d3khkaT(k)a(k).

Note that in the future we will be assuming units where 7 = 1. I left

h # 1 in this problem to show the familiar Planck condition £ = hw = hv

and the de Broglie relation P = hk. A difference between Srednicki’s and

my conventions is that I normalize creation and annihilation operators so

that [a,al] = §, compared to his [a, a'] = 2w(k)(27)3. (see S (3.29)) This

explains the apparent difference between the above equations and S (3.19).
Solution: When ¢, II are plugged into H = [ d®z[II? + (V$)? + m?¢?], the [ dz
produces delta functions:

3,002 12 3, hm? N (T N T i i i I
/ Brm?e? = / P (ol (B)a(F) + a(B)al (F) + a(B)a(—F) + ol (Fal (~F)]
Adding them up we find

H = % / Pahwlal (kB)a(k) + a(k)al (k)] = Eo + / Prhwal (k)a(k)

Similar manipulations lead to

_ / PaTIV = / d3k—[a Ra(F) + a(F)at () = / & kikat (R)a(F)

In this case the constant piece 6(0 f Bkhk /2 = 0 upon integrating over direc-
tions.



